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Abstract
The eigenvalues and eigenvectors of the Localization-Delocalization Matrices (LDMs) are interpreted and computed for 
molecular examples. It is found that eigenvectors corresponding to the largest eigenvalues reflect the intuitive pictures of 
molecules, functional groups, and resonance structures. The eigenvectors can each be thought of as a collective direction 
of the flow of electrons between atoms. Localization modes and delocalization modes are introduced where the local-
ization modes can be interpreted to define functional groups and delocalization modes can be interpreted as resonance 
structures and quantify the number of electrons netted from each flow. The eigenvalues and eigenvectors are found to be 
related to those of the negative of the inverse of the hardness matrix, the negative of the softness matrix, suggesting the 
eigenvectors associated with the largest eigenvalues are patterns of restricted electron flow and the suggesting the eigen-
vectors associated the smallest positive eigenvalues are patterns of free electron flow.
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Is QTAIM compatible with resonance? an investigation using 
eigenvectors and eigenvalues of LDMs

James S. M. Anderson1

concept was developed in terms of valence bond theory and 
is also related to Hückel theory [6]. The sharing concept can 
be thought of as an electron delocalization concept.

The Quantum Theory of Atoms In Molecules (QTAIM) is 
a method that discerns the properties of atoms within a mol-
ecule within a quantum mechanical framework [7–11]. The 
most obvious quantity that is computed is atomic charge, 
but virtually any other measureable property that can be 
computed for an entire molecule can also be computed for 
an atom within the molecule using this method. Resonance 
is often thought of being at odds with the Quantum Theory 
of Atoms In Molecules since it is not readily measurable 
[6]. However, there is a branch of QTAIM that captures the 
concept of localization and delocalization of electrons [7, 
8, 12–14]. This branch is the most obvious to make a con-
nection with the topic of resonance as resonance is related 
through the delocalization of primarily π electrons. Bader 
and Stephens [13] introduced a measure for the number 
of localized electrons an atom has and a measure for the 
number of electrons shared between a pair of atoms, delo-
calized electrons. They introduced these concepts through 
Localization Indices and Delocalization Indices (LIs and 
DIs respectively). Matta in 2014 [15, 16] introduced the 
concept of the Localization-Delocalization matrices (LDM 

Introduction

A concept that is ubiquitous in predicting chemistry is that of 
resonance structures [1–5], but this concept tends to be elu-
sive from a quantum mechanical perspective [6]. Resonance 
can be described as the idea that electrons can delocalize 
over several atoms forming short-lived bonds or localiz-
ing to an atom. Resonance structures primarily involve π 
electrons (those found in double or triple bonds). In the lan-
guage of resonance structures, these bonds or localizations 
tend to occur at particular atoms. That is, an atom will form 
different numbers of bonds with its neighbours that it has a 
sigma bond with or an atom will absorb the electrons being 
transferred [1]. Resonance diagrams have been helpful in 
predicting reactivity [1–5]. However, resonance is a fuzzy 
concept at best. In fact, Levine’s Quantum Chemistry text 
books states “resonance is not a real phenomenon.” [6] The 
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or ζ). These matrices arrange the LIs on the diagonal and 
half of the values of the DIs are on the off-diagonals. The 
localization index can be interpreted as the measure of the 
electrons associated with an atom that are not shared with 
other atoms. In the case where the localization index of an 
atom is nearly equal to the population implies the atom is 
may be involved in ionic bonding or no bonding at all [13, 
17]. The delocalization index can be interpreted as the num-
ber of electrons shared between two atoms and has been 
used as a measure of bond order [8, 18]. 

The LDM is a logical extension of the LI and DI con-
cept and has been used in a variety of applications [14, 15, 
19–39]. These matrices can be generated using the software 
created by Sumar et al. [35] that reads an AIMALL [36] out-
put file. The LDMs have been used in many contexts. Sumar 
et al. used the eigenvalues and the Frobenius distances of 
the LDMs and submatrices of the LDM to assess relative 
aromaticity [37]. Another context where LDMs have been 
used is with principle component analysis to build predic-
tive models of the toxicities of semiochemicals to mos-
quitos combining the electroantennographic responses to 
the repellents [38]. One other application is that the LDM 
and submatrices of the LDM have been applied to predict 
pKa’s and UV-wavelengths (ultraviolet-wavelengths) of 
maximum absorbance with high correlation [24, 39]. Most 
of the work carried out with the LDM concept involves 
using submatrices of the LDM and comparing the Frobe-
nius norms of chemical systems. The approach detailed 
here involves using the eigenvectors and eigenvalues of the 
LDM to identify the molecule or molecules within a given 
chemical system. Then within the identified molecules 
determine the functional groups identifying the resonance 
structures. This paper is laid out as follows. Section II is the 
theoretical development where QTAIM, LI, DI, LDM and 
how the associated eigenvalues and eigenvectors are used to 
determine the molecules, functional groups, and resonance 
structures. Section III contains the results, and Section IV 
contains the conclusions.

Theoretical development

The Quantum Theory of Atoms In Molecules (QTAIM) is 
a powerful method for the discerning atomic properties for 
the atoms within a molecule [7–11]. It is a vast and rich field 
where details are described in the literature. Here only con-
cepts used in this article are described. In QTAIM an atom is 
a nonoverlapping volume of electron density, Ω. The bound-
ary of the atoms within a molecule are defined by the zero-
flux condition where the flux of the density vanishes,

ˆ

Ω
∇2ρ (r)dr = 0� (1)

where ρ (r) is the electron density and ∇2 is the Laplacian. 
This is the more general condition [7, 9, 40–42]. Typically, 
a sufficient condition that satisfies Eq. (1) is used

∇ρ (r) · n = 0� (2)

where ∇ is the gradient and n is the normal to the surface of 
Ω. Bader and coworkers argued these zero-flux conditions 
follow from the Schwinger principle of stationary action 
applied to a volume. Their treatment found that only a vol-
ume with a boundary that satisfies Eq. (1) is satisfactory [7, 
9, 40]. The treatment has been extended into relativistic con-
siderations where the same boundary condition in Eq. (1) or 
Eq. (2) is left unchanged though in some cases more bound-
aries are allowable [43–47]. In passing, for completeness, 
it is pointed out that there is some controversy with this 
treatment, but it will be overlooked here [48–56]. Gener-
ally an atom is defined by selecting a volume that satisfies 
Eq. (2) that contains a maximum within the volume, which 
is the case in this work [7]. There is some work that explores 
where the maxima are included on the boundary instead of 
within the atom [57–62]. These volumes with a single maxi-
mum within the atom are often called basins. Typically these 
maxima are associated with a nucleus, though occasionally 
maxima occur elsewhere known as nonnuclear maxima [7, 
9, 63, 64]. In this typical formulation of the boundary of 
the atoms there are critical points lying on the boundary. 
Critical points are points where the gradient of the density is 
zero. These include bond critical points, ring critical points 
and cage critical points. A bond critical point is a saddle 
point in the electron density with two negative curvatures 
and one positive curvature. A ring critical point is a saddle 
point in the electron density with one negative curvature 
and two positive curvatures. Cage critical points are minima 
in the electron density. These critical points are useful in 
identifying and chemical phenomena such as bonding. More 
detail can be found in the literature [7–11]. 

Most QTAIM properties are formulated as above. The 
localization and delocalization indices [7, 8, 12–14] are for-
mulated over two basins. The localization index for atom A 
is defined as (with the common notations included)

LI (A) = Λ (A) = Λ (ΩA) = λ (A) = Λ (A)
= λ (ΩA) =

´
ΩA

´
ΩA

ρxc (r1, r2)dr1dr2
� (3)

and the delocalization index between atoms A and B is 
defined as (with the common notations included)
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DI (A, B) = δ (A, B) = δ (ΩA, ΩB) = 2
ˆ

ΩA

ˆ

ΩB

ρxc (r1, r2)dr1dr2� (4)

where ρxc (r1, r2) is the exchange-correlation pair-density, 
which is defined here as

ρxc (r1, r2) = ρ (r1) ρ (r2) − ρ2 (r1, r2)� (5)

that depends on the pair-density ρ2 (r1, r2). Note that some-
times the exchange-correlation pair density is defined with 
the opposite sign [65].

The elements of the LDM matrix, LDMij, are defined as

LDMij = ζij =
{

λ (Ωii) i = j

δ (Ωi, Ωj) /2 i ̸= j
� (6)

An important relationship is that the population of atom i is 
equal to the sum of the elements of the ith row (or column),
∑

j

ζij = N (Ωi) =
∑

j

ζji� (7)

where N (Ωi) is the population of atom i, the number of 
electrons that belong to atom i

N (Ωi) =
ˆ

Ωi

ρ (r)dr� (8)

Likewise, the sum over all the elements of the LDM yields 
the number of electrons of the molecule
∑

ij

ζij =
∑

i

N (Ωi) = N � (9)

that is also recovered by the relation
ˆ

ρ (r)dr = N � (10)

where N is the total number of electrons in the chemical 
system [16]. 

To understand the LDM better it is worth making anal-
ogy to a more established related construction, namely the 
hardness matrix [66–76]. The LDM captures the idea of 
electron flow. This is argued by through the localization 
indices, immobility of electron movement, and delocaliza-
tion indices, mobility of electrons between atom pairs. The 
LDM is not directly an energy construction, but electron 
populations in real space are determined by the energy. The 
hardness matrix is a Hessian of the change of energy with 
respect to atomic charge or population [66–77]. Explicitly 
the elements of the hardness matrix, ηij, in terms of electron 
population can be written as

ηij = ∂E (N (Ω1) , . . . , N (Ωn))
∂N (Ωi) ∂N (Ωj) � (11)

noting that the typical form is in terms of atomic charge 
instead of atomic electron population as written here. 
Though the LDM is not explicitly a Hessian the relation-
ship between the elements the LDM and the hardness matrix 
allows this interpretation. The ith diagonal element of the 
hardness matrix is the resistance of atom i in changing its 
electron population and the i,jth off-diagonal element of the 
hardness matrix represents the charge coupling between 
atoms i and j. The harder an atom is the more localized 
the electrons are, and the higher cost to change in electron 
population leading to larger diagonal suggesting a larger 
LI. The more shared electrons the stronger the coupling of 
electrons resulting in larger off-diagonal elements in magni-
tude. Therefore, the larger the eigenvalue the more resistant 
to electron flow, related to steeper curvature. This can be 
interpreted as the larger the eigenvalue the more likely an 
electron will stay at an atom within that electron flow as 
described by the eigenvector. Thus, the eigenvectors associ-
ated with larger eigenvalues can be interpreted as electron 
flow that changes slowly. As such, the eigenvectors associ-
ated with localized modes are the familiar functional groups, 
electrons stay within that group and, particularly, at those 
atoms. This also extends to the eigenvectors associated 
with delocalization modes where larger eigenvalues can be 
interpreted as stabilizing different resonance configurations. 
In other words, the larger eigenvalues associated with the 
delocalization modes allows for the accumulation of charge 
on a single atom before transferred. As the eigenvalues get 
smaller the electrons in the associated eigenvectors move 
more freely through the pattern and the structures become 
more averaged. The approximate relationship between the 
LDM and the hardness matrix along with an interpretation 
in the role the eigenvalues play in the total energy is given 
in Appendix A. Summarizing here the approximate relation-
ship between the LDM and the hardness matrix, the LDM is 
approximately proportional to the negative of the inverse of 
the of the hardness matrix. This means that the LDM and the 
hardness matrix have approximately the same eigenvectors 
and the eigenvalues of the LDM are generally correlated 
with the eigenvalues of the hardness matrix through being 
approximately proportional to the negative reciprocal with 
each other. Note that the inverse of the hardness matrix is 
often called the softness matrix, but there are other related 
matrices referred to as the softness matrix [76]. 

In addition to the eigenvalues being interpreted as cur-
vature, the larger an eigenvalue is the less sensitive is to 
changing by the addition of a small perturbing matrix. There 
is a result by Weyl that gives bounds on the eigenvalues of 
a symmetric matrix like LDM and a perturbing matrix. He 
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showed that the eigenvalues of the resulting matrix has the 
eigenvalues of the LDM that vary by no more in an abso-
lute difference sense than the absolute maximum eigenvalue 
of the perturbing matrix [78]. The eigenvectors tend to be 
affected most by the eigenvectors with the same or nearly the 
same eigenvalue. The maximum an eigenvector is rotated 
is found through the Davis-Kahan sine theorem [79]. Both 
Weyl’s result and Davis-Kahan’s result can be argued from 
perturbation theory [6]. This gives the interpretation that the 
resistance to electron flow within a pattern is insensitive to a 
small perturbation, but a pattern may merge with those with 
patterns with similar eigenvalues upon perturbation.

Another view from the hardness matrix is in its role with 
a small perturbation in the energy. At first order this pref-
erentially activates the eigenvectors associated with the 
smallest eigenvalues. This confirms the interpretation that 
the smaller eigenvalue modes allow for easier flow of the 
electrons, see Appendix A.

The eigenvalues, λis, will be referred to as localization 
constants. Though the eigenvalues have units of number of 
electrons they are not the number electrons associated with 
the mode. The sum of the eigenvalues is equal to the number 
of localized electrons,
∑

i

Λ (Ωi) =
∑

i

λi� (12)

A more practical measure is in terms of the vector

vk =


λk

∑
j

ξj,k


 ξk� (13)

where ξj,k is the jth element of the eigenvector ξk that is 
associated with the localization constant λk. This has the 
property that summing over all vk yields the population of 
each atom,

∑
k

vk =




N (Ω1)
N (Ω2)

...
N (Ωn)


� (14)

for all n atoms. The derivation is in Appendix B. Thus the 
elements of vk can be interpreted as the final number of 
electrons (net) that the vk mode deposits into each atom 
(they can be zero or negative). Notice that multiplying the 
eigenvector ξk by -1 (a phase) does not change the value of 
the elements of vk due to vk’s quadratic dependence on the 
elements of the eigenvectors ξk. Also notice that the sum 
over the vectors vk, Eq. (14), and then summing over all the 
elements of this sum yields the total number of electrons. 

From Eq. (13) for non-zero eigenvalues the sign of each of 
the elements of vk is the same using either ξk or −ξk. It also 
follows that if the jth element of ξk is 0 then the jth element 
of vk is also zero. This suggests choosing the eigenvectors 
of ξk so that the sign of the elements match that of vk. The 
advantage of this is it gives an interpretation of the direc-
tion of the electron delocalization flow using the signs of 
the elements of the eigenvectors. This leads to an interpreta-
tion of ξk and −ξk. The elements of ξk with a positive sign 
will gain electrons while the elements with a negative sign 
will lose electrons. Since −ξk is also a valid eigenvector 
then the reverse happens. The corresponding vk indicates 
whether ξk or −ξk is dominant in determining how many 
electrons will be netted at each atom.

Another point to consider is when the LDM is a block 
diagonal matrix (or nearly block diagonal) [6]. This would 
happen when an atom is (or atoms are) not exchanging 
or delocalizing electrons with other atoms. An interpreta-
tion is that each block defines a chemical system (different 
molecules).

For the LDM matrix (or each block) the eigenvectors 
have two main types.

1) Suppose the sign of the elements of the eigenvector 
match for several atoms and the remaining atoms are zero 
or near zero with correspondingly large values of the ele-
ments ofvk (around the value of the corresponding local-
ization index values or even the population of the atom). 
The atoms that correspond to the large elements of the cor-
responding eigenvectors and vk can often be interpreted as 
functional groups of the molecule. These are termed local-
ization modes.

2) Suppose the sign of the elements of the eigenvectors 
mismatch and the absolute values of the elements of vk are 
less than 2 but positive (or zero). These eigenvectors can be 
interpreted as a resonance structure particularly when the 
sum of the elements of the vector vk or ξk is zero (or near 
zero). This allows for both signs of ξk and −ξk to be a reso-
nance mode. These are termed delocalization modes. The 
value 2 is chosen pragmatically. It is taken because most 
atoms in most chemical systems, other than the hydrogen 
atoms, will generally have more than 2 localized electrons.

Summing over localization modes (within a Jordan block 
(block diagonal) [6] or all localization modes) yields a vec-
tor that closely resembles the localized electrons or popula-
tion. This can be used to find the prominent localized mode 
to exchange electrons with the delocalization modes. This 
can be interpreted as a base resonance structure and the 
other resonance structures can be constructed from this.

Degenerate eigenvalues are likely to appear in symmet-
ric systems. For delocalization modes each linear combina-
tion can be interpreted as a valid resonance structure. For 
localization modes they will often correspond to equivalent 
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groups and, for interpretation purposes, it is expected to be 
best to choose the set of localization modes from the degen-
erate modes that capture the functional groups separately.

As mentioned above and in Appendix A, the larger the 
eigenvalue the more prominent/stable/resistant to electron 
flow the corresponding mode is. In most cases the eigen-
values will be positive. Eigenvalues with value zero will 
correspond to a delocalization mode, and is expected to be 
one that has no impact on the atoms not participating. The 
electrons within this mode will move freely without barrier. 
This will always yield a vk that is the zero vector. Negative 
eigenvalues are expected to be even rarer for the LDMs. 
These can be interpreted as weak modes that are unstable as 
electrons are expected to vacate the mode due to the nega-
tive curvature. These negative eigenvalues will typically be 
small in magnitude, and, by Weyl’s theorem [78], a small 
perturbation to the LDM is likely to remove nonpositive 
eigenvalues.

Computational methods

 All calculations were carried out using Kohn-Sham Den-
sity-Functional Theory (DFT) [80–83] using the ωB97X-V 
functional [84–86] and the 6-311 + + G** [87–89] basis set 
as implemented in the ORCA 6.1.0 where the Kohn-Sham 
orbitals are computed [90–96]. For the QTAIM properties 
including the LIs and DIs were computeds with AIMALL 
19.10.12 Professional [36]. Eigenvalues and eigenvectors 
of LDM were computed with in-house software. For 4-bro-
monitrobenzene the scalar relativistic zeroth order regular 

approximation (SR-ZORA) was used for relativistic correc-
tions [44–46, 97–105]. 

Results and discussion

 Three representative molecules were considered. The 
first is acetic acid, see Fig. 1, that has been examined with 
LDM theory [16, 19]. The second is 4-bromonitrobenzene 
chosen, see Fig. 2, because it contains multiple distinctive 
groups (functional groups); it contains benzene, bromine, 
and nitro groups. Finally, 10-hydroxy-10,9-borazarophen-
anthrene that that contains a 1,2-azaborene group [106] 
with a hydroxyl group bonded to the boron group in a phen-
anthrene formation with 1,2-azaborene as the middle ring 
was chosen, see Fig.  3 [107]. This molecule and several 
chemical derivatives are known for having unusual reactiv-
ity [108, 109]. In fact, it was this unusual reactivity that was 
the motivation for the development of the General-Purpose 
Reactivity Indicators (GPRI) [109–117] within the con-
ceptual DFT framework [66, 118] to explain its reactivity. 
Ureiro-Cueto and Anderson also considered this treatment 
for TiO2 rutile in a separate article [119]. 

Acetic acid

Briefly, a summary of what the tables show is given. 
Tables 1, 2 and 3 are associated with acetic acid with the 
atoms listed as in Fig. 1. They all contain the corresponding 
population (number of electrons) and LI for each atom for 
convenience.

Fig. 1  Structure of acetic acid 
utilized. Large grey circles 
represent carbon atoms, large red 
circles represent oxygen atoms, 
and large white circles represent 
hydrogen atoms. The small green 
circles represent bond critical 
points. The symbols and numbers 
are used in tables to assign prop-
erties to each atom
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	● Table  1: associated with λ1, and λ3 are localization 
modes, and associated with λ2 and λ4 are delocalization 
modes.

	● Table 2: associated with λ8 is a localization mode, and 
associated with λ5, λ6, and λ7 are all delocalization 
modes.

	● Table 3: the sum of the localization modes.

Table 1 shows results associated with the 4 largest eigenval-
ues in decreasing order. The largest eigenvalue is 8.5072, 
approximately 1/3 of the total LI and the sum of the coef-
ficients of v1 is 21.1 approximately 2/3 of the population. 
All of the elements of v1 are positive with none smaller than 
10− 2. This suggests the molecule, but it is mainly defining 
the functional carboxylic acid with the two oxygens and the 
carboxylic acid hydrogen. The elements of v1 associated 
with O2 has 120% of its population (between an anion and 
dianion), with O3 has 82% of its population (approximately 
neutral), H4 has 72% of its population (nearly neutral), and 
C1 has 42%. This low inclusion of C1 is due to C1 playing 
a role in two functional groups, the carboxylic acid group, 

and the methyl group that appears in the localization mode 
v1. This suggests a mode similar to a resonance structure 
where the O2 has the electron that would be associated with 
a double bond between O2 and C1.

The second largest eigenvalue is 8.0731, approximately 
1/3 of the total LI, but the sum of the elements of v2 is 0.707 
approximately a single electron. Based on the elements of 
v2 associated with O2 and O3 that O2 is essentially trans-
ferring − 1.34 electrons to O3. The net gain in O3 is 1.97 
electrons.

The third largest eigenvalue is 4.28878, approximately 
1/6 of the total LI, but the sum of the elements of v3 is 9.18 
approximately that of the methyl group population (91% of 
the methyl group population) and a portion of the carbox-
ylic acid carbon (38%). This is defining the mode associated 
with the methyl functional group containing some portion 
of the carboxylic acid carbon.

The fourth largest eigenvalue is 2.5873, approximately 
1/8 of the total LI, but the sum of the elements of v4 is 
3.43 approximately 1/3 of an electron. Based on the ele-
ments of v2 associated with O2 and O3 that O2 is essentially 

Fig. 2  Structure of 4-bromonitrobenzene utilized. Large grey circles 
represent carbon atoms, large red circles represent oxygen atoms, 
large blue circles represent nitrogen atoms, large brown atoms repre-
sent bromine atoms, and large white circles represent hydrogen atoms. 

The small green circles represent bond critical points, and the small 
red circles represent ring critical points. The symbols and numbers are 
used in tables to assign properties to each atom
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Fig. 3  Structure of 10-hydroxy-10,9-borazarophenanthrene utilized. 
Large grey circles represent carbon atoms, large red circles represent 
oxygen atoms, large blue circles represent nitrogen atoms, large pink 
circles represent boron atoms, and large white circles represent hydro-

gen atoms. The small green circles represent bond critical points, and 
the small red circles represent ring critical points. The symbols and 
numbers are used in tables to assign properties to each atom
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transferring − 1.34 electrons to O3. The net gain in O3 is 
1.97 electrons.

Table  2 shows 4 weak modes where the electrons 
between the hydrogens are being transferred between them. 
Since the eigenvalues are small it is not expected to see a 
resonance structure, but rather an average between them. 
The mode with the smallest eigenvalue is associated with 

the hydrogen of the carboxylic acid. This hydrogen has the 
smallest number of localized electrons of any of the atoms 
and 80% of its localized electrons are contained within this 
mode, which may provide information regarding the trans-
fer of this hydrogen in an acid-base reaction.

Table 3 shows that most of the electrons of the system are 
associated with 3 other modes. Approximately 2 electrons 
are associated with all the remaining delocalization modes.

4-bromonitrobenzene

Briefly, a summary of what the tables show. Tables 4 and 
5 are associated with 4-Bromonitrobenzene with the atoms 
listed as in Fig. 2. The all contain the corresponding pop-
ulation (number of electrons) and LI for each atom for 
convenience.

	● Table 4: associated with λ1, λ2, and λ4 are localization 
modes, and associated with λ3 is a delocalization mode.

	● Table 5: associated with λ5, λ6, λ7, and λ8 are all delocal-
ization modes.

Table 1  Acetic acid properties (see Fig. 1). The QTAIM number of electrons (population), localization index (LI), the first four largest eigenvalues, 
λi, listed in decreasing order, listed with the corresponding eigenvectors, and localization modes. Each mode is labelled if it is a localization mode 
(the absolute value of at least one element of vk is greater than or equal to 2) or delocalization mode (otherwise) where significant elements are 
shown in yellow and black respectively
Atom Population LI ξ1 v1 ξ2 v2 ξ3 v3 ξ4 v4

λ1 = 8.5072
Localized

λ2 = 8.0731
Delocalized

λ3 = 4.28878
Localized

λ4 = 2.5873
Delocalized

C1 4.43E + 00 2.82E + 00 1.37E-01 1.84E + 00 -2.41E-03 -5.76E-03 2.68E-01 1.68E + 00 9.53E-01 8.98E-01
O2 9.18E + 00 8.29E + 00 8.18E-01 1.10E + 01 -5.62E-01 -1.34E + 00 -5.57E-02 -3.49E-01 -1.04E-01 -9.77E-02
O3 9.12E + 00 8.16E + 00 5.57E-01 7.46E + 00 8.26E-01 1.97E + 00 -3.93E-02 -2.47E-01 -6.69E-02 -6.30E-02
H4 4.10E-01 7.32E-02 2.19E-02 2.94E-01 3.21E-02 7.66E-02 -1.72E-03 -1.08E-02 -7.10E-03 -6.69E-03
C5 5.98E + 00 3.98E + 00 3.13E-02 4.19E-01 1.92E-03 4.59E-03 9.39E-01 5.89E + 00 -2.62E-01 -2.47E-01
H6 9.57E-01 4.10E-01 3.63E-03 4.87E-02 1.47E-04 3.50E-04 1.17E-01 7.35E-01 -4.89E-02 -4.61E-02
H7 9.57E-01 4.10E-01 3.63E-03 4.87E-02 1.47E-04 3.50E-04 1.17E-01 7.35E-01 -4.89E-02 -4.61E-02
H8 9.54E-01 4.09E-01 3.47E-03 4.66E-02 1.02E-04 2.45E-04 1.18E-01 7.38E-01 -5.10E-02 -4.80E-02
Sum 3.20E + 01 2.46E + 01 1.58E + 00 2.11E + 01 2.96E-01 7.07E-01 1.46E + 00 9.18E + 00 3.64E-01 3.43E-01

Table 2  Acetic acid properties (see Fig. 1). The QTAIM number of electrons (population), localization index (LI), the second four largest eigenval-
ues, λi, listed in decreasing order, listed with the corresponding eigenvectors, and localization modes. Each mode is labelled whether it is a local-
ization mode (the absolute value of at least one element of vk is greater than or equal to 2) or delocalization mode (otherwise) where significant 
elements are shown in yellow and black respectively
Atom Population LI ξ5 v5 ξ6 v6 ξ7 v7 ξ8 v8

λ5 = 0.3930
Delocalized

λ6 = 0.3925
Delocalized

λ7 = 0.2599
Delocalized

λ8 = 6.0720E-02
Delocalized

C1 4.43E + 00 2.82E + 00 -1.28E-03 -5.72E-06 -4.86E-06 -6.69E-11 2.72E-02 1.06E-02 4.38E-03 2.57E-04
O2 9.18E + 00 8.29E + 00 4.74E-05 2.11E-07 2.09E-07 2.87E-12 -2.60E-03 -1.01E-03 -7.32E-04 -4.30E-05
O3 9.12E + 00 8.16E + 00 4.78E-05 2.13E-07 2.81E-07 3.86E-12 -1.33E-03 -5.16E-04 -3.93E-02 -2.30E-03
H4 4.10E-01 7.32E-02 -1.61E-03 -7.18E-06 -3.44E-06 -4.73E-11 -3.10E-03 -1.20E-03 9.99E-01 5.86E-02
C5 5.98E + 00 3.98E + 00 -1.17E-03 -5.23E-06 -1.57E-06 -2.16E-11 -2.19E-01 -8.49E-02 -1.68E-03 -9.85E-05
H6 9.57E-01 4.10E-01 4.12E-01 1.84E-03 7.08E-01 9.74E-06 5.59E-01 2.17E-01 2.17E-03 1.27E-04
H7 9.57E-01 4.10E-01 4.15E-01 1.85E-03 -7.06E-01 -9.71E-06 5.59E-01 2.17E-01 2.17E-03 1.27E-04
H8 9.54E-01 4.09E-01 -8.11E-01 -3.62E-03 -1.76E-03 -2.42E-08 5.70E-01 2.21E-01 2.22E-04 1.30E-05
Sum 3.20E + 01 2.46E + 01 1.13E-02 5.05E-05 3.50E-05 4.82E-10 1.49E + 00 5.77E-01 9.66E-01 5.67E-02

Table 3  Acetic acid properties (see Fig.  1). The QTAIM number of 
electrons (population), localization index (LI), and the sum of the 
localization modes
Atom Population LI v1+v3+v8

Localized Sum
C1 4.43E + 00 2.82E + 00 3.53E + 00
O2 9.18E + 00 8.29E + 00 1.06E + 01
O3 9.12E + 00 8.16E + 00 7.22E + 00
H4 4.10E-01 7.32E-02 3.42E-01
C5 5.98E + 00 3.98E + 00 6.31E + 00
H6 9.57E-01 4.10E-01 7.84E-01
H7 9.57E-01 4.10E-01 7.84E-01
H8 9.54E-01 4.09E-01 7.85E-01
Sum 3.20E + 01 2.46E + 01 3.04E + 01
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The first localization mode can be associated with the bro-
mine atom, see Table 4. The second localization mode can 
be associated with the nitro group, and the third localiza-
tion mode (the fourth mode) is associated with the benzene 
group. The first delocalization mode (third mode) has a sum 
of nearly zero. This means both ξ3 and - ξ3 are valid. This 
can be associated with the resonance structures in the nitro 
group, that is, transferring electrons from O13 to O14 and 
also from O14 to O13. Table 5 shows several delocalization 
modes. These mainly show the redistribution of electrons 

within the benzene ring and the nitrogen receiving electrons 
from the oxygens.

10-hydroxy-10,9-borazarophenanthrene

Briefly, a summary of what the tables show. Tables 6 and 7 
are associated with 10-hydroxy-10,9-borazarophenanthrene 
with the atoms listed as in Fig. 3. The all contain the corre-
sponding population (number of electrons) and LI for each 
atom for convenience.

Table 4  4-Bromonitrobenzene properties (see Fig. 2). The QTAIM population, localization index (LI), the first four largest eigenvalues, λi, listed 
in decreasing order, listed with the corresponding eigenvectors, and localization modes. Each mode is labelled if it is a localization mode (the 
absolute value of at least one element of vk is greater than or equal to 2) or delocalization mode (otherwise) where significant elements are shown 
in yellow and black respectively
Atom Population LI ξ1 v1 ξ2 v2 ξ3 v3 ξ4 v4

λ1 = 34.3310
Localized

λ2 = 7.9350
Localized

λ3 = 7.1207
Delocalized

λ4 = 5.4347
Localized

C1 5.97E + 00 3.92E + 00 3.88E-04 1.37E-02 1.88E-02 2.64E-01 -3.19E-03 -4.01E-08 4.02E-01 5.60E + 00
C2 5.96E + 00 3.91E + 00 2.04E-03 7.17E-02 5.93E-03 8.35E-02 -5.64E-04 -7.08E-09 4.14E-01 5.77E + 00
C3 6.09E + 00 3.97E + 00 1.89E-02 6.67E-01 4.56E-03 6.41E-02 -2.66E-07 -3.34E-12 4.15E-01 5.79E + 00
C4 5.96E + 00 3.91E + 00 2.04E-03 7.17E-02 5.93E-03 8.35E-02 5.63E-04 7.07E-09 4.14E-01 5.77E + 00
C5 5.97E + 00 3.92E + 00 3.88E-04 1.37E-02 1.88E-02 2.64E-01 3.19E-03 4.00E-08 4.02E-01 5.60E + 00
C6 5.79E + 00 3.77E + 00 2.99E-04 1.05E-02 5.27E-02 7.41E-01 -2.21E-06 -2.77E-11 3.74E-01 5.21E + 00
H7 9.04E-01 3.63E-01 4.16E-05 1.46E-03 3.15E-03 4.43E-02 -1.98E-03 -2.48E-08 4.05E-02 5.65E-01
H8 9.39E-01 3.95E-01 3.94E-04 1.39E-02 5.45E-04 7.67E-03 -2.20E-05 -2.77E-10 4.33E-02 6.03E-01
H9 9.39E-01 3.95E-01 3.94E-04 1.39E-02 5.45E-04 7.67E-03 2.20E-05 2.76E-10 4.33E-02 6.03E-01
H10 9.04E-01 3.63E-01 4.16E-05 1.46E-03 3.15E-03 4.43E-02 1.98E-03 2.48E-08 4.05E-02 5.65E-01
Br11 3.50E + 01 3.43E + 01 1.00E + 00 3.52E + 01 -2.11E-04 -2.96E-03 9.27E-09 1.16E-13 -1.00E-02 -1.40E-01
N12 6.59E + 00 4.42E + 00 4.65E-05 1.63E-03 3.23E-01 4.54E + 00 -7.88E-06 -9.89E-11 9.47E-02 1.32E + 00
O13 8.47E + 00 7.32E + 00 4.05E-05 1.43E-03 6.68E-01 9.39E + 00 7.07E-01 8.87E-06 -5.42E-02 -7.56E-01
O14 8.47E + 00 7.32E + 00 4.05E-05 1.43E-03 6.68E-01 9.39E + 00 -7.07E-01 -8.87E-06 -5.43E-02 -7.56E-01
Sum 9.80E + 01 7.83E + 01 1.02E + 00 3.61E + 01 1.77E + 00 2.49E + 01 1.76E-06 2.21E-11 2.56E + 00 3.57E + 01

Table 5  4-Bromonitrobenzene properties (see Fig. 2). The QTAIM population, localization index (LI), the second four largest eigenvalues, λi, 
listed in decreasing order, listed with the corresponding eigenvectors, and localization modes. Each mode is labelled if it is a localization mode 
(the absolute value of at least one element of vk is greater than or equal to 2) or delocalization mode (otherwise) where significant elements are 
shown in yellow and black respectively
Atom Population LI ξ5 v5 ξ6 v6 ξ7 v7 ξ8 v8

λ5 = 4.5922 λ6 = 4.5689 λ7 = 3.9885 λ8 = 3.3076
C1 5.97E + 00 3.92E + 00 -4.98E-01 -1.39E-04 2.52E-01 1.13E-01 -2.67E-01 -1.30E-01 4.93E-01 2.05E-05
C2 5.96E + 00 3.91E + 00 -4.95E-01 -1.39E-04 -2.72E-01 -1.22E-01 2.18E-02 1.06E-02 -4.95E-01 -2.06E-05
C3 6.09E + 00 3.97E + 00 2.84E-04 7.96E-08 -5.35E-01 -2.40E-01 2.91E-01 1.42E-01 -1.11E-04 -4.59E-09
C4 5.96E + 00 3.91E + 00 4.95E-01 1.39E-04 -2.72E-01 -1.22E-01 2.18E-02 1.06E-02 4.96E-01 2.06E-05
C5 5.97E + 00 3.92E + 00 4.98E-01 1.39E-04 2.52E-01 1.13E-01 -2.67E-01 -1.30E-01 -4.93E-01 -2.05E-05
C6 5.79E + 00 3.77E + 00 -2.57E-04 -7.19E-08 5.36E-01 2.40E-01 -5.79E-02 -2.82E-02 -1.43E-04 -5.93E-09
H7 9.04E-01 3.63E-01 -5.62E-02 -1.57E-05 2.83E-02 1.27E-02 -3.45E-02 -1.68E-02 7.37E-02 3.06E-06
H8 9.39E-01 3.95E-01 -5.76E-02 -1.61E-05 -3.19E-02 -1.43E-02 2.96E-03 1.44E-03 -7.62E-02 -3.16E-06
H9 9.39E-01 3.95E-01 5.77E-02 1.61E-05 -3.18E-02 -1.43E-02 2.96E-03 1.44E-03 7.63E-02 3.16E-06
H10 9.04E-01 3.63E-01 5.62E-02 1.57E-05 2.84E-02 1.27E-02 -3.45E-02 -1.68E-02 -7.37E-02 -3.06E-06
Br11 3.50E + 01 3.43E + 01 -6.00E-06 -1.68E-09 1.09E-02 4.89E-03 -5.40E-03 -2.63E-03 1.71E-06 7.09E-11
N12 6.59E + 00 4.42E + 00 -1.71E-04 -4.79E-08 3.52E-01 1.58E-01 8.32E-01 4.05E-01 6.39E-05 2.65E-09
O13 8.47E + 00 7.32E + 00 -2.75E-03 -7.69E-07 -1.09E-01 -4.90E-02 -1.92E-01 -9.38E-02 2.02E-03 8.39E-08
O14 8.47E + 00 7.32E + 00 2.86E-03 8.00E-07 -1.09E-01 -4.90E-02 -1.92E-01 -9.38E-02 -2.05E-03 -8.49E-08
Sum 9.80E + 01 7.83E + 01 6.10E-05 1.71E-08 9.81E-02 4.40E-02 1.22E-01 5.95E-02 1.25E-05 5.20E-10
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	● Table 6: associated with λ1, λ2, λ3, and λ4 are localiza-
tion modes.

	● Table 7: associated with λ5, λ6, λ7, and λ8 are all delocal-
ization modes.

The first localization mode is associated with the hydroxyl 
group, O24 and H25, see Table 6. The second localization 
mode is associated with the nitrogen atom and its bonded 
hydrogen, N22 and H18. The third localization mode is 
associated with the benzene group, C1 to C6 with associated 
with hydrogens with a small role for C13. The fourth local-
ization mode is associated with the benzene molecule, C7 
to C9 and C11 to C13 with some association with the asso-
ciated hydrogens. The next modes 4 modes, see Table  7, 
are delocalization modes that transfers electrons between 
the different rings. The boron atom, B23, contributes sig-
nificantly to one of the weaker localization modes, the larg-
est being with mode 15 (not shown) with an eigenvalue 
of 2.0318 that contributes a value in v15 of 1.74 electrons 
suggesting that boron’s behaviour is more indirect in this 
chemical system.

Conclusion

The eigenvectors of the LDM and their associated localiza-
tion and delocalization modes are introduced. The localiza-
tion modes have been shown to determine the functional 
groups within a molecule. The delocalization modes have 
been shown to have modes that reflect resonance structures. 
As a result, the LDM and the associated eigenvalues, local-
ization modes, and delocalization modes may be a powerful 
tool in determining resonance structures that reflect those 
used in organic chemistry and may be a useful tool in pre-
dicting reactivity where resonance has been used [1–5]. The 
larger eigenvalues associated with delocalization modes 
could be useful in determining where charge will accumu-
late. The modes associated with smaller eigenvalues may 
be useful in determining where electron flow is freer and 
may be subject to nucleophilic or electrophilic attack. The 
eigenvalues and eigenvectors can be interpreted similarly to 
those of the hardness matrix, or, more precisely, the nega-
tive inverse of the hardness matrix. This provides the ener-
getic argument for associating the larger the eigenvalue the 

Table 6  10-hydroxy-10,9-borazarophenanthrene properties (see Fig. 3) The QTAIM population, localization index (LI), the first four largest eigen-
values, λi, listed in decreasing order, listed with the corresponding eigenvectors, and localization modes. Each mode is labelled if it is a localization 
mode (the absolute value of at least one element of vk is greater than or equal to 2) or delocalization mode (otherwise) where significant elements 
are shown in yellow and black respectively
Atom Population LI ξ1 v1 ξ2 v2 ξ3 v3 ξ4 v4

λ1 = 8.5769
Localized

λ2 = 7.0780
Localized

λ3 = 5.7071
Localized

λ4 = 5.3847
Localized

C1 6.02E + 00 3.96E + 00 2.00E-03 2.10E-02 7.39E-03 7.72E-02 3.01E-01 5.24E + 00 -1.61E-01 -1.32E + 00
C2 6.02E + 00 3.95E + 00 7.47E-03 7.85E-02 1.64E-02 1.72E-01 3.71E-01 6.46E + 00 -1.81E-01 -1.48E + 00
C3 6.65E + 00 4.66E + 00 2.59E-02 2.73E-01 5.40E-02 5.64E-01 5.49E-01 9.56E + 00 -1.87E-01 -1.53E + 00
C4 6.02E + 00 3.90E + 00 6.10E-03 6.41E-02 2.98E-02 3.12E-01 4.11E-01 7.16E + 00 -4.83E-03 -3.95E-02
C5 6.02E + 00 3.96E + 00 1.68E-03 1.77E-02 1.04E-02 1.09E-01 3.13E-01 5.45E + 00 -7.06E-02 -5.78E-01
C6 6.01E + 00 3.95E + 00 1.36E-03 1.43E-02 6.52E-03 6.81E-02 2.85E-01 4.95E + 00 -1.26E-01 -1.03E + 00
C7 6.00E + 00 3.90E + 00 3.84E-03 4.03E-02 5.92E-02 6.18E-01 2.25E-01 3.91E + 00 3.09E-01 2.53E + 00
C8 5.61E + 00 3.59E + 00 1.04E-02 1.09E-01 1.66E-01 1.74E + 00 8.39E-02 1.46E + 00 2.44E-01 2.00E + 00
C9 6.02E + 00 3.96E + 00 3.14E-03 3.30E-02 5.85E-02 6.11E-01 7.91E-02 1.38E + 00 3.76E-01 3.08E + 00
H10 9.96E-01 4.39E-01 3.23E-04 3.40E-03 6.25E-03 6.53E-02 8.26E-03 1.44E-01 4.05E-02 3.32E-01
C11 6.01E + 00 3.95E + 00 1.02E-03 1.07E-02 2.29E-02 2.39E-01 8.95E-02 1.56E + 00 4.43E-01 3.62E + 00
C12 6.01E + 00 3.96E + 00 9.35E-04 9.83E-03 1.69E-02 1.77E-01 1.09E-01 1.89E + 00 4.55E-01 3.72E + 00
C13 6.01E + 00 3.94E + 00 1.11E-03 1.17E-02 2.20E-02 2.30E-01 1.50E-01 2.61E + 00 4.09E-01 3.35E + 00
H14 9.82E-01 4.32E-01 1.78E-04 1.87E-03 7.24E-04 7.56E-03 3.16E-02 5.50E-01 -1.74E-02 -1.43E-01
H15 9.61E-01 4.11E-01 1.92E-03 2.02E-02 1.34E-03 1.40E-02 3.77E-02 6.57E-01 -1.90E-02 -1.56E-01
H16 9.91E-01 4.27E-01 1.66E-04 1.74E-03 1.00E-03 1.04E-02 3.24E-02 5.65E-01 -6.68E-03 -5.46E-02
H17 9.82E-01 4.32E-01 1.24E-04 1.30E-03 6.22E-04 6.50E-03 2.98E-02 5.19E-01 -1.36E-02 -1.11E-01
H18 6.38E-01 1.77E-01 4.55E-03 4.79E-02 6.00E-02 6.27E-01 -6.69E-03 -1.16E-01 -6.53E-03 -5.34E-02
H19 9.79E-01 4.29E-01 9.63E-05 1.01E-03 2.21E-03 2.31E-02 9.37E-03 1.63E-01 4.78E-02 3.91E-01
H20 9.83E-01 4.31E-01 8.56E-05 9.00E-04 1.64E-03 1.71E-02 1.14E-02 1.99E-01 4.93E-02 4.03E-01
H21 9.85E-01 4.23E-01 1.02E-04 1.07E-03 2.12E-03 2.22E-02 1.59E-02 2.78E-01 4.31E-02 3.53E-01
N22 8.49E + 00 6.95E + 00 8.07E-02 8.48E-01 9.73E-01 1.02E + 01 -9.98E-02 -1.74E + 00 -9.27E-02 -7.59E-01
B23 2.83E + 00 2.08E + 00 3.83E-02 4.03E-01 4.50E-02 4.70E-01 3.23E-02 5.63E-01 -1.92E-02 -1.57E-01
O24 9.35E + 00 8.54E + 00 9.95E-01 1.05E + 01 -8.48E-02 -8.86E-01 -1.67E-02 -2.90E-01 8.91E-03 7.29E-02
H25 4.34E-01 8.13E-02 3.99E-02 4.19E-01 -3.62E-03 -3.79E-02 -5.66E-04 -9.86E-03 3.56E-04 2.91E-03
Sum 1.02E + 02 6.89E + 01 1.23E + 00 1.29E + 01 1.48E + 00 1.54E + 01 3.05E + 00 5.31E + 01 1.52E + 00 1.24E + 01
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greater the energetic resistance to the transfer within a pat-
tern as prescribed by the eigenvector.

Appendix A: Hardness Matrix Interpretation

The first part of this appendix will provide an interpreta-
tion of the eigenvalues and eigenvectors of the hardness 
matrix to energetic stability of a pattern. The second part 
will be relating the LDM to the hardness matrix and justify-
ing interpreting the eigenvectors of the hardness matrix as 
those of the LDM.

Consider the energy as a function of the electron popula-
tion of each atom, N, expanded as a Taylor series about the 
original number of electrons for each atom, N0, truncated at 
second order 

E(N) = E(N0) + µ ↿T (N − N0) + 1
2

(N − N0)T η(N − N0) � (15)

where (N − N0)T   is the transpose of N − N0, 

∂EN

∂Ni

∣∣∣∣
N=N0

= µ
 
� (16)

 due to electronegativity equalization, and the elements of 
the hardness matrix, η, are 

ηij = ∂E(N(Ω1), . . . , N(Ωn))
∂N(Ωi)∂N(Ωj)  

� (17)

Next consider adding a perturbation V(N) expanded by a 
Taylor series about the original number of electrons for each 
atom, N0 truncated at first order is 

V (N) = V (N0) + χT (N − N0) � (18)

where the ith element of χ, χi, is 

∂V N

∂Ni

∣∣∣∣
N=N0

= χi

 
� (19)

The new total energy within this framework 

Table 7  10-hydroxy-10,9-borazarophenanthrene properties (see Fig. 3). The QTAIM population, localization index (LI), the second four largest 
eigenvalues, λi, listed in decreasing order, listed with the corresponding eigenvectors, and localization modes. Each mode is labelled if it is a local-
ization mode (the absolute value of at least one element of vk is greater than or equal to 2) or delocalization mode (otherwise) where significant 
elements are shown in yellow and black respectively
Atom Population LI ξ5 v5 ξ6 v6 ξ5 v5 ξ6 v6

λ5 = 4.8552
Delocalized

λ6 = 4.7469
Delocalized

λ7 = 4.5309
Delocalized

λ8 = 4.3463
Delocalized

C1 6.02E + 00 3.96E + 00 4.07E-01 1.65E + 00 2.89E-01 4.34E-01 -2.36E-01 1.38E-02 3.10E-01 1.44E-01
C2 6.02E + 00 3.95E + 00 -5.50E-02 -2.23E-01 4.05E-01 6.08E-01 -2.03E-01 1.18E-02 2.24E-01 1.05E-01
C3 6.65E + 00 4.66E + 00 -5.43E-01 -2.20E + 00 1.87E-01 2.81E-01 6.65E-02 -3.88E-03 -1.83E-01 -8.53E-02
C4 6.02E + 00 3.90E + 00 -1.70E-01 -6.91E-01 -3.64E-01 -5.47E-01 2.05E-01 -1.19E-02 -1.45E-01 -6.74E-02
C5 6.02E + 00 3.96E + 00 3.49E-01 1.41E + 00 -3.71E-01 -5.58E-01 2.27E-01 -1.32E-02 -3.15E-01 -1.47E-01
C6 6.01E + 00 3.95E + 00 5.82E-01 2.36E + 00 -8.30E-02 -1.25E-01 8.58E-03 -5.00E-04 -5.59E-02 -2.60E-02
C7 6.00E + 00 3.90E + 00 -1.14E-01 -4.60E-01 -3.93E-01 -5.90E-01 -7.86E-02 4.58E-03 4.50E-01 2.10E-01
C8 5.61E + 00 3.59E + 00 -3.53E-03 -1.43E-02 -5.06E-02 -7.59E-02 2.55E-01 -1.49E-02 4.37E-01 2.03E-01
C9 6.02E + 00 3.96E + 00 8.52E-02 3.45E-01 2.89E-01 4.33E-01 5.26E-01 -3.07E-02 1.82E-01 8.46E-02
H10 9.96E-01 4.39E-01 9.78E-03 3.96E-02 3.35E-02 5.04E-02 6.34E-02 -3.70E-03 2.27E-02 1.06E-02
C11 6.01E + 00 3.95E + 00 1.07E-01 4.33E-01 3.65E-01 5.48E-01 2.07E-01 -1.21E-02 -3.07E-01 -1.43E-01
C12 6.01E + 00 3.96E + 00 5.39E-02 2.18E-01 1.34E-01 2.01E-01 -3.74E-01 2.18E-02 -3.95E-01 -1.84E-01
C13 6.01E + 00 3.94E + 00 -3.55E-02 -1.44E-01 -2.00E-01 -3.00E-01 -5.07E-01 2.96E-02 5.62E-02 2.62E-02
H14 9.82E-01 4.32E-01 4.69E-02 1.90E-01 3.38E-02 5.08E-02 -2.85E-02 1.66E-03 3.86E-02 1.80E-02
H15 9.61E-01 4.11E-01 -5.86E-03 -2.37E-02 4.61E-02 6.92E-02 -2.40E-02 1.40E-03 2.75E-02 1.28E-02
H16 9.91E-01 4.27E-01 3.94E-02 1.59E-01 -4.29E-02 -6.44E-02 2.57E-02 -1.50E-03 -3.85E-02 -1.79E-02
H17 9.82E-01 4.32E-01 6.70E-02 2.72E-01 -9.78E-03 -1.47E-02 1.09E-03 -6.33E-05 -6.98E-03 -3.25E-03
H18 6.38E-01 1.77E-01 2.01E-03 8.16E-03 4.54E-04 6.82E-04 -5.11E-03 2.98E-04 -7.25E-03 -3.37E-03
H19 9.79E-01 4.29E-01 1.23E-02 4.98E-02 4.26E-02 6.40E-02 2.51E-02 -1.46E-03 -3.81E-02 -1.77E-02
H20 9.83E-01 4.31E-01 6.19E-03 2.51E-02 1.56E-02 2.35E-02 -4.53E-02 2.64E-03 -4.93E-02 -2.29E-02
H21 9.85E-01 4.23E-01 -3.10E-03 -1.26E-02 -2.37E-02 -3.56E-02 -5.93E-02 3.46E-03 6.05E-03 2.82E-03
N22 8.49E + 00 6.95E + 00 2.81E-02 1.14E-01 3.45E-03 5.18E-03 -6.45E-02 3.76E-03 -8.58E-02 -4.00E-02
B23 2.83E + 00 2.08E + 00 -4.43E-02 -1.79E-01 1.67E-02 2.51E-02 1.25E-03 -7.26E-05 -2.61E-02 -1.22E-02
O24 9.35E + 00 8.54E + 00 1.29E-02 5.21E-02 -5.68E-03 -8.53E-03 5.38E-04 -3.13E-05 5.65E-03 2.63E-03
H25 4.34E-01 8.13E-02 4.27E-04 1.73E-03 -2.49E-04 -3.74E-04 7.30E-05 -4.25E-06 2.08E-04 9.70E-05
Sum 1.02E + 02 6.89E + 01 8.35E-01 3.38E + 00 3.16E-01 4.75E-01 -1.29E-02 7.50E-04 1.07E-01 4.99E-02
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E(N) + V (N) = E(N0) + µ1T (N − N0) + 1
2

(N − N0)T η(N − N0) + V (N0) + χT (N − N0) � (20)

Next find the N that minimizes the energy, Nmin, that 
yields the lowest energy 

∂(E(N) + V (N))
∂N

= µ1 + η(N − N0) + χ = 0
 
� (21)

yielding the Nmin of 

Nmin = N0 − η−1(χ − µ1) � (22)

To find the energy insert Nmin into the energy expression 
in Eq. (23)

E(Nmin) + V (Nmin) = E(N0) − 1
2

((χ − µ1))T η−1((χ − µ1)) + V (N0) � (23)

Next expand the vector that minimizes the energy, Eq. 
(24), in terms of an orthonormal set of eigenvectors of η 
denoted ηi. 

χ − µ1 =
n∑

i=1
ciηi

 
� (24)

where the ci’s are exactly 

ci = (χ − µ1)T ηi � (25)

Provided that η−1 exists then the eigenvectors of η−1 are 
the same as η. Taking the eigenvector ηi of η has eigenvalue 
ηi the eigenvector ηi of η−1 has eigenvalue 1/ηi. Thus, 
(

n∑
i=1

ci

ηi
ηi

)
η−1

n∑
i=1

ciηi =
n∑

i=1

c2
i

ηi  
� (26)

This means the smallest positive eigenvalues of the hard-
ness matrix generally lead to larger coefficients. Therefore 
the eigenvectors with the smallest positive eigenvalues will 
generally be the modes activated. Given the argument here 
that the hardness matrix is related to the LDM this anal-
ogy suggest that a small perturbation will generally cause 
electrons to flow in the eigenvectors associated with small 
eigenvalues as expected. Furthermore this means that the 
negative eigenvalues will increase the energy, suggesting 
avoidance of the modes associated with negative eigenvalue 
especially those small in magnitude, which is generally the 
case by the restriction that the sum of the diagonal elements 
of a matrix is the sum of the eigenvalues, Eq. (12).

The next step is to relate the hardness matrix to the 
inverse of the covariance matrix and from there to relate it to 
the LDM. Start from the grand canonical partition function 

Z(µ1, . . . , µn) = Tr


e

−β

(
Ĥ0−

n∑
k=1

µkN̂k

)


 

� (27)

where β is the thermodynamic β, the Hamiltonian, μk is the 
chemical potential of atom k, N̂k the population operator of 
atom k, and Tr is the trace operator. We define explicitly the 
expectation value of N̂k as is 

⟨N̂k⟩ = N(Ωk) = Nk � (28)

 and

⟨N̂jN̂k⟩ − ⟨N̂j⟩⟨N̂k⟩ = −δ(Ωj , Ωk)
2

j ̸=k 
� (29)

However, 

⟨N̂iN̂i⟩ − ⟨N̂i⟩2 = −Λ(Ωi) + N(Ωi) � (30)

This leads to the covariance matrix, Æ, where the kth 
diagonal element is Eq. (30) and the j,kth off-diagonal ele-
ments are given by Eq. (29) leading to 

Æ = −ζ + Ω � (31)

 where the kth diagonal element of the diagonal matrix Ω 
is N(Ωk). If the Ω matrix is neglected then the covariance 
matrix as introduced by Ayers will be yielded. [120]

The next steps investigate the derivatives of the free 
energy and a Legendre transform of the free energy showing 
that the covariance matrix is proportional to the inverse of 
the hardness matrix. The covariance matrix will be related 
to the LDM as the negative of the LDM through this deriva-
tion. Defining the free energy as 

F (µ1, . . . , µn) = − 1
β

1n Z(µ1, . . . , µn)
 
� (32)

 and differentiate with respect to the free energy with respect 
to µi and µj  yields 

∂2F (µ1, . . . , µn)
∂µj∂µi

= ∂N(Ωi)
∂µj

= − 1
Z(µ1, . . . , µn)

Tr


βN̂je

−β

(
Ĥ0−

n∑
k=1

µkN̂

)
 + 1

(Z(µ1, . . . , µn))
Tr


N̂ie

−β

(
Ĥ0−

n∑
k=1

µkN̂

)
 Tr


βN̂je

−β

(
Ĥ0−

n∑
k=1

µkN̂

)


= −β(⟨N̂iN̂j⟩ − ⟨N̂i⟩⟨N̂j⟩)βζji − βΩ  
� (33)

 which is the covariance matrix scaled by -β. Next consider 
the Legendre transform of the free energy 

E(N(Ω1), . . . , N(ΩN )) = F (µ1, . . . , µ) +
n∑

k=1

µkN(Ωk)
 
� (34)
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 and then differentiating with respect to the new variables 
leads to N(Ωi) 

∂E(N(Ω1), . . . , N(ΩN ))
∂N(Ωi)

=
n∑

k=1

(
∂F (µ1, . . . , µn)

∂µk

∂µk(µ1, . . . , µn)
∂N(Ωi)

+ ∂µk(µ1, . . . , µn)
∂N(Ωi)

N(Ωk)
)

+ µi � (35)

And using the result from Eq. (33) we find 

∂E(N(Ω1), . . . , N(ΩN ))
∂N(Ωi)

=
n∑

k=1

(
−N(Ωk)∂µk(µ1, . . . , µn)

∂N(Ωi)
+ ∂µk(u1, . . . , µn)

∂N(Ωi)
N(Ωk)

)
+ µi = µi � (36)

 then differenting again with respect N(Ωj) yields 

∂2E(N(Ω1), . . . , n(ΩN ))
∂N(Ωj)∂N(Ωi)

= ∂µi

∂N(Ωj)
= ηij

 
� (37)

 which is just the i, jth element of the hardness matrix. 
Taking the inverse of the hardness matrix and noting the 
relationships in Eqs. (31) and (33) yields the relationship 
between the hardness matrix and the covariance matrix 

η−1 = βÆ = −βζ + βΩ � (38)

The relationship between the inverse of a Hessian and 
the covariance matrix is known in other contexts as well 
[121–123]. If the matrix Ω is neglected then LDM is exactly 
proportional to the inverse of the hardness matrix. Further-
more, if Ω commutes with the LDM then they have the 
same eigenvectors as the inverse of the hardness matrix. 
An example where the LDM commutes with Ω is when 
the off-diagonal elements of the LDM matrix are zero. 
This would approximately be the case where the electrons 
in the chemical system are nearly all localized to the indi-
vidual atoms. This would also happen in systems where all 
atoms are equivalent like the hydrogen dimer. We also know 
from the Davis-Kahan sine theorem [79] that an eigenvec-
tors associated with an eigenvalue that is well spaced from 
other eigenvalues in an absolute difference sense will not 
rotate substantially. Noting that frequently in chemical sys-
tems many atoms will have the same or similar populations 
meaning that there are more than n eigenvectors for Ω. This 
suggests that even in cases where Ω does not commute with 
the LDM often many of the eigenvectors of the LDM will 
also be an eigenvector of Ω and thus an eigenvector of the 
hardness matrix. Taking the positive eigenvalues of the 
hardness matrix to be 

η+
1 ≤ η+

2 ≤ . . .  � (39)

Then the corresponding eigenvalues of the negative if the 
inverse of the hardness matrix are 

− 1
η+

1
≤ − 1

η+
2

≤ . . .
 
� (40)

where the order has been preserved. The order is pre-
served amongst negative eigenvalues as well. However, the 
negative eigenvalues of the hardness matrix are now posi-
tive and vice versa. And in the case where the population 
of each of the atoms are nearly equal the eigenvalues of the 
negative inverse of the hardness matrix are shifted by a con-
stant thus preserving the order of the eigenvalues between 
theLDM and the negative inverse of the hardness matrix.

Appendix B: Mode Vector

Consider a vector vkwhere the sum of all vk will yield the 
population of atom k is found in the kth element. Thus 
∑

k

vk = ζ ↿
 
� (41)

 where ↿ is a column vector where every element is one. 
Since the LDM is symmetric it can always bediagonalized. 
First expand the ↿ vector in terms of the eigenvectors of the 
LDM 

↿=
n∑

i=1
ciξi

 
� (42)

 where ci is a coefficient. Multiplying both sides by the vec-
tor ξT

i  and recalling that eigenvectors of theLDM are real 
and orthonormal yields

ξT
i ↿= ci � (43)

Thus the ↿ vector can be written as 

1 =
n∑

i=1
(ξT

i 1) =
n∑

i=1


∑

j

ξj,i


 ξi

 
� (44)

Applying the LDM to the ↿ vector yields 

ζ ↿=
n∑

i−1
λi


∑

j

ξj,i


 ξi =




N(Ω1)
N(Ω2)

...
N(Ωn)




 

� (45)

Finally, vi can be found by choosing each vi to be the ith 
term in the sum over i, thus 

vi = λi


∑

j

ξj,i


 ξi

 
� (46)

Notice that if ξi is replaced with −ξi 
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λi


∑

j

−ξj,i


 (−ξi) = λi


∑

j

−ξj,i


 (−ξi) = vi

 
� (47)

 thus vi is unchanged regardless if ξi  or −ξi is chosen. 
Notice also that if 

∑
j ξj,i = 0 or λi = 0 then vi is the zero 

vector. This is why for these cases both ξi and −ξi can be 
considered and both can be interpreted as resonance struc-
tures restoring to the other form.
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