
1. Introduction

The study presents a method for smoothing 
polylines on the map, based on B-spline func-
tions, determined for appropriately modified 
input data. Spline functions accurately represent 
shapes with continuous curvature, therefore 
they are potentially the right tool for smoothing 
lines and surfaces. Unfortunately, natural ob-
jects represented by polylines on the map, 
usually have an irregular shape and unevenly 
spaced vertices. For such data, spline functions 
may have a distorted course. However, chang-
ing the approach towards the set of data to be 
smoothed: from the set of vertices that need 
to be connected to the set of steps that need 
to be taken to complete a given route, any 

complex input polyline can be smoothed using 
iterative B-spline functions. Smoothing is con-
tinued until the specified tolerance for the dis-
tance between the new curve and the points of 
the input curve is exceeded. The value of such 
a distance may result, for example, from the 
target scale of the map (Kuna et al., 2024). 
Each subsequent iteration results in better 
smoothing, and if the tolerance is not specified, 
it continues until a straight line is created 
between the starting and ending points of the 
line. The method is simple to use, effective in 
smoothing and does not require manipulation 
of various parameters. To understand its idea, 
it is necessary to discuss two issues in detail. 
The first one is related to the sources of errors 
arising when describing irregular objects using 
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Abstract. This research paper proposes a new method for smoothing polylines on a map, using B-splines 
iteratively moving away from the vertices. Splines are a popular tool used to smooth data. Unfortunately, 
natural objects represented by polylines, usually have an irregular shape and unevenly spaced vertices. For 
such data, splines may have a distorted course. The presented method changes an approach to polylines on 
the map. The smoothed line is no longer just a line connecting a set of vertices on the map but becomes 
a path that a hypothetical hiker must follow. The hiker attempts to optimise (simplify) the route so that, it 
requires the least amount of effort. The hiker will therefore avoid the vertices at a certain distance, leaving 
dense and even traces. These traces constitute a data set for which the unfavourable properties of splines are 
eliminated. The vertices of the polyline will be smoothed (bypassed) by the B-spline control point function, 
which, spread over a dense set of tracks, will perform the first, slight smoothing. Subsequent smoothing itera-
tions will be performed on a modified, increasingly sparse, but still uniform set of traces from the previous 
iterations. This will allow for even smoothing of any polyline.
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spline functions and presenting the optimal 
case, in which these errors are minimised. The 
second issue concerns the idea of replacing 
the few vertices of the polyline with more 
densely spaced points. These points may sym-
bolise the steps of a hypothetical hiker following 
the route defined by the polyline of the trail. 
A hiker who wants to complete the trail with the 
least effort, will try to shorten it wherever pos-
sible, but so, as not to lose the trail. This route 
optimisation produces a data set, for which, 
the spline function is created in optimal condi-
tions that eliminate distortions.

The innovation of the method should be con-
sidered from the perspective of the effective-
ness of smoothing lines on a map. The method 
combines appropriately selected spline func-
tions with the observation of an intuitive tendency 
to smooth out the route while also shortening 
it. Line smoothing on maps is a special type 
of smoothing that should take into account, 
among other things, the cartometric feature of 
the map. When reducing the scale of a map, 
smoothing should simplify the shape of the 
polyline while maintaining its characteristic 
shape. Smoothing lines on maps should move 
the curve relatively uniformly away from the 
polyline, ensuring the smoothest possible 
course without any undulations. Standard 
methods for creating splines from chaotic data 
sets do not allow this, as demonstrated in the 
theoretical section. The spline functions used 
to smooth lines on maps (Steiniger & Meier, 
2004; Li, 2007a; Guo et al., 2017) encounter 
difficulties in selecting the appropriate pa-
rameters, which can lead to curve undulations. 
The proposed method avoids these difficulties 
and is simple to implement. This simplicity was 
achieved through an observation that allowed 
for the combination of two factors: the analysis 
of various properties of spline functions and 
the replacement of the smoothed line with an 
iteratively traversed route, using small and uni-
form steps. Without this combination, the dem-
onstrated effectiveness of smoothing, as seen 
in the examples, would not have been possible. 
A comparison of shapes showed that the pro-
posed method, as the degree of smoothing 
increases, outperforms the results obtained 
using the Polynomial Approximation with Expo-
nential Kernel (PAEK) method, which is the 
standard tool used for smoothing lines on a map. 
The advantage of the proposed method lies in 

having a single parameter that can naturally 
be linked to the recognizability of length on 
a map at a given scale. 

Below, after reviewing the literature related 
to the generalisation of the polylines, which in-
cludes, inter alia, simplification and smoothing, 
the details of the method have been discussed, 
and examples of its effects have been presented. 
Finally, it has been compared with the popular 
smoothing method PAEK (Bodansky et al., 
2002), used e.g. in the ARC GIS package (Esri, 
2024).

2. Literature review

The generalisation of information provided 
in the form of a cartographic image (map), 
occurs at every stage of its creation, from the 
stage of capturing information from the real 
space until the stage of final presentation 
(Cebrykow, 2017). A map is a conventional 
model of reality, and generalisation is one of 
the foundations of this model. It results from 
the need to use a scale m<1, so that a much 
larger part of the actual Earth’s surface can be 
represented on its small area. Two directions 
have been distinguished in digital cartographic 
generalisation. The first one concerns the gen-
eralisation of the image (map), and the second 
one concerns the generalisation of spatial data 
contained in digital databases (Weibel & Jones, 
1998). Contemporary generalisation seems to 
be heading in the latter direction (Muller, 1991). 

Cartographic generalisation involves reduc-
ing the amount and detail of the information 
provided. This is achieved by aggregating, 
simplifying (generalising) information, but also 
by strengthening and magnifying it (McMaster 
& Shea, 1992). One of the first attempts to 
generalise map content concerned objects 
represented using lines (rivers, roads, isolines, 
borders, etc.). It involved simplifying the shape 
of the line, mainly by reducing its vertices and 
smoothing its course. The shape should be 
simplified, while maintaining the accuracy of 
the position and line alignment appropriate to 
the scale of the map. This results from the car-
tometric feature of the map and is especially 
important in the case of large-scale maps. It 
seems that generalisation of lines should be 
carried out through the combined use of the 
simplification operator and additional shape 
smoothing (Bourghardt, 2005). 
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Over the past 70 years, many concepts and 
algorithms for curve simplification have been 
developed (Heckbert & Garland, 1997; Luebke, 
2001; Li, 2007a; Weibel, 2020; Baig et al., 
2013). Some of them have become a tool in 
GIS and CAD software, to extend the zoom 
service on web maps (Neun et al., 2009). Such 
a service requires, among other things, auto-
matic simplification and smoothing of curves. 
This can be achieved by using objective criteria 
and unambiguous, simple parameters in simpli-
fication algorithms (Bac-Bronowicz et al., 2023).

Smoothing is treated as one of the shape 
generalisation operators (Foerster et al., 2007). 
It allows for the removal of visible irregularities 
and line breaks, which improves the aesthetics 
and related readability of the map. Smoothing 
can be applied to curves that have been sub-
jected to initial simplification or as a stand-
alone method (Tutić & Lapaine, 2010). Various 
methods are used for smoothing, using e.g. the 
fast Fourier transform (Li, 2007a; Shan et al., 
2023), wavelets (Li, 2007b; Saux, 2003), ap-
proximation polynomials (Li, 2007b; Spoer-
hase, 2019) including the PAEK method 
(Bodansky et al., 2002; Esri, 2024) or Bezier 
curves (Nöllenburg, 2008), empirical mode de-
composition EMD (Li, 2007b; Li et al., 2017), 
DEM smoothing (Zaksek & Podobnikar, 2005; 
Nieuwenhuizen et al., 2021; Kettunen et al., 
2017). Some of these methods work in an 
iterative mode, searching for optimal smoothing 
parameters. Comprehensive testing of methods 
should take into account many features of 
algorithms (Kuna et al., 2024).

Spline functions play an important role in 
smoothing lines. They implement a polynomial 
description of a line divided into fragments. 
Spline functions applied to a polyline can sim-
plify its course and ensure its smooth change. 
Both properties are implemented in accordance 
with the principle of energy minimisation (de 
Boor, 1978). The first attempts to use splines 
were concerned with smoothing the edges of 
objects placed in images (Kass et al., 1988). 
This work only examined the possibilities of 
splines in graphic transformations. An example 
of a cartographic application was the use of 
splines to smooth polylines symbolising polylines 
on a map (e.g. rivers, roads) (Bourghardt, 
2005). Attention was paid to the problem of 
automatic selection of function parameters and 
to the problem of moving endpoints of a line. 

Multi-stage smoothing has also been pro-
posed. Subsequent attempts to use splines 
concerned smoothing the set of lines in the 
form of isobaths on nautical maps (Guilbert & 
Lin, 2006; Guilbert & Saux, 2008). Smoothing 
for a set of lines had an additional requirement 
to maintain the co-shape of adjacent lines. In 
these works, the undesirable effect of gener-
alisation, consisting in collisions of simplified 
lines with neighbouring lines, was also exam-
ined, and an appropriate method for correcting 
this phenomenon was proposed. Snake spline 
curves (Steiniger & Meier, 2004) have great 
smoothing possibilities, thanks to the use of 
parameters related to the internal and external 
energy of the spline, determining its stress. 
Unfortunately, determining the optimal values 
of these parameters is difficult and time-con-
suming in practice (Li, 2007a; Guo et al., 2017; 
Velut et al., 2007; Brigger et al., 2000). Another 
approach to smoothing isolines with splines is 
presented in (Bayer et al., 2023). Splines are 
used to smooth dense point sets (ALS point 
clouds) from which polylines were generated 
(Jiang et al. 2023; Bodansky et al., 2002). The 
advantage of this type of data is the ability to 
define lines using multiple points. The large 
number of regularly spaced points that make 
up a line, improves the effectiveness of splines 
in smoothing its shape. Such a definition of 
a line to be smoothed on maps is not common. 
Most topographic databases used to create 
maps contain limited point data. In these data-
bases, lines symbolising rivers, roads and 
borders are defined only by those points that 
are necessary to represent shape variability. 

However, spline functions exhibit certain prop-
erties that make smoothing irregular shapes 
difficult. The influence of these properties is 
discussed below, and the walking spline method 
is proposed, which allows the smoothed model 
to be independent of them.

3. Problems associated with approximating 
irregular data by spline functions

One of the tools used to smooth data are 
spline functions. However, it is not a tool de-
signed for smoothing polylines and therefore 
its effects are not always desirable. Spline 
functions were created as the mathematical 
equivalent of the flexible strips used to design 
shapes with continuous curvature in the pre-
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computer era. They are determined based on 
the Bernoulli-Euler equation describing the 
curvature of a beam, bending in the elastic 
range (Ahlberg et al., 1967; de Boor, 1978).

             (1)

where: K – curvature, Mz – bending moment, 
E – Young’s modulus, J – moment of inertia

Because deflections of a beam bending in 
the elastic range are small, it is assumed that 
the first derivative is zero, resulting a simplified 
equation:

                      (2)

from which the relations enabling the determina-
tion of the spline function are further derived.

Lines on a map (e.g. roads, rivers, borders), 
often appear as polylines with complicated 
course, and do not have continuous curvature. 
At the stage of obtaining the points forming the 
line, only characteristic points of changing its 
course are selected. These points are con-
nected by segments, creating a polyline. It can-
not be assumed that “deflections”, i.e. changes 
in the inclination of subsequent sections, will 
be small, either. In such cases, the spline 
function undergoes deformations (undulations) 
(Farin, 2002; Floater & Surazhsky, 2006; Piegl 
& Tiller, 2012), illustrated in Figure 1, where 
local extrema of the S function appear next to 
some points (p2 and p3).

Another problem with the accuracy of spline 
modelling is related to data density. In (Birkhoff 

& de Boor, 1964) the convergence of the spline 
function S to the approximate function f was 
estimated. For commonly used spline func-
tions of class C2, this convergence will depend 
quadratic on the distance between the points:

� f – S�  ≤ max (hi
2)M                    (3)

where: M = const, M ≥ � f '' (x)�, hi = xi – xi – 1
Therefore, the increase in data density signi-

ficantly affects the accuracy of the approxi-
mations. The spline function drawn through 
6 points (Figure 2b) provides a much better 
approximation of the circle than the function 
drawn through 3 points (Figure 2a).

A polyline on the map consists of the mini-
mum number of vertices necessary to correctly 
represent its shape, which contributes to the 
occurrence of distortions visible in Figure 2a. 
Additionally, these lines may have different 
vertex densities in different places. This is an-
other problem when modelling with spline func-
tions. Each spline function is created based on 
knots. Appropriate selection of knots (para-
metrisation) is essential for the accuracy of the 
approximation if the set of points is irregular. 
The most common are three knot selection 
methods (Piegl & Tiller, 2012; Haron et al., 2012; 
Kiciak, 2019; Peterson, 2006): equidistant (4), 
proportional to the distance di,i – 1 between 
points (5) and proportional to the square root 
distances between points.

T1i = const                         (4)

T2i = di,i – 1                         (5)

T3i = √di,i – 1                       (6)

where: T – node selection method, d – length of 
the section between neighbouring nodes i, i – 1

Figure 1. Undulations of a spline function interpolating 
a set of highly variable points (local extrema of the 

S function appear next to points p2 and p3)
Figure 2. Spline function approximating a circle:  

a) based on 3 points; b) based on 6 points
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For a non-uniform set of points, the simplest 
parametrisation assuming equidistant knots 
brings the worst results. Distance parametrisa-
tion produces the best results when approxi-
mating shapes with slowly changing curvature, 
and root-distance parametrisation yields the 
best results when approximating shapes with 
quickly changing curvature. If the points are 
equidistant, all parametrisations give the same 

result. Figure 3 illustrates spline functions 
approximating a circle based on six non-uni-
formly selected points, parametrised by the 
above-mentioned methods. It demonstrates 
how important the choice of parametrisation is 
and that even the best one cannot fully com-
pensate the distortions resulting from the lack 
of regularity of the points.

The analysis of Figures 2 and 3 reveals, that 
in order to provide a good approximation of the 
modelled shape of the line, it is necessary to 
provide a relatively large set of evenly spaced 
points. The set of vertices of a polyline on a map 
usually does not meet these conditions.

The importance of a dense set of points for the 
accuracy of approximations is further explained 
in Figure 4. It is noticeable that for points 
sparsely distributed on the circle a.1), the angle 
between the three points is acute. The ques-
tion arises whether in such a case the theo-
retical conditions of beam deflection mechanics 
in terms of elasticity could still be met. This is 
all the more important because, when deriving 
formulas for determining the spline function, 
small deflections are assumed, reducing equa-
tion (1) to form (2). However, as the density of 
points increases, the angles between them 
increase (a.2 and a.3), i.e. the “deflections” of 

the beam on adjacent sections are smaller and 
smaller relative to each other. This is increas-
ingly consistent with the theoretical assump-
tions of spline functions. As a result, the spline 
function better approximates the determined 
shape b.1) – b.3).

From the point of view of smoothing the poly
line on a map, the use of B-spline functions 
can be considered (Farin, 2002; Piegl & Tiller, 

2012; Schumaker, 2007), because they offer 
the possibility of creating curves in two ways: 
based on interpolation points or control points 
(B-spline interpolated curve and B-spline con-
trol point curve). The B-spline function de-
scribed by equation (7) is a linear combination 
of base functions N, defined by the Mansfield-
de Boor-Cox formula, of m degree, whose 
coefficients are control points d, creating a con-
trol polyline (Figure 5).
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Figure 4. An increase in the density of points (1,2,3) 
results in an increase in the angles between adjacent 
sections (a), thanks to which the model is locally less 
and less deflected, which improves the approximation 

of the determined shape (b).

Figure 3. Approximation of a circle by a spline function based on non-uniformly distributed points: parametrised 
by a constant distance, the square root of the distance between points and the distance between points

T1i = const                        T2i = di,i – 1                        T3i = √di,i – 1     



121A new “walking spline” method for smoothing polylines on the maps using B-spline functions...

The B-spline function created based on in-
terpolation points p passes through these 
points and the control points d are determined 
unknowns. The interpolation curve is located 
outside the convex parts of the polyline con-
necting the points p. The B-spline function cre-
ated from the control points d has the vertices 
of the control polyline at these points, and the 
B-spline is inside the convex parts of the con-
trol polyline (Figure 5).

The curve from the interpolation points 
passes directly through the points, just like all 
the curves presented in the previous figures. 

Figure 6 illustrates a curve with interpolation 
points against a polyline, which may be an 
irregular polyline on a map, that can be 
smoothed. The polyline has been smoothed, 
but the spline function has numerous undula-
tions. When smoothing a polyline on a map, its 
simplification is expected at the same time. 
However, the interpolation spline function 
complicates it in certain places. A smoothed 
curve will always be longer than a polyline 
because straight lines between points are 
replaced by arcs that are based on the same 
points. The B-spline function based on control 
points, allows for smoothing combined with 
simplification of the shape (Figure 7). This 
curve has several important features as far as 
smoothing of polylines on map is concerned. 
The curve is always inside the convex outline, 
i.e. it does not go beyond the outer outline of 
the convex parts. Thus, it is always shorter 
than the smoothed polyline. Unlike a curve 
with interpolation points, it simplifies the input 
shape. All vertex points of the polyline are 
smoothed independently of each other, and 
the end points are preserved. Unfortunately, 
smoothing is performed in an unintuitive and 
uneven way, which results from irregular 
lengths of sections and vertical angles.

In general, B-spline functions created based 
on control points have features useful from the 
point of view of polyline smoothing, but they 
are also characterised by significant and dis-
proportionate smoothing of some vertices. 
Therefore, they cannot be used directly for 

Figure 5. Difference between a B-spline curve based 
on interpolation points (p) and control points (d). In 

the figures, the vertices of the same polyline are taken 
as points p for creating an interpolation curve or as 

d for creating a curve from control points.

Figure 6. An interpolating B-spline function presented against a smoothed irregular polyline. The spline is 6% 
longer than the broken line



122 Grzegorz Lenda, Piotr Banasik

smoothing polylines, especially when the 
smoothing is to have small values. Additionally, 
a B-spline curve from control points based on 
the vertices of the smoothed polyline gives 
only a single smoothing, which would be difficult 
to adjust, e.g. to the selected map scale.

When analysing the presented properties of 
spline functions, it is possible to distinguish 
certain conditions that would allow for even 
smoothing of polylines on a map. Smoothing 
can be performed using a B-spline function 
from control points, but under conditions that 
ensure a relatively slow and even divergence 
from the vertices. To meet these conditions, 
the points forming the line should be arranged 
as densely and regularly as possible.

4. Changing approach to the smoothed 
polyline on a map 

The second issue related to the proposed 
smoothing method concerns changing the 
approach to the set of input data, that constitute 
the input polyline, that is to be smoothed. Clas-
sically, when looking at a map, for each poly
line we see a set of vertices that are located 
in characteristic places of a given object. This is 
where the current direction of the line changes. 
Depending on the shape of the object, the ver-
tices may be located with different density, and 
the lines in between can create any angles. 
From the considerations devoted to spline 
functions, it is known, that these are situations 

Figure 7. A B-spline function from control points presented against a smoothed irregular polyline.  
The spline is 19% shorter than the broken line

Figure 8. A B-spline function created from control points presented against a smoothed polyline. The fastest 
divergence from the vertices occurs between the longest sections creating the most acute angles
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favouring the occurrence of undulations in 
spline functions.

However, the set of vertices of a polyline can 
be viewed from another perspective: for example, 
a tourist traversing a marked trail along such 
a polyline. A polyline presented on a map sym-
bolises a certain route. However, when the 
same route is to be walked, with some effort, 
its optimisation, so that the least effort is re-
quired, will be natural. Polyline vertices are 
points in the field, where the change in the di-
rection of the route is marked. Hiker traversing 
the trail reach these points, then change direc-
tion. The hiker moves in steps, leaving behind 
traces that are equidistant and much more 
densely spaced than the marked points on the 
trail (Figure 9).

Converting vertices into steps does not 
change the shape of the route but only in-
creases the density and regularity of the input 
data. From the previous considerations, it is 
known that such a data distribution eliminates 
the unfavourable properties of spline func-
tions. However, the hiker does not need to go 
directly to the vertices but can bypass them at 
a certain distance. Wanting to shorten (optimise) 
the total walking route, he will lead the path on 
the inside of the vertices (Figure 10).

In practice, this smooths and simplifies the 
polyline of the trail. This is the first smoothing 
pass, keeping the curve close to the initial ver-
tices. It can be said that the hiker moves rela-
tive to the trail landmarks in the same way as 
a B-spline function moves relative to control 
points, with the difference, that the hiker ap-
proaches all vertices in a similar, predictable 
way. The traces left by the hiker will become 
new landmarks of the route. The next tourist, 
in order to shorten the route marked by his 
predecessor, will follow his steps, bypassing 
them at a certain distance on the inside of the 
previous vertices (Figure 11).

The shortcuts made by the second hiker will 
therefore be the shortcut of the first hiker’s 
shortcut. The next hiker will follow this path, 
introducing his own shortcut to the previously 
created shortcuts. In this way, subsequent 
paths will move away from the initial set of trail 
landmarks in a similar way. After many passes, 
the path will turn into a straight line connecting 
the beginning and end of the trail. However, 
subsequent paths, based on an increasingly 
smoother route, will move away from the initial 
vertices very slowly. Therefore, shortening the 
route will be ineffective and many subsequent 
crossings will be necessary to simplify the 
route as much as possible. To speed up this 
process, let us assume that each subsequent 
hiker will be taller than his predecessor, with 
increasingly larger steps. Each new path will 
therefore move further and further away from 
the landmarks of its predecessor.

5. Smoothing polylines on maps using 
B-spline functions created on hiker’s 
traces

The principle described above, natural from 
the point of view of a hiker who wants to shorten 
(optimise) the trail, can be combined with spline 

Figure 9. A polyline of the trail traversed by the hiker 
using dense and equidistant steps (circles)

Figure 10. A shortened trail performed by a hiker, 
which involves bypassing vertices (landmarks)  
at a certain distance on the inside of the trail

Figure 11. Red traces left by the next hiker, who 
shortened the trail marked by his predecessor, 

bypassing  the black traces on the inside  
of the trail vertices
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functions that will smooth the route near the 
bypassed vertices. Since the splines will be 
created on dense and regular traces, they will 
not be sensitive to the distortions described 
earlier. The B-spline function, created based 
on a control polyline, has the feature of by-
passing vertices from the inside, but it is done 
not very intuitively and is difficult to control in 
practice. In Figures 7 and 8, it could be seen 
that depending on the distribution of vertices, 
the B-spline function can diverge from them 
quickly or slowly, causing disproportionate 
smoothing of the control polyline. This de-
pends on the differences in the lengths of ad-
jacent sections and the angles between them. 
However, replacing the vertices of the polyline 
with steps solves this problem. The segments 
have the same lengths, so there are no differ-
ences in the lengths of adjacent segments. 
Acute angles between adjacent segments will 

only occur near the original polyline vertices 
and will be included between short segments. 
Therefore, the B-spline function will not be 
able to significantly smooth some sections in 
the first iteration. In subsequent iterations, the 
set of input points will be obtained from a pre-
viously created curve that has already been 
smoothed. The angles between successive 
sections will therefore become more and more 
similar to each other, reducing the effect of dis-
proportionate smoothing of the polyline by the 
B-spline function.

Replacing vertices with dense and uniform 
steps therefore allows the creation of B-spline 
functions from control points under optimal 
conditions. Subsequent small increment itera-
tions prevent the B-spline function from suddenly 
and uncontrollably smoothing some parts of 
the line. The method presented during theo-
retical considerations works as detailed below:

Figure 12. Converting smoothed polyline to dense and even samples
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1. In the first stage, the set of vertices of the 
smoothed polyline is converted into a set of 
steps. The polyline is therefore sampled with 
a given a priori density. The higher the sam-
pling density, the less initial smoothing can be 
achieved. Already with the number of samples 
being approximately 5 times the number of 
vertices of the input polyline, it is possible to 
obtain a curve that runs very close to the 
smoothed vertices. The curves presented 
below were generated for an initial number of 
samples that was 10 times the number of ver-
tices, which allowed for detailed monitoring of 
subsequent smoothing iterations. The higher 
the sampling density, the less important it is for 
smoothing, whether the original vertices were 
added to the sample set, or whether it is just 
a set of equidistant points on the input polyline.

2. In the second stage, a B-spline control 
point curve is determined for the sampled set of 
points. This gives the initial, slightest smoothing 
of the polyline.

3. In the third stage, the previously deter-
mined B-spline function is sampled. To ensure 
sufficently rapid progress in smoothing the 

curves in subsequent iterations, the number of 
samples is reduced (this corresponds to the 
described increase in the hiker’s steps). Good 
results, presented below, are achieved for ap-
proximately 10–20 percent reduction in the num-
ber of samples compared to the previous iteration.

4. In the next stages, further iterations are 
performed: each smoothed curve is sampled 
with decreasing density, and then a new B-spline 
function is constructed for the points sampled. 
If the process is unrestricted, smoothing is per-
formed until a straight line is obtained between 
the starting and ending points of the input poly
line. Smoothing can be carried out until the set 
tolerance of the distance of the smoothed 
curve from the input vertices is exceeded. The 
limit distance value can be set based on the 
target map scale.

The method is therefore based on standard 
B-spline control point functions and its effec-
tiveness results from appropriate preparation 
and modification of input data in subsequent 
iterations, so as to remove the undesirable 
features of spline functions described in the 
previous section.

Figure 13. B-spline control point function, created on a set of samples, giving an initial, slight smoothing  
of the polyline
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The following shows how this method will 
smooth the exemplary input polyline in subse-
quent iterations. In the first stage, the polyline 
spanning between the vertices is converted into 
a set of points located on the polyline, which 
corresponds to the hiker’s steps (Figure 12). 
This set is dense and even.

Based on the set of samples, a B-spline con-
trol point function is created, giving an initial 
slight smoothing (Figure 13) on all points. This 
avoids the main drawback of these functions, 
which causes the functions to quickly move 
away from some vertices (Figures 7 and 8).

Then, the previously obtained B-spline func-
tion is sampled, and the number of samples is 

smaller than the number of input polyline sam-
ples. The angles between the points marked on 
this curve are not so acute as those between 
the points of the input polyline. For this reason, 
the next B-spline curve will not exhibit an abrupt 
divergence from some vertices even though 
the points are less frequently spaced. A similar 
pattern will occur in each subsequent itera-
tion. Each subsequent B-spline curve will be 
smoother and smoother, and the divergence 
from the previous one will be performed with-
out sudden changes, which was visible in 
Figures 7 and 8. Figure 14 compares how the 
curve from the proposed method moves away 
from the vertices in relation to the B-spline 

Figure 14. Comparison of divergence from the vertices. Top - B-spline control point function, based on vertices 
of a smoothed polyline. Bottom - B-spline control point functions, based on an iteratively reduced, dense set 

of equally spaced points for five successive iterations.
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function based directly on the vertices of the 
polyline.

Coming back to the analysed case of the 
polyline, e.g. after 9 iterations, for a set of sam-
ples reduced each time by 20% in relation to 
the number of samples of the previous itera-
tion, a smoothed curve will appear (red), which 
is compared to the previous ones (green) in 
Figure 15. It can be noticed that the curve 
evenly smooths the input polyline. In initial 
iterations, the curve adheres well to all sections 
and the vertices are smoothed. In subsequent 
iterations, increasingly greater smoothing of 
the vertices, causes the smoothed segments 
to approach each other. The shorter the 
smoothed sections, the faster the smoothed 
sections approach, ultimately causing the 
curve to diverge from the straight section. The 

smaller the irregularities of the input polyline, 
the faster they will be smoothed.

The curve never goes beyond the outline of 
the convex fragments of the polyline or any 
of the previous lines. With each iteration it 
becomes smoother, has less and less curvature 
and is shorter and shorter. Its shape becomes 
more and more simplified, to a borderline sec-
tion based on the starting and ending points of 
the original curve. Iterations can be stopped 
earlier, i.e. when the set tolerance of the dis-
tance of the curve from the input polyline 
points is exceeded. This tolerance may result 
from the ability to recognise details, which is 
related to the target map scale.

Figure 16 illustrates what smoothing will look 
like, assuming that the curve reaches three 
consecutive tolerance thresholds. After reaching 

Figure 15. Smoothing curve (red) obtained in the ninth iteration based on the previous ones (green)

Figure 16. Smoothing curves that change colour when a given tolerance threshold is exceeded. Reduction  
of the number of samples in subsequent iterations by 20% compared to the previous iteration
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each threshold, the colour of the curves changes 
in subsequent iterations. The last green curve 
is smoothed with a tolerance of one unit, the 
last blue one with a tolerance of two units, and 
the red one with a tolerance of three units.

Increasing distances between the curves of 
subsequent iterations are noticeable, which 
results from reducing the number of samples 
in each subsequent iteration. For Figure 16, 
the number of samples was reduced by 20% 
compared to the previous iteration. Figure 17 
illustrates the smoothing curves with a sample 
reduction of 10%.

If the iterations are not interrupted by the given 
tolerance, smoothing will work until a straight 
line is obtained between the end points of the 
input polyline (Figure 18).

Figure 19 illustrates unlimited smoothing 
iterations for a more complex shape. From the 
main polyline, branches extend, which then di-
vide into smaller segments. It can be observed 
that subsequent iterations smooth these small 
fragments and then, after reducing them, smooth 
the main branches.

The proposed method also works for closed 
curves. Since in this case there are no end 
points of the polyline, after smoothing the local 
kinks, the curve will subside towards the centre 
of the object in subsequent iterations (Figure 20).

Since the smoothing method combines two 
different but complementary elements: travers-
ing the route using steps and smoothing using 
spline functions, the name walking spline was 
proposed for it.

Figure 17. Smoothing curves that change colour when a given tolerance threshold is exceeded.  
Reduction of the number of samples in subsequent iterations by 10% compared to the previous iteration

Figure 18. Smoothing without tolerance limits continues until a straight section is obtained.  
Reduction of the number of samples in subsequent iterations by 20%
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Figure 19. Smoothing a polyline with branches, which then divide into smaller branches.  
Reduction of the number of samples in subsequent iterations by 10%

Figure 20. Smoothing a closed polyline. Reduction of the number of samples in subsequent iterations by 10%
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6. Test Examples

The walking spline method was com-
pared to the popular PAEK smoothing 
method, which is the standard among 
smoothing methods implemented in 
the ArcGis Pro software. Two different 
polylines were constructed, one with a 
lower (K1) and another with a higher 
(K2) degree of complexity. The poly
lines consist of a combination of sev-
eral partial cases resulting from the 
varying lengths and slopes of the seg-
ments connecting an irregular set of 
points. The smoothing results for poly
line K1 are presented in Figures 21−22, 
and for polyline K2 in Figures 23−25. 
The figures are accompanied by nu-
merical analyses compiled in Table 1 for 
polyline K1 and Table 2 for polyline K2. 
They contain the value of the speci-
fied threshold deviation of the curve 
from the polyline and the calculated 
average deviation for it. The average 
deviation is derived from the area en-
closed by the polyline and the smooth-
ing curve, divided by the arc length of 
the smoothing curve.

It should be noted that line smooth-
ing on maps is also assessed in terms 
of perception related to the map’s read-
ability. Achieving a smaller or larger 
maximum or average deviation does 
not necessarily determine better map 
readability. Therefore, the evaluation 
of line smoothing methods on maps is 
not based solely on numerical values 
(Bourghardt, 2005; Weibel, 2020; Saux, 
2003; Guilbert & Lin, 2006; Podol-
skaia et al., 2013).

6.1. Smoothing the K1 curve

Figure 21a and Figure 22, being its 
enlarged fragment, show the opera-
tion of both methods for slight smooth-
ing of the polyline K1. The results are very 
similar, but the walking spline method does not 
go beyond the outline of the convex fragments 
of the smoothed polyline. For greater smooth-
ing of K1 (Figures 21b and 21c), the results of 
both methods are comparable, and the verti-

ces are smoothed slightly more alternately by 
each method. In Figure 21d, maximum smooth-
ing was achieved using the PAEK method, and 
further increases in tolerance no longer result-
ed in an increase in smoothing, as can be seen 
in Figures 21e–h. At the same time, the walk-

Table 1. The threshold deviation of the smoothing curve from 
polyline K1, along with the calculated values for the area en-
closed by the polyline and the curve, the arc length of the 
smoothing curve, and the average deviation

Model K1

threshold
deviation 

[m]

walking spline  PAEK

area 
[m2]

curve 
length 

[m]

mean 
distance 

[m]
area 
[m2]

curve 
length 

[m]

mean 
distance 

[m]

0.3 1.3 72.7 0.018 1.5 73.1 0.020

1.1 15.3 57.1 0.27 17.1 57.0 0.30

1.9 31.0 45.2 0.69 33.5 44.9 0.74

2.6 46.5 37.2 1.25 44.5 38.6 1.15

3.3 64.8 31.3 2.07 44.5 38.6 1.15

4.1 76.1 28.5 2.67 44.5 38.6 1.15

4.9 89.2 26.5 3.37 44.5 38.6 1.15

6.8 99.4 24.4 4.07 44.5 38.6 1.15

9.8 125.7 23.6 5.33 44.5 38.6 1.15

Table 2. The threshold deviation of the smoothing curve from 
polyline K2, along with the calculated values for the area en-
closed by the polyline and the curve, the arc length of the 
smoothing curve, and the average deviation

Model K2

threshold
deviation 

[m]

walking spline  PAEK

area 
[m2]

curve 
length 

[m]

mean 
distance 

[m]
area 
[m2]

curve 
length 

[m]

mean 
distance 

[m]

0.1 0.5 116.7 0.004 0.6 117.4 0.005

0.5 10.4 91.2 0.11 11.8 90.7 0.13

1.2 23.6 64.8 0.36 25.4 64.2 0.40

1.8 32.8 49.8 0.66 34.6 49.5 0.70

2.8 41.2 38.9 1.06 46.2 37.5 1.23

4.0 47.5 34.3 1.38 46.2 37.5 1.23

5.1 51.9 31.6 1.64 46.2 37.5 1.23

5.4 54.8 31.1 1.76 46.2 37.5 1.23
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ing spline method, allows for obtaining an in-
creasingly smoother curve compared to PAEK, 
and finally turns into a straight section in the 
last figure.

The numerical results confirm the observa-
tions derived from the figures. Additionally, 
they demonstrate that for a given value of 
threshold deviation, the walking spline method 
yields slightly smaller average deviations than 
the PAEK method. The lengths of the smoothed 
curve arcs are also very similar. Starting from 
a threshold deviation of 2.6 m, the PAEK method 
stops smoothing the curve, and the maximum 
achieved average deviation is 1.15 m. The 
walking spline method continues to smooth 
the polyline progressively with each subse-

quent iteration, and at the final threshold devi-
ation of 9.8 m, the average deviation is 5.33 m. 
The reduction in arc length associated with 
smoothing for the PAEK method results in a final 
curve length of 38.6 m, whereas for the walking 
spline method, the curve length is 23.6 m.

Figure 21. Smoothing of the polyline K1 obtained using the walking spline method (red) compared to smoothing 
using the PAEK method (blue). Tolerances: a) 0.3m, b) 1.1m, c) 1.9m, d) 2.6m, e) 3.3m, f) 4.1m, g) 4.9m, h) 6.8m 

and 9.8m. The red frame in figure (a) marks the section that can be seen enlarged in figure 22

Figure 22. Enlarged fragment of Figure 21.a
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6.2. Smoothing the K2 curve

A slight smoothing of polyline K2 is illustrated 
in Figure 23a and Figure 25, being its enlarged 

fragment, obtaining results analogous to those 
for polyline K1. For increasing smoothing of 
the polyline K2, the PAEK and walking spline 
curves have a similar course (Figures 23b–d), 

Figure 23. Smoothing of the polyline K2 obtained using the walking spline method (red) compared to smoothing 
using the PAEK method (blue). Tolerances: a) 0.1m, b) 0.5m, c) 1.2m, d) 1.8m. The red frame in figure (a) marks 

the section that can be seen enlarged in figure 25
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but as the smoothing increases, differences 
begin to appear between them. Again, alter-
nating, each method smooths some vertices 
slightly differently. 

 Maximum smoothing using the PAEK method, 
after which the increase in tolerance no longer 
changed the shape of the curve, was achieved 
for the polyline K2 in Figure 24a. The PAEK and 

Figure 24. Smoothing the polyline K2 using the walking spline method (red) compared to smoothing with PAEK 
(blue). Tolerances: a) 2.8m, b) 4.0m, c) 5.1m, d) 5.4m
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walking spline curves provide similar smoothing, 
but at the end of the polyline, the walking spline 
curve seems to be better suited to it. Starting 
from Figure 24b, the walking spline curve be-
comes smoother and smoother compared to the 
no longer changing PAEK curve (Figure 24c, d) 
and finally turns into a straight section.

Similarly for polyline K1 with lower complexity, 
the walking spline method yields slightly smaller 
average deviations than the PAEK method for 
a given threshold deviation value. The lengths 
of the smoothed curve arcs are also comparable. 
Starting from a threshold deviation of 2.8 m, 
the PAEK method stops smoothing the curve, 
and the maximum achieved average deviation 
is 1.23 m. The walking spline method pro-
gressively smooths the polyline with each sub-
sequent iteration, and at the final threshold 
deviation of 5.4 m, the average deviation is 
1.76 m. The reduction in arc length associated 
with smoothing for the PAEK method results in 
a final curve length of 37.5 m, while for the 
walking spline method, the curve length is 31.5 m.

Generally, for small smoothing tolerances, 
the walking spline method yields results very 
similar to the PAEK method, but the curve 
does not extend beyond the outer contour of 
the convex fragments of the polyline. For larger 

Figure 26. Example of smoothing a section of the Jałowica river with its tributaries (a). Smoothing effects for the 
following scales: (b) 1:10,000, (c) 1:25,000, (d) 1:50,000, (e) 1:100,000, (f) 1:250,000, using the same scale 

for all drawings, so that the gradual smoothing process is visible

Figure 25. Enlarged fragment of Figure 23.a
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smoothing tolerances, the results are similar, 
but each method alternately smooths some 
parts of the polyline differently. For large smooth-
ing tolerances, the PAEK method stops the 
smoothing process, while the walking spline 
method gives an increasingly simplified course, 
until a straight line is obtained.

A comparison with the PAEK method is pre-
sented on generated data, which consists of 
shapes with high geometric variability, in order 
to demonstrate the effectiveness of the pro-
posed method in complex cases. Below are 
examples of smoothing a section of the Jało-
wica river and its tributaries, which is a left 
tributary of the Biała Lądecka river, at scales of 
1:10,000, 1:25,000, 1:50,000, 1:100,000 and 
1:250,000. It was assumed that details smaller 
than 0.5 mm could be smoothed out on the 

map scale. For the 1:10,000 scale, this will be 
details smaller than 5 metres, and for the other 
scales, analogously: 1:25,000 – smaller than 
12.5 metres, 1:50,000 – smaller than 25 metres, 
1:100,000 – smaller than 50 metres, 1:250,000 
– smaller than 125 metres. Figure 26 shows 
the smoothing effects for all scales but using 
the same drawing scale so that the gradual 
smoothing process is visible. Figure 27 shows 
the smoothing effects at the specified scales. 
Characteristic points, i.e. the starting, ending 
and node points of the river and its tributaries, 
have been retained. Between these points, the 
lines are gradually smoothed until straight 
lines are formed between the characteristic 
points for less complex sections at a scale of 
1:250,000. 

Figure 27. Example of smoothing a section of the Jałowica river with its tributaries at specified scales
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7. Conclusions

The presented method combines a changed 
perception of the polyline on a map, with the 
use of smoothing using B-spline control point 
functions. The smoothed line is no longer just 
a line connecting a set of vertices on the map 
but becomes a path that the hiker must follow 
in the field. Traces left by dense and uniform 
steps constitute a data set, for which the un-
favourable properties of spline functions are 
eliminated. Successive iterations creating 
curves, performed on an increasingly sparse, 
but still uniform set of traces, allow the polyline 
to be evenly smoothed. The B-spline curve di-
verges from the vertices evenly but remains 
“adhered” to the input polyline between them. 
The shorter the smoothed sections, the faster 
the smoothed fragments converge, ultimately 
causing the curve to diverge from the straight 
section. The smaller the irregularities of the 
input polyline, the faster they will be smoothed. 
Smoothing can be carried out until a given toler-
ance of the distance of the curve from the input 
vertices is exceeded, which may follow from 

the target map scale. This may be the only pa-
rameter that determines smoothing. The second 
parameter may be the degree of data reduc-
tion for each subsequent iteration, affecting 
the iteration density and thus the increment of 
the smoothing value. Each subsequent curve 
becomes smoother and shorter, simplifying 
the input polyline until a straight line is ob-
tained between its ends. For closed curves, 
after smoothing out local irregularities, the pro-
posed method will create curves that subside 
towards the centre of the figure.

The proposed polyline smoothing method 
is aimed, among others, at geoinformaticians 
who prepare online maps and geovisualiza-
tions using GIS/CAD tools. The method can 
meet specific requirements for simplifying the 
shapes of linear objects on online-scaled maps: 
shape similarity and, in the case of maps at 
larger scales, the cartometric accuracy of the 
drawing.
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