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Coincidence fixed point results for
(Θ,g)b-contraction maps

T. SHARMA, P. DHAWAN AND P. CHAHAL

Abstract

With the establishment of a new contraction known as fuzzy-(Θ,g)b -contraction, the primary goal of this
work is to elaborate and develop an understanding of this new class of fuzzy contractive mappings and to
investigate some coincidence point results by using (Θ,g)b-contractive setup. We establish certain
conditions for the existence and uniqueness of fuzzy points of coincidence in fuzzy b-metric spaces.
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1. INTRODUCTION

Numerous research projects have focused on the analysis of fixed points (FPs) of
mappings satisfying contraction conditions due to their broad range of applicability
in various domains. In this regard, a number of authors in the field of metric fixed
point (FP) theory have drawn inspiration from the traditional results of Banach [2]
and Edelstein [8].

In the work of Kramosil and Michalek [16], Grabiec [10]-who paved the way for
introducing fixed point (FP) theory in fuzzy metric spaces (FMS)-expanded on the
findings of Banach [2] and Edelstein [8] within the fuzzy framework. By adding the
concept of completeness of FMS, George and Veeramani [9] extended the FP
outcomes that Grabiec proposed in his work [10]. Numerous authors studied and
analyzed unique contractions within FMS, yielding practical outcomes. (See [17],
[22], [23], [11], [12]). Jain et al. [15] introduced the concept of compatibility on
which more comprehensive research was conducted incorporating well-known
previous contractions and classes by many authors ([11], [17], [22], and [23]). In
recent years, several authors have taken alternative approaches and considered
different kinds of mappings and metric spaces (fuzzy or non-fuzzy) ([13], [6], [5]).

Bakhtin [1] and Czerwik ([3], [4]) initially introduced b-metric spaces as a
generalization of metric spaces that relaxes the triangular inequality. Then, fuzzy
b-metric space was introduced by Hussain et al. [14], who also obtained certain fixed
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point theorems. Nădăban [18] shortly afterward introduced another version that
differs slightly from the one provided by Hussain et al. [14] and investigated some of
its topological characteristics along with some decomposition results. Further
development of this idea was done using more broadly defined contractive conditions
(see [19], [20], [14]).

In this study, we present the notion of fuzzy-(Θ,g)b -contraction by considering a
family of functions that satisfy some specific properties. We also establish some
findings about the uniqueness and existence of coincidence points for such
contractions in the setting of fuzzy b-metric spaces.

2. ELEMENTARY INTERPRETATIONS

Definition 2.1. [21] A binary relation ⋆ : [0,1] × [0,1] → [0,1], meeting the
following requirements:

(1) h ⋆ 1 = h;

(2) h ⋆ l = l ⋆ h;

(3) (e ⋆ l) ⋆ h = (e ⋆ l) ⋆ h;

(4) h ⋆ k ≤ e ⋆ l ,∀ h,k,e, l ∈ [0,1].

is a continuous t-norm.

Definition 2.2. [9] For a set W̌ and a fuzzy set M̌ in W̌ × W̌ × [0,∞]; a triplet
(W̌ ,M̌,⋆) is a fuzzy metric space if it meets the following requirements:

(1) M̌(h,w,r)≥ 0,

(2) M̌(h,w,r) = 1 ∀ r > 0 ⇔ h = w,

(3) M̌(h,w,r) = M̌(w,h,r),

(4) M̌(h, l,r+ k)≤ M̌(h,w,r)⋆ M̌(w, l,k),

(5) M̌(h,w, .) : (0,∞)→ [0,1] is le f t − continuous, ∀ h,w, l ∈ W̌ and r,k > 0.

and it is called a FMS.

LEMMA 2.3. [10] M̌(h,w, .) is increasing, ∀ h,w ∈ W̌ .

Definition 2.4. [9] For a FMS (W̌ ,M̌,⋆),

(1) a sequence {ǩp} ⊆ W̌ is M̌-Cauchy if ∀ ε ∈]0,∞[, r > 0, ∃ p0 ∈ N such that
M̌(ǩl , ǩp,r)> 1− ε ∀ l ≥ p0.

(2) {ǩp} ⊆ W̌ converges to k ∈ W̌ if ltp→∞M̌(ǩp,k,r) = 1 for r > 0.
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(3) each M̌-Cauchy sequence, if converges in W̌ , then W̌ is called M̌-complete.

Definition 2.5. ([1], [4]) For set W and map B : W ×W → [0,+∞[, if the following
axioms hold for w,h, l ∈ W :

(b1) B(w,h) = 0 ⇔ w = h;

(b2) B(w,h) =B(h,w);

(b3) B(w,h)≤ bm(B(w, l)+B(l,h)) (bm ≥ 1).

Then B is called a b-metric and the space is symbolized by (W ,B).

Definition 2.6. [18] For a set W̌ , fuzzy set M̌ in W̌ ×W̌ × [0,∞] and bm ≥ 1; a triplet
(W̌ ,M̌,⋆) is a fuzzy b-metric space (FbMS) if it meets the following requirements:

(1) M̌(h,w,r)≥ 0,

(2) M̌(h,w,r) = 1 ∀ r > 0 ⇔ h = w,

(3) M̌(h,w,r) = M̌(w,h,r),

(4) M̌(h, l,bm(r+ k))≤ M̌(h,w,r)⋆ M̌(w, l,k),

(5) M̌(h,w, .) : (0,∞)→ [0,1] is left continuous, ∀ h,w, l ∈ W̌ and r,k > 0.

Definition 2.7. [18] For a FbMS (W̌ ,M̌,⋆,bm ≥ 1),

(1) a sequence {ǩp} ⊆ W̌ is M̌bm -Cauchy if ∀ ε ∈]0,∞[, r > 0, ∃ p0 ∈ N such that
M̌(ǩl , ǩp,bmr)> 1− ε ∀ l ≥ p0.

(2) {ǩp} ⊆ W̌ converges to k ∈ W̌ if ltp→∞M̌(ǩp,k,bmr) = 1 for r > 0.

(3) each M̌bm -Cauchy sequence, if converges in W̌ , then W̌ is called M̌bm -complete.

Definition 2.8. [15] For a FMS (W̌ ,M̌,⋆), two maps ρ,ς are compatible if

lim
p→∞

M̌(ρςwp,ςρwp,r) = 1

for r > 0, whenever for {wr} ⊆ W̌ , we have limp→∞ ρwp = limp→∞ ςwp = w ∈ W̌ .
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Definition 2.9. [15] The maps ρ and ς are weakly compatible if ρw = ςw for
w ∈ W̌ ⇒ ρςw = ςρw.

Remark 2.10. [15] For two weakly compatible maps ρ and ς ; if there exists a
single coincident point l, then l is a single common fixed point of ρ and ς .

3. NEW FINDINGS

Definition 3.1. Consider the collection of functions ζ : (0,1] × (0,1] → R
satisfying,

ζ (r,k)> k, ∀ r,k ∈ (0,1). (1)

Denote it by Θ. Clearly, ζ (k,k)> k for k ∈ (0,1).

EXAMPLE 3.2. Following are the examples for above collection:

(1) ζ (r,k) = φ(k), where φ :]0,1]→]0,1] is such that φ(k)> k, f or k ∈ (0,1);

(2) ζ (r,k) =
k
r

;

(3) ζ (r,k) = r+
1

k+1
.

Definition 3.3. Let ϖ ,g : W̌ → W̌ be two maps on FbMS (W̌ ,M̌,∗,bm ≥ 1) and
∃ ζ ∈ Θ such that,

M̌(ϖh,ϖw,bmr)≥ ζ (M̌(ϖh,ϖw,r),M̌(gh,gw,bmr)), (2)

for h,w ∈ W̌ ,ϖh = ϖw, gh ̸= gw, r > 0. Then ϖ is called (Θ,g)b-fuzzy-contraction map
w.r.t. ζ ∈ Θ.

Definition 3.4. Let ϖ : W̌ → W̌ be a map on FbMS (W̌ ,M̌,∗,bm ≥ 1) and ∃ ζ ∈ Θ.
Then, (W̌ ,M̌,ϖ ,ζ ) has K-property , if for a sequence {kp} set initially as
w ∈ W̌ , i.e., kp = ϖ pw, ∀ p ∈ N with

K : inf
q>p

M̌(kp,kq,bmr)≤ inf
q>p

M̌(kp+1,kq+1,bmr), ∀ p ∈ N, r > 0

⇒ lim
p→∞

inf
q>p

ζ (M̌(kp+1,kq+1,r),M̌(kp,kq,bmr)) = 1 ∀ r > 0. (3)

THEOREM 3.5. Let (W̌ ,M̌,∗,bm ≥ 1) be a FbMS, ϖ , g : W̌ → W̌ be two maps, ϖ a
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(Θ,g)b-fuzzy contraction and (W̌ ,M̌,ϖ ,ζ ) has K-property. Assume that,

(1) ϖ(W̌ ) or g(W̌ ) is complete, or

(2) g is continuous, W̌ is complete, ϖ ,g commute, or

(3) g is continuous, W̌ is complete, ϖ ,g are compatible.

Then ϖ and g admit a single coincident point.

Proof. Let h1 and h2 be two coincident points of ϖ and g. Consequently, there
exist l1 and l2 such that ϖ(l1) = g(l1) = h1 and ϖ(l2) = g(l2) = h2.

Using (1) and (2), we obtain

M̌(h1,h2,bmr) = M̌(ϖ l1,ϖ l2,bmr)

≥ ζ (M̌(ϖ l1,ϖ l2,r),M̌(gl1,gl2,bmr))

> M̌(gl1,gl2,bmr)

= M̌(h1,h2,bmr)

which is contradictory.

Choose a sequence {kp} such that kp = ϖ pw = ϖwp = gwp+1 where p ∈ N
⋃
{0}. If

kp0 = kp0+1 for some p0 ∈ N
⋃
{0}, then gwp0+1 = kp0 = kp0 + 1 = ϖwp0+1. Thus, g and ϖ

have a coincident point. Therefore, let kp ̸= kp+1 for p ∈ N
⋃
{0}.

Now,

M̌(kp+1,kp+2,bmr) = M̌(ϖwp+1,ϖwp+2,bmr)

≥ ζ (M̌(ϖwp+1,ϖwp+2,bmr),M̌(gwp+1,gwp+2,r))

> M̌(gwp+1,gwp+2,bmr)

= M̌(kp,kp+1,bmr). (4)

which gives

M̌(kp,kp+1,bmr)< M̌(kp+1,kp+2,bmr) ∀ r > 0.

If kp = kh for p < h, then kp+1 = ϖwp+1 = ϖwh+1 = kh+1.
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Using (2) and (4), we obtain

M̌(kp,kp+1,bmr)< M̌(kh,kh+1,bmr) = M̌(M̌(kp,kp+1,bmr)), ∀ r > 0.

which is contradictory. Therefore, let kp ̸= kh for h, p ∈ N.

Now, for r > 0, let

αp(r) = in fh>p M̌(kp,kh,bmr),

and consider

M̌(kp+1,kh+1,bmr) = M̌(ϖwp+1,ϖwh+1,bmr)

≥ ζ (M̌(ϖwp+1,ϖwh+1,r),M̌(gwp+1,gwh+1,bmr))

> M̌(gwp+1,gwh+1,bmr)

= M̌(kp,kh,bmr), ∀ r > 0. (5)

Hence, M̌(kp,kh,bmr)< M̌(kp+1,kh+1,bmr), ∀ h > p,

which implies

inf
h>p

M̌(kp,kh,bmr)≤ inf
h>p

M̌(kp+1,kh+1,bmr),

i.e. αp(r)≤ αp+1(r) ∀ p ∈ N.

So, {αp(r)}r>0 is bounded and monotonic. We claim that limp→∞ αp(r) = 1, ∀ r > 0.

Let limp→∞ αp(ŕ) = α(ŕ) < 1 for 0 < ŕ < r. As (W̌ ,M̌,ϖ ,ζ ) has the K-property, (and
since kp = ϖ p(w),w ∈ W̌ ), we have

lim
p→∞

inf
h>p

M̌(kp+1,kh+1,bmŕ),M̌(kp,kh,bmŕ) = 1. (6)

Now,

inf
h>p

M̌(kp+1,kh+1,bmŕ)≥ inf
h>p

ζ (M̌(ϖwp+1,ϖwh+1, ŕ),M̌(gwp+1,gwh+1,bmŕ))

⇒ inf
h>p

M̌(kp+1,kh+1,bmŕ)≥ inf
h>p

ζ (M̌(kp+1,kh+1, ŕ),M̌(kp,kh,bmŕ))

≥ inf
h>p

M̌(kp,kh,bmŕ)

i.e. αp+1(ŕ)≥ αp(ŕ).



JAMSI, 21 (2025), No. 2 27

Taking p → ∞ and by (6), we get α(ŕ) = 1 which is again a contradiction. Therefore,

lim
p→∞

inf
h>p

M̌(kp,kh,bmr) = 1, ∀ r > 0.

Thus, formation of ap gives

lim
p,h→∞

M̌(kp,kh,bmr) = 1, ∀ r > 0.

which shows {kp} is M̌bm -Cauchy.

Now, assume that g(W̌ ) is complete.
As {kp} ⊆ g(W̌ ), let kp → gν i.e. gkp → gν as p → ∞, ν ∈ W̌ . Now, we claim that
ϖν = gν .

Clearly, kp ̸= ϖν = gν . By (2) and formation of ζ ,

M̌(gwp,gν ,bmr)< ζ (M̌(ϖwp,ϖν ,bmr),M̌(gwp,gν ,bmr))≤ M̌(gwp,gν ,bmr).

Taking p → ∞ gives

M̌(gν ,gν ,bmr)≤ M̌(ϖwp,ϖν ,bmr)

⇒ 1 ≤ lim
p→∞

M̌(ϖwp,ϖν ,bmr).

Therefore, ϖwp → ϖν as p → ∞ that implies kp → ϖν as p → ∞.

Also, the uniqueness of the limit implies ϖν = gν . Thus, ν is a single coincident
point of ϖ and g. Similarly, it can be proved that ν is a single coincident point of ϖ

and g when ϖ(W̌ ) is complete.

Now, assume that condition (2) of Theorem holds: By completeness of W̌ , there
exists ν ∈ W̌ such that kp → ν ⇒ gwn → ν as p → ∞. Again, as g is continuous,
g2wp → g as p → ∞.

Equation (2) and formation of ζ gives

M̌(g(gwp,gν ,bmr))≤ ζ (M̌(ϖ(gwp),ϖν ,r),M̌(g(gwp),gν ,bmr))≤ M̌(ϖ(gwp),ϖν ,bmr).
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Taking p → ∞ gives

M̌(gν ,gν ,bmr)≤ lim
p→∞

M̌(ϖgwp,ϖν ,bmr)

= lim
p→∞

M̌(gϖwp,ϖν ,bmr)

⇒ 1 ≤ lim
p→∞

M̌(gϖwp,ϖν ,bmr).

Thus, gϖwp → ϖν as p → ∞. But the formation of kp gives gϖwp = ggwp+1 = g2wp+1

and the result is proved i.e. ϖν = gν is a single coincident point of ϖ and g.

Now, assume that condition (3) of Theorem holds:
By the property of completeness of W̌ , ∃ν ∈ W̌ with kp → ν ⇒ gwp → ν as p → ∞.

Also, continuity of g implies gϖwp = gν as p → ∞.

Using equation (2) and by formation of ζ and gϖwp = ggwp+1 = g2wp+1, we obtain

M̌(gϖwp−1,gν ,bmr) = M̌(g(gwp),gν ,bmr)

= ζ (M̌(ϖ(gwp),ϖν ,r),M̌(g(gwp),gν ,bmr))

≤ M̌(ϖ(gwp),gν ,bmr).

Taking p → ∞,

M̌(gν ,gν ,bmr)≤ lim
p→∞

M̌(ϖ(gwp),ϖν ,bmr) ⇒ 1 ≤ lim
p→∞

M̌(ϖgwp,ϖν ,bmr)).

So, ϖνwp → ϖν as p → ∞. As ϖ ,g are compatible, we get

M̌(ϖgwp,gϖwp,bmr) = 1, r > 0.

Now, consider

M̌(ϖν ,gν ,bmr)≤ M̌(ϖν ,ϖgwp,bm
r
3
)∗ M̌(ϖgwn,gϖwp,bm

r
3
)∗ M̌(gϖwp,gν ,bm

r
3
).

Taking p → ∞ gives ϖν = gν which proves that ϖ and g admit a single coincident
point.
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4. ILLUSTRATION

In this section, some examples are provided to reinforce the established theorems.

Consider the sequence {hp}p∈N. Let W̌ = [0,1] and the fuzzy set M̌ be defined as
M̌(h,w,r) = r

r+|h−w| . Then, (W̌ ,M̌,∗) is a complete FMS. Let ζ : ]0,1]×]0,1]→R and the
maps ϖ , g are defined as

ζ (k,r) =
k
r
∀ r,k ∈]0,1];

ϖh =


0, h ∈ [0, 1

4 ]

0.3, h ∈] 1
4 ,

1
2 [

0.2, h ∈ [ 1
2 ,1]

and

gh =


0.3, h ∈ [0, 1

4 ]

0.4, h ∈] 1
4 ,

1
2 [

0.6, h ∈ [ 1
2 ,1].

Then, ζ ∈ Θ and (W̌ ,M̌,ϖ ,ζ ) has K-property. Also, ϖ is a (Θ,g)b -Fuzzy contractive
map w.r.t. ζ . Thus, all the requirements of above result are met. So, ϖ and g have a
single coincident point h = 0.
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