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1. The Poincaré inequality

Even if we were not hosted by an institution that honors Poincaré, a good starting
point for these lectures would be the mathematical inequality that carries his name.
It was published by Poincaré in 1892–1896 in the case where the dimension is 2
or 3, and the measure μ is the uniform probability measure on a convex body K.

Recall that an absolutely continuous measure μ in Rn is log-concave if its density
ρ is log-concave, namely

(1.1) ρ(λx+ (1− λ)y) ≥ ρ(x)λρ(y)1−λ (x, y ∈ Rn, 0 < λ < 1).

In general, a Borel measure μ in Rn is log-concave if it is supported in an affine
subspace and has a log-concave density in this subspace. The uniform probability
measure on a convex body is log-concave, as well as all Gaussian measures.
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Theorem 1.1 (“The Poincaré inequality”). Let K ⊆ Rn be a convex body, let
μ be a log-concave probability measure on K. Then for any C1-smooth function
f : K → R with

∫
K
fdμ = 0,

(1.2)

∫
K

f2dμ ≤ CP (μ) ·
∫
K

|∇f |2 dμ

where CP (μ) ≤ Cn · diam2(K), and Cn > 0 depends only on the dimension n.

Here diam(K) = supx,y∈K |x − y| is the diameter of K and | · | is the standard
Euclidean norm in Rn. Intuitively, the inequality says that if f does not vary too
wildly locally, i.e., controlled gradient, then it does not vary too much globally, i.e.,
bounded variance.

For a historical account of the Poincaré inequality, see Allaire [2]. The Poincaré
constant CP (μ) of the probability measure μ is defined as the smallest number for
which (1.2) is valid for all C1-smooth functions f with

∫
fdμ = 0.

The quantity 1/CP (μ) is often referred to as the spectral gap of μ, for reasons to
be explained. In 1960, Payne and Weinberger [71] found that for any n, the best
possible value of the supposedly dimensional constant Cn is in fact

Cn =
1

π2
,

which does not depend on the dimension. We proceed with an adaptation of the
original proof by Poincaré, a proof that does not yield the optimal (in)dependence
on the dimension, yet it suffices for some purposes.

Proof of Theorem 1.1. Passing to a subspace if necessary, we may assume that the
probability measure μ is absolutely continuous with a log-concave density ρ : Rn →
[0,∞), which vanishes outside K. We express the variance as a double integral and
use the fundamental theorem of calculus:∫

K

f2dμ =
1

2

∫
K

∫
K

|f(y)− f(x)|2 μ(dx)μ(dy)

=
1

2

∫
K

∫
K

∣∣∣∣
∫ 1

0

∇f((1− t)x+ ty) · (y − x)dt

∣∣∣∣
2

μ(dx)μ(dy)

≤ diam2(K)

2

∫
K

∫
K

∫ 1

0

|∇f((1− t)x+ ty)|2 ρ(x)ρ(y) dtdxdy,

where we used the inequality |y−x| ≤ diam(K). Let us show that for any 0 ≤ t ≤ 1,

(1.3)

∫
Rn

∫
Rn

|∇f((1− t)x+ ty)|2 ρ(x)ρ(y) dxdy ≤ Cn,t

∫
Rn

|∇f |2 dμ,

We integrate over Rn now, but recall that the density ρ vanishes outside K, so this
does not make a difference. Our goal is to replace the product ρ(x)ρ(y) in (1.3)
by some expression involving ρ((1 − t)x + ty) and then apply a linear change of
variables. Log-concavity will be handy here. We split the argument into two cases.
If t ≈ 1/2, then we will use the inequality

min{ρ(x), ρ(y)} ≤ ρ((1− t)x+ ty)

that follows from the definition (1.1) of log-concavity. It implies that

ρ(x)ρ(y) ≤ ρ((1− t)x+ ty) ·max{ρ(x), ρ(y)} ≤ ρ((1− t)x+ ty) · [ρ(x) + ρ(y)].
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Thus the integral in (1.3) is at most∫
Rn

∫
Rn

|∇f((1− t)x+ ty)|2 ρ((1− t)x+ ty) · [ρ(x) + ρ(y)]dxdy

=

∫
Rn

∫
Rn

|∇f(u)|2ρ(u)ρ(x)du
tn

dx+

∫
Rn

∫
Rn

|∇f(u)|2ρ(u)ρ(y) du

(1− t)n
dy

=

[
1

tn
+

1

(1− t)n

] ∫
Rn

|∇f |2dμ.

In the case where t is not too close to 1/2 we will use the inequality

ρ(x)ρ(y) ≤ ρ((1− t)x+ ty)ρ(tx+ (1− t)y)

and change variables linearly via

u = (1− t)x+ ty, v = tx+ (1− t)y.

Since duj ∧ dvj = [(1 − t)2 − t2]dxj ∧ dyj for j = 1, . . . , n, the integral in (1.3) is
bounded by∫

Rn

∫
Rn

|∇f((1− t)x+ ty)|2 ρ((1− t)x+ ty)ρ(tx+ (1− t)y)dxdy

=

∫
Rn

∫
Rn

|∇f(u)|2ρ(u)ρ(v) dudv

|t2 − (1− t)2|n =
1

|1− 2t|n
∫
Rn

|∇f |2dμ.

Thus the Poincaré inequality follows with

Cn ≤ 1

2

∫ 1

0

min

{
1

tn
+

1

(1− t)n
,

1

|1− 2t|n

}
dt ≤ C · 3

n

n
,

for some universal constant C > 0, where we separately consider the contribution
of the intervals [0, 1/3], [1/3, 2/3], [2/3, 1] to the integral. �

Throughout these lectures, we write C, c, C̃, c̃, C̄ etc., to denote various positive
universal constants whose value may change from one line to the next. Consider
the case where μ is the uniform probability measure on a domain K ⊆ Rn. Its
Poincaré constant, sometimes also denoted by CP (K), measures the conductance
of K. It is large when K has a bottleneck.

Intuitively, it seems that convexity assumptions rule out many types of bottle-
necks, possibly in high dimensions as well. Can we describe the Poincaré constant in
terms of simple geometric characteristics of K ⊆ Rn, under convexity assumptions?

Conjecture 1.2 (Kannan, Lovász, and Simonovits [45]). For any log-concave prob-
ability measure μ on Rn,

(1.4) ‖Cov(μ)‖op ≤ CP (μ) ≤ C · ‖Cov(μ)‖op
where C > 0 is a universal constant.

Here ‖A‖op is the operator norm of the symmetric matrix A ∈ Rn×n, i.e., its
maximal eigenvalue in absolute value, and Cov(μ) ∈ Rn×n is the inertia matrix or
the covariance matrix of μ. The i, j entry of the matrix Cov(μ) is∫

Rn

xixj μ(dx)−
∫
Rn

xi μ(dx)

∫
Rn

xj μ(dx).

The covariance matrix is a symmetric, positive semi-definite matrix. If X is a
random vector with law μ and density ρ, we write CP (X) = CP (μ) = CP (ρ) and
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Cov(X) = Cov(μ) = Cov(ρ). With this notation, the Poincaré inequality states
that for any C1-smooth function f ,

Var(f(X)) ≤ CP (X) · E|∇f(X)|2.
Originally, the conjecture by Kannan, Lovász, and Simonovits [45] was formu-

lated in terms of a Cheeger inequality rather than a Poincaré inequality, but the
two formulations turn out to be equivalent. We shall return to this in Section 2. For
various perspectives on the KLS conjecture, we refer the reader to the monographs
by Artstein-Avidan, Giannopoulos, and Milman [4] and by Brazitikos, Giannopou-
los, Valettas, and Vritsiou [25], as well as to the survey papers by Ball [8] and by
Lee and Vempala [60].

We note that the left-hand side inequality in (1.4) is a trivial fact: for any linear
functional fθ(x) = x · θ with θ ∈ Sn−1 = {x ∈ Rn ; |x| = 1},

Cov(X)θ · θ = Var(fθ(X)) ≤ CP (X) · E|∇fθ(X)|2 = CP (X),

and (1.4) follows by taking the supremum over all θ ∈ Sn−1. Thus the KLS
conjecture suggests that in the log-concave case, the Poincaré inequality is saturated
by linear functions, up to a universal constant.

Exercise 1.3 (Tensorization). For μ, ν probability measures on Rn and Rm re-
spectively,

CP (μ⊗ ν) = max(CP (μ), CP (ν)).

Here are examples of log-concave measures for which we can compute the Poin-
caré constant.

(1) Consider the one-dimensional case, where X is a random variable that is
distributed uniformly in some interval of length L. Then,

Var(X) =
L2

12
and CP (X) =

L2

π2
,

with the extremal function for the Poincaré inequality on [0, π] being f(x) =
cosx.

(2) Consider the case where X is distributed uniformly in K = [0, 1]n. In this
case,

diam(K) =
√
n

while by the tensorization property of the Poincaré constant (see the exer-
cise above)

CP (X) =
1

π2

and

Cov(X) =
1

12
· Id.

We thus see that the diameter bound for the Poincaré constant is rather
weak in high dimensions, even with the optimal, dimension-independent
constant.

(3) Suppose that X is distributed uniformly in a Euclidean ball. The Euclidean
unit ball Bn = {x ∈ Rn ; |x| ≤ 1} has volume

πn/2

Γ(1 + n/2)
=

(√
2πe+ o(1)√

n

)n

,



ISOPERIMETRIC INEQUALITIES IN CONVEX SETS 579

which is a rather small number in high dimensions. In order to normalize
the volume (or the covariance, or the Poincaré constant), we had better
look at the random vector X that is distributed uniformly in a Euclidean
ball K =

√
n ·Bn. In this case,

diam(K) = 2
√
n, Cov(X) =

n

n+ 2
· Id.

The Poincaré constant of X may be described using Bessel functions, and
it has the order of magnitude of a universal constant, in accordance with
the KLS conjecture. The Szegö–Weinberger inequality [78, 81] states that
among all uniform distributions on domains in Rn of fixed volume, the
Poincaré constant is minimized for a Euclidean ball.

(4) Next, we discuss the case where X is a standard Gaussian random vector
in Rn. Here,

Cov(X) = Id and CP (X) = 1.

Thus the Poincaré inequality in the Gaussian case is precisely saturated
by linear functions. Furthermore, by considering Hermite polynomials one
can show the following: In the Gaussian case, a function nearly saturates
the Poincaré inequality if and only if it is nearly a low-degree polynomial.
Indeed, in one direction, if f is a polynomial of degree at most d in n real
variables then we can reverse the Poincaré inequality as follows:

E|∇f(X)|2 ≤ d ·Var(f(X)).

In the other direction, if f is a smooth function with

E|∇f(X)|2 ≤ R ·Var(f(X)),

then the function f may be approximated by a polynomial of bounded
degree: For any d ≥ 0 there exists a polynomial P of degree at most d such
that

E|(f − P )(X)|2 ≤ R

d+ 1
·Var(f(X)).

In fact, this polynomial P is obtained by truncating the Hermite expansion
of f .

(5) Let us work in Cn and consider the probability measure μ on Cn with
density

n∏
j=1

e−|zj |

2π
.

The measure μ is a log-concave probability measure on Cn. Its covariance
matrix is

Cov(μ) = 3 · Id
and its Poincaré constant has the order of magnitude of a universal con-
stant, in accordance with the KLS conjecture.

The density of μ decays expoentially at infinity. Exponentially, but not
faster; any log-concave probability density decays exponentially at infin-
ity, yet the Gaussian density decays even faster. This reflects on spectral
properties. In the exponential case there are functions that nearly saturate
the Poincaré inequality, and they do not necessarily resemble low-degree
polynomials. For instance:
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Claim. For any holomorphic function f : Cn → C with f ∈ L2(μ) and∫
fdμ = 0 (or equivalently, with f(0) = 0), the Rayleigh quotient satisfies

(1.5)
1

3
≤
∫
Cn |∇f |2 dμ∫
Cn |f |2 dμ ≤ 1

2
.

Proof. Here is a proof for n = 1, which can be easily generalized for any
dimension. It suffices to establish (1.5) for monomials zk, because of or-
thogonality relations. If f(z) = zk with k ≥ 1 then,

‖f‖2L2(μ) = (2k + 1)!

while

‖f ′‖2L2(μ) = k2(2k − 1)!

The ratio between the two is always between 4 and 6. �
We remark that by considering the real part of f , we see that (1.5) holds

true for any pluri-harmonic function f , and in particular, when n = 1 the
relation (1.5) holds true for any harmonic function f : R2 → R.1

Exercise 1.4 (Subbaditivity). For two independent random vectors X and Y
in Rn,

CP (X + Y ) ≤ CP (X) + CP (Y ).

1.1. Applications. Poincaré’s original motivation for his inequality was related to
analysis of partial differential equations such as the heat equation. The motivation
of Kannan, Lovász, and Simonovits in the 1990s came from algorithms based on
Markov chains (MCMC) for sampling and for estimating the volume of a high-
dimensional convex body. Such tasks appear in linear programming. Another
motivation for this research direction, that was put forth by Ball in the early 2000s
and later jointly with Nguyen [9], was the relation to Bourgain’s slicing problem,
discussed below. There are models in probability and statistical physics for which
log-concavity and Poincaré inequalities are relevant. Let us describe here another
application, related to the Central Limit Theorem for Convex Sets [48] from 2006.

A random vector X in Rn is isotropic or normalized if EX = 0 and

Cov(X) = Id.

Any random vector with finite second moments can be made isotropic by applying
an affine-linear transformation. The relation between Gaussian approximation and
the Poincaré constant stems from the following:

(i) The Poincaré inequality with f(x) = |x| yields Var(|X|) ≤ CP (X). Thus
most of the mass of an isotropic random vector X is contained in spherical
shell {

x ∈ Rn ;
√
n− 3

√
CP (X) ≤ |x| ≤

√
n+ 3

√
CP (X)

}
,

whose width has the order of magnitude of the square root of the Poincaré
constant.

(ii) Gaussian approximation principle (Sudakov [76], Diaconis-Freedman [34]):
When most of the mass of the isotropic random vector X is contained in a
thin spherical shell, we have approximately Gaussian marginals.

1Thanks to A. Eskenazis for suggesting we add this remark.
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The following theorem is the current state of the art on Gaussian approximation
under Poincaré inequality. We write σn−1 for the uniform probability measure on
the unit sphere Sn−1.

Theorem 1.5 (Bobkov, Chistyakov, and Götze [17, Proposition 17.5.1]). Let X
be an isotropic random vector in Rn. Then there exists a subset Θ ⊆ Sn−1 with
σn−1(Θ) ≥ 9/10 such that any θ ∈ Θ,

sup
t∈R

∣∣∣∣P(X · θ ≤ t) − 1√
2π

∫ t

−∞
e−s2/2ds

∣∣∣∣ ≤ C log n

n
· CP (X),

where C > 0 is a universal constant.

We do not know whether the logarithmic factor in Theorem 1.5 is necessary. It
is currently known that CP (X) ≤ C · log n for an isotropic, log-concave random
vector X in Rn; see [53]. Consequently, Theorem 1.5 yields good error estimates
in the Central Limit Theorem for Convex Sets, and more generally for log-concave
measures.

If all we know about the Poincaré constant is the diameter bound, then even in
the case of the cube we would be off by a factor of n, and we would not obtain
any nontrivial bound for the Central Limit Theorem for Convex Sets. Thus in high
dimensions it is necessary to refine the diameter bound, as suggested in the KLS
conjecture.

What techniques can we use to this end, techniques that go beyond change of
variables, Fubini theorem, and the Cauchy–Schwartz inequality used above? High-
dimensional convex geometry is a playground for various geometric and analytic
ideas that transcend the field of convexity. Any list of approaches that have proven
useful to convexity must include convex localization, optimal transport, curvature
and the Bochner formula, semigroup tools, geometric measure theory, stochastic
localization and complex analysis. In these lectures we explore only some of these
directions.

1.2. 1D log-concave distributions. Before going on to study methods for high
dimensions, let us briefly discuss the one-dimensional case. What do log-concave
densities look like in one dimension?

Proposition 1.6 (“How to think on 1D log-concave random variables”). Let X ∈ R

be a log-concave random variable with density ρ which is isotropic. Then for any
x ∈ R,

c′1{|x|≤c′′} ≤ ρ(x) ≤ Ce−c|x|

where c′, c′′, c, C > 0 are universal constants.

Exercise 1.7. Prove this proposition.

Hint : for the upper bound, if ρ(b) < ρ(a)/2 for some a < b, then ρ decays expo-
nentially and in fact ρ(x) ≤ ρ(b)2−x/(b−a) for all x > b. As for the lower bound, it
is enough to show that ρ(x) > c′ for some x > c′′ and for some x < −c′′.

Corollary 1.8 (“Reverse Hölder inequalities”). For any isotropic, log-concave,
real-valued random variable X and any p > −1,

(1.6) c ·min{p+ 1, 1} ≤ ‖X‖p = (E|X|p)1/p ≤ C(|p|+ 1),

where c, C > 0 are universal constants.
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The case p = 0 in (1.6) is interpreted by continuity, i.e.,

‖X‖0 = exp(E log |X|).
This is not a norm, yet a nice feature is its multiplicativity: for any random variables
X and Y , possibly dependent,

‖XY ‖0 = ‖X‖0‖Y ‖0.
Proof of Corollary 1.8. Begin with the inequality on the right-hand side. By the
monotonicity of p �→ ‖X‖p, it is enough to look at p > 0. In this case,

‖X‖pp =

∫ ∞

−∞
|t|pρ(t)dt ≤ C

∫ ∞

−∞
|t|pe−c|t|dt =

2C

cp+1
Γ(p+ 1) ≤ (C̃p)p.

where we used the fact that for integer p, we have Γ(p + 1) = p! ≤ pp. For the
lower bound, by monotonicity it suffices to look at p < 0. Setting q = −p ∈ (0, 1)
we have

E
1

|X|q ≤ C

∫ ∞

−∞

1

|t|q e
−c|t|dt ≤ C ′

1− q

and hence

‖X‖p =

(
E

1

|X|q

)−1/q

≥ (C ′(1− q))
1/q ≥ C̃(1− q). �

We proceed to discuss the isoperimetric profile of a log-concave distribution in
one dimension. Bobkov [14] shows that for a probability density ρ on the real line,

(1.7) ρ is log-concave ⇐⇒ ρ ◦ Φ−1 : [0, 1] → (0,∞) is concave

where Φ(x) =
∫ x

−∞ ρ(t)dt and Φ−1(y) = inf{x ∈ R ; Φ(x) ≥ y}. Once stated, (1.7)

is not difficult to prove. It follows from (1.7) that the function

I(x) = min
{
ρ ◦ Φ−1, ρ ◦ (1− Φ)−1

}
is concave. Write μ for the measure whose density is ρ, and note that

I(x) = min{ρ(∂H) ; H is a ray with μ(H) = x}
Since the boundary ∂H is a singleton as H is a ray, in this case we abbreviate
ρ(∂H) = ρ(a) if ∂H = {a}. The following proposition by Bobkov implies that the
concave function I is the isoperimetric profile of the probability density ρ.

We prefer to discuss isoperimetry through ε-neighborhoods. For ε > 0 and a
subset A ⊆ R we write Aε = {x ∈ R ; infy∈A |x − y| < ε} for its ε-neighborhood.
We remark that analogously to (1.7), the log-concavity of ρ implies that the function
x �→ Φ(Φ−1(x) + ε) is concave. This shows that the function

Iε(x) = min{μ(Hε) ; H is a ray with μ(H) = x}
is a concave function of x ∈ [0, 1].

Proposition 1.9 (Bobkov [14]). Let μ be a log-concave probability measure on R

with density ρ. Fix 0 < p < 1, ε > 0. Then among all Borel subsets A ⊆ R with
μ(A) = p, the infimum of μ(Aε) is attained for a half-line.

Sketch of Proof. It suffices to show that half-lines are better than finite unions of
intervals. How can we deal with a subset A that is a finite union of intervals?
Using the following claim. For a ∈ R with μ([a,∞)) > p consider the unique
interval J(a) = (a, b) such that μ(J(a)) = p. The claim is that the function

a �→ μ(J(a)ε)



ISOPERIMETRIC INEQUALITIES IN CONVEX SETS 583

is unimodal, thanks to log-concavity (i.e., the function is increasing and then de-
creasing). Again, once stated this is not too difficult to prove. Given this claim, one
may fix all intervals in A but one, and then move the remaining one around and ex-
pand and shrink it so as to preserve the total μ-measure. It follows that gluing this
interval to one of the sides cannot increase the μ-measure of the ε-neighborhood. �

Combining this with Proposition 1.6, one gets the following Cheeger type isoperi-
metry for 1D log-concave measures.

Corollary 1.10. Let μ be an isotropic, log-concave probability measure on R and
let ε, p ∈ (0, 1). Then for any Borel set S ⊆ R with μ(S) = p,

μ(Sε \ S) ≥ c · ε ·min{p, 1− p}
where c > 0 is a universal constant.

Exercise 1.11. Fill in the details in the proofs of Proposition 1.9 and Corol-
lary 1.10.

2. Related functional inequalities

2.1. Cheeger’s inequality. Let μ be a probability measure on Rn, or, more gener-
ally, on some metric space (X, d) equipped with its Borel σ-field. The isoperimetric
problem for μ asks the following question: Among sets of given measure, which
sets have minimal perimeter? There are several possible notions of perimeter. For
our purposes, the most convenient one is the exterior Minkowski content, defined
as follows: for every measurable subset A of the ambient space we let

μ+(A) = lim inf
ε→0

μ(Aε\A)

ε
,

where Aε is the ε-neighborhood of A, namely the set of points whose distance
to A is at most ε. Proposition 1.9 shows in particular that for 1D log-concave
measures, half-lines solve the isoperimetric problem. In higher dimension though,
the exact answer to the isoperimetric problem is only known in a handful of very
specific cases. For instance, for the Haar measure on the sphere equipped with
the geodesic distance, spherical caps (i.e., geodesic balls) are the solution. This is
usually attributed to P. Lévy (1922). The answer is also known on Gauss space,
and this time affine half-spaces solve the isoperimetric problem. This was proved in
1975 by Sudakov and Tsirelson [77], and independently by Borell [22]. In general
solving exactly the isoperimetric problem is hopeless and we content ourselves with
a more modest task, such as finding lower bounds on the perimeter of a set A
in terms of its measure. When this lower bound is linear, we say that μ satisfies
Cheeger’s inequality.

Definition 2.1. We say that μ satisfies Cheeger’s inequality if there is a constant
C such that

(2.1) min(μ(A), 1− μ(A)) ≤ Cμ+(A),

for every measurable set A. The smallest C such that this holds true is called the
Cheeger constant, and we denote it ψμ below.

For instance, Corollary 1.10 shows that the Cheeger constant of an isotropic
log-concave measure in 1D is bounded above by a universal constant.
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Remark 2.2. It is more common to put the constant in the left-hand side of the
inequality (2.1) rather than in the right-hand side. So our Cheeger constant is the
reciprocal of the usual Cheeger constant.

Cheeger’s inequality can be seen as an L1-Poincaré inequality.

Lemma 2.3. Inequality (2.1) is equivalent to the following:

(2.2) min
c∈R

∫
X

|f − c| dμ ≤ C

∫
X

|∇f | dμ,

for every Lipschitz function f .

Remark 2.4. In the right-hand side the quantity |∇f(x)| should be interpreted as
the local Lipschitz constant of f , namely

|∇f(x)| = lim sup
y→x

|f(x)− f(y)|
d(x, y)

.

This only makes sense in a metric space with no isolated points. Actually, we will
only investigate the case X = Rn equipped with its usual Euclidean metric from
now on.

Remark 2.5. It is well known that the infimum in the left-hand side is attained at
any median for f , i.e., any real number c such that both μ(f ≤ c) and μ(f ≥ c) are
at least 1/2.

Proof. We only give a proof sketch, and refer to Bobkov and Houdré [19] (for
instance) for more details. The derivation of (2.2) from (2.1) relies on the co-area
formula: for any Lipschitz f we have∫

X

|∇f | dμ ≥
∫
R

μ+(f > t) dt.

In most cases this inequality is actually an equality, but we only need this inequality,
which admits a soft proof; again, see [19]. Applying Cheeger’s inequality to the
right-hand side then yields (2.2). For the converse implication, given a set A, we
apply (2.2) to some suitable Lipschitz approximation of the indicator function of
A. A bit more precisely, we pick εn → 0 such that

lim
μ(Aεn\A)

εn
→ μ+(A),

we pick another positive sequence (δn) tending to 0 (for instance, δn = 1/n) and
we observe that the sequence (fn) given by

fn =

(
1− 1

(1− δn)εn
· d(x,Aδnεn)

)
+

satifies 0 ≤ fn ≤ 1 for every n, fn → 1A pointwise, and lim sup
∫
|∇fn| dμ ≤

μ+(A). Applying (2.2) to fn and letting n tend to +∞ yields (2.1) after some
computation. �

From this version of Cheeger’s inequality it is relatively straightfoward to see
that Cheeger’s inequality is stronger than the Poincaré inequality. Recall from
Section 1 that we say that μ satisfies Poincaré if there is a constant C such that

Varμ(f) ≤ C

∫
Rn

|∇f |2 dμ
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for every Lipschitz function f . Also we let CP (μ) be the best constant C such that
this holds true.

Proposition 2.6 (Cheeger, 1970). Let μ be a probability measure on Rn satisfying
the Cheeger inequality. Then μ satisfies Poincaré, and we have

CP (μ) ≤ 4ψ2
μ.

Remark 2.7. Maybe it is unfortunate but our convention for the Cheeger constant
and Poincaré constant do not have the same homogeneity. The Cheeger constant of
a probability measure on Rn is 1-homogeneous, if we scale μ by a factor λ then the
Cheeger constant is multiplied by λ. One the other hand, the Poincaré constant is
2-homogeneous.

Proof. Assume that f is Lipschitz and bounded, and has its median at 0. Apply-
ing (2.2) to f2

+ we get∫
Rn

f2
+ dμ ≤ ψμ

∫
Rn

|∇f2
+| dμ = 2ψμ

∫
Rn

f+|∇f+| dμ.

The Cauchy–Schwarz inequality then yields∫
Rn

f2
+ dμ ≤ 4ψ2

μ

∫
Rn

|∇f+|2 dμ = 4ψ2
μ

∫
Rn

|∇f |21{f>0} dμ.

We can do the same with f− and adding up the two inequalities yields the result. �

The converse inequality is not true in general, one can cook up examples on the
line. However, it turns out that if we restrict to log-concave measures, then the
converse is true. This is a result of Buser [26] from 1982, to which we will come
back later on in this section.

2.2. Semigroup tools. Let μ be a probability measure on Rn. We do not need
log-concavity for now but let us assume that μ is supported on the whole space
and has a smooth density ρ. Letting V = − log ρ be the potential of μ, the Laplace
operator associated to μ is the differential operator given by

Lμ = Δ−∇V · ∇,

initially defined on the space of compactly supported smooth functions. For such
functions, an integration by parts gives∫

Rn

(Lμf)g dμ = −
∫
Rn

∇f · ∇g dμ.

This shows, in particular, that Lμ is symmetric and that −Lμ is a monotone (un-
bounded) operator on L2(μ). Moreover, this operator is known to be essentially
self-adjoint, in the sense that its minimal extension is self-adjoint. By a slight
abuse of notation we still call Lμ this extension. A bit more explicitly, we call D
the space of functions f ∈ L2(μ) for which there exists a sequence (fn) of smooth
compactly supported functions such that fn → f and (Lμfn) converges. The limit
of Lμfn does not depend on the choice of the converging sequence (fn) (this is an
immediate consequence of the symmetry of Lμ) and we set Lμf = limLμfn. The
fact that this new Lμ is self adjoint is not quite immediate, not every monotone
operator is essentially self-adjoint. This has to do with elliptic regularity; we refer
to [6, Corollary 3.2.2] for the details. From the integration by parts above we can
see that if (fn) and (Lμfn) converge, then ∇fn also converges. This means that the
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domain D contains H1(μ) and that the integration by parts 〈Lμf, g〉 = −〈∇f,∇g〉
remains valid for every f, g in the domain. Here, the inner product is the one
from L2(μ), and when we apply it to tensors it has to be interpreted coordinate
wise. Being self-adjoint and monotone (negative) the operator Lμ admits a spectral
decomposition

(2.3) Lμ = −
∫ ∞

0

λ dEλ.

The semigroup associated to Lμ is then defined as

Pt = etLμ =

∫ ∞

0

e−tλ dEλ.

For fixed t the operator Pt is a self-adjoint bounded operator in L2(μ) and we have
the semigroup property Pt◦Ps = Pt+s. If f is a fixed function of L2(μ) the function
F (t, x) = Ptf(x) is the solution to the parabolic equation{

F (0, ·) = f

∂tF = LμF,

at least in a weak sense.
We now move on to the probabilistic representation of the semigroup (Pt). Con-

sider the diffusion (Xt) given by

(2.4) dXt =
√
2 · dWt −∇V (Xt) dt,

where (Wt) is standard Brownian motion. Then (Xt) is a Markov process, and (Pt)
is the corresponding semigroup. Namely, for every test function f we have

Ptf(x) = Exf(Xt)

where the subscript x next to the expectation denotes the starting point of (Xt).
This allows to prove inequalities for the semigroup (Pt) using probabilistic tech-
niques. The next result is considered folklore; see, e.g., [6, Section 9.9] for some
historical perspectives.

Lemma 2.8. If μ is log-concave then Lipschitz functions are preserved along the
semigroup, and, moreover, ‖Ptf‖Lip ≤ ‖f‖Lip for every f and every t > 0.

Proof. Let x, y ∈ Rn, and let (Xx
t ) and (Xy

t ) be two solutions of the SDE (2.4)
using the same Brownian motion, but starting at two different points x and y. This
is called parallel coupling. Then the process (Xx

t −Y x
t ) is an absolutely continuous

function of t (the Brownian part cancels out). Moreover, thanks to the convexity
of V ,

d

dt
|Xx

t −Xy
t |2 = −2(Xx

t −Xy
t ) · (∇V (Xx

t )−∇V (Xy
t )) ≤ 0.

So the distance |Xx
t −Xy

t | is almost surely decreasing. Therefore its expectation is
also decreasing, and in particular

E|Xx
t −Xy

t | ≤ |x− y|.
Now suppose f is a Lipschitz function. Then from the previous inequality we get

|Ptf(x)− Ptf(y)| = |Ef(Xx
t )− Ef(Xy

t )| ≤ E|f(Xx
t )− f(Xy

t )| ≤ ‖f‖Lip · |x− y|,
which is the result. �

The next result seems to be due to Varopoulos [80].
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Proposition 2.9. Suppose μ is log-concave. Then for every bounded function f
and every t > 0 the function Ptf is Lipschitz and moreover

‖Ptf‖Lip ≤ 1√
t
· ‖f‖∞.

Proof. Again we use a coupling argument, see [59] for an alternate argument using
only analytic tools. Suppose that f is a bounded function. Fix x, y ∈ Rn, and
let (Xx

t ) and (Xy
t ) be two processes solving the SDE (2.4) initiated at x and y

respectively. Then

(2.5) |Ptf(x)− Ptf(y)| ≤ E|f(Xx
t )− f(Xy

t )| ≤ 2‖f‖∞ · P(Xx
t �= Xy

t ).

It remains to choose a coupling for which the right-hand side is small. Parallel
coupling is awful here, as it actually prevents Xx

t and Xy
t from meeting. Instead,

we choose the Brownian increment for Xy
t to be the reflection of that of Xx

t with
respect to the hyperplane (Xx

t −Xy
t )

⊥. If (Wt) is the Browian motion for Xx
t , the

equation for Xy
t is thus

dXy
t =

√
2 ·
(
Id− 2v⊗2

t

)
dWt −∇V (Xy

t ) dt

where (vt) is the unit vector (Xx
t − Xy

t )/|Xx
t − Xy

t |. Actually we do so until the
first time (denoted τ ) when the two processes meet. After time τ we just set
Xy

t = Xx
t . We will not justify properly here why this is well defined, but this

coupling technique, usually referred to as mirror coupling, is a relatively standard
tool, see for instance [63]. Itô’s formula shows that up to the coupling time τ the
equation for the distance between the two processes is

d|Xx
t −Xy

t | = 2
√
2vt · dWt − vt · (∇V (Xx

t )−∇V (Xy
t )) dt.

Itô’s term vanishes because the Brownian increment takes place in a direction where
the Hessian matrix of the norm vanishes. Once again, in the log-concave case the

second term from the right-hand side is negative. Notice also that Bt :=
∫ t

0
vs ·dWs

is a standard (one-dimensional) Brownian motion. Therefore, up to the coupling
time τ we have

|Xx
t −Xy

t | ≤ |x− y|+ 2
√
2Bt,

where (Bt) is some standard one-dimensional Brownian motion. Therefore,

P(Xx
t �= Xy

t ) = P(τ > t) ≤ P

(
∀s ≤ t : Bs > −|x− y|

2
√
2

)
.

By the reflection principle for the Brownian motion

P

(
∃s ≤ t : Bs ≤ −|x− y|

2
√
2

)
= 2 · P

(
Bt ≤ −|x− y|

2
√
2

)
= P

(
|g| ≥ |x− y|

2
√
2t

)
,

where g is a standard Gaussian variable. Hence the inequality

P(Xx
t �= Xy

t ) ≤ Ψ

(
|x− y|
2
√
2t

)
,

where Ψ(r) = (2/π)1/2
∫ r

0
e−u2/2 du is the distribution function of |g|. Recall-

ing (2.5) and taking the supremum over x, y gives

‖Ptf‖Lip ≤ 1√
2t

· sup
a>0

{
Ψ(a)

a

}
· ‖f‖∞.
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The expression inside the sup is decreasing, so the sup equals the limit as a tends
to 0, which is (2/π)1/2. We thus get the desired inequality (even with a better
constant than announced). �

The next corollary is taken from Ledoux [57].

Corollary 2.10. If μ is log-concave, then for every locally Lipschitz function f we
have

‖f − Ptf‖L1(μ) ≤ 2
√
t · ‖|∇f |‖L1(μ).

Also for every measurable set A we have

μ(A)(1− μ(A)) = Varμ(1A) ≤
√
2t · μ+(A) + Varμ(Pt1A).

Proof. Let f be a Lipschitz function and g be a smooth bounded function. Using
the fact that the semigroup is self-adjoint, and the integration by part formula, we
get

〈f − Ptf, g〉 = 〈f, g − Ptg〉 = −
∫ t

0

〈f, LPsg〉 dt =
∫ t

0

〈∇f,∇Psg〉 ds.

By the previous proposition,

〈∇f,∇Psg〉 ≤ ‖|∇f |‖L1(μ) · ‖Psg‖Lip ≤ 1√
s
‖|∇f |‖L1(μ)‖g‖∞.

Integrating between 0 and t and plugging back in the previous display we get

〈f − Ptf, g〉 ≤ 2
√
t · ‖|∇f |‖L1(μ)‖g‖∞,

which is the result. For the second inequality, applying the first one to a suitable
Lipschitz approximation of the indicator function of A, as in the proof of Lemma 2.3,
we get

‖1A − Pt1A‖1 ≤ 2
√
t · μ+(A).

Moreover, using reversibility, it is not hard to see that

‖1A − Pt1A‖1 = 2
(
Varμ(1A)−Varμ(Pt/21A)

)
.

Hence the result. �

2.3. A result of E. Milman. We said earlier that the inequality CP (μ) ≤ Cψ2
μ

can be reversed in the log-concave case. Actually, we will prove a much stronger
statement, which is due to E. Milman.

Definition 2.11. If μ is a probability measure on Rn, the function

Iμ : r ∈ [0, 1] �→ inf{μ+(S) : μ(S) = r}.

is called the isoperimetric profile of μ.

With this definition Cheeger’s inequality can be rewritten as

ψμ · Iμ(r) ≥ min(r, 1− r).

The following is a deep result from geometric measure theory.

Theorem 2.12. The isoperimetric profile of a log-concave measure is concave.
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We will use this as a blackbox, we refer to the appendix of [65] for an historical
account and the relevant references. Another good reference for this is Bayle’s Ph.D.
thesis [11] (if you read french). This has important implications for us. Indeed,
since the isoperimetric profile is nonnegative, its concavity implies that

Iμ(t) ≥ 2 · Iμ(1/2)min(t, 1− t).

In particular, the Cheeger constant of μ satisfies

(2.6) ψμ ≤ 1

2 · Iμ(1/2)
.

Therefore, for a log-concave measure, in order to prove Cheeger’s inequality, it is
enough to look at the perimeter of sets of measure 1/2. Combining this information
with the results from Section 1 we arrive at the following.

Theorem 2.13. If μ is log-concave, then there exists a 1-Lischitz function f sat-
isfying

‖f‖2∞ ≈ Varμ(f) ≈ ψ2
μ.

Here the symbol ≈ means that the ratio between the two quantities is comprised
between two positive universal constants. Theorem 2.13 is essentially due to E.
Milman [65]. The proof we give is very much inspired by Ledoux’s proof of Buser’s
inequality [57].

Proof. By (2.6) if A is a set of measure 1/2 that has near minimal surface, say up
to a factor 2, then

(2.7) μ+(A) ≤ 1

ψμ
.

Let t > 0. By Corollary 2.10, and since μ(A) = 1/2,

1

4
≤

√
2t · μ+(A) + Varμ(Pt1A) ≤

√
2t

ψμ
+Varμ(Pt1A).

If t is a sufficiently small multiple of ψ2
μ we thus get Varμ(Pt1A) ≥ 1

8 (say). On the
other hand, by Proposition 2.9,

‖Pt1A‖Lip ≤ 1√
t
≤ C

ψμ
,

for some constant C. Putting everything together we see that the function f =
(ψμ/C) · Pt1A is 1-Lipschitz and satisfies

ψ2
μ � Varμ(f) ≤ ‖f‖2∞ � ψ2

μ �

Note that since f is 1-Lipschitz, the Poincaré inequality yields Varμ(f) ≤ CP (μ).
The result above thus implies that

ψ2
μ � CP (μ).

In other words, the Cheeger inequality can be reversed in the log-concave case.
Moreover, the theorem actually yields a lot more. It implies that it is enough
to bound the variance of Lipschitz functions to get Poincaré (or Cheeger). More
precisely, we get the following.

Corollary 2.14 (Buser [26], Ledoux [57], E. Milman [65]). For any log-concave
measure μ,

ψ2
μ ≈ CP (μ) ≈ sup {Varμ(f) : ‖f‖Lip ≤ 1} .
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Constants are mostly regarded as irrelevant in theses notes but let us mention
that for the left-most equality, the optimal constants are actually known. Indeed,
De Ponti and Mondino [33] proved that

1

π
ψ2
μ ≤ CP (μ) ≤ 4ψ2

μ.

In Section 3.2 we give another proof of this corollary based on L1 transportation
that avoids the concavity of the isoperimetric profile blackbox.

Let us also point out that the corollary does not quite use the full strength of
Theorem 2.13, it does not use the information about the L∞ norm of f . So we
actually have stronger form of the corollary. Namely, in the log-concave case, to
get Cheeger, or Poincaré, it is enough to bound the variance of a bounded Lipschitz
function whose Lipschitz constant is 1, and whose L∞-norm is of the same order
as its standard deviation.

2.4. Concentration of measure.

Definition 2.15. Let (X, d, μ) be a metric measure space. The concentration
function of μ is defined by

αμ : r �→ sup {1− μ(Sr) : μ(S) ≥ 1/2}
where Sr is the r-neighborhood of the set S.

As for isoperimetry, we can only compute the exact value of the concentration
function in some very specific models such as the uniform measure on the sphere
or the Gaussian measure. In general we are happy with a good upper bound for
αμ. The most interesting types of upper bounds for us are the case of Gaussian
concentration and of exponential concentration.

Definition 2.16. We say that μ satisfies Gaussian concentration if there is a con-
stant CG such that

αμ(r) ≤ 2 · exp
(
− r2

CG

)
, ∀r ≥ 0.

We say that μ satisfies exponential concentration if there exists a constant Cexp

such that

αμ(r) ≤ 2 · exp
(
− r

Cexp

)
, ∀r ≥ 0.

Moreover, the smallest constants CG, Cexp such that the above inequalities hold true
are called the Gaussian concentration constant and the exponential concentration
constant, respectively.

We are interested here in concentration properties of log-concave measures on Rn.
Gaussian concentration cannot be true in general (think of μ being the exponential
measure) but there is no obstruction to having exponential concentration with
a dimension free constant for isotropic log-concave measures, and this is in fact
equivalent to the KLS conjecture from Section 1. Indeed, it is well known that the
Poincaré inequality yields exponential concentration, and more precisely that for
any probability measure μ on Rn satisfying the Poincaré inequality we have

αμ(r) ≤ 2 · exp
(
− r

L ·
√
CP (μ)

)
, ∀r ≥ 0,
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where L is a universal constant. We will skip the derivation of this from Poincaré
here, but this is not very hard, see for instance [6, Section 4.4.2].

Once again, in the log-concave case this implication can be reversed. Indeed, by
E. Milman’s theorem (Corollary 2.14) from Section 2.4, the Poincaré constant is,
up to a universal constant, the largest variance a 1-Lipschitz function can have. If
f is 1-Lipshitz, by definition of the concentration function we have

μ(f −m ≥ r) ≤ αμ(r),

for every r > 0, and where m is a median for f . From this we obtain easily

Varμ(f) ≤ 4

∫ ∞

0

r · αμ(r) dr.

Therefore, in the log-concave case

(2.8) CP (μ) �
∫ ∞

0

r · αμ(r) dr.

This implies in particular that the Poincaré constant of μ and the exponential
concentration constant squared are actually of the same order.

2.5. Log-Sobolev and Talagrand. We have seen earlier that Poincaré is weaker
than Cheeger in general but equivalent to it within the class of log-concave mea-
sures. We shall see now that log-concavity also allows to reverse the hierarchy
between the log-Sobolev inequality and the transportation inequality. A probabil-
ity measure μ on Rn is said to satisfy the logarithmic Sobolev inequality if there
exists a constant C > 0 such that

D(ν | μ) ≤ C

2
I(ν | ν)

for every probability measure ν, where D(ν | μ) and I(ν | μ) denote the relative
entropy and Fisher information, respectively:

D(ν | μ) =
∫
Rn

log(
dν

dμ
) dν and I(ν | μ) =

∫
Rn

|∇ log(
dν

dμ
)|2 dν.

The best constant C is called the log-Sobolev constant, denoted CLS(μ) below.
The factor 1/2 is just a matter of convention. With this convention the log-Sobolev
constant of the standard Gaussian 1. This is a stronger inequality than Poincaré.
More precisely we have CP (μ) ≤ CLS(μ) for any μ. This is easily seen by applying
log-Sobolev to a probability measure whose density with respect to μ is 1 + εf
and letting ε tend to 0. Not every log-concave measure satisfy log-Sobolev, sim-
ply because log-Sobolev implies sub-Gaussian tails, so for instance the exponential
measure (on R) does not statisfy log-Sobolev. A bit more precisely, log-Sobolev
implies Gaussian concentration: if μ satisfies log-Sobolev then for any set S we
have

μ(S)(1− μ(Sr)) ≤ exp

(
−c · r2

CLS(μ)

)
.

We will come back to that later on.
Recall that if μ, ν are probability measures on Rn, the quadratic transportation

cost from μ to ν is defined as

T2(ν, ν) = inf

{∫
Rn×Rn

|x− y|2 dπ
}
,
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where the infimum is taken over every coupling π of μ and ν, namely every proba-
bility measure on the product space whose marginals are μ and ν. In Section 3, we
will speak about the Monge transport cost, which is the L1 version of this.

Proposition 2.17 (Otto and Villani [69]). If μ satisfies log-Sobolev then for every
probability measure ν we have

T2(ν, μ) ≤ 2CLS(μ) ·D(ν | μ).

This transportation/entropy inequality is sometimes called Talagrand’s inequal-
ity, as it was first established by Talagrand for the Gaussian measure, see [79].
Again in the log-concave case the implication log-Sobolev/Talagrand can be re-
versed. Indeed, we have the following, also due to Otto and Villani.

Proposition 2.18 (Otto and Villani [69]). If μ is log-concave then for every prob-
ability measure ν on Rn we have

D(ν | μ) ≤
√
T2(ν, μ) · I(ν | μ).

This is only a particular case of the Otto-Villani result, there is also a version for
semi-log-concave measures, namely measures for which we have a possibly negative
lower bound on the Hessian of the potential. This inequality goes by the name HWI.
The reason for this name is not apparent from our choice of notations, but relative
entropy is often denoted H, and the transport cost T2 can also be denoted W2 or
rather W 2

2 (for Wasserstein). From the HWI inequality we see that the implication
between log-Sobolev and Talagrand can be reversed for log-concave measures: if we
happen to know

T2(ν, μ) ≤ C2D(ν | μ)
for μ log-concave, then we get log-Sobolev for μ and CLS(μ) ≤ 2C2. We will
not spell out the proofs of the Otto–Villani results here and we refer to [69] (see
also [18]).

We have seen above that the equivalence between Cheeger and Poincaré can be
considerably reinforced. This is also the case here, and this is yet again a result of
E. Milman.

Theorem 2.19 (E. Milman [66]). For a log-concave probability measure we have
equivalence between Gaussian concentration and the log-Sobolev inequality, and
moreover the log-Sobolev constant and the Gaussian concentration constant are
within a universal factor of each other.

Proof. There are several proofs of this result in the literature, see [59, 66]. The
proof sketch that we give here is taken from Gozlan, Roberto, Samson [41]. We
said earlier that log-Sobolev implies Gaussian concentration, but a bit more is
true: the weaker Talagrand inequality also implies Gaussian concentration. Let us
explain why briefly. By some convex duality principle, T2 can be also expressed as
a supremum, namely

T2(μ, ν) = sup
f

{∫
Rn

Q1/2f dμ−
∫
Rn

f dν

}
where the Qtf is the infimum convolution of f with some multiple of the distance
squared:

Qtf(x) = inf
y∈Rn

{
f(y) +

1

2t
|x− y|2

}
.
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It can also be shown that (Qt) is a semigroup of operators, namely we have QsQt =
Qs+t. Lastly there is also some duality between the log-Laplace transform and the
relative entropy:

log

∫
Rn

ef dμ = sup
ν

{∫
Rn

f dν −D(ν | μ)
}
,

where the supremum is taken over every probability measure ν. Using all this, it
is pretty easy to see that Talagrand’s inequality

T2(ν, μ) ≤ 2CT ·D(ν | μ), ∀ν

is equivalent to ∫
Rn

exp(QCT
f) dμ ≤ exp

(∫
Rn

f dμ

)
, ∀f.

Applying this to both QCT
f and −QCT

f , using the fact that (Qt) is a semigroup,
and multiplying the two inequalities together we get∫

Rn

exp(QCT
(−QCT

f) dμ ·
∫
Rn

exp(Q2CT
f) dμ ≤ 1.

But clearly −f ≤ QCT
(−QCT

f), so we obtain∫
Rn

exp(−f) dμ ·
∫
Rn

exp(Q2CT
f) dμ ≤ 1.

Applying to f = − log1A we get∫
Rn

exp

(
d(x,A)2

2CT

)
dx ≤ 1

μ(A)
,

for every set A. By the Markov inequality this implies

αμ(r) ≤ 2 · exp
(
− r2

2CT

)
.

So Talagrand implies Gaussian concentration, and moreover, the Gaussian concen-
tration constant is at most the constant in Talagrand, up to a factor 2. Now we
want to reverse this, so we assume

αμ(r) ≤ 2e−r2/CG .

It is easily seen to imply ∫
Rn

exp(Q2CG
f) dμ � exp(mf )

for every f , and where mf is a median for f . Again the notation � means up to
a universal factor. Again, applying this −Q2CG

f and Q2CG
f and multiplying the

two inequalities together we get∫
Rn

e−f dμ ·
∫
Rn

exp(Q4CG
f) dμ � 1,

hence by Jensen’s inequality∫
Rn

exp(Q4CG
f) dμ � exp

(∫
Rn

f dμ

)
.
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In other words, we get the dual version of Talagrand, but with some prefactor. In
terms of transport and entropy this gives

T2(ν, μ) � CG(D(ν | μ) + 1).

So we have an additional additive constant in the right-hand side of Talagrand.
We have not used log-concavity yet, this would be true for any measure satisfying
Gaussian concentration. Now assuming log-concavity, we can plug this into the
HWI inequality (Proposition 2.18). We get

D(ν | μ) � CG · I(ν | μ) + 1.

Again, we get some weak form of log-Sobolev with an additional constant term in
the right-hand side. This is sometimes called nontight log-Sobolev inequality. To
get rid of that constant, observe first that we clearly have from the first theorem of
E. Milman (see equation (2.8))

CP (μ) � CG.

Moreover, nontight log-Sobolev can be reformulated as

entμ(f
2) � CG

∫
Rn

|∇f |2 dμ+

∫
Rn

f2 dμ,

where the entropy of a nonnegative function f is defined as

entμ(f) =

∫
Rn

f log f dμ−
(∫

Rn

f dμ

)
log

(∫
Rn

f dμ

)
.

Now there is a nice inequality by Rothaus [75] which states that for any f : Rn → R

and any constant c we have

entμ((f + c)2) ≤ entμ(f
2) + 2

∫
Rn

f2 dμ.

Using this inequality it is easy to see that our nontight version of log-Sobolev and
the bound that we have on CP (μ) altogether imply

entμ(f
2) � CG

∫
Rn

|∇f |2 dμ,

which is a reformulation of the desired log-Sobolev inequality. �

3. Optimal transport theory with the Monge cost

Let μ1 and μ2 be two measures in Rn, say compactly supported and absolutely
continuous, with the same total mass, i.e., μ1(R

n) = μ2(R
n). We would like to

push-forward the measure μ1 to the measure μ2 in the most efficient way that
minimizes the average distance that points have to travel. That is, we look at the
optimization problem

inf
S∗(μ)=ν

∫
Rn

|Sx− x|μ1(dx).

This is the problem of Optimal Transport with the Monge cost or the L1 cost,
considered by Monge in 1781. See Cayley’s review of Monge’s work [29] from 1883.
For a more recent survey on Monge’s problem, see for instance [21]. Here is a
heuristics from Monge’s paper that explains why this problem induces a partition
into segments.
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Monge heuristic. For the optimal transport map T , the segments (x, T (x)) (x ∈
Supp(μ1)) do not intersect, unless they overlap.

Explanation. Suppose that open segments (x, Tx) and (y, Ty) are not parallel and
intersect at a point z. The triangle inequality then shows that |x−Ty|+ |y−Tx| <
|x− Tx|+ |y − Ty|, which contradicts the fact that the map T is optimal. �

This is related to the following elementary riddle: given 50 red points and 50 blue
points in the plane, in general position, find a matching so that the corresponding
segments do not intersect.

Since the above argument relies only on the triangle inequality, you would expect
that the optimal transport problem would induce a partition into geodesics also for
Riemannian manifolds, or Finslerian manifolds, or measure metric spaces of some
type—basically wherever the triangle inequality holds true (under some regularity
assumptions).

3.1. Linear programming relaxation and the dual problem. In Monge’s
problem we minimize over all maps S that push-forward μ1 to μ2. There is a
relaxation of this problem, that looks at all possible couplings, or transport plans,
of the two distributions. That is, instead of mapping a point x to a single point Tx,
we are allowed to spread the mass across a region. Thus we look at all measures γ
on Rn × Rn with

(π1)∗γ = μ1 and (π2)∗γ = μ2.

where π1(x, y) = x and π2(x, y) = y. Such a measure is called a coupling of μ
and ν. In other words, we now look at transport plans rather than transport maps.
The advantage is that the space of all couplings is a convex set. The relaxed
optimal transport problem involves minimizing the average distance that points
travel, namely we look at

inf
(π1)∗γ=μ,(π2)∗γ=ν

∫
Rn×Rn

|x− y| γ(dx, dy).

Hence we minimize a linear function on a convex set, this is Linear Programming
or Functional Analysis (see, e.g., Kantorovich and Akilov [46, Section VIII.4]).

Theorem 3.1 (The dual problem). Let μ1, μ2 be two absolutely continuous mea-
sures in Rn with the same total mass. Assume that∫

Rn

|x|μ1(dx) < ∞ and

∫
Rn

|x|μ2(dx) < ∞.

Denote μ = μ2 − μ1. Then the following quantities are equal:

(1) The minimum over all couplings γ of μ1 and μ2 of the integral∫
Rn×Rn

|x− y| γ(dx, dy).

(2) The maximum over all 1-Lipschitz functions u : Rn → R of∫
Rn

u(x)μ(dx).

(3) The minimum over all maps T with T∗μ1 = μ2 of∫
Rn

|x− Tx|μ1(dx).
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Proof sketch. We refer to Ambrosio [3] for full details. For the easy direction of the
linear programming duality, pick a 1-Lipschitz map u and a coupling γ. For any
points x, y ∈ Rn,

u(y)− u(x) ≤ |x− y|.
Integrating with respect to γ, we get

(3.1)

∫
Rn

udμ =

∫
Rn×Rn

[u(y)− u(x)] γ(dx, dy) ≤
∫
Rn×Rn

|x− y| γ(dx, dy).

Hence we need to find u and γ so that equality is attained in (3.1). The argument
goes roughly as follows. A compactness argument shows that the infimum over all
couplings is attained. Indeed, by Alaoglu’s theorem, the collection of all couplings
is compact in the w∗-topology (integration against continuous functions on Rn

whose limit at infinity exists). The functional γ �→
∫
Rn×Rn |x− y| γ(dx, dy) is lower

semi-continuous in w∗-topology, hence its minimum is attained.
Similarly to the Monge heuristics, the optimality implies that the support of γ

must be cyclically monotone: If (xi, yi) ∈ Supp(γ) ⊆ Rn×Rn for i = 1, . . . , N then
for any permutation σ ∈ SN ,

(3.2)

N∑
i=1

|xi − yi| ≤
N∑
i=1

|xi − yσ(i)|.

Indeed, otherwise one may pick small balls around xi and yi and rearrange them to
contradict optimality. Similarly to Rockafellar’s theorem [73] from convex analysis,
condition (3.2) implies that there exists a 1-Lipschitz function u : Rn → R with

(3.3) (x, y) ∈ Supp(γ) =⇒ u(y)− u(x) = |y − x|.
Indeed, fix (x0, y0) ∈ Supp(γ) and define a function u by

u(x) = sup {|x0 − y0| − |y0 − x1|+ |x1 − y1| − |y1 − x2|+ · · · − |yN − x|}
where the supremum is taken on all finite sequences (x1, y1), . . . , (xN , yN ) of ele-
ments of the support of γ. It follows from (3.2) that u(x0) = 0. The function u is
a 1-Lipschitz function as a supremum of 1-Lipschitz functions. It follows from the
definition of u that (3.3) holds true. Hence we found u and γ so that equality is
attained in (3.1). The proof that γ can also be replaced by a transport map is due
to Evans and Gangbo [37]. This relies on analysis of the structure of u that will be
described next. �

Remark 3.2. The minimizers γ or T are not at all unique. It is actually the 1-
Lipschitz function u which is essentially determined. More precisely, the gradient
∇u is determined μ-almost everywhere.

We move on to discuss the structure of 1-Lipschitz functions. Observe that when
a 1-Lipschitz function u satisfies |u(x)− u(y)| = |x− y|, for some points x, y ∈ Rn,
it necessarily grows in speed one along the segment from x to y. A maximal open
segment I on which u grows with speed one, i.e., |u(x) − u(y)| = |x − y| for all
x, y ∈ I, is called a transport ray. Theorem 3.1 tells us that optimal transport only
happens only along transport rays, we only rearrange mass along transport rays.

It is illuminating to draw the transport rays of the function u(x) = x1 in con-
nection with Fubini’s theorem∫

R2

ϕ =

∫ ∞

−∞

(∫ ∞

−∞
ϕ(x1, x2)dx1

)
dx2,
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and of the function u(x) = |x| on R2 ∼= C in connection with integration in polar
coordinates: ∫

R2

ϕ =

∫ 2π

0

(∫ ∞

0

ϕ(reiθ)rdr

)
dθ.

Note that the Jacobian factor on the needle is log-concave in both examples.
The next step is to understand the disintegration of measure or conditional prob-

abilities induced by the partition into transport rays. Let u be a maximizer as
above, with

μ = μ2 − μ1,

and with the two measures satisfying the requirements of Theorem 3.1. As it turns
out, it is guaranteed that transport rays of positive length form a partition of the
entire support of the measure μ, up to a set of measure zero. Write

f =
dμ

dλ

where λ is any log-concave reference measure in Rn (not necessarily finite; it could
be the Lebesgue measure for instance). The assumption that μ1(R

n) = μ2(R
n) is

equivalent to the requirement that

(3.4)

∫
Rn

fdλ = 0.

The following theorem requires careful regularity analysis, and in addition to Evans
and Gangbo [37] it builds upon works by Caffarelli, Feldman, and McCann [27] as
well as [50]. It is analogous to integration in polar coordinates, yet with respect to
a general 1-Lipschitz guiding function, rather than just u(x) = |x|. In the following
theorem a line segment could also mean a singleton, a ray or a line.

Theorem 3.3 (Evans and Gangbo [37]; Caffarelli, Feldman, and McCann [27];
Klartag [50]). Let λ be an absolutely continuous, log-concave measure on Rn, and
let f ∈ L1(λ) satisfy (3.4). Then there is a collection Ω of line segments that form
a partition of Rn, a family of measures {λI}I∈Ω, and a measure ν on the space of
segments Ω, such that

(1) For any I ∈ Ω the measure λI is supported on the line segment I. If I is
of nonzero length, then it is a transport ray of the 1-Lipschitz function u.

(2) Disintegration of measure

λ =

∫
Ω

λI ν(dI).

(3) Mass balance condition: for ν-almost any I ∈ Ω,∫
I
fdλI = 0.

(4) For ν-almost any I ∈ Ω, the measure λI has a C∞-smooth, positive den-
sity ρ with respect to the Lebesgue measure on the segment I which is log-
concave.

(In fact, in the case where λ is the Lebesgue measure, it is a polynomial of
degree n− 1 with real roots, that does not vanish in the support of λI).
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Remark 3.4. This theorem may be generalized to any Riemannian manifold with
non-negative Ricci curvature. We replace the line segment I by a unit-speed geo-
desic γ = γI , and set κ(t) = Ricci(γ̇(t), γ̇(t)), n = dim(M). Denote by ρ = ρI the
density of μI with respect to arclength on the geodesic γ = γI . Then,(

ρ
1

n−1

)′′
+

κ

n− 1
· ρ 1

n−1 ≤ 0.

The Riemannian version may be used to prove isoperimetric inequalities under
lower bounds on the Ricci curvature, as well as Poincaré inequalities, log-Sobolev
inequalities, Brunn–Minkowski inequalities and more, see [50]. A generalization to
the context of synthetic Ricci bounds was introduced by Cavalleti and Mondino
[28]. See also Ohta [68] for the nonsymmetric, Finslerian case.

Some ideas from the proof of Theorem 3.3. The proof of Theorem 3.3 does not use
sophisticated results from Geometric Measure Theory, but it consists of several
steps. Essentially,

• Show that a 1-Lipschitz u is always differentiable in the relative interior of
a transport ray.

• The next step is to show that ∇u is a locally-Lipschitz function on a set
which is only slightly smaller than the union of all transport rays, and that
the restriction of u to this set may be extended to a C1,1-function on Rn.

• This is just enough regularity in order to allow change of variables in an
integral, which yields the disintegration.

• By differentiating the Jacobian one sees that the logarithmic derivative of
the needle density is the mean curvature of the level set of u, and the
inverse principal curvatures grow linearly along the needle. This yields
log-concavity along each needle.

• The mass balance condition follows from the fact that γ is a coupling be-
tween μ1 and μ2, and that transport happens only along transport rays
(thanks to S. Szarek for this remark). Alternatively, one can use a pertur-
bative argument based on the maximality of the integral

∫
ufdλ.

We refer to [50] for the details. �

As an application of this theorem, let us prove the reverse Cheeger inequality
of Buser [26] and Ledoux [57], and in fact a refinement due to E. Milman [65]. In
Section 2.3 above we saw another proof, using semigroup methods, of the following.

Proposition 3.5. Let μ be a log-concave probability measure on Rn and R > 0.
Assume that for any 1-Lipschitz function u : Rn → R there exists α ∈ R with

(3.5)

∫
Rn

|u(x)− α|dμ(x) ≤ R.

(this is a weaker condition than requiring CP (μ) ≤ R2). Then for any measurable
set S ⊆ Rn and 0 < ε < R,

(3.6) μ(Sε \ S) ≥ c · ε

R
· μ(S) · (1− μ(S)),

where c > 0 is a universal constant, and where Sε is the ε-neighborhood of S. In
particular the Cheeger constant of μ (see Section 2.3) satisfies

ψμ � R.
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Proof. Denote t = μ(S) ∈ [0, 1] and set f(x) = 1S(x) − t for x ∈ Rn. Then∫
f dμ = 0. We then consider the Monge transportation problem between f+ dμ

and f− dμ. Let u be a 1-Lipschitz function maximizing∫
Rn

uf dμ.

After adding a constant to u, we may assume that∫
Rn

|u| dμ ≤ R.

By Theorem 3.3, we obtain a needle decomposition: measures {μI}I∈Ω on Rn,
and a measure ν on the space Ω of transport rays which yield a disintegration of
measure. Observe that the equality∫

Ω

μI(R
n) ν(dI) = μ(Rn) = 1

implies in particular that for ν-almost every I the measure μI is finite. We may
normalize and assume that they are all probability measures. More precisely, we
can replace each of the measures μI by μI/μI(R

n) and replace ν by the measure
having density I �→ μI(R

n) with respect to ν. Hence,∫
Ω

(∫
I
|u| dμI

)
ν(dI) =

∫
Rn

|u| dμ ≤ R.

Denote

B =

{
I ∈ Ω ;

∫
I
|u| dμI ≤ 2R

}
.

By the Markov–Chebyshev inequality,

(3.7) ν(B) ≥ 1/2.

For ν-almost all intervals I ∈ Ω we know that
∫
I fdμI = 0, hence

μI(S) = t · μI(R
n) = t.

We would like to prove that for any I ∈ B and any 0 < ε < R,

(3.8) μI(Sε \ S) ≥ c · ε

R
· t(1− t),

for a universal constant c > 0. Once (3.8) is proven, the bound (3.6) follows by
integrating (3.8) with respect to ν and using (3.7), since

μ(Sε \ S) ≥
∫
B

μI(Sε \ S) ν(dI) ≥ ν(B) · c · ε

R
· t(1− t) ≥ c

2
· ε

R
· t(1− t).

What remains to be proven is a one-dimensional statement about log-concave mea-
sures: If η = μI is a log-concave probability measure on R with

∫
R
|t|dη(t) ≤ 2R,

then (3.8) holds true. This follows from Corollary 1.10 and a scaling argument. �
The same proof applies for any complete Riemannian manifold with non-negative

Riemannian curvature. In fact, completeness in unneeded, the weaker geodesic-
convexity assumption suffices here. There are quite a few other applications for
this theorem, which helps reduce the task of proving an n-dimensional inequality
to the task of proving a 1-dimensional inequality (“localization”). In a simply-
connected space of constant sectional curvature, most of these applications – like
reverse Hölder inequalities for polynomials – may also be proven using a localization
method based on hyperplane bisections that go back to Payne and Weinberger [71],
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Gromov and Milman [42] and Kannan, Lovász and Simonovits [45]. Proposition
3.5 seems to be an exception, our proof requires the 1-Lipschitz guiding function.

Exercise 3.6 (Reverse Hölder inequalities for polynomials). LetX be a log-concave
random vector in Rn, and let f : Rn → R be a polynomial of degree at most d.
Then for any 0 < p ≤ q,

‖f(X)‖q ≤ Cq,d · ‖f(X)‖p,

for some constant Cq,d depending only on q and d.

Hint : In one dimension, following Bobkov [15], we may assume that f is a monic
polynomial in one real variable, hence

f(X) =
d∏

i=1

(X − zi)

for some z1, . . . , zd ∈ C. Consequently, by Hölder inequality and by Corollary 1.8,

‖f(X)‖q =
∥∥∥∥∥

d∏
i=1

(X − zi)

∥∥∥∥∥
q

≤
d∏

i=1

‖X − zi‖dq

≤
d∏

i=1

Cd(q + 1)‖X − zi‖0 = (Cd(q + 1))d‖f(X)‖0.

Now use needle decomposition to extend this to higher dimensions.

3.2. Isoperimetry and the Poincaré inequality. Recall that the Cheeger in-
equality [31] states that for any absolutely continuous probability measure on Rn

satisfying some mild regularity assumptions,

(3.9) CP (μ) ≤ 4ψ2
μ.

The proof is sketched in Section 2.3. Combining this with Proposition 3.5 we
thus recover the aforementioned result by Buser, that CP (μ) and ψ2

μ are within
a constant factor of each other when μ is log-concave. Proposition 3.5 moreover
implies that in the log-concave case, there exists a 1-Lipschitz function f such that

ψ2
μ ≤ C ·Varμ(f).

This provides another proof of E. Milman’s theorem (Corollary 2.14).

4. Bochner identities and curvature

In this lecture we discuss a technique that originated in Riemannian Geometry
and connects the Poincaré inequality and Curvature. It started with the works of
Bochner in the 1940s and also Lichnerowicz in the 1950s. The approach fits well
with convex bodies and log-concave measures in high dimension. In a nutshell, the
idea is to make local computations involving something like curvature, as well as
integrations by parts, and then dualize and obtain Poincaré-type inequalities. This
may sound pretty vague, let us explain what we mean.

Suppose that μ is an absolutely continuous log-concave probability measure in
Rn. Then μ is supported in an open, convex set K ⊆ Rn and it has a positive,
log-concave density ρ = e−ψ in K. We will measure distances using the Euclidean
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distances in Rn, but we will measure volumes using the measure μ. We thus look
at the weighted Riemannian manifold or the metric-measure space

(K, | · |, μ).

Thus the Dirichlet energy of a smooth function f : Rn → R is

‖f‖2
Ḣ1(μ)

=

∫
K

|∇f |2dμ.

Indeed, we measure the length of the gradient with respect to the Euclidean metric,
while we integrate with respect to the measure μ. As was already defined in Section
2.2, the Laplace-type operator associated with this measure-metric space is defined,
initially for u ∈ C∞

c (K), via

Lu = Lμu = Δu−∇ψ · ∇u = eψdiv(e−ψ∇u).

This reason for this definition is that for any smooth functions u, v : Rn → R, with
one of them compactly supported in K,∫

Rn

(Lu)vdμ = −
∫
Rn

[∇u · ∇v]e−ψ dx.

and in particular

〈−Lu, u〉L2(μ) =

∫
Rn

|∇u|2dμ.

Thus L is a symmetric operator in L2(μ), defined initially for u ∈ C∞
c (K). It

can have more than one self-adjoint extension, for example corresponding to the
Dirichlet or Neumann boundary conditions when K is bounded. When discussing
the Bochner technique, it is customary and possible to find ways to circumvent
spectral theory of the operator L. Still, spectral theory helps us understand and
form intuition, and we will at least quote the relevant spectral theory.

It will be convenient to make an (inessential) regularity assumption on μ, so as
to avoid all boundary terms in all integrations by parts. We say that μ is a regular,
log-concave measure in Rn if its density, denoted by e−ψ, is smooth and positive in
Rn and the following two requirements hold:

(i) Log-concavity amounts to ψ being convex, so ∇2ψ ≥ 0 everywhere in Rn.
We require a bit more, that there exists ε > 0 such that for all x ∈ Rn,

(4.1) ε · Id ≤ ∇2ψ(x) ≤ 1

ε
· Id.

(ii) The function ψ, as well as each of its partial derivatives grows at most
polynomially at infinity.

Exercise 4.1 (Regularization process). Begin with an arbitrary log-concave mea-
sure μ on Rn, convolve it by a tiny Gaussian, and then multiply its density by
exp(−ε|x|2) for small ε > 0. Show that the resulting measure is regular, log-
concave, with approximately the same covariance matrix, and that the Poincaré
constant cannot jump down by much under this regularization process.

From now on, we assume that our probability measure μ is a regular, log-concave
measure. It turns out that in this case, the operator L, initially defined on C∞

c (Rn),
is essentially self-adjoint, positive semi-definite operator in L2(μ) with a discrete
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spectrum. Its eigenfunctions 1 ≡ ϕ0, ϕ1, . . . constitute an orthonormal basis, and
the eigenvalues of −L are

0 = λ0(L) < λ1(L) =
1

CP (μ)
≤ λ2(L) ≤ . . .

with the eigenfunction corresponding to the trivial eigenvalue 0 being the constant
function. The eigenfunctions are smooth functions in Rn that do not grow too fast
at infinity: each function

ϕje
−ψ/2

decays exponentially at infinity. Also (∂αϕj)e
−ψ/2 decays exponentially at infinity

for any partial derivative α. This follows from known results on exponential decay of
eigenfunctions of Schrödinger operators. The eigenvalues are given by the following
infimum of Rayleigh quotients

λk(L) = inf
f⊥ϕ0,...,ϕk−1

∫
Rn |∇f |2dμ∫
Rn f2dμ

where the infimum runs over all (say) locally Lipschitz functions f ∈ L2(μ). Since
ϕ0 ≡ 1, we indeed see that the first eigenfunction ϕ1 saturates the Poincaré in-
equality for μ. For proofs of these spectral theoretic facts, see references in [53].

Let us return to Geometry. In Riemannian geometry, the Ricci curvature appears
when we commute the Laplacian and the gradient. Analogously, here we have the
easily verified commutation relation

∇(Lu) = L(∇u)− (∇2ψ)(∇u),

where L(∇u) = (L(∂1u), . . . , L(∂nu)). Hence the matrix ∇2ψ corresponds to a
curvature term, analogous to the Ricci curvature.

Proposition 4.2 (Integral Bochner’s formula). For any u ∈ C∞
c (Rn),∫

Rn

(Lu)2 dμ =

∫
Rn

(
∇2ψ

)
∇u · ∇u dμ+

∫
Rn

‖∇2u‖2HS dμ,

where ‖∇2u‖2HS =
∑n

i=1 |∇∂iu|2.

Proof. Integration by parts gives∫
Rn

(Lu)2 dμ = −
∫
Rn

∇(Lu) · ∇u dμ

= −
∫
Rn

L(∇u) · ∇u dμ+

∫
Rn

[
(∇2ψ)∇u · ∇u

]
dμ

=

n∑
i=1

∫
Rn

|∇∂iu|2 dμ+

∫
Rn

(
∇2ψ

)
∇u · ∇u dμ. �

The assumption that u is compactly supported was used in order to discard the
boundary terms when integrating by parts. In fact, it suffices to know that u is
μ-tempered. We say that u is μ-tempered if it is a smooth function, and (∂αu)e−ψ/2

decays exponentially at infinity for any partial derivative ∂αu. Any eigenfunction
of L is μ-tempered. If f is μ-tempered, then so is Lf .

The following inequality from [53] is analogous to some investigations of Lich-
nerowicz [62]. It is concerned with distributions that are more log-concave than
a Gaussian distribution, in the sense that their logarithmic Hessian is uniformly
bounded by that of the Gaussian.
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Theorem 4.3 (Improved log-concave Lichnerowicz inequality). Let t > 0 and
assume that ∇2ψ(x) ≥ t for all x ∈ Rn. Then,

CP (μ) ≤
√
‖Cov(μ)‖op ·

1

t
.

Equality in Theorem 4.3 is attained when μ is a Gaussian measure, with any
covariance matrix. Indeed in that case CP (μ) and ‖Cov(μ)‖op coincide, and they
also coincide with the inverse lower bound on the Hessian of the potential. Write γs
for the law of distribution of a Gaussian random vector of mean zero and covariance
matrix s · Id in Rn. Then γs satisfies the assumptions of Theorem 4.3 for t = 1/s
while CP (γs) = ‖Cov(γs)‖op = s.

Proof of Theorem 4.3. Denote f = ϕ1, the first eigenfunction, normalized so that
‖f‖L2(μ) = 1. Set λ = 1/CP (μ). By the Bochner formula and the Poincaré in-

equality for ∂if (i = 1, . . . , n),

λ2 =

∫
Rn

(Lf)2dμ =

∫
Rn

[(∇2ψ)∇f · ∇f ]dμ+

∫
Rn

‖∇2f‖2HSdμ

≥ t

∫
Rn

|∇f |2dμ+ λ

[∫
Rn

|∇f |2dμ−
∣∣∣∣
∫
Rn

∇fdμ

∣∣∣∣
2
]

= (t+ λ) · λ− λ

∣∣∣∣
∫
Rn

∇fdμ

∣∣∣∣
2

.(4.2)

Therefore the first eigenfunction has a “preferred direction”, i.e.,

(4.3)

∣∣∣∣
∫
Rn

∇fdμ

∣∣∣∣
2

≥ t.

We remark that in the general case, under log-concavity assumptions it is known
that

∫
Rn ∇fdμ �= 0, see [49], and this leads to a bound on the dimension of the

first eigenspace. The lower bound (4.3) is a quantitative version, relying on the
assumption of a uniform lower bound on the log-concavity. Using that the ith
coordinate of ∇f is ∇f · ∇xi and integrating by parts we have∫

Rn

∇fdμ = −
∫
Rn

(Lf)xdμ = λ

∫
Rn

fxdμ

Since
∫
fdμ = 0, by Cauchy–Schwartz, for some θ ∈ Sn−1,∣∣∣∣

∫
Rn

∇fdμ

∣∣∣∣ =
∫
Rn

〈∇f, θ〉dμ = λ

∫
Rn

f(x)〈x, θ〉μ(dx)

≤ λ‖f‖L2(μ) ·
√
Cov(μ)θ · θ ≤ λ‖Cov(μ)‖op.

This expression is at least t, and the theorem follows. �

Since ‖Cov(μ)‖op ≤ CP (μ), we deduce from Theorem 4.3 that

(4.4) CP (μ) ≤
1

t
.

Inequality (4.4) is sometimes referred to as the log-concave Lichnerowicz inequality.
Therefore the bound in Theorem 4.3 is a geometric average of the Lichnerowicz
bound and the conjectural KLS bound.
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The Bochner identity has quite a few additional applications in the study of
log-concave measures, beyond the improved log-concave Lichnerowicz inequality.
Especially if one introduces the semigroup (etL)t≥0 associated with the operator
L (see, e.g., Ledoux [58]), as we saw in Section 2.2. Yet even simple integrations
by parts and duality arguments based on the Bochner identity lead to non-trivial
conclusions. One example is the Brascamp–Lieb inequality [24] from the 1970s.

Theorem 4.4 (Brascamp and Lieb). For any C1-smooth f ∈ L2(μ),

Varμ(f) ≤
∫
Rn

(
∇2ψ

)−1 ∇f · ∇f μ(dx),

where Varμ(f) =
∫
Rn(f − E)2 μ(dx), and E =

∫
Rn fdμ.

Proof. We will only prove this inequality for regular, log-concave measures, though
it holds true under weaker regularity assumptions. The space of all μ-tempered
functions is denoted by Fμ. It is clearly a dense subspace of L2(μ) and in fact its
image under L is dense in

ϕ⊥
0 =

{
g ∈ L2(μ) ;

∫
Rn

gdμ = 0

}
.

Indeed, the image contains all finite linear combinations of all eigenfunctions ϕ1,
ϕ2, . . . (without ϕ0) which is dense in H. Assume

∫
f dμ = 0, ε > 0 and pick

u ∈ Fμ such that

‖Lu− f‖L2(μ) < ε.

Then,

Varμ(f) = ‖f‖2L2(μ) = ‖Lu− f‖2L2(μ) + 2

∫
fLu dμ−

∫
(Lu)2 dμ

≤ ε2 − 2

∫
∇f · ∇u dμ−

∫
(∇2ψ)∇u · ∇u dμ

≤ ε2 +

∫
(∇2ψ)−1∇f · ∇f dμ,

where we have used the fact that∫
(Lu)2 dμ ≥

∫
(∇2ψ)∇u · ∇u dμ,

which follows from Bochner’s formula and

−2x · y −Ax · x ≤ A−1y · y ⇐⇒ |
√
Ax+

√
A−1y|2 ≥ 0.

The desired inequality follows by letting ε tend to zero. �

Remark 4.5. The Brascamp–Lieb inequality is an infinitesimal version of the Pré-
kopa–Leindler inequality. Suppose that f0, f1 : Rn → [0,∞) are integrable, log-
concave functions and

ft(x) = sup
x=(1−t)y+yz

f0(y)
1−tf1(z)

t.

The Prékopa–Leindler inequality implies that log
∫
Rn ft is concave in t. The second

derivative in t is nonnegative, and this actually amounts to the Brascamp–Lieb
inequality. Thus the Brascamp–Lieb inequality is yet another incarnation of the
Brunn–Minkowski inequality.
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We say that a function ψ on the orthant Rn
+ is p-convex if ψ(x

1/p
1 , . . . , x

1/p
n ) is a

convex function of (x1, . . . , xn) ∈ Rn
+.

Corollary 4.6. Let μ be a probability measure in the orthant Rn
+, set e

−ψ = dμ/dx
and assume that ψ is p-convex for p = 1/2. Then for any C1-smooth function
f ∈ L2(μ),

Varμ(f) ≤ 4

∫
Rn

n∑
i=1

x2
i |∂if |2 μ(dx).

For general p > 1, replace the coefficient 4 by p2/(p− 1).

Proof. Change variables and use the Brascamp–Lieb inequality. Denote dμ
dx = e−ψ.

Then for
π(x1, · · · , xn) = (x2

1, · · · , x2
n),

the function ψ(π(x)) is convex. Set

ϕ(x) = ψ(π(x))−
n∑

i=1

log(2xi).

Then π−1 pushes-forward μ to the measure with density e−ϕ. Moreover,

∇2ϕ(x) ≥ ∇2

(
−

n∑
i=1

log(2xi)

)
=

⎛
⎜⎜⎜⎜⎝

1
x2
1

0 · · · 0

0 1
x2
2

· · · 0

...
...

. . .
...

0 0 · · · 1
x2
n

⎞
⎟⎟⎟⎟⎠ > 0,

and therefore

(
∇2ϕ(x)

)−1 ≤

⎛
⎜⎜⎜⎝
x2
1 0 · · · 0
0 x2

2 · · · 0
...

...
. . .

...
0 0 · · · x2

n

⎞
⎟⎟⎟⎠ .

Set g(x) = f(π(x)). By the Brascamp–Lieb inequality,

Vare−ϕ(g) ≤
∫
Rn

+

[(
∇2ϕ

)−1 ∇g · ∇g
]
e−ϕ(x) dx ≤

∫
Rn

+

n∑
i=1

x2
i |∂ig(x)|2e−ϕ(x) dx.

The corollary follows since

Vare−ϕ(g) = Vare−ψ (f).

and since when y = π(x) = (x2
1, · · · , x2

n) we have

xi∂ig(x) = 2yi∂if(y). �
Exercise 4.7. If ψ : Rn

+ → R is convex and increasing in all of the coordinate
directions, then ψ is p-convex for p = 1/2, i.e., ψ(x2

1, . . . , x
2
n) is convex in the

orthant.

A function ψ : Rn → R is invariant under coordinate reflections (a.k.a. uncon-
ditional) if

ψ(x1, . . . , xn) = ψ(|x1|, . . . , |xn|) for all x ∈ Rn.

If ψ is moreover convex, then ψ|Rn
+
is increasing in all coordinate directions. Simi-

larly, a random vector is called unconditional if its law is invariant under reflection
by coordinate hyperplanes. When the vector has a density this amounts to saying
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the density is unconditional in the above sense. The following thin-shell bound is
from [49].

Corollary 4.8. Suppose that X is a random vector that is log-concave, isotropic,
and unconditional in Rn. Then,

Var(|X|2) ≤ Cn.

Proof. According to the exercise the density of X is of the form e−ψ, where ψ is
p-convex for p = 1/2. Corollary 4.6 applies and we get

Var(|X|2) ≤ 4

n∑
i=1

EX2
i (2Xi)

2 = 16

n∑
i=1

EX4
i �

n∑
i=1

(EX2
i )

2 = n.

where we used reverse Hölder inequalities in the last passage. �

It should be noted that the result is optimal, in the sense that there exist uncon-
ditional isotropic log-concave random vectors X for which Var(|X|2) is of order n,
see the exercise below. We also remark that as of October 2024, the state of affairs
is that the KLS conjecture is still open already in the particular case of uncondi-
tional convex bodies. A logarithmic bound for the Poincaré constant in this case is
known for years, see [49], and it is subsumed by recent bounds for the general case.

Exercise 4.9. If X is a standard Gaussian vector in Rn,

Var(|X|2) = 2n.

5. Gaussian localization

In Section 4 we discussed localization of a log-concave measure into needles,
one-dimensional segments. We proceed by discussing Gaussian localization, de-
composing the given measure into a mixture of measures, each of which involves
multiplying the given measure by a Gaussian. The Gaussians bring with them a
wealth of connections and elegant formulae, as we see below. The method was in-
vented by Ronen Eldan [35] and it is coined Eldan’s Stochastic Localization. We first
present a rather degenerate case of Eldan’s method, in which the time parameter
is somewhat fixed, so that the method does not require stochastic processes.

Let Z be a standard Gaussian random vector in Rn, of mean zero and identity
covariance matrix Id. Recall that for s > 0 we write γs for the density of

√
s · Z.

Let X be a log-concave random vector in Rn independent of Z, with density ρ. For
s ≥ 0 consider the random vector

Ys = X +
√
sZ

whose density is ρ ∗ γs.
One could think of (Ys) as a process parameterized by s, perhaps as a Brownian

motion starting at the initial distribution of X. This point of view, with the time
reversal t = 1/s, is emphasized in Section 6. In the present lecture do not consider
a stochastic process parameterized by s, and view s > 0 as a parameter whose value
will be fixed later on. One of the simplest examples of Gaussian localization of the
probability density ρ is given by the following.

Proposition 5.1. Fix s > 0. For each y ∈ Rn, consider the probability density

ρs,y(x) =
ρ(x)γs(x− y)

ρ ∗ γs(y)
,
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which we view as a localized “Gaussian needle” or “Gaussian piece” relative to ρ.
Then the original density ρ is a certain average of these Gaussian needles:

ρ = Eρs,Ys
.

One says that this is a disintegration of ρ into the localized Gaussian pieces

(ρs,y)y∈Rn .

Proof. The joint density of (X,Ys) in Rn × Rn is

(x, y) �→ ρ(x)γs(y − x).

The family of densities ρs,y give us the conditional distribution of X with respect
to Ys. That is, for any test function f(x, y),∫

Rn

∫
Rn

f(x, y)ρ(x)γs(y − x)dxdy =

∫
Rn

[∫
Rn

f(x, y)ρs,y(x)dx

]
ρ ∗ γs(y)dy

In particular, if the function f(x, y) depends only on x, we get∫
Rn

fρ =

∫
Rn

[∫
Rn

fρs,y

]
ρ ∗ γs(y)dy = E

∫
Rn

fρs,Ys
. �

From the proof of Proposition 5.1 we see that the densities ρs,y give us the con-
ditional distribution of X with respect to Ys. The conditional expectation operator
is denoted by

Qsf(y) =

∫
Rn

fρs,y,

whenever the integral converges. Thus

Qsf(Ys) = E [f(X)|Ys] .

Assume that the original density ρ is log-concave. Then each of the elements
ρs,y in the decomposition is more log-concave than the Gaussian γs. We have thus
expressed our log-concave density as a mixture of measures that are uniformly log-
concave. This decomposition is determined by the choice of the parameter s > 0.

The critical value of s turns out to be s ∼ CP (X). Roughly speaking, for
much smaller values of s, we decompose into highly localized measures, maybe even
resembling Dirac masses. For much larger values of s the decomposition is trivial
for another reason: the localized pieces resemble the original measure. Abbreviate

ρs = ρs,Ys
,

a random probability density. Recall that Eρs = ρ by Proposition 5.1. As usual,
for a function f on Rn we write

Varρs
(f) =

∫
Rn

f2ρs −
(∫

Rn

fρs

)2

,

provided that the integrals converge. Similarly, we also write Varρ(f) = Varf(X).
Then by the law of total variance,

(5.1) Varf(X) = EVar(f(X)|Ys)+Var(E(f(X)|Ys)) = EVarρs
(f)+Var(Qsf(Ys)).

When s � CP (X), it is the first summand that is dominant.
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Lemma 5.2. Assume that X is log-concave. For any s > 0 and a function f on
Rn with Ef2(X) < ∞,

EVarρs
(f) ≤ Varρ(f) ≤

(
2 +

CP (X)

s

)
EVarρs

(f).

Proof. We need to show that VarQsf(Ys) is not much larger than EVarρs
(f). To

this end, we will use the Poincaré inequality for the random vector Ys. By the
subadditivity property of the Poincaré constant (see exercise 1.4

CP (Ys) = CP (X +
√
sZ) ≤ CP (X) + CP (

√
sZ) = CP (X) + s.

Hence
Var(Qsf(Ys)) ≤ (CP (X) + s) · E|∇Qsf(Ys)|2.

Recall that

Qsf(y) =

∫
Rn

ρs,y(x)f(x)dx =

∫
Rn

ρ(x)γs(x− y)

ρ ∗ γs(y)
f(x)dx.

Differentiating a Gaussian is easy, we have ∇γs(x) = −γs(x) · x/s. It follows that

∇Qsf(y) =

∫
Rn

x− as
s

ρs,y(x)f(x)dx,

where as = as,y =
∫
Rn xρs,y(x)dx is the barycenter of the local measure ρs,y. Write

As = As,y = Cov(ρs,y). By the Cauchy–Schwartz inequality, for θ ∈ Sn−1,

∇Qsf(y) · θ =

∫
Rn

(x− as) · θ
s

ρs,y(x)f(x)dx

≤ 1

s

√∫
Rn

|(x− as) · θ|2 ρs,y(x)dx
√
Varρs,y

(f)

≤ 1

s

√
‖As‖op ·

√
Varρs,y

(f).

Then by taking the supremum over θ ∈ Sn−1,

Var(Qsf(Ys)) ≤
CP (X) + s

s2
· E (‖As‖opVarρs

(f)) .

However, the random probability density ρs is always more log-concave than the
Gaussian γs, and hence As ≤ s · Id. Consequently,

Var(Qsf(Ys)) ≤
CP (X) + s

s
· EVarρs

(f).

This, together with (5.1), proves the proposition. �

To summarize, for s � CP (μ), the local measure ρs is typically close enough
to the original measure, so the variance of any fixed function with respect to ρ is
roughly the averaged variance with respect to ρs.

Remark 1. By differentiating with respect to s, one may improve upon Proposition
5.2 in two respects. First, it turns out that log-concavity is actually not needed in
Proposition 5.2. It is proven in Klartag and Ordentlich [55] that for any random
vector X and a function f with Ef2(X) < ∞,

(5.2) Varρ(f) ≤
(
1 +

CP (X)

s

)
EVarρs

(f).
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This is a better bound than that of Lemma 5.2.

Corollary 5.3. For any s > 0, setting α = s/CP (X),

CP (X) ≤ C

(
1 +

1

α

)
· ECP (ρs),

where C > 0 is a universal constant.

Proof. Let f : Rn → R be a 1-Lipschitz function with

Varμ(f) ≥ c · CP (X),

whose existence in guaranteed by Corollary 2.14 due to E. Milman. By Proposition
5.2 and the Poincaré inequality,

Varμ(f) ≤
(
2 +

1

α

)
EVarρs

(f)

≤
(
2 +

1

α

)
E

(
CP (ρs) ·

∫
Rn

|∇f |2ρs
)

≤
(
2 +

1

α

)
ECP (ρs). �

Thus, in order to bound the Poincaré constant of X, we may apply Gaussian
localization with s � CP (μ) and try to bound the Poincaré constant of ρs. An
advantage of ρs over ρ is that ρs is more log-concave than the Gaussian γs. Hence,
by the improved log-concave Lichnerowicz inequality, which is Theorem 4.3,

CP (ρs) ≤
√
s · ‖As‖op

where we recall that As = Cov(ρs). Therefore, Corollary 5.3 leads to another
corollary.

Corollary 5.4. For any s > 0,

CP (X) ≤ C

(
1 +

CP (X)

s

)
·
√
E‖As‖op · s.

What do we know about E‖As‖op? Assume from now on that X is log-concave
and isotropic, so for large s > 0 we might expect As to be roughly Cov(X) = Id.
However, the operator norm involves a supremum, and this complicates matters.
The evolution of the operator norm of the covariance matrix is analyzed in great
detail in Section 7 using stochastic processes and computations involving 3-tensors,
leading to the following estimate.

Theorem 5.5. Define

s0 = min{s > 0 ; ∀r > s, E‖Ar‖op ≤ 5}.
Then,

(5.3) s0 ≤ C log2(n+ 1)

where C > 0 is a universal constant. This bound utilizes the improved Lich-
nerowicz inequality, proven only recently. A slightly older bound that suffices here
(e.g., [54]) is

s0 ≤ C log(n+ 1) · supCP (μ)
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where the supremum runs over all isotropic, log-concave probability measures μ
on Rn.

Moreover, s0 ≥ c log n in some examples, in particular when 1 +X1, . . . , 1 +Xn

are i.i.d. exponential random variables with parameter 1.

One could conjecture that stochastic processes and pathwise analysis of are not
essential for the proof of Theorem 5.5, and that an analytic proof is possible to find.
There are other applications of stochastic localization which seem to rely heavily on
pathwise analysis (e.g., the complex waist inequalities in [51]). By using Theorem
5.5 and Corollary 5.4 with s = C log2(n+1) we thus arrive at the following corollary.

Corollary 5.6 (“Best known bound for KLS”). For any isotropic, log-concave
random vector X in Rn,

(5.4) CP (X) ≤ C log(n+ 1)

where C > 0 is a universal constant.

Proof. We have

CP (X) ≤ C

(
1 +

CP (X)

log2(n+ 1)

)
·
√
log2(n+ 1),

which implies (5.4). �

6. A dynamic perspective on Gaussian localization

Formally, when s tends to ∞, the variable X +
√
sG becomes independent of X,

so the conditional law of X given X +
√
sG tends to the law of X. In this section

we will study the dynamic of this measure-valued process as time s evolves.

6.1. The Eldan equation. The process solves a certain stochastic differential
equation which was first considered by Eldan and which we present now. We are
given a probability measure on Rn, and a standard Brownian motion (Wt) on Rn.
We consider the following infinite system of SDE whose unknown is the family (pt)
of functions from Rn to R+:{

p0(x) = 1

dpt(x) = pt(x) (x− at) · dWt,

where at is the barycenter pt(x)μ(dx), namely

at =

∫
Rn x · pt(x)μ(dx)∫
Rn pt(x)μ(dx)

.

Note that we have only one Brownian motion (Wt) which is used for every x.
Actually, in Eldan’s original paper [35] the equation is slightly more intricate than
that. Here we consider the simplified version that was introduced by Lee and
Vempala [61].

Since we have an equation for each x and they are all coupled together by the
condition on the barycenter, it is not at all clear that such a process should actually
exists. Let us leave that matter aside for now, we will come back to that later on.
Let us also take for granted the fact that pt(x) > 0 for all t, almost surely. The
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barycenter condition then ensures that the total mass of pt dμ remains constant.
Indeed, at least formally we have

d

∫
Rn

pt(x)μ(dx) =

∫
Rn

dpt(x)μ(dx) =

(∫
Rn

(x− at)pt(x)μ(dx)

)
· dWt,

which is 0 by definition of at. Therefore, pt dμ is a random probability measure for
all time, and we call that measure μt from now on. The second feature is that pt(x)
is a martingale for all x. In particular Ept(x) = p0(x) = 1 for all x. Therefore the
random measure μt equals μ on average

Eμt = μ.

The third observation is that the equation

dpt(x) = pt(x)(x− at) · dWt

can be solved explicitly. Indeed, applying Itô’s formula to log pt(x) we get

d log pt(x) = (x− at) · dWt −
1

2
|x− at|2 dt,

hence

pt(x) = exp

(∫ t

0

(x− as) · dWs −
1

2

∫ t

0

|x− as|2 ds
)

= exp

(
ct + x · θt −

t

2
|x|2
)
,

where (ct) and (θt) are certain random processes not depending on x. This shows
that the density pt of μt with respect to μ is just a certain Gaussian factor. The
linear term and the normalizing constant are random but the quadratic term is
deterministic, equal to t

2 |x|2. As a result if the original measure was log-concave
then the measure μt is t-uniformly log-concave, almost surely. The process becomes
more and more peaked as t grows. For this reason Eldan coined the name stochastic
localization process. It allows us to write a log-concave measure as a mixture of
t-uniformly log-concave measures. Moreover this mixture is constructed by solving
a certain stochastic differential equation, so that its behavior over time can be
somehow controlled using Itô’s formula.

6.2. Proper construction of a solution. We will now give a rigorous construc-
tion of the stochastic localization process. As we said earlier, this process was
introduced by Eldan [35] (a variant of it actually), and it was used in a number
of subsequent works [32, 54, 61]. The construction that we give here is somewhat
original, but very much inspired by Klartag and Putterman [56].

Start with a standard n-dimensional Brownian motion (θt) defined on some prob-
ability space (Ω,F ,P) equipped with a filtration (Ft). This is an odd name for a
Brownian motion, you will see the reason for this choice shortly. Observe that for
every fixed x ∈ Rn, the process (Et) given by

Et = exp

(
x · θt −

t

2
|x|2
)

is a martingale. Indeed, since the Brownian motion has independent and stationary
increments, for every s ≤ t, the ratio Et/Es is independent of whatever happens
before times s and has expectation 1. Using Fubini, we deduce that given a test
function f , the process (Nt) given by

(6.1) Nt =

∫
Rn

f(x) · exp
(
x · θt −

t

2
|x|2
)

μ(dx)
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is also a martingale. In particular, its expectation is what we have at time 0, namely∫
Rn f dμ. Let μt be the random probability measure on Rn given by

(6.2) μt(dx) =
1

Dt
exp

(
x · θt −

t

2
|x|2
)

μ(dx),

where Dt is the normalization constant, namely

(6.3) Dt =

∫
Rn

exp

(
x · θt −

t

2
|x|2
)

μ(dx).

We can then rewrite Nt as

(6.4) Nt = Dt ·
∫
Rn

f(x) dμt.

We will interpret the normalizing factor Dt as a change in the probability space.
Fix a large but finite time horizon T . Since the process (Dt)t≤T is a positive

martingale with expectation 1, we can define a new probability measure Q on (Ω,F)
by saying that Q has density DT with respect to P. Then it is easy to see that a
process (Xt) defined on [0, T ] is a Q-martingale if and only if the process (XtDt)
is a P-martingale. Recall that the process (Nt) given by (6.1) was a P-martingale.
In view of (6.4) we thus the following.

Fact 6.1. For any test function f , the process (Mt) given by Mt =
∫
Rn f dμt is a

Q-martingale.

Getting an Itô equation for this process is a little more involved. It relies on the
Girsanov change of measure formula which we spell out now.

Proposition 6.2 (Girsanov change of measure). If X is a P-local martingale on

[0, T ] then the process X̃ given by

X̃t = Xt −
∫ t

0

d〈X,D〉s
Ds

is a Q-local martingale on [0, T ]. Moreover, X̃ and X have the same quadratic

variation. In particular if X is a P-Brownian motion on [0, T ] then X̃ is a Q-
Brownian motion on [0, T ].

Remark 6.3. The bracket denotes the quadratic covariation of continuous semi-
martingales. Note that the quadratic variation under P is the same as the quadratic
variation under Q. Indeed, quadratic variation is defined as the limit in probability
of sums of squared increments along partitions of the interval whose mesh sizes tend
to 0. This is easily seen to be left unchanged by an absolutely continuous change
of probability measure.

Remark 6.4. In the statement, the process X is R-valued but the result also works
for vector valued martingales by applying it to each coordinate.

Proof. This is a very standard tool in stochastic calculus, we only give a very brief
sketch of proof and refer to [74, Section IV.38] for more details. This amounts to

proving that X̃D is a P-martingale. But, from Itô’s integration by parts formula
we get

d(X̃D) = (dX̃)D + X̃(dD) + d〈X̃,D〉
= (dX)D − d〈X,D〉+ X̃(dD) + d〈X,D〉.
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The quadratic covariation of X and D thus cancels out and we are left with mar-
tingale increments only. �

Coming back to our situation, we see that the change of measure is of the form

(6.5) Dt = exp(φ(t, θt))

where φ : R+ × Rn → R is the function given by

(6.6) φ(t, θ) = log

(∫
Rn

exp

(
〈x, θ〉 − t

2
|x|2
)

μ(dx)

)
.

This is not quite essential but let us assume for simplicity that ex·θ is μ-integrable
for all θ ∈ Rn in which case φ is smooth on [0,∞)×Rn. From Itô’s formula we get

dDt = Dt ∇φ(t, θt) · dθt.
Here and in the sequel, ∇ and Δ always mean gradient and Laplacian with respect
to the space variable. The derivative with respect to the time variable will be
denoted ∂t. Then from Gisanov, we see that the process (Wt) given by

dWt = dθt −
d〈θt, Dt〉

Dt

= dθt −∇φ(t, θt) dt

is a Q-Brownian motion. We rewrite this equation as

(6.7) dθt = dWt +∇φ(t, θt) dt.

We are now in a position to prove the following.

Fact 6.5. The Itô derivative of the Q-martingale Mt =
∫
Rn f dμt is given by

dMt =

(∫
Rn

f(x)(x− at) dμt

)
· dWt,

where at =
∫
Rn x dμt is the barycenter of μt.

Proof. First of all, by differentiating (6.6) under the integral sign, we obtain

∇φ(t, θt) = at.

We see Mt =
∫
f dμt as a function of t and θt, denoted F (t, θt). By Itô’s formula

and (6.7), we have

dMt = ∇F (t, θt) · (dWt +∇φ(t, θt) dt) +
1

2
ΔF (t, θt) dt+ ∂tF (t, θt) dt.

The gradient of F is

∇F (t, θt) =

∫
Rn

f(x)(x− at) dμt.

Moreover, since we have seen above that (F (t, θt)) is a martingale for some filtration
for which (Wt) is also a martingale it must be the case that the dt part above cancels
out. It can indeed be checked that F satisfies the following PDE

∂tF = −∇F · ∇φ− 1

2
ΔF.

This concludes the proof of the fact. �
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Remark 6.6. Strictly speaking, this only gives a construction of the process (μt) on
a bounded time interval [0, T ]. This will be sufficient for our needs but let us note
that one could extend this construction to the whole half-line by some abstract
argument à la Carathéodory. Beware, though, that the change of measure is only
absolutely continuous when we restrict our processes to a bounded time interval.

As a byproduct of this construction we obtain a simple description of the law
of the process (θt). This observation is not present in the works of Eldan, Lee
and Vempala, and Chen. Its first explicit mention is in the paper of Klartag and
Putterman.

Proposition 6.7. The process (θt) has the same law as the process (tX + Wt),
where (Wt) is a standard Brownian motion, and X is a random vector having law
μ independent of (Wt).

Proof. Recall that we only work on some finite time interval [0, T ]. The process
(θt) is a Wiener process perturbed by some absolutely continuous change of prob-
ability measure: dQ = DT dP. From the equation (6.5), we see that this can be
reformulated as follows: The law of the process (θt) is absolutely continuous with
respect to the Wiener measure, with density w �→ eφ(T,wT ).
Now set ηt = tX +Wt for every t ≤ T . Conditionally on the vector X, the process
(ηt) is just a Brownian motion plus a constant speed deterministic drift. As a result
its law is explicit, given by a very basic version of the Cameron–Martin formula;
see, for instance, [74, Section 40]. For any test function H we have

E(H(η) | X) = E

(
H(W ) · eX·WT−T

2 |X|2 | X
)
.

Taking expectation again, and using Fubini and the definition (6.6) of φ, we obtain

EH(η) = EH(W ) · eφ(T,WT ).

Therefore, the law of (ηt) also has density w �→ eφ(T,wT ) with respect to the Wiener
measure. �

Let us illustrate this result with a simple example where we can compute every-
thing explicitly.

Example 6.8. In dimension 1, take μ to be the standard Gaussian measure. In
that case we have an explicit formula for φ, namely

φ(t, θ) =
θ2

2(1 + t)
− 1

2
log(1 + t),

which gives ∇φ(t, θ) = θ
1+t . The equation for the tilt process (θt) is thus

dθt = dWt +
θt

1 + t
dt,

which can be solved explicitly:

θt = (1 + t)

∫ t

0

dWs

1 + s
.

According to our theorem this should have the same law as the process (ηt) given
by ηt = Wt + tX, where X is a standard Gaussian variable independent of (Wt).
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Of course, this can be checked directly in this case. Indeed, both processes clearly
are centered Gaussian processes and the two covariance structures coincide, since

Eθsθt = Eηsηt = st+ s ∧ t.

for every s, t > 0. We leave this computation as an exercise.

6.3. Time reversal. We will now clarify the link between the stochastic localiza-
tion of Eldan and the Gaussian localization of Section 5. Recall the definition (6.2)
of μt. Letting ρ be the density of μ with respect to the Lebesgue measure we can
reformulate this definition as

(6.8)

∫
Rn

f dμt =

∫
Rn f(x)ρ(x) exp

(
θt · x− t|x|2/2

)
dx∫

Rn ρ(x) exp (θt · x− t|x|2/2) dx ,

for any test function f . Let us introduce the heat semigroup

Ptf(x) = Ef(x+Bt) = f ∗ gt

where gt(x) = (2πt)−n/2e−|x|2/2t is the density of the Gaussian measure with mean
0 and covariance matrix t·Id. Warning: from now on (Pt) will denote the heat semi-
group, and not the Langevin semigroup associated to μ from Section 2.2. Then (6.8)
rewrites as ∫

Rn

f dμt =
P1/t(fρ)

P1/tρ

(
θt
t

)
.

Now set s = 1/t. By Proposition 6.7 we have the following equality in law

θt
t
=

tX +Bt

t
= X + sB1/s.

Since B̃s := sB1/s is again a standard Brownian motion (this is the time reversal
property of the Brownian motion) we obtain the following: Up to the time reversal
t = 1/s, the process (

∫
f dμt)t≥0 has the same distribution as (Qsf(X + Bs))s≥0,

where Qs is the operator defined by

Qsf =
Ps(fρ)

Psρ
.

Moreover, using the fact that the heat semigroup is self-adjoint in L2(dx) it is easy
to see that

Qsf(X +Bs) = E[f(X) | X +Bs].

Putting everything together we see that the stochastic localization process (μt)
initiated from μ has the same law as the measure-valued process obtained by looking
at the conditional law of X given X+Bs and then reversing time by setting t = 1/s.
In particular if we take a snapshot at some fixed time s = 1/t, then for every test
function f the variable

∫
Rn f dμt has the same law as E(f(X) | X +

√
sG) where G

is a standard Gaussian vector independent of X.

Remark 6.9. It is clear from this description that this process was looked at in
many other contexts. Apparently it is an important tool in filtering theory, and it
is also very much related to what Bauerschmidt, Bodineau, and Dagallier [10] call
the Polcinski equation, which is used in their recent series of works on log-Sobolev
inequalities for various particles systems.
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7. Estimates for the conditional covariance

Our main task in this section is to prove Theorem 5.5, which we reformulate
here for convenience.

Theorem 7.1. Let X be log-concave and isotropic, i.e., EX = 0 and Cov(X) = Id,
and let G be a standard Gaussian vector independent of X, then

E‖Cov(X | X +
√
sG)‖op � 1

for every s such that (log n)2 � s.

Recall that � means up to a universal multiplicative constant (here a factor 10
is probably OK). Also the norm is the operator norm, which is also the maximal
eigenvalue.

We shall derive this by combining arguments from Eldan [35]; Lee and Vem-
pala [61]; Chen [32]; and Klartag and Lehec [54], with the improved Lichnerowicz
inequality from Section 4. Actually, the improved Lichnerowicz allows us to bypass
many ideas of the aforementioned papers.

Recall also that we have seen in Section 5 that the improved Lichnerowicz allows
to show that if X is log-concave and if

E‖Cov(X | X +
√
s ·G)‖op � 1,

for all s ≥ s0 then CP (X) � √
s0. So the theorem indeed yields

CP (X) � log n,

which is the current best bound for the Poincaré constant of an isotropic log-concave
random vector.

To prove the theorem we will reverse time and rewrite everything in terms of the
stochastic localization process (μt) associated to μ. We thus rephrase Theorem 7.1
as follows.

Theorem 7.2. Suppose μ is a log-concave and isotropic probability measure on Rn

and let (μt) be the stochastic localization process initiated at μ. Then

E‖Cov(μt)‖op � 1

for all t ≤ c · (logn)−2, where c > 0 is a universal constant.

The point of this time reversal is that we can now control everything using Itô’s
formula and some convexity inequalities. The proof of the theorem requires some
preliminaries. There will be a number of them, but taken individually, each of these
is pretty easy.

7.1. The equation for the covariance. As we saw in Section 6, for any test
function f the martingale Mt =

∫
Rn f dμt satisfies

dMt =

(∫
Rn

f(x)(x− at) dμt

)
· dWt,

where (Wt) is some standard Brownian motion. This obviously extends to vector
valued functions. If F : Rn → Rk is a vector valued function that grows fairly
reasonably at infinity then the process (Mt) given by

Mt =

∫
Rn

F dμt
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is a martingale, and moreover,

dMt =

(∫
Rn

F (x)⊗ (x− at) dμt

)
· dWt.

A bit more explicitly, writing xi for the ith coordinate of a vector x ∈ Rn we have

(7.1) dMt =

n∑
i=1

(∫
Rn

F (x)(x− at)i dμt

)
dWt,i.

Lemma 7.3. Let at and At be the barycenter and covariance matrix of μt, respec-
tively. Then

dat = AtdWt

dAt =
n∑

i=1

(∫
Rn

(x− at)
⊗2 (x− at)i dμt

)
dWt,i −A2

t dt.

This is obtained by applying (7.1) to the tensors F (x) = x and F (x) = x ⊗ x
and then rearranging the terms appropriately. The details are left as an exercise.

This shows that the stochastic localization process has some moment generating
property. The derivative for the barycenter is expressed in terms of the covariance,
and the derivative for the covariance depends on 3-tensors.

7.2. Some matrix inequalities.

Lemma 7.4. Suppose K,H are symmetric matrices, and K is positive semi-
definite. Then for every positive α, β we have

Tr(KαHKβH) ≤ Tr(Kα+βH2).

Proof. Let K =
∑

λixi ⊗ xi be the spectral decomposition of K. Then

Tr(KαHKβH) =
∑
ij

λα
i λ

β
j 〈Hxi, xj〉2

≤
∑
ij

λα+β
i 〈Hxi, xj〉2

=
∑
i

λα+β
i |Hxi|2

=
∑
i

λα+β
i 〈H2xi, xi〉 = Tr(Kα+βH2).

The only inequality in the above display follows from Young’s inequality

λα
i λ

β
j ≤ α

α+ β
λα+β
i +

β

α+ β
λα+β
j ,

and the fact that the expression 〈Hxi, xj〉2 is symmetric in i and j. �

Corollary 7.5. Let φ be the map defined on the space Sn(R) of symmetric matrices
by φ(A) = Tr eA. Then for every symmetric matrices A,H we have

∇2φ(A)(H,H) ≤ ∇φ(A) ·H2 = Tr(eAH2),

where ∇2φ(A) stands for the Hessian matrix at A, viewed as a bilinear form on
Sn(R).
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Proof. Assume first that the matrix A is positive. Then by the previous lemma we
have

∇2φ(A)(H,H) =
∑
k≥1

1

k!

k−1∑
l=0

Tr(AlHAk−1−lH)

≤
∑
k≥1

1

k!
· k · Tr(Ak−1H2) = Tr(eAH2),

which is the desired inequality. This argument does not work if A has some negative
eigenvalues, but observe that the function φ has the property that

φ(A+ t · Id) = etφ(A).

By differentiating this equality with respect to A we see also ∇φ and ∇2φ satisfy
the same equation, which means that adding a multiple of identity to A does not
perturb the desired inequality. Therefore it is enough to prove it for positive A. �

7.3. Inequalities for 3-tensors. Recall the equation for At

dAt =

n∑
i=1

Hi,tdWi −A2
t dt,

where

Hi,t =

∫
Rn

(x− at)
⊗2(x− at)i dμt.

Recall that at is the barycenter of μt. So the matrix Hi,t is of the form EXiX
⊗2

for some random vector with mean 0. We need to control such quantities. This is
the purpose of the next two lemmas.

Lemma 7.6. Let X be a centered log-concave vector. Then

sup
u∈Sn−1

{‖E(X · u)X⊗2‖op} � ‖Cov(X)‖3/2op .

Proof. Let u, v be unit vector and let Hu = E(X · u)X⊗2. By Cauchy–Scwharz,

Huv · v = E(X · u)(X · v)2 ≤ (E(X · u)2)1/2(E(X · v)4)1/2.
Now we use log-concavity. The variable X · v is a log-concave random variable
centered at 0. We saw in Section 1 that moments of 1D log-concave measures
satisfy a reverse Hölder inequality. In particular, the fourth moment and second
moment squared are of the same order. Thus we get

Huv · v ≤ C(E(X · u)2)1/2E(X · v)2 ≤ C‖Cov(X)‖3/2op .

Taking the supremum in both u and v yields the result. �

Lemma 7.7. Let X be a centered random vector satisfying the Poincaré inequality.
Then

‖
n∑

i=1

(EXiX
⊗2)2‖op ≤ 4CP (X) · ‖Cov(X)‖2op.

Proof. Recall the definition of Hu. When u is a coordinate vector ei we write Hi

rather than Hei . We need to show that for every unit vector u
n∑

i=1

H2
i u · u ≤ 4CP (X) · ‖Cov(X)‖2op.
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An elementary computation shows that
∑

H2
i u ·u = Tr(H2

u). Moreover, since X is
centered, we get from Cauchy–Schwarz and the Poincaré inequality

TrH2
u = E(X · u)(HuX ·X)

≤ (E(X · u)2)1/2 · (Var(HuX ·X))1/2

≤ (E(X · u)2)1/2 · (4CP (X)E|HuX|2)1/2

= (Cov(X)u · u)1/2 · (4CP (X)Tr(H2
uCov(X)))1/2

≤ ‖Cov(X)‖op · (4CP (X)Tr(H2
u))

1/2.

Thus TrH2
u ≤ 4CP (X)‖Cov(X)‖2op, which is the result. �

Remark 7.8. We only applied Poincaré to a quadratic form, so in a sense we only
need a weak notion of Poincaré here. This observation will not be needed in the
subsequent analysis but it was crucial in the original work of Eldan.

7.4. Freedman’s inequality. Lastly, we need a relatively classical deviation in-
equality for martingales, which is usually attributed to Freedman [39].

Lemma 7.9. Let (Mt)t≥0 be a continuous local martingale satisfying M0 = 0.
Then for every positive u and σ2 we have

P(∃t > 0: Mt ≥ u and 〈M〉t ≤ σ2) ≤ e−u2/2σ2

.

Proof. We only sketch the argument and leave the details as an exercise. Start by
proving the following statement: If (Zt) is a square integrable martingale satisfying
〈Z〉t ≤ σ2 for all t > 0 and almost surely, then Z∞ = limt→+∞ Zt exists and
satisfies

P(Z∞ ≥ u) ≤ e−u2/2σ2

for all u > 0. Coming back to Freedman’s inequality, introduce the stopping time

τ = inf{t > 0: 〈M〉t > σ2}
and apply the above statement to the martingale (Mt) stopped at time τ . �

7.5. The bound on the covariance matrix.

Theorem 7.10. Suppose μ is log-concave and isotropic on Rn, and let (At) be the
covariance process of the stochastic localization associated to μ. Then

P (∃s ≤ t : ‖As‖op ≥ 2) ≤ exp

(
− 1

Ct

)
, ∀t ≤ 1

C log2 n
.

Remark 7.11. We will see later on that this bound is pretty much sharp.

Proof. A common method to control the norm of a symmetric random matrix A is
to use the Schatten norm (TrAp)1/p where p is an even integer of order log n as a
proxy for ‖A‖op. This is what Eldan does in his 2014 paper. For some reason we
prefer to use another proxy, namely

hβ(M) :=
1

β
log Tr eβM .

Note that hβ is a smooth function. Also

λmax(M) ≤ 1

β
log Tr eβM ≤ λmax(M) +

log n

β
.
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Therefore, if β is of order log n then hβ(M) is approximately the same as the
maximal eigenvalue of M , up to an additive constant. Recall the equation for (At).
From Itô’s formula we get (omitting the time variable)

dhβ(A) = ∇hβ(A) ·
n∑

i=1

HidBi −∇hβ(A) ·A2 dt+
1

2

n∑
i=1

∇2hβ(A)(Hi, Hi) dt.

Let

M = ∇hβ(A) =
eβA

Tr(eβA)
,

and note that this is a positive semi-definite matrix of trace 1. Using Corollary 7.5,
we see that the second derivative of hβ satisfies

∇2hβ(A)(Hi, Hi) ≤ βTr(MH2
i ).

Dropping some negative terms we finally arrive at

dhβ(A) ≤
n∑

i=1

Tr(MHi)dBi +
β

2
Tr

(
M

n∑
i=1

H2
i

)
dt.

Let us deal with the absolutely continuous part. Since M is positive and has trace
1, we get from Lemma 7.7

Tr

(
M

n∑
i=1

H2
i

)
≤
∥∥∥∥∥

n∑
i=1

H2
i

∥∥∥∥∥
op

≤ 4CP (μt)‖At‖2op.

Recall that (μt) gets more and more log-concave along time. In particular, if the
original measure μ is log-concave then μt is t-uniformly log-concave, almost surely.
From the improved Lichnerowicz inequality, Theorem 4.3, we get

CP (μt) ≤
(
‖At‖op

t

)1/2

,

hence

dhβ(A) ≤
n∑

i=1

Tr(MHi)dBi +
2β√
t
· ‖At‖5/2op dt.

Let us now bound the quadratic variation of the martingale part. For any unit
vector u, letting Hu =

∑
Hiui we get from Lemma 7.6

n∑
i=1

Tr(MHi)ui = Tr(MHu) ≤ ‖Hu‖op ≤ C0‖At‖3/2op .

Therefore,
n∑

i=1

Tr(MHi)
2 ≤ C2

0‖At‖3op.

Let us summarize what we have obtained so far:

‖At‖op ≤ hβ(At) ≤ hβ(A0) + Zt + 2β

∫ t

0

s−1/2‖As‖5/2op ds

= 1 +
log n

β
+ Zt + 2β

∫ t

0

s−1/2‖As‖5/2op ds

(7.2)
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where (Zt) is a continuous martingale starting from 0 whose quadratic variation
satisfies

(7.3) 〈Z〉t ≤ C1

∫ t

0

‖As‖3op ds.

Now choose β = 2 logn, and assume that there exists s ≤ t such that ‖As‖op ≥ 2.
If s is the smallest such time then before time s the operator norm of A is less than
2, so by (7.2)

2 = ‖As‖op ≤ 3

2
+ Zs + C2s

1/2 log n ≤ 3

2
+ Zs + C2t

1/2 log n

where C2 is some constant. If t is a sufficiently small multiple of (log n)−2 then
the latest inequality implies that Zs ≥ 1

4 . Moreover, thanks to (7.3) we also have
〈Z〉s ≤ C3s ≤ C3t. Therefore,

P(∃s ≤ t : ‖As‖op ≥ 2) ≤ P(∃s > 0: Zs ≥
1

4
and 〈Z〉s ≤ C3t).

We conclude with Freedmann’s inequality, Lemma 7.9. �

Now we prove the bound for the expectation of At.

Proof of Theorem 7.2. Since μt is t-uniformly log-concave, its covariance matrix is
bounded above by (1/t)Id. This was already mentioned in Section 4. Therefore,
we have ‖At‖op ≤ 1/t, almost surely. As a result,

E‖At‖op ≤ 2 +
1

t
P(‖At‖op > 2).

Now we apply the latest theorem. Since x · e−c1x is a bounded function of x we
indeed get E‖At‖op � 1 on the time range [0, (C log n)−2]. �

Remark 7.12. Instead of the improved Lichnerowicz inequality, we could have
bounded CP (μt) by the KLS constant. Namely, if Cn is the largest Poincaré
constant of an isotropic log-concave measure then it is easy to see that for any
log-concave X

CP (X) ≤ Cn‖Cov(X)‖op.
Therefore

CP (μt) ≤ Cn‖At‖op.
Using this estimate instead of the improved Lichnerowicz inequality leads to the
following statement:

(7.4) E‖Cov(X | X +
√
sG)‖op � 1, provided Cn log n � s.

This is also good enough for the log n bound for Cn. Indeed we have seen that if the
expected norm of Cov(X | X+

√
sG) is of order 1 for all s ≥ s0 then CP (μ) � √

s0.
So the latest display actually gives Cn �

√
Cn log n, hence Cn � log n.

Remark 7.13. We will see later on an example of a measure for which ‖Cov(X |
X +

√
sG)‖op explodes at times s = log n (but is bounded at time 10 log n). In a

sense this is evidence for the KLS conjecture Cn � 1 to be indeed correct. Namely,
if KLS is correct then (7.4) is sharp and the above analysis of the conditional
covariance is essentially the best one can do.
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7.6. Life before improved Lichnerowicz. The improved Lichnerowicz estimate
is only from 2023, and it was not available to Eldan, Lee and Vempala, Chen, and
Klartag and Lehec. Still, these authors gave nontrivial estimates on the KLS con-
stant using this localization technique. In particular the KL bound was polynomial
in log n. Here we will only say a few words about the original argument of Eldan.

First, let us derive a bound on the Poincaré constant of μ from a bound on the
covariance of the stochastic localization in a slightly different manner than what
was done in Section 6. Let f be the function given by E. Milman’s result (see
Section 2.3). Namely f is 1-Lipschitz and such that

Varμ(f) ≈ ‖f‖2∞ ≈ CP (μ).

By the decomposition of variance

Varμ(f) = EVarμt
(f) + Var

(∫
Rn

f dμt

)
For the first term we proceed in the same way as before: by improved Lichnerowicz
and since f is 1-Lipschitz, we have

EVarμt
(f) ≤ E‖At‖1/2op√

t
.

For the second term, we proceed differently. The process Mt =
∫
f dμt is a mar-

tingale, whose derivative is

dMt =

(∫
Rn

f(x)(x− at) dμt

)
· dWt.

Since ‖f‖2∞ � CP (μ) we get from Cauchy-Schwarz∣∣∣∣
∫
Rn

f(x)(x− at) dμt

∣∣∣∣
2

� CP (μ)‖At‖op.

Hence

Var

(∫
f dμt

)
� CP (μ)

∫ t

0

E‖As‖op ds.

If E‖At‖op � 1 up until time t0 � 1 we finally get

CP (μ) � t−1/2 + t · CP (μ),

for all t ≤ t0, which indeed implies CP (μ) � t
−1/2
0 . One thing that we can notice

from this proof is that if we replace the improved Lichnerowicz inequality by the
usual one, namely CP (μ) ≤ 1/t in the t-uniformly log-concave case, we also get
something nontrivial, namely

(7.5) CP (μ) � t−1
0 .

This is obviously a lot worse than what we get from improved Lichnerowicz, but still
nontrivial. As a matter of fact, all the aforementioned works on the KLS conjecture
(prior to the latest one by Klartag in which the improved Lichnerowicz inequality
is established) rely on this estimate, one way or another. The other argument to
get Poincaré from the bound on the conditional covariance (see Section 5) may
be more elementary and more natural in a way, but it only works if one happens
to know the improved Lichnerowicz inequality. If you combine it with the usual
Lichnerowicz inequality you get nothing.
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Now we define the constants Kn and Sn by

Kn = sup

⎧⎨
⎩
∥∥∥∥∥

n∑
i=1

(EXiX
⊗2)2

∥∥∥∥∥
op

⎫⎬
⎭ , Sn = sup

{
1

n
Var|X|2

}

where both sup are taken over all log-concave isotropic random vectors on Rn.
The constant Sn is called the thin-shell constant. The thin-shell conjecture asserts
that the sequence (Sn) is bounded. This is a weak form of the KLS conjecture as
we only require Poincaré for a very specific function, namely the Euclidean norm
squared. It was mentioned in Section 1 in connection with the central limit problem
for convex sets. A variant of what we have done above shows that in the isotropic
log-concave case we have E‖At‖op � 1 up until times (CKn log n)

−1. From (7.5)
we then obtain the following bound

Cn � Kn log n,

for the KLS constant Cn. Moreover, by definition of Sn, given a log-concave and
isotropic vector X on Rn, a unit vector u, and an orthogonal projection P of rank
k, we have E(X · u)|PX|2 ≤

√
kSk. Applying this to suitable chosen projections P

one can estimate the eigenvalues of E(X · u)X⊗2 and then arrive at the bound

Kn �
n∑

k=1

Sk

k
� Sn log n.

We refer to [35] for the details. Altogether this gives

(7.6) Cn � Sn(log n)
2.

In other words, thin-shell implies KLS up to polylog. This was the original result
of Eldan. Note that Exercise 4.9 implies in particular that Sn ≥ 2 for all n. As a
result (7.6) has become irrelevant now that we know that Cn � log n.

8. Further localization results

8.1. An obstruction to a full solution of KLS. As we have seen above, the
KLS conjecture would be implied by the following statement: In the isotropic log-
concave case the expected operator norm of Cov(X | X +

√
sG) remains of order 1

for all s. Unfortunately, such an estimate cannot be true as we shall see now.
Let X = (X1, . . . , Xn) be a random vector whose coordinates are i.i.d. and such

that 1 +Xi is an exponential variable of parameter 1. This is clearly an isotropic
log-concave vector on Rn.

Proposition 8.1. We have E‖Cov(X | X +
√
sG)‖op ≤ C for all s ≥ C log n. On

the other hand, if s ≤ log n then E‖Cov(X | X +
√
sG)‖op ≥ cs.

Note that from the tensorization property of the Poincaré inequality (see exer-
cise 1.3), we have CP (X) = CP (X1). In particular, the Poincaré constant of X does
not depend on n and X is not a counterexample to the KLS conjecture. Recall also
that we always have the bound

E‖Cov(X | X +
√
sG)‖op ≤ s

(acually, this is true almost surely, not only in expectation). This example shows
that this bound can be essentially sharp on a time range [0, s0] with s0 → ∞,
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namely s0 = log n. In particular, at time s0 we have

E‖Cov(X | X +
√
s0G)‖op ≥ c log n,

so the expected norm of the conditional covariance is not bounded for all times. In
view of this example, the best one could hope for is

(8.1) E‖Cov(X | X +
√
sG)‖op � 1, ∀s ≥ C log n

and for every log-concave isotropic X. Notice that there is still a gap between
this and the bound that we obtained in our theorem (in which logn is replaced by
log2 n). If true the estimate (8.1) would imply the bound

Cn � (logn)1/4

for the KLS constant. This seems to be the limit one could reach within this
framework. Going below this mark would have to rely on different arguments.

The proof of the proposition only relies on some analysis in one dimension.
Indeed, since the coordinates of X and G are all independent it is clear that the
conditional law of X given X +

√
sG is just the n-fold product of the law of X1

condition on X1 +
√
sG1. So the conditional covariance is diagonal with i.i.d.

entries, and we just have to estimate the expected maximum of these.
As a preliminary step, we need to compute the variance of a truncated Gaussian.

Lemma 8.2. Let g be as standard Gaussian variable, then

Var(g | g ≥ x) ≈ 1

1 + x2
+

.

Proof. Observe that the conditional law of g given g ≥ x is log-concave. Let us use
the “How to think about 1D log-concave measures” proposition from Section 1. It
implies in particular that for log-concave random variable X having density f we
have

‖f‖2∞ ·Var(X) ≈ 1.

Applying this to the conditional law of g given g ≥ x (which is indeed log-concave),

we get Var(g | g ≥ x) ≈
(∫∞

x
e−y2/2 dy

)−2

if x ≤ 0 and

Var(g | g ≥ x) ≈
(
ex

2/2

∫ ∞

x

e−y2/2 dy

)−2

for every positive x. The result follows easily. �
Proof of Proposition 8.1. The conditional law of X1 given X1 +

√
sG1 is just a

truncated Gaussian. After some elementary computation we get

(8.2) Var(X1 | X1 +
√
sG1) = s · v(

√
s− 1√

s
Y1 −G1)

where Y1 = X1 + 1 and v is the function given by

v(x) = Var(G1 | G1 ≥ x).

Note that Y1 is an exponential variable independent of G1, hence

P(Y1 ≥ s,G1 ≥ 0) =
1

2
e−s.

Since the function v is bounded away from 0 on R−, if Y1 ≥ s and G1 ≥ 0, then

Var(X1 | X1 +
√
sG1) ≥ cs.
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As a result,

P(Var(X1 | X1 +
√
sG1) ≥ cs) ≥ 1

2
e−s.

By independence we get

P
(
‖Cov(X | X +

√
sG)‖op ≥ cs

)
≥ 1− (1− 1

2
e−s)n

If s ≤ log n, the right-hand side is at least 1− e−1/2. By Markov’s inequality, this
implies that

E‖Cov(X | X +
√
sG)‖op ≥ c′s.

For the other inequality, since v(x) � x−2 for large x, equation (8.2) and the union
bound imply, in particular, that if C is a sufficiently large constant

P(|Var(X1 | X1 +
√
sG1)| ≥ C) ≤ P(Y1 ≥ s

4
) + P(G1 ≥

√
s

4
) ≤ 2e−cs.

Hence, by the union bound again,

P(‖Cov(X | X +
√
sG)‖op ≥ C) ≤ 2ne−cs.

Since ‖Cov(X | X +
√
sG)‖op ≤ s almost surely, this implies

E‖Cov(X | X +
√
sG)‖op ≤ 2ns · e−cs + C.

This becomes O(1) as soon as s exceeds a sufficiently large multiple of log n. �

8.2. Concentration of measure. Recall from Section 2.1 the definition of the
concentration function of μ:

αμ(r) = sup {1− μ(Sr) : μ(S) ≥ 1/2} .

We saw that log-concave measures satisfy exponential concentration and, moreover,
than the Poincaré constant and the exponential concentration constant squared are
of the same order. In particular, the current best estimate for KLS amounts to the
following:

(8.3) αμ(r) ≤ 2 exp

(
−c · r√

log n

)
.

One of the points of this section is to show that one can go a bit beyond this
estimate.

Theorem 8.3. If μ is log-concave and isotropic, then its concentration function
satisfies

(8.4) αμ(r) ≤ 2 exp

(
−c ·min

(
r,

r2

log2 n

))
, ∀r ≥ 0.

We should make some comments on this result. First of all, the rate provided by
Theorem 8.3 is not smaller than that of (8.3) on the whole half-line. In particular,
combining with E. Milman’s theorem would only lead to a (logn)2 bound for the
Poincaré constant of an isotropic log-concave measure (rather than logn). That
being said, the theorem yields, in particular, the rate e−cr, which is predicted by
the KLS conjecture, as soon as r is larger than log2 n or so. As far as we know,
this information cannot be inferred from the bound Cn � log n alone. Let us also
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mention that one can prove the following variant of (8.4), in which the concentration
depends on the KLS constant Cn:

(8.5) αμ(r) ≤ 2 exp

(
−c ·min

(
r,

r2

Cn · log n

))
, ∀r ≥ 0.

This inequality is taken from Bizeul [13].
This concentration is reminiscent of the Guédon–Milman estimate from 2011;

see [43]. They proved that every isotropic log-concave measure μ satisfies

μ
(
||x| −

√
n| ≥ r

)
≤ 2 exp

(
−c ·min

(
r,

r2

n2/3

))
, ∀r ≥ 0.

This is weaker than (8.4) in two ways; first of all, the constant is much worse (n2/3

vs log2 n) and the deviation inequality is only for the Euclidean norm, and not for
every 1-Lipschitz function, as in (8.4). This application of stochastic localization
to concentration dates back to Lee and Vempala [61]. Their main result in that
paper is the bound Cn = O(n1/2) for the KLS constant, but they also obtain the
inequality

(8.6) αμ(r) ≤ 2 exp

(
−c ·min

(
r,

r2

n1/2

))
.

In contrast with (8.5), they do not loose a logarithm when they pass from the bound
on the KLS constant to the deviation inequality. Their argument is very delicate
and clever but it only works with a polynomial estimate for Cn and it does not
allow to remove the logarithm from (8.5) now that we have a logarithmic estimate
for Cn.

The proof of Theorem 8.3 relies on the fact that uniformly log-concave measures
satisfy Gaussian concentration. This was already mentioned in Section 2.4.

Proposition 8.4. Let μ be a t-uniformly log-concave measure. Then for every
measurable set S and every r ≥ 0 we have

μ(S)(1− μ(Sr)) ≤ exp(−c · tr2), ∀r ≥ 0,

where c is a universal constant. In particular, the Gaussian concentration constant
of μ is O(t−1/2).

Proof. We give a short proof based on the Prékopa–Leindler inequality: if f, g, h
are nonnegative functions on Rn satisfying the inequality

√
f(x)g(y) ≤ h

(
x+ y

2

)

for every x, y ∈ Rn then√∫
Rn

f(x) dx

∫
Rn

g(x) dy ≤
∫
Rn

h(x) dx.

If μ is t-uniformly log-concave then its potential V satisfies

V

(
x+ y

2

)
≤ V (x) + V (y)

2
− t

8
|x− y|2.
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Given a set S and θ > 0, one can then see that the hypothesis of Prékopa and
Leinder applies to the functions f(x) = 1S(x)e

−V (x), g(y) = eθd(y,S)−V (y), and

h = e−V+2θ2/t. From the conclusion of Prékopa, we get

μ(S) ·
∫
Rn

eθd(x,S) dμ ≤ e2θ
2/t.

The conclusion then follows from the Chernoff inequality. �

One can be a bit more precise. As we already mentioned, in the Gaussian case
we know the exact value of the concentration function αγn

. Indeed, an integrated
version of the isoperimetric inequality of Sudakov, Tsirelson, and Borell asserts that
γn(Sr) is maximized when S is a half-space. In particular,

αγn
(r) = 1− Φ(r), ∀r ≥ 0

where Φ is the distribution function of the standard Gaussian variable. Moreover,
a deep result of Caffarelli asserts that a measure μ that is more log-concave than a
given Gaussian measure is the image of that Gaussian by a 1-Lipshitz map. Besides,
it is clear that a pushforward by a contraction can only lower the concentration
function. As a result, if μ is t-uniformly log-concave, then its concentration function
is upper bounded by that of the Gaussian measure with covariance Id/t, namely
we have

αμ(r) ≤ 1− Φ(
√
t · r), ∀r ≥ 0.

Since 1 − Φ(r) ≤ 1
2e

−r2/2 for r ≥ 0, this implies Gaussian concentration. However
this only improves upon Proposition 8.4 at the level of the value of the universal
constant c, which is irrelevant for our purposes.

Proof of Theorem 8.3. Fix a set S of measure 1/2 and write

1− μ(Sr) = E(1− μt(Sr)) ≤ E(1− μt(Sr))1{μt(S)≥1/4} + P(μt(S) ≤ 1/4),

where (μt) is the stochastic localization of μ. Since μt is t-uniformly log-concave,

the first term is at most 4e−ctr2 , by Proposition 8.4. To handle the second term
recall that the martingale Mt := μt(S) satisfies

dMt =

(∫
S

(x− at) dμt

)
· dWt.

Applying Cauchy–Schwarz we obtain∣∣∣∣
∫
S

(x− at) dμt

∣∣∣∣
2

≤ μt(S)‖At‖op ≤ ‖At‖op.

Hence the inequality

〈M〉t ≤
∫ t

0

‖As‖op ds.

In particular, if ‖As‖op ≤ 2 on [0, t] then 〈M〉t ≤ 2t. Therefore

P(Mt ≤
1

4
) ≤ P(Mt ≤

1

4
and 〈M〉t ≤ 2t) + P(∃s ≤ t : ‖As‖op ≥ 2).
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By Theorem 7.10, the second term is at most exp(−(Ct)−1), provided t ≤
(C log2 n)−1. On the other hand, since M0 = μ(S) = 1/2, Freedman’s inequal-
ity (Lemma 7.9) insures that

P(Mt ≤
1

4
and 〈M〉t ≤ 2t) ≤ exp

(
− 1

C1t

)
.

Putting everything together we get

μ(Sc
r) ≤ 4 exp(−c · tr2) + 2 exp(−(C2t)

−1)

for every t ≤ (C · log n)−2. Choosing t = min(r−1, (C · log n)−2) yields

μ(Sc
r) ≤ 6 exp

(
−c′ ·min

(
r,

r2

log2 n

))
.

One can replace the prefactor 6 by 2 by changing the constant c′ a bit in the
exponent. �

Here is an example of an application of the theorem.

Corollary 8.5 (Paouris theorem). Suppose μ is log-concave and isotropic, then

μ(|x| ≥ r) ≤ exp(−cr), ∀r ≥ C
√
n,

where as usual c, C are universal constants.

The inequality is due to Paouris [70] see also [1] for another proof. The inequality
can also be expressed in terms of moments. It asserts that if X is log-concave and
isotropic on Rn then the moments of the Euclidean norm of X remain constant for
quite a while, namely

(E|X|p)1/p ≈ (E|X|2)1/2

for p as large as
√
n.

Proof. We apply the concentration estimate to the 1-Lipschitz function f(x) = |x|.
In particular, we get

μ(|x| ≥ m+ r) ≤ e−cr,

provided that r ≥ C · log2 n, where m is a median for |x|. Since m ≤ 2
∫
|x| dμ ≤

2
√
n, the latest display is easily seen to imply the desired inequality. �

Remark 8.6. As is apparent from the proof, inequality (8.4) is an overkill for this
application, and the argument would go through using (8.6) instead. As a matter
of fact this application to the Paouris inequality is taken from Lee and Vempala’s
paper [61].

8.3. Logarithmic Sobolev inequality and a variant of the KLS conjecture.
Recall from Section 2.5 that the log-Sobolev constant of a probability measure on
Rn, denoted by CLS(μ), is the best constant in the inequality

D(ν | μ) ≤ 1

2
CLS(μ)I(ν | μ),

where D and I denote the relative entropy and Fisher information, respectively.
Once again, the uniformly log-concave case is well understood.

Theorem 8.7 (Bakry–Émery criterion [5]). If μ is t-uniformly log-concave then
CLS(μ) ≤ t−1. The inequality is sharp, equality is attained for the Gaussian mea-
sure of covariance t−1 · Id.
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There are many ways to prove this inequality; see [30] for an overview. Again
we are interested in the log-concave case. However, in contrast with the Poincaré
inequality, not every log-concave measure satisfies log-Sobolev. Indeed, recall that
log-Sobolev implies Gaussian concentration, with explicit control of the constants,
and that this can be reversed in the log-concave case: the log-Sobolev constant and
the Gaussian concentration constant are actually of the same order for log-concave
measures. To ensure log-Sobolev, one has to impose another condition on top of
log-concavity, such as having bounded support. The following result is due to Lee
and Vempala [61].

Theorem 8.8. Suppose μ is log-concave, isotropic, and supported on a set of di-
ameter D. Then CLS(μ) � D.

Let us remark that because of the equivalence between log-Sobolev and Gaussian
concentration in the log-concave case, a log-concave measure supported on a set of
diameter D trivially has O(D2) log-Sobolev constant. Since the diameter of the
support of an isotropic measure is at least

√
n the theorem improves greatly upon

the trivial bound in the isotropic case. It should also be noted that for the uniform
measure on the �1 ball rescaled to be isotropic, the diameter of the support and the
log-Sobolev constant both are of order n.

Proof. This is actually an easy consequence of our concentration result Theorem 8.3.
Indeed, the latter asserts that if μ is log concave and isotropic then

αμ(r) ≤ 2 exp

(
−c ·min(r,

r2

log2 n
)

)
, ∀r ≥ 0.

On the other hand, if μ is supported on a set of diameter D then trivially αμ(r) = 0

if r > D. On the interval [0, D] we have r ≤ r2/D, and since D ≥ √
n ≥ log2 n, we

finally obtain

αμ(r) ≤ 2 exp

(
−c′ · r

2

D

)
.

The Gaussian concentration constant is thus O(D), which implies the desired in-
equality by E. Milman’s result, Theorem 2.19. �

Let us try to relax the bounded support assumption. We know that log-Sobolev
implies Gaussian concentration. In particular, linear functions should have sub-
Gaussian tails, at a rate controlled by the log-Sobolev constant. Let us be a bit
more precise.

Definition 8.9. Suppose f is a function having mean zero for μ. We denote by

‖f‖ψ2(μ) the Orlicz norm of f associated to the Orlicz function er
2 − 1, namely the

best constant C in the inequality

μ(|f | ≥ r) ≤ 2 · exp
(
− r2

C2

)
.

Remark 8.10. The usual definition of the Orlicz norm of f associated to an Orlicz
function φ and a measure μ is the smallest constant C such that

∫
φ(|f |/C) dμ ≤ 1.

The above definition is slightly different but equivalent, up to universal constants.
We chose this modified definition so that the connection with the notion of Gaussian
concentration from Section 2.4 becomes more apparent.
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The discussion above shows that for any probability measure and any direction
θ we have

‖x · θ‖2ψ2(μ)
� CLS(μ).

It is natural to conjecture that this inequality could be reversed in the log-concave
case. This amounts to saying that the log-Sobolev constant is the largest ψ2-norm
squared of a linear function, very much like the KLS conjecture predicts that the
Poincaré constant of a log-concave measure is up to a constant the largest L2-norm
squared of a linear function.

Definition 8.11 (Log-Sobolev version of KLS constant, Bizeul [12]). Let Dn be
the largest log-Sobolev constant of a log-concave measure for which ‖x ·θ‖ψ2(μ) ≤ 1
for every direction θ.

Conjecture 8.12 (Log-Sobolev KLS conjecture, Bizeul [12]).

Dn = O(1).

It follows from some result of Bobkov [16] from 2007 that Dn = O(n). Using
stochastic localization, one can show the following.

Theorem 8.13 (Bizeul [12]).

Dn = O(n1/2).

Proof. The idea is to combine Theorem 8.3 with a rather crude net argument.
Again, by E. Milman’s theorem it is enough to prove that if μ log-concave is ψ2

with norm at most 1 in all directions, then its concentration function satisfies

(8.7) αμ(r) ≤ Ce−cr2/
√
n.

Note that the ψ2 norm is larger than the L2 norm, maybe up to a constant. So
the covariance of μ has operator norm O(1). The concentration function of μ thus
satisfies

αμ(r) ≤ 2 exp

(
−c ·min(r,

r2

log2 n
)

)
,

for every r > 0. Here there is a small gap which we can leave as an exercise: Show
that having an upper bound for the concentration function of every isotropic log-
concave μ of the form αμ ≤ α∗ implies that if μ is log-concave but not necessarily

isotropic, then αμ(r) ≤ α∗(r/
√
‖Cov(μ)‖op). We thus get an estimate that is

smaller than our target concentration if r > cr2/
√
n, namely r < C

√
n. Therefore,

it is enough to prove (8.7) when r is a sufficiently large multiple of
√
n. Moreover,

by Markov’s inequality we have

μ(|x| ≥ 2
√
n) ≤ 1

4n

∫
Rn

|x|2 dμ ≤ 1

4
.

So if S is a set of measure 1/2 then S intersects the ball of radius 2
√
n. If r ≥ 2

√
n

this implies easily that S2r ⊃ {|x| ≤ r}, hence
αμ(2r) ≤ μ(|x| > r).

So it is enough to prove that μ(|x| > r) ≤ e−cr2/
√
n for r ≥ C

√
n. Now recall the

ψ2 hypothesis: For every direction θ and every r, we have

(8.8) μ{|x · θ| > r} ≤ 2e−r2 .
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It is well known that there exists 1/2-net of the unit sphere of at most cardinality
5n. Let N be such a set. Since any element x in the sphere is at distance 1/2 at
most from a point of N we have

|x| ≤ 2max
θ∈N

{x · θ},

for every x ∈ Rn. Applying (8.8) to every θ in the net and the union bound we get

μ(|x| > r) ≤ 2 · 5ne−r2/4.

If r > C
√
n for a sufficiently large constant C, we deduce from this inequality

μ(|x| > r) ≤ e−r2/8

which is even better than what we needed. �

Remark 8.14. This proof seems to have lots of slack. It does not seem like the
concentration result (Theorem 8.3) or the ψ2 hypothesis were fully exploited. In
particular, it should be noted that the argument would go through with the weaker
concentration estimate from Lee and Vempala (8.3). Nevertheless, as far as the log-
Sobolev version of the KLS conjecture is concerned, this is the best result around,
as of today.

9. Bourgain’s slicing problem

Consider a centrally symmetric convex body K ⊆ Rn (i.e., K = −K). The
maximal function operator associated with K, defined for f : Rn → R via

MKf(x) = sup
r>0

∫
K

f(x+ ry)
dy

V oln(K)
.

Bourgain [23] proved that ‖MK‖L2(Rn)→L2(Rn) ≤ C for a universal constant C > 0.
This led him to study on another question, seemingly innocent.

Question 9.1. Let n ≥ 2 and suppose that K ⊆ Rn is a convex body of volume
one. Does there exist a hyperplane H ⊆ Rn such that

(9.1) V oln−1(K ∩H) > c

for a universal constant c > 0?

This question is still not completely answered, and in the last four decades it
emerged as an “engine” for the development of the research direction discussed in
these lectures. It is shown in [53] that the bound (9.1) holds true if we replace the
universal constant c on the right-hand side by c/

√
log n. This is currently the best

known result in the general case.

Theorem 9.2 (Hensley [44], Fradelizi [38]). Let K ⊆ Rn be a convex body whose
barycenter lies at the origin. Let X be a random vector distributed uniformly in K,
and assume that Cov(X) is a scalar matrix. Then for any θ1, θ2 ∈ Sn−1,

V oln−1(K ∩ θ⊥1 ) ≤ C · V oln−1(K ∩ θ⊥2 )

where C > 0 is a universal constant. In fact, C ≤
√
6.
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Proof. Let θ ∈ Sn−1 and denote

σ =
√
E(X · θ)2 =

√
Cov(X)θ · θ,

which is independent of θ. Write

ρθ(t) =
V oln−1(K ∩ (tθ + θ⊥))

V oln(K)
,

the density of the random variable X · θ. By the Brunn–Minkowski inequality,
ρθ is a log-concave probability density. The log-concave random variable X · θ/σ
has mean zero and variance one, and its density is x �→ σρθ(xσ). According to
Proposition 1.6, for any x ∈ R,

c′1{|x|≤c′′} ≤ σρθ(xσ) ≤ Ce−c|x|

In particular, c ≤ ρθ(0) ≤ C, for some universal constants c, C > 0. �

From this proof we may obtain a few more conclusions. First, that among all
hyperplane sections parallel to a given hyperplane, the hyperplane section through
the barycenter has the largest volume, up to a multiplicative universal constant.
Second, that when K ⊆ Rn is a centered convex body of volume one, for any
θ ∈ Sn−1,

V oln−1(K ∩ θ⊥) ·
√
E(X · θ)2 ∼ 1.

Here θ⊥ = {x ∈ Rn ; x · θ = 0} and we abbreviate A ∼ B if c · A ≤ B ≤ C · A for
universal constants c, C > 0. This leads to the following conclusion.

Corollary 9.3. Let K ⊆ Rn be a convex body of volume one and let X be a random
vector distributed uniformly on K. Then,

sup
H

V oln−1(K ∩H) ∼ 1√
‖Cov(X)‖op

,

where the supremum runs over all hyperplanes H ⊆ Rn.

We thus see that Bourgain’s slicing problem can be formulated as a question on
the relation between the covariance of a convex body and its volume. Note that the
logarithm of the volume of a convex body is the differential entropy of a random
vector X that is distributed uniformly over the convex body. In general, when the
random vector X has density ρ in Rn, its differential entropy is

Ent(X) = −
∫
Rn

ρ log ρ.

Definition 9.4. For a convex body K ⊆ Rn we define its isotropic constant to be

LK =

(
detCov(K)

V oln(K)2

) 1
2n

where Cov(K) is the covariance matrix of the uniform probability distribution on
K. More generally, the isotropic constant of an absolutely continuous, log-concave
random vector X in Rn is

(9.2) LX =

(
detCov(X)

e2Ent(X)

) 1
2n

.
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The isotropic constant of a convex body K ⊆ Rn of volume one governs the
volumes of its hyperplane sections. From Corollary 9.3 we see that when V oln(K) =
1, there always exists a hyperplane section H ⊆ Rn with

V oln−1(K ∩H) ≥ c/LK .

Moreover, if we additionally assume that Cov(K) is a scalar matrix, then for any
hyperplane H ⊆ Rn through the barycenter of K,

V oln−1(K ∩H) ∼ 1

LK
.

The slicing problem thus asks whether LK is universally bounded from above.

Remark 9.5. Some variants of the definition of the isotropic constant in the log-
concave case exist; sometimes one replaces Ent(X) by − log sup ρ or by − log ρ(EX)
or by 2 logEρ−1/2(X), where ρ is the density of X. See, for instance, [20] where
this is discussed in more details. These variants differ at most by a multiplicative
universal constant, because of the next lemma.

Lemma 9.6. Denoting by ψ = − log ρ the convex potential of X, we have

ψ(EX) ≤ Ent(X) ≤ inf ψ + n

and

Ee
ψ(X)

2 ≤ e
inf ψ

2 +(ln 2)n.

Proof. We may assume that ρ is continuous in Rn in order to neglect boundary
terms in the integration by parts below. Let y ∈ Rn. Then by Jensen’s inequality
and by the fact that any convex function lies above its tangent at X,

ψ(EX) ≤ Eψ(X) = Ent(X) = Eψ(X) ≤ E [ψ(y)−∇ψ(X) · (y −X)] = ψ(y) + n.

Additionally,

Ee
ψ(X)

2 = e
ψ(y)

2

∫
Rn

e−
ψ(x)+ψ(y)

2 dx ≤ e
ψ(y)

2

∫
Rn

e−ψ( x+y
2 )dx

= 2ne
ψ(y)

2

∫
e−ψ = 2ne

ψ(y)
2 .

The lemma follows by taking the infimum over all y ∈ Rn in these two inequalities.
�

In what follows we work with definition (9.2). While here we are interested only
in the log-concave case, the definition makes sense for any absolutely continuous
random vector X with finite second moments in Rn. The isotropic constant mea-
sures the difference between two ways to measure the “size” of a random vector: its
entropy and its covariance. Here are some basic properties of the isotropic constant:

(1) It is an affine invariant, LT (X) = LX for any invertible linear-affine map
T : Rn → Rn.

(2) If X1, X2 ∈ Rn are independent log-concave random vectors, then for X =
(X1, X2) ∈ R2n ∼= Rn × Rn,

LX =
√
LX1

LX2
.
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(3) For any dimension n and an absolutely continuous random vector X with
finite second moments in Rn,

LX ≥ 1√
2πe

,

with equality when X is Gaussian. Indeed, this amounts to showing that
among all random vectors with a fixed covariance matrix in Rn, the differ-
ential entropy is maximal for the Gaussian distribution, which is a standard
fact. We recall the short proof below.

Proof. Suppose that X is a random vector of mean zero, density ρ, and let
G be a centered Gaussian vector with the same covariance matrix as X.
Also let γ be the density of G. Then

E log

(
γ(X)

ρ(X)

)
≤ E

γ(X)

ρ(X)
− 1 = 0.

Since log γ is a quadratic function and X and G have the same covariance
matrix, we get

Ent(X) = −E log ρ(X) ≤ −E log γ(X) = −E log γ(G) = Ent(G). �
Exercise 9.7. Explain why it is not a coincidence that this universal con-
stant

√
2πe is “the same number” from the asymptotics V oln(

√
nBn)1/n ≈

1/
√
2πe.

(4) Some examples:

L[0,1]n =
1√
12

, LΔn =
(n!)1/n

(n+ 1)(n+1)/(2n)
√
n+ 2

≈ 1

e
,

where Δn is a regular simplex in Rn.

There are quite a few equivalent formulations and conditional statements, relat-
ing the isotropic constant to classical conjectures and results:

• If the isotropic constant is maximized for the cube among all centrally
symmetric convex set, then the Minkowski lattice conjecture follows; see
Magazinov [64] and references therein. The Minkowski lattice conjecture
suggests that if L ⊆ Rn is a lattice of determinant one, then each of its
translates intersects the set{

x ∈ Rn ;

n∏
i=1

|xi| ≤
1

2n

}
.

This was proven in two dimensions by Minkowski in 1908.
• If the isotropic constant is maximized for the simplex among all convex
bodies, then the Mahler conjecture follows in the nonsymmetric case. This
conjecture suggests that among all convex bodies K ⊆ Rn, the volume
product

V oln(K) · V oln(K
◦)

is minimized when K is a centered simplex [52]. This was proven in two
dimensions by Mahler in 1908. Here

K◦ = {x ∈ Rn ; ∀y ∈ K, x · y ≤ 1}
is the dual body. Recall that (K◦)◦ = K when K is a closed, convex
set containing the origin. The Bourgain–Milman inequality resolves this
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conjecture up to a factor that is only exponential in the dimension. It
states that for any convex body K ⊆ Rn containing the origin,

V oln(K) · V oln(K
◦) ≥ (c/n)n,

for a universal constant c > 0.
• Suppose that K ⊆ Rn is a convex body. Is there an ellipsoid E ⊆ Rn with
V oln(E) = V oln(K) such that

V oln(K ∩ CE) ≥ 1

2
· V oln(K),

where C > 0 is a universal constant? This is an equivalent formulation of
the slicing problem.

Exercise 9.8. Prove the equivalence using reverse Hölder inequalities for
quadratic polynomials.

For any convex body K ⊆ Rn, Milman’s ellipsoid theorem [67] provides
an ellipsoid E ⊆ Rn with

V oln(K ∩ CE) ≥ cn · V oln(K).

This suffices for developing the Milman ellipsoid theory, which contains
the quotient of subspace theorem and reverse Brunn–Minkowski and the
Bourgain–Milman inequality. See Pisier [72] and references therein. The
slicing problem is a conjectural strengthening of Milman’s ellipsoids.

We move on to discuss the
√
log-bound for the isotropic constant, and the relation

to the Poincaré constant and the thin-shell constants. We define

σn = sup
X

√
Var(|X|2)/n

where the supremum ranges over all isotropic, log-concave random vectors X in Rn.
By reverse Hölder inequalities for polynomials we may show that Var(|X|2)/n ∼
Var(|X|), and hence σn is roughly the maximal width of the thin spherical shell
that captures most of the mass of an isotropic, log-concave random vector.

From Corollary 5.6 we know that

σn ≤ sup
X

√
CP (X) · 4E|X|2/n ≤ sup

X
2
√
CP (X) ≤ C

√
log n.

Hence it remains to prove the following.

Theorem 9.9 (Eldan and Klartag [36]). For any convex body K ⊆ Rn,

LK ≤ Cσn.

Remark 9.10. In fact, it is shown in [36] that LX ≤ Cσn for any log-concave random
vector X in Rn, but for simplicity we confine ourselves to the convex body case
here. The slicing problem for convex bodies and log-concave measures are known
to be equivalent, as shown by Ball [7, 47].

While we studied Gaussian convolution in Sections 5 and 6, the proof of The-
orem 9.9 utilizes the closely related Laplace transform. Let us fix an isotropic,
log-concave random vector X with density ρ in Rn. Its logarithmic Laplace trans-
form is

Λ(y) = ΛX(y) = logEeX·y.
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Since a log-concave random vector has exponential moments, the logarithmic La-
place transform is finite near the origin. In fact, it is smooth in the open convex
set Ω = {Λ < ∞}. For y ∈ Ω we write Xy for a random vector with density

ρy(x) =
ρ(x)ex·y

eΛ(y)
.

It is again a log-concave random vector, not necessarily isotropic, and we think of
it as a tilted version of the random vector X. We comment that it is possible to
view tilts using projective transformations. This leads to the conditional statement
that the strong slicing conjecture implies the Mahler conjecture; see [52].

Lemma 9.11. For any y ∈ Ω,

∇Λ(y) = EXy, ∇2Λ(y) = Cov(Xy), ∇3Λ(y) = E(Xy − ay)
⊗3,

where ay = EXy.

Lemma 9.11 is proven by direct computation; the logarithmic Laplace transform
is the cumulant generating function. We see from Lemma 9.11 that Λ is convex,
even strongly convex as its Hessian is positive definite. In particular, the gradient
∇Λ : Ω → Rn is a one-to-one map. Consider the “tilted determinant” function

F (y) = log det∇2Λ(y) = log detCov(Xy).

It measures how the determinant of the covariance matrix changes when we tilt
the given distribution. Occasionally, we may view F as a function that is defined
only up to an additive constant. Write [F ] for the equivalence class of F under
the equivalence relation “F is equivalent to G if and only if F − G is a constant
function”.

Lemma 9.12. The following bound holds pointwise in all of Ω:

(9.3) (∇2Λ)−1∇F · ∇F ≤ nσ2
n.

Proof. Let us prove this bound first for y = 0 using the isotropicity of X. Recalling
how to differentiate a determinant, we see that for any unit vector v ∈ Sn−1,

∂vF (0) = Tr
[
(∇2Λ)−1(0) · ∂v∇2Λ(0)

]
= E(X · v)|X|2

≤
√
E(X · v)2 ·Var(|X|2) ≤

√
nσn.

By considering the supremum over all v ∈ Sn−1, we obtain the desired bound at
y = 0.

In order to obtain the bound for any y ∈ Ω we may either make a computation,
or alternatively, think invariantly without computing anything, as we now explain.

Define a Riemannian metric on Ω via the Hessian of the log-Laplace transform Λ.
We look at the Hessian metric (Ω, g), where the scalar product of two tangent
vectors u, v ∈ TxR

n ∼= Rn is

gx(u, v) = ∇2Λ(x)u · v.
The main observation is that the expression on the left-hand side of (9.3) is the
squared Riemannian length of the Riemannian gradient of the function F : Ω → R.
We say that

MX = (Ω, g, [F ])
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is the “Riemannian package” associated with X. This means that (Ω, g) is a Rie-
mannian manifold and that F is a function on Ω modulo an additive constant.
An isomorphism between two Riemannian packages is a bijective map which is a
Riemannian isometry and transforms correctly the function modulo the additive
constant.

What happens to the Riemannian package associated withX when we do various
operations?

• When we translate X, the Riemannian metric stays the same, as well as
the function F . We get the same Riemannian package.

• TiltingX and switching toXy yields an isomorphism of the two Riemannian
packages by translation by y: We translate Ω, g and [F ] by the vector y ∈ Ω.
Any translation corresponds to a tilt and vice versa.

• Applying an invertible linear transformation to X induces an isomorphism
of the Riemannian packages. We apply a linear transformation and push
forward Ω, g and [F ]. (See also the paragraph before the next lemma).

By the first and last items, we proved (9.3) at the point y = 0 for any log-concave
random vector (not necessarily centered or isotropic). By the middle item, we
proved (9.3) also at all other points of Ω. We refer to [36] for a more detailed
proof. �

It makes sense to say that we think of X as a random vector defined on an
abstract affine space, rather than on Rn, and observe that the Riemannian manifold
(Ω, g) is well-defined, as well as the function F : Ω → R modulo additive constants.
What can we say about balls in this Riemannian manifold?

Lemma 9.13. Assume that X is a centered, log-concave random vector in Rn.
Then for any r > 0,

1

2
· {Λ ≤ r} ⊆ Bg(0,

√
r).

Proof. Let y ∈ Ω satisfy Λ(2y) ≤ r. We need to find a curve from 0 to y whose
Riemannian length is at most r. Let us try a line segment:

Lengthg([0, y]) =

∫ 1

0

√
∇2Λ(ty)y · ydt =

∫ 1

0

√
d2

dt2
Λ(ty)dt

≤

√∫ 2

0

(2− t)
d2

dt2
Λ(ty)dt ·

∫ 1

0

1

2− t
dt

=
√
log 2 ·

√
Λ(2y)− [Λ(0) +∇Λ(0) · (2y)]

=
√
log 2 ·

√
Λ(2y) ≤

√
r. �

Let X be an isotropic random vector in Rn, distributed uniformly in a convex
body K ⊆ Rn. We need two estimates for the proof of Theorem 9.9:

(i) First, we need to show that for r = n/σ2
n,

V oln(K) ≥ e−n · V oln(Bg(0,
√
r)),

the Euclidean volume of the Riemannian ball. This is related to mass
transport in a simple case.
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(ii) Second, we need to show that

V oln({Λ ≤ r})1/n ≥ c
r

n
LK .

This is related to the Bourgain–Milman inequality.

Proof of Theorem 9.9. Since X is isotropic and log-concave, by (i), (ii), and Lemma
9.13,

LK = V oln(K)−1/n ≤ C · V oln(Bg(0,
√
r))−1/n

≤ 2C · V oln({Λ ≤ r})−1/n ≤ C ′ n

rLK
= C ′ σ

2
n

LK
.

Thus LK ≤ C ′′ · σn. �

Proof of estimate (i): The function F vanishes at the origin, and by Lemma 9.12 it
is a Riemannian Lipschitz function with Lipschitz constant at most

√
nσn. Hence,

|F | ≤ n in Bg(0,
√
r).

Consequently, for any y ∈ Bg(0,
√
r),

e−n ≤ det∇2Λ(y) ≤ en.

We will use the fact that ∇Λ(y) = EXy ∈ K and that y �→ ∇Λ(y) is one-to-one.
Changing variables, we obtain

V oln(K) ≥ V oln
(
∇Λ(Bg(0,

√
r))
)

=

∫
Bg(0,

√
r)

det∇2Λ(y) dy

≥ e−n · V oln(Bg(0,
√
r)). �

Proof of estimate (ii): For any y ∈ rK◦,

Λ(y) = logEey·X ≤ log(er) = r.

Therefore,

{Λ ≤ r} ⊇ rK◦.

By the Bourgain–Milman inequality,

V oln({Λ ≤ r})1/n ≥ V oln(rK
◦)1/n ≥ c

r

n
V oln(K)−1/n = c

r

n
LK . �

We remark that the Bourgain–Milman inequality has several proofs and, in par-
ticular, it may be proven using more delicate analysis of the log-Laplace transform
as shown by Giannopoulos, Paouris, and Vritsiou [40].
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