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Abstract

Motivated by the real-world problem of locating hydrogen production facilities and
assessing different production technologies which differ in the flexibility of opera-
tions and costs, we study a multi-stage multi-horizon stochastic facility location
problem with capacity expansion. The objective is to minimize the expected sum
of investment, production and distribution costs while satisfying customer demand.
The multi-horizon formulation allows to capture the effects of both strategic as well
as operational uncertainty on the location decisions. Strategic uncertainty is related
to uncertain future demand level, while operational uncertainty is related to uncer-
tain future electricity prices resulting in uncertain production costs. We consider
multiple production technologies that have different operational characteristics, but
can be combined at a location and operated in parallel. To solve the problem, we
implement and compare two solution methods: linear relaxation with a restricted
MIP approach and Lagrangian relaxation with a two-step restricted MIP approach.
We apply the solution approaches to instances based on the real-world problem of
locating hydrogen production in Norway. The results show that both approaches can
find near-optimal solutions for small instances, but the Lagrangian-based solution
method can also find high-quality solutions for larger instances.
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1 Introduction

The purpose of facility location problems is to find a trade-off between strategic
investment costs in production facilities and operational production and distribution
costs (Fernandez and Landete 2019). In traditional deterministic approaches, all input
parameters are known with certainty and the objective is to minimize cost while sat-
isfying demand. However, when considering the long-term character of investment
decisions, several parameters may be uncertain when the investment decisions must
be made (Snyder 2006). Uncertainty on a strategic level might be related to the long-
term development of future demands, prices, and technology development, among
others. There might also be uncertainty on the operational level, such as short-term
variations in costs, prices, and demand, that affect the operational decisions, but not
necessarily the strategic decisions (Kaut et al. 2014).

A multi-stage multi-horizon stochastic programming model allows adjusting the
long-term strategic decisions based on the realization of stochastic parameters, simi-
lar to traditional stochastic multi-stage models. But the multi-horizon stochastic sce-
nario tree embeds operational uncertainty in the strategic decision nodes, instead of
including it in the multi-stage scenario tree. The multi-horizon approach thus consid-
erably reduces the size of the scenario tree, and of the problem instance (Kaut et al.
2014). The approach therefore allows to embed a more detailed operational prob-
lem in each strategic decision node. But this increased level of detail disregards any
potential links between the operational decisions embedded in a strategic decision
node and the subsequent strategic decision nodes. The links between the strategic
decision nodes, however, are preserved.

Hydrogen production is an important step to meet the emission goals set in United
Nations (2015). In order to mark hydrogen as a green energy carrier, it must be pro-
duced using electrolysis with energy from renewable sources (IRENA 2020a). Cur-
rently, there are two commercially available production technologies: Alkaline (AL)
electrolyzers and Proton Exchange Membrane (PEM) electrolyzers. As of today,
PEM electrolyzers provide higher flexibility in their production range but are more
expensive in both investment and operation compared to AL electrolyzers (Andr-
enacci et al. 2022). However, the costs of producing hydrogen from electrolysis
mainly depend on electricity prices (NEL Hydrogen 2018). As electricity prices are
volatile throughout the year and uncertain (Nord Pool 2024), a more flexible produc-
tion technology might be beneficial as production can be reduced during periods with
high electricity prices, whereas the installed capacity can be fully utilized during
periods with low electricity prices. Choosing a production technology is thus a criti-
cal strategic decision, which will affect the cost of hydrogen and the ability of the
production system to adapt to short-term uncertainty.

Motivated by the real-world problem of satisfying future hydrogen demand in
Norway, we study the problem of locating production facilities for hydrogen in Nor-
way, taking into account different production technologies. Future hydrogen demand
is expected to increase over the next years, but annual demand is uncertain (DNV
GL 2021). To complicate matters further, electricity prices differ throughout Norway
and are highly volatile, adding uncertainty to the operational costs resulting from
day-to-day production. Formulating the problem as a multi-stage multi-horizon sto-
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chastic facility location problem allows capturing flexibility in operational decisions
and thus analyzing the impact of both strategic, long-term uncertainty in demand
and operational, short-term uncertainty in production costs on the optimal decisions
regarding optimal location, capacity and technology of production facilities.

Our contributions are threefold: First, we formulate a multi-stage multi-horizon
stochastic facility location problem with capacity expansion considering uncertainty
in demand and electricity prices, representing strategic and operational uncertainty,
respectively. Second, we propose two heuristic solution methods and compare their
performance: using linear relaxation with a restricted MIP (R-MIP) approach and
a solution method based on Lagrangian relaxation together with a two-step R-MIP
heuristic to find feasible solutions of high quality for large-scale instances with mil-
lions of binary variables. Third, we solve instances based on the real-world problem
of locating hydrogen production in Norway and provide managerial insight into how
different electricity prices affect the optimal production technology.

The remainder of this paper is structured as follows: we provide a literature review
on stochastic facility location problems with capacity expansion in Sect. 2. The math-
ematical formulation of the problem is then presented in Sect. 3 and the solution
method is discussed in Sect. 4. The case study description is provided in Sect. 5.
Computational results and conclusions are discussed in Sects. 6 and 7, respectively.

2 Literature review

We structure the literature review in two main parts in order to distinguish between
the two modelling choices: one considering the traditional stochastic scenario tree
and the second considering the stochastic multi-horizon scenario tree. In Sect. 2.1, we
review the literature on traditional stochastic facility location problems. Papers deal-
ing with stochastic multi-stage, multi-horizon problems are discussed in Sect. 2.2.

2.1 Stochastic facility location and capacity expansion problems

Stochastic formulations considering some or all of the input parameters as uncertain
are a natural extension of deterministic models. For an overview of deterministic
multi-period facility location and capacity expansion problems, see the reviews by
Melo et al. (2009), Arabani and Farahani (2012), and Nickel and Saldanha-da Gama
(2019). Traditionally, two-stage stochastic facility location problems with recourse
have been formulated as single-period problems, see e.g. the reviews by Owen and
Daskin (1998), Snyder (2006), Govindan et al. (2017), Correia and Saldanha-da
Gama (2019).

Multi-period facility location problems with capacity expansion under uncertainty
have only recently started to receive attention in the research literature. In a two-
stage formulation, the first-stage decision is usually to decide when, where and with
which capacity to open a facility. In the second stage, demand is revealed and capac-
ity expansion decisions as well as production and/or distribution decisions to satisfy
customer demand are made. Some of the first examples of two-stage stochastic pro-
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gramming formulations are Correia and Melo (2021), Stadlerova et al. (2022), and
Stadlerova et al. (2023).

Multi-stage stochastic problems are required when uncertainty is progressively
revealed during the planning horizon and hence, they are inherently multi-period
problems (Correia and Saldanha-da Gama 2019). In a multi-stage formulation, the
opening and capacity expansion decisions can be made in each stage. However, these
problems tend to become extremely large, as the size of the scenario tree usually
grows exponentially when increasing the number of stages (Birge and Louveaux
2011). There are only a few studies discussing capacity expansion under uncertainty
using a multi-stage stochastic formulation. One of the first studies on multi-stage
stochastic capacity expansion in supply chain design is provided by Ahmed et al.
(2003). Due to the complexity of the problem, only small instances can be solved. A
multi-stage stochastic facility location problem with modular capacity adjustments
is studied in Stadlerova et al. (2025). Using Lagrangian relaxation, the authors show
that the problem can be solved for relatively large instances with up to 4.6 million
binary variables and 30.8 million continuous variables.

2.2 Multi-stage multi-horizon stochastic problems

In multi-stage stochastic problems, the operational activities are usually aggregated
which enables solving larger instances. However, highly aggregated operational deci-
sions can have a negative impact on strategic decisions, especially, when the opera-
tional conditions are subject to large short-term variations see e.g.,, (Schiitz et al.,
2009). As capturing both long-term and short-term uncertainty in a single scenario
tree will often lead to a large multi-stage stochastic scenario tree, decoupling strategic
and operational uncertainty in multi-horizon models has therefore been suggested
to reduce the problem size. Multi-horizon models consider operational decisions
and subsequent strategic decisions to be independent of each other and thus allow
for modelling the operational part of the problem in more detail. This multi-horizon
approach was first introduced in Hellemo et al. (2012) and Kaut et al. (2014). The
approach has been successfully applied to energy system design problems (ESD)
where the objective is to minimize costs while achieving emission reduction targets
considering short-term uncertainty in the availability of renewable energy. Su et al.
(2015) for example, present a multi-stage multi-horizon stochastic equilibrium model
considering strategic uncertainty in the natural gas costs and operational uncertainty
in the availability of renewables.

Examples of other applications include Escudero and Monge (2018), who present
a framework for representing uncertainty in non-symmetric scenario trees consider-
ing both strategic and operational uncertainty. The framework is applied in capacity
expansion planning, minimizing the expected net present value. The authors study a
general integer capacity expansion problem (CEP) in supply chains or networks with
focus on risk averse measures, modelling investment decisions as integer variables
while capacities are step continuous variables. Alonso-Ayuso et al. (2020) present a
multi-stage multi-horizon approach in the context of forestry supply chain planning
(FSCP) with strategic uncertainty in timber production and operational uncertainty in
the timber price and demand.
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Multi-stage multi-horizon problems are difficult to solve. Maggioni et al. (2020)
discuss the bounds from traditional stochastic programs in multi-horizon stochastic
problems considering an energy-related case study. Castro et al. (2023) introduce a
specialized interior-point method for large supply network design (SND) problems
with more than 800 million linear variables. Zhang et al. (2024) compares the perfor-
mance of Benders and Lagrangian decomposition for a energy-related multi-horizon
stochastic problem with continuous variables and long-term uncertainty in CO, tax
and budget as well as in long-term power demand and operational uncertainty in the
availability of renewable energy sources. The authors show that a parallel imple-
mentation of Lagrangian decomposition method is efficient for large instances even
if the method is very sensitive to parameter tuning. Strong methodological contribu-
tions regarding heuristics for multi-stage multi-horizon problems are presented in
Cadarso et al. (2018) for the rapid transit network design problem (RTND) introduc-
ing a decomposition matheuristic based on scenario clustering. Escudero and Monge
(2021, 2023) solve different integer capacity expansion problems, where all capac-
ity modules have the same modular capacity and are technologically identical. The
investment and expansion decision consists of how many modules to install. Escu-
dero and Monge (2021) present a matheuristic for solving the capacitated multiple
allocation hub network problem (HLP), while Escudero and Monge (2023) present
a matheuristic for solving a multi-stage multi-scale facility location with capacity
expansion problem (FLCE), accounting also for multiple products. The strategic
uncertainty is considered in facility building costs and residual values, whereas the
operational uncertainty is related to demand, raw material costs, and facility capacity
disruptions. The proposed algorithm is tested on instances with up to 930 binary and
310 general integer variables providing good feasible solutions within 7 hours.

2.3 Comparison and contribution

Only a few papers study multi-stage multi-horizon stochastic problems considering
facility location with capacity expansion (FLCE) and modular capacities. Table 1
summarizes the multi-stage multi-horizon problems discussed above.

In this paper, we present a multi-stage multi-horizon facility location problem
with integer capacity expansion. Capacity expansion decisions consist of opening a
new facility and choosing its technology and capacity from a set of available modu-
lar capacities. Specific investment and production costs for each modular capacity
allows for modelling of economies of scale. To solve the problem, we present two
solution methods: linear relaxation with a restricted MIP approach and Lagrangian
relaxation with a two-step restricted MIP approach. We further use strengthening
constraints to strengthen the LP relaxation bound.

3 Problem description and mathematical formulation
We address the problem of locating production facilities during the planning horizon,

considering multiple available technologies and capacity expansion. We take into
account uncertainty both related to long-term future demand and in short-term pro-
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Table 1 Selected works on
multi-stage multi-horizon
problems
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duction costs. First, we provide a detailed problem description in Sect. 3.1, followed
by an introduction to the modelling approach in Sect. 3.2. Finally, the mathematical
model is presented in Sect. 3.3.

3.1 Problem description

We consider a multi-stage multi-horizon stochastic facility location problem with two
levels of uncertainty. On the strategic level, we deal with uncertain demand, while
on the operational level, production costs are subject to uncertainty. The uncertainty
related to demand is revealed in strategic nodes at the beginning of each stage where
each node has an embedded operational production model subject to a set of opera-
tional scenarios. The detailed structure of the scenario tree is discussed in Sect. 3.2.
The objective is to minimize the total expected costs of satisfying the customers’
demand. The total costs consist of investment (both opening and capacity expansion),
production, and distribution costs, together with penalty costs for demand shortfall
and overproduction.

On the strategic level, the decisions are related to where and when to open new
facilities, as well as which capacity and technology to install. Capacity can be
expanded by opening new facilities with no restrictions on whether a facility has
been opened at that location before. Combining facilities with different technology at
one location is also possible. However, at each stage at most one new facility can be
opened at a given location. Once a facility has been opened, it must remain open in all
subsequent nodes. Consequently, different technologies can be installed at one loca-
tion and operated simultaneously. The investment and operational costs of a facility
depend on its capacity, technology and the time of the investment, i.e. the stage when
the facility has been opened.

In our problem, we consider two types of production technologies, representing
PEM and AL electrolyzers. The production technologies are distinguished based on
their operational characteristics: first, we consider continuous production allowing
for arbitrary production quantities between zero (included) and maximum capacity.
Second, we consider a semi-continuous production technology. The semi-continuous
technology enables continuous production between a strictly positive minimum pro-
duction requirement and maximum capacity. Still, this technology can be temporar-
ily switched off, but has then to stay offline for a given number of operational time
periods before it can be switched on again. Thus, the choice of technology affects to
a high degree the possible operational decisions.

On the operational level, we consider uncertainty in production costs. Specifically
in our case, uncertain production costs are caused by uncertain electricity prices.

The hydrogen is distributed to customer locations, but not all facility locations
can serve all customer locations. Distribution costs are linear in transported volume,
but the unit distribution cost depends on the distance between the production facility
and the location of the customer. Unsatisfied demand as well as overproduction are
penalized.
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3.2 Modelling approach

We consider modular capacities where investment costs as well as production costs,
depend on both the chosen capacity level and technology (see, e.g., Correia and Cap-
tivo 2003). Production costs are modelled as a linear function and depend on technol-
ogy, capacity and the time of opening the facilities since newer facilities produce at
lower cost due to technological development. A common approach in the literature
is to model changes in capacity level as a jump between available discrete capacities
and modify the existing facility (Jena et al. 2015, 2016, 2017; Sauvey et al. 2020;
Stadlerova and Schiitz 2021; Stadlerova et al. 2024). However, expanding capacity
can also be modelled as opening additional facilities (see, e.g., Shulman (1991); Dias
et al. (2007); Ghiani et al. (2002)). In this paper, we model capacity expansion similar
to Shulman (1991) by opening a new facility at a given location. Facilities of differ-
ent size and technology can be combined at any location. This modelling approach
accounts for economies of scale in investment and operation as well as technology
development over time where facilities installed in later stages can be more efficient
than facilities opened in earlier stages.

We model strategic and operational uncertainty by means of a multi-stage multi-
horizon stochastic scenario tree. It is composed of stages where strategic invest-
ment decisions (both opening and capacity expansion) are made in strategic decision
nodes. Strategic decisions are made at the beginning of each stage when strategic
uncertainty is revealed. Decisions related to production and distribution are made
in the operational periods embedded in the strategic decision nodes as operational
nodes. For strategic decisions we use periods with a duration of 5 years in every
stage, whereas operational decisions reflect daily production planning on an hourly
basis. Figure 1 illustrates such a multi-horizon tree where strategic decision nodes,
n = 1...7, are depicted by squares, while operational nodes are marked with circles.
The tree has three stages, and operational subtrees with four periods attached to each
strategic node. The operational subtrees consist of operational scenarios, i.c. realiza-
tions for the short-term uncertainty in the operational nodes.

A strategic decision node can aggregate multiple strategic time periods (i.e. years)
characterized by equal costs and demand. The number of aggregated time periods
must be equal for all nodes belonging to the same stage, but does not have to be
the same across stages. In operational nodes, daily hydrogen production is modelled
with hourly production decisions. The operational scenarios for uncertain electricity
prices are embedded in the strategic decision nodes, such that each strategic decision
node can be interpreted as a two-stage stochastic programming problem, where the
first-stage decision is to determine the capacity of the facility and the second-stage
decisions cover production and distribution. Kaut et al. (2014) emphasize that this
modelling approach is suitable if (1) there is a large difference in time scales for
strategic and operational decisions and (2) the operational decision in subsequent
strategic nodes do not depend on the operational decisions of the current stage.

As we cannot solve instances with a full year of operational decisions, we use
representative periods to estimate the operational production and distribution costs
for the strategic investment and expansion decision. A representative period is a real-
ization of hourly electricity prices for one day. An operational scenario can consist
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n=1 Stage 1

n=2 n=3 Stage 2

n=4 n=>5 n==6 n=7 Stage3

Fig. 1 Multi-stage multi-horizon stochastic scenario tree

of one or more representative periods. For example, we can use four representative
periods, where each period represents a different season.

3.3 Mathematical formulation

Let us first introduce the following notation:

3.3.1 Sets

T Set of candidate facility locations;

J Set of customer locations; o
K Sorted set of available discrete capacity levels, K = {1,2,..., K'};

@ Springer
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N Set of ordered nodes of the strategic tree;

A, Set of ancestor nodes to node 7, including node #;

P Set of possible production technologies;

PpC Set of continuous production technologies, P¢ C P;

ps Set of semi-continuous production technologies, P° C P;

R Set of representative periods;

Sy Set of operational scenarios at strategic node n € N;

T Set of time periods in each representative period r € R, 7, = {1,2,...,T,}

3.3.2 Parameters and coefficients

B, Minimum production utilization of technology p € P°;
»e  Annualized investment costs for a facility opened in node n € N with
technology p € P at capacity level k € K acquired in stage h € H;
D? Demand at customer location j € 7 in representative period r € R at stra-
tegic node n € \V;
Cost of electricity at location ¢ € Z in representative period 7 € R and time
period t € T, at strategic node n € N in scenario s € S,;
Fp*  Power consumption in node n € A for production technology p € P ac-
quired in stage a € A,;
Ky Maximum production quantity at capacity level k € K;
Li; 1 if demand at location j € J can be served from facility ¢ € Z;
M Penalty cost per unit of demand shortfall;

Me° Penalty cost per unit of overproduction;

Tij Unit distribution costs from facility location ¢ € Z to customer j € J;

Wy Number of operational periods a facility has to remain offline after turning
off production for technology p € P;

w, Number of operational periods a facility has to remain operational after
turning on production for technology p € P;

Tn Probability of strategic node n € N;

Tn Number of strategic periods aggregated in node 7;

n

Ws

Probability of an operational scenario s € S,, related to strategic node n € N.
3.3.3 Decision variables

The mathematical model uses the following decision variables:
Yipk 1 if a facility is opened in node n € N at location ¢ € Z with technology
p € P and capacity level k € IC, 0 otherwise;

kst 1 if there is production at location ¢ € Z, using technology p € PS at
the capacity level & € K innode n € N, in season r € R and time
period t € T of scenario s € S,,, for facility opened in node a € A,,, 0
otherwise;
Amount of overproduction at location ¢ € Z using technology p € P and
capacity k € K innode n € N in season r € R in scenario s € S,, for
facility opened in node A,,;

na
ipksr
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Qipksre  Production quantity at facility ¢ € 7 in node n € N opened in node
a € A,, using technology p € P and capacity k € K in season r € R at

time period ¢ € T of scenario s € S,;
n

Ul Amount of demand shortfall at customer location j € J innode n € N
in season r € R in scenario s € Sy,;
z} ks Amount of customer demand at location j € J in node n € N satisfied

from facility ¢ € Z opened in node a € A,, using technology p € P with
installed capacity k& € IC, in season 7 € R and scenario s € S,,.
Note that we choose to model investment decisions using binary variables y;,,, which
value is one if facility i is opened in node n. For operational variables d, o, q, x, we
use a pair of indexes na, where n € N indicates the current node, while a € A,, indi-
cates the node when the facility was first opened.

This structure allows us to capture differences in facility properties and cost func-
tions depending on their opening period. For instance, facilities established in later
stages may operate with higher efficiency, while those opened earlier cannot take
advantage of technologies that become available only in the future. Since capacity
expansion is modeled as the opening of a new facility at the same location, it is possi-
ble to have multiple facilities at one location operating simultaneously, distinguished
only by their opening period and corresponding efficiency.

The multi-stage multi-horizon stochastic programming model for our problem can
then be formulated as:

min Z TnTn Z Z Z Z ngygpk

neN a€A,, i€ peEP ke
n n na _ _na
+ § :ws E E : E E § : E EisrtFp qipksrt
SES, a€A, i€ peP keKreR teT, (1)

D IDIDIDID PP DY T

a€A, i€ jEJ pEP kEL TER

aDIDIDIDIPBLL LD I DL AN

a€A, i€L peP keKreR JET rER
subject to:
ZZyZ)kSL neN,ieZ, ?)
pEP ke

SN N D e+, =D, neN,jET sES,TER, 3)

1€T a€ A, pEP ke

ks < Lig Dy Yok neN,ac A, i€l jeJ,peP kek,seS,reR, 4)
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> e+ s = > Giorty NEN, A€ A i€T,pEPkEK,sES,,TER, )
JjET teT

qlpksrt Kkyzpk? TZENGGATL,ZGIPE'PC]{;GIC SGSnyTERtel]:w (6)
7pak9rt<y1pka TLGNGGAH,ZEI])E'PSkGK seES,reR,teT,, (7)

Qe < Kl neNacA,iclpeP keK,seS,reRteT, (8)

ipksrt?

Tipksrt > BpKrd,

a
= ipksrty

neN,a€ A, i€LpePS keK,s€S,reRLET, (9)

t+W,
d’?i’;aksr(tfl) - dzpksrt <1- Z dzpk.srt’
W, 2 (10)

neN,a€An,i€cT,pePkekK,s€S,,rcRtET :t<T, —W,,

t—1

dne _ gna < 1 na
ipksr(t—1) ipksrt = W/ ipksrt’s
Ptr=t—w;
v (1)

neN,a€A, icTpeP’ keK,s€S,reRteT 1 t>W),
dps e €{0,1}, neN,a€ A, icI,pePS ke, seS, reRteT., (12)

>0, neN,iel,peP,kek,seS,,reR, (13)

zpksr

quﬁ?s‘rt>0, neN,CLEAn7i€Z;p€P7kGIC’SGS7L’T€R’t€7;7 (14)
0<uj, <D}, neN,jeJ,secS,reR, (13

vk >0, ne€ENjae Ay i€, jeJ,peP,keK,s€S,,mr€R, (16)

ijpksr

Yipr €{0,1}, neN,ieZ,peP,kek, (17)

The objective function (1) is the expected sum of annualized investment costs at
the strategic level plus the expected sum of operational costs. The operational costs
depend on operational scenario s € S and consist of production costs, distribution
costs and penalty costs for overproduction and demand shortfall, respectively.
Constraints (2) ensure that at most one facility can be opened in each node in each
stage. Constraints (3) ensure that demand is either satisfied or penalized as demand
shortfall. Constraints (4) specify which facilities can satisfy which customers. Fur-
ther, they are formulated in the form of strong inequalities to improve the LP bound
(see also Jena et al. 2016). Constraints (5) guarantee that the production quantity is
either delivered to customers or penalized as overproduction. Note that defining the
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variable ¢;7 .., with a capacity index k further strengthens the formulation. Con-

straints (6) define the maximum production capacities for technologies with con-
tinuous production P, Note that the minimum production quantity for continuous
production is equal to zero and since the production variable q is defined as non-
negative, the minimum production quantity does not need to be defined explicitly.
Constraints (7) link the production of facilities with technology P only to existing
facilities. Further, constraints (8) and (9) specify the maximum and minimum pro-
duction quantities for the semi-continuous production technology P with installed
capacity k, respectively. Constraints (10) ensure that after turning off semi-continuous
production, the facility will be offline for at least ¥, consecutive time periods, while
Constraints (11) allow the semi-continuous production to be turned off after being
on for at least W consecutive time periods. Note that production for the continuous
technology is defined between zero and the maximum production quantity for given
capacity. Therefore, there are no requirement on minimum on or off time. Constraints
(12)—(17) are the binary and non-negativity constraints.

We provide an alternative model formulation without strengthening constraints
(4) and with variables g without capacity index & in Appendix A. We further provide
computational results comparing the LP bound and run times of different model for-
mulation in Table 8. The results show that our model formulation (1)—(17) provides
a stronger LP bound and shorter run times than the model without strengthening
constraints.

4 Solution approach

The presented problem is a large mixed integer problem with many binary variables.
Due to strengthening constraints (4), the LP relaxation provides strong bounds. How-
ever, for our large instances, even the LP relaxation cannot be solved to optimality.
Therefore, we present and compare two heuristic solution methods to solve the prob-
lem. In Sect. 4.1, we present an R-MIP approach based on the optimal solution to the
LP relaxation of the original problem. Section 4.2 presents a solution method based
on Lagrangian relaxation together with a two-step R-MIP approach to construct an
upper bound.

4.1 Linear relaxation and R-MIP

We solve the LP relaxation of the original problem (1)—(17) to obtain a lower bound
and a starting point for our heuristic. Our heuristic is based on an R-MIP approach:
We define ® as a threshold value for binary variables and set variables y > & in the
LP relaxation equal to one. We then solve the remaining R-MIP to find a feasible
solution and upper bound for the original problem.

Choosing a value of @ is a critical part of this approach since it can be difficult to
find the balance between fixing too many variables and, as a result, finding a solu-
tion of poor quality, and fixing too few variables and solving a large problem which
remains intractable. Initial tests have shown that ® = 0.75 is a good compromise in
our case (see Appendix B for more details).
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4.2 Lagrangian relaxation

Using Lagrangian relaxation, and relaxing the demand constraints in particular, has
been a popular choice in facility location problems, (see, e.g., Shulman 1991; Jena
etal. 2016, 2017; Stadlerova et al. 2024, 2023). We formulate the relaxed problem in
Sect. 4.2.1 before discussing the Lagrangian multipliers in section 4.2.2. Finally, we
present our upper bound heuristic in Sect. 4.2.3. The different steps of the Lagrang-
ian-based solution approach are illustrated in Fig. 2.

4.2.1 Solving the relaxed problem

We relax the demand constraints (3) and define A7, as the matrix of Lagrangian

multipliers. As the demand constraints are the only constraints linking all facility

Calculate the lower bound

Solve the LP relaxation of LR()\) | Update Lagrangian multipliers
Iteration limit T

convergence criteria
fullfilled?

YES

|

Calculate the upper bound bound

Solve R-MIP1
for selected y variables fixed to 1:

set yjli = Lif v[h > W

v

Fix all resulting y
variables

v

Solve R-MIP2
with all y variables being fixed

Fig. 2 Lagrangian relaxation with two-step R-MIP approach
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locations together, the resulting relaxed problem becomes separable in facility loca-
tions. The Lagrangian relaxation LR(\) is given as follows:

min Z TnTn Z Z Z Z CorYipk

neN a€A, 1€L peP ke
na _ na
E : E E § : E E lé’ItF quks’r‘t
SES, i€L peP keK reR teT,

+ Z ZZ Z Z Z iy JST Zﬁ)ksr (18)

a€A, i€L jeJ peP kEKTER

LDIDIDIPBP DL

a€A, i€ pePkeKreR

DD (MU =X + 30 XDy | |

jeJrerR jeEJrerR

subject to Constraints (2) and (4)—(17).
For given A, the expression Zjej > rer Ajsr D}, is constant. For sufficiently

large penalties, i.e. M “ > N, uly, is equal to 0 in the optimal solution to LR(A).
For M* < AT

s 18 equal to D7 and the last line of (18) reduces to the constant:

Z -y} Z wnMan

neN seSn

]sr’

For given multipliers, the last two terms of the objective function (18) reduce to a
constant (Stadlerova et al. 2025). The problem becomes separable in facility loca-
tions and we can rewrite objective (18) as:

D g+ D3>0 ek N D+ (M = N uju] )

i€l neN seSjeJ reR

where g;(\) is the optimal objective value of the Lagrangian subproblem for a given
location ¢ € Z:
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A) = min Z TnTn Z Z Z CorYipk

neN a€A, peP kek
n na _ na
PR PIDIPIPIP DL
SE€ESn a€A, pEP kEK TERtET, (20)

T DD D (T = Ntk

a€A, j€J pEP kEK reR

+ Z Z Z Z Moozr'bpaksr )

a€A, peP keEKLreR

subject to Constraints (2) and (4)—(17) for facility ¢ € Z.

The optimal solution to the Lagrangian subproblem provides the optimal invest-
ment and demand allocation decisions in all scenarios for a given facility. Since
combining of facilities with different production technologies at the same location is
allowed, solving the subproblem using a dynamic programming approach is not com-
putationally tractable for large instances (Shulman 1991). We therefore only solve
the LP relaxation of the Lagrangian subproblem. Due to the strengthening constraints
(4), the integrality gap for a single facility problem g;(\) is usually below < 0.05%
for our instances. Hence, only solving the linear relaxation of the Lagrangian sub-
problem still provides a good lower bound.

4.2.2 Lagrangian multipliers

For any given A, we obtain a lower bound on (18). In order to obtain the best
lower bound, we need to solve the Lagrangian dual problem LD = maxy LR(\).
We use a cutting plane method with box constraint to iteratively update the mul-
tipliers. The method is similar to the one in Stadlerova et al. (2023) and included
here for the sake of completeness. We initialize the Lagrangian multipliers as
AZy = min;ez Tj;. In each iteration m, we compute the coordinate of the subgradient
v?srtrl’ where V;Lgr% D;L’r - ZaeAn ZLEI Zpe’/) ZkelC 'L]pksr - u]sr and I;nji)rl?sr
is the solution to the Lagrangian subproblem obtained for variables x in iteration m.
We then define L™ = LR(A™) — 37,0 7> e Dses,, 2orer TnWs Afer Vier and

jsr v jsr

obtain new Lagrangian multipliers by solving the following linear problem:
max ¢ 21

subject to:

o< LI+ Z Z Z Z Tnwy Vi, )\;lenﬂ,g =1,..,m, 22)

jET nEN s€S, eER

AmAL < amm A e T e N, s €Sy, r € R, (23)

jsr jsT jsro
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)\7‘1,'m+1 > A A;Im ] c j’n GN,S c Sn,r S R, (24)

jsr jsT ST

ym+1
¢ € RN ER. (25)
Constraints (23) and (24) are the box constraints that limit how much the Lagrang-
ian multipliers can change in each iteration. When the sign of the subgradient ele-
ment V& changes compared to the previous iteration, we update the box size:
A;’; = aA?fl, where 0 < o« < 1. With this step, we reduce the box size in order to

speed up the process of finding the optimal multipliers (Marsten et al. 1975).

4.2.3 Calculating the upper bound

Once the Lagrangian relaxation has been solved, we calculate an upper bound for the
original problem. To find a feasible solution, we apply a two-step R-MIP approach:
We first use the information from solving the Lagrangian relaxation to fix a subset
of the location variables y. Let ay,g = 1,...,m be the dual variable associated to
constraint (22) for iteration g. The variable a4 can be interpreted as the probability
that the solution to the relaxed problem obtained in iteration g is good, (see, e.g., Jena
etal. 2017; Stadlerova et al. 2024). We then calculate:

m
’yZ)k:Zagy;;gk,nEJ\/',iEI,pEP7kelC, (26)

g=1
where y:;:; is the solution of the investment decision variable y;, in the relaxed

problem in iteration g. Note that y:;ﬁc € [0, 1]. We define W as a threshold value and
set variables y;,, =1 if 75, > W. Initial tests have shown that ¥ = (.85 works

well for our instances, which also corresponds to Jena et al. (2017); Stadlerova et al.
(2024). With these variables fixed, we solve a simplified version of the problem that
disregards variables d;7, .., to obtain a feasible solution for all variables y;, that
have not been fixed. The simplified problem R-MIP1 is given by (1)—(5), (12)—(17),

and (27)—(28). We also add the following capacity constraints.

Gart < Kpppm e Nyae Api€eIpe P ke K, s €Sp,re Rt €T, (27)

Ghart = BoKiylpon €Na€ Api € IpePS k€K, s €S,,r €REET,. (28)

The formulation of minimum production requirements (28) is, however, stricter for
semi-continuous production technology than the original problem using constraints
(9). Here, the production level is forced to stay above the minimum production
requirements once the facility has been opened. Still, solving this simplified problem
results in decisions y;,,, that are feasible for the original problem.

In the second step, we solve R-MIP2, i.e. the original problem (1)—(17) with the
variables y;,, fixed to the values obtained from R-MIP1. With this step, we obtain a
feasible solution for all variables. As all y; ;. are now fixed, we can solve the problem
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independently for each strategic node n € N, and each operational scenario s € S,,
using a commercial software.

5 Case study

In this section, we present the input data for our case study regarding the optimal
location of hydrogen production facilities in Norway. We first discuss the planning
horizon (see Sect. 5.1), while Sect. 5.2 presents the demand and the generation of
strategic scenarios. Section 5.3 provides the investment, production, distribution, and
penalty costs. Scenarios for operational uncertainty are discussed together with pro-
duction costs. Finally, Sect. 5.4 presents the candidate facility locations and customer
locations.

5.1 Planning horizon

We consider a planning horizon of 15 years, split into 3 stages. Each stage consists
of 5 years. On the operational level, we consider up to 4 representative periods repre-
senting four seasons (spring, summer, autumn, winter) with a scenario specifying the
24 hourly electricity prices of a representative day within each season.

5.2 Demand

Future hydrogen demand represents strategic uncertainty in our problem. However,
hydrogen demand is expected to increase in the coming years. Figure 3 illustrates
the minimum and maximum potential demand level during our 15 years planning
horizon. The minimum demand is derived from demand in the maritime transporta-
tion sector. This demand is based on the estimated energy needs for providing pub-
lic transportation services (such as ferries and high speed passenger vessels) using
hydrogen as fuel (Ocean Hyway Cluster 2020). The maximum demand level com-

3 Fo—
c 300 | |——Min demand /
S — Max demand /
= 250t

2 /
g 200 1 /
Q

T 150 /
= /

5 100f T

© /

§< 50 + /

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Year

Fig. 3 Development of hydrogen demand during the planning horizon
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bines demand from the maritime sector with estimates for demand from land-based
transportation (DNV GL 2019). In the first stage, demand is deterministic and con-
sists exclusively of maritime demand. In the second and third stage, the share of land-
based transportation demand is uncertain.

Daily demand in our scenarios is always between the minimum demand level, D},
and the maximum demand level, D}, of each stage 4. Note that we assume demand
to be constant within a stage. To ensure that demand is increasing from one stage to
another, we use a growth factor g > 1. We first sample demand in stage » = 1 from

the interval [D}", D¥]. We then sample growth factors g4 from the interval (1, %5:]

and calculate demand in each node of the second stage as D3 = D, - g5. To generate
scenarios for the third stage, we repeat this procedure: for every second stage node m,

u

we sample growth factors g5 from the interval (1, 5—2] and calculate demand in the
2

third stage as D3 = D3 - g5. The daily demand is equal in all representative periods.

For our instances, we draw the same number of samples for the growth factors in

the strategic nodes of stages 1 and 2. We generate 3, 4, 5, and 8 scenarios, resulting

in up to 64 scenarios in stage 3.
5.3 Costs

We assume that investment costs are independent of the location, but both investment
costs and production costs change over the planning horizon, e.g. due to technology
development. However, the production costs depend on the location.

5.3.1 Investment and maintenance costs

We consider two production technologies: AL and PEM electrolyzers. AL electroly-
sis is modelled as semi-continuous production technology with a minimum produc-
tion requirement, whereas PEM electrolysis is modelled as continuous production
technology. The investment costs for both technologies are taken from Andrenacci
et al. (2022). The development of these costs over time is adjusted based on IRENA
(2020b). We consider 9 discrete capacities and use costs from Refsdal and Sindre
(2023). Table 2 shows annualized investment costs at each stage assuming a lifetime
of 15 years, and Table 3 shows the yearly maintenance costs for both technologies.

5.3.2 Production costs

Electricity costs are a critical part of the production costs when using electrolysis to
produce hydrogen. In general, electricity prices in the northern part of Norway are
considerably lower and less volatile than in the southern part. We therefore consider
specific electricity prices for each facility location depending on its regional electric-
ity market (bidding zone). Figure 4 illustrates the electricity prices for each of the
Norwegian bidding zones (NO1-NO5) during a 5-day period (120 hours) in Decem-
ber 2022. Note that prices for NO1, NO2, and NOS are equal.

We collect historical day-ahead electricity prices from Nord Pool (2024) for the
years 2020, 2021, and 2022. We further group electricity prices based on season
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Table 2 Investment costs in [mill. €] (Refsdal and Sindre 2023)

Discrete capacity 1 2 3 4 5 6 7 8 9
Capacity [tonnes/day] 0.5 2.5 5 12.5 25 50 80 125 250
PEM 2021 1.1 43 6.5 15.5 29.8 54.0 86.4 123.8 247.6
PEM 2026 0.9 34 5.1 12.1 232 42.0 67.2 99.4 198.8
PEM 2031 0.6 24 3.6 8.6 16.5 30.0 48 75.0 150.0
AL 2021 0.7 29 43 10.3 19.8 36.0 57.6 90.0 180.0
AL 2026 0.6 2.6 3.9 9.3 17.8 324 51.9 81.0 162.0
AL 2031 0.5 2.3 3.5 8.3 15.8 28.8 46.1 72.0 144.0

Table 3 Maintenance costs [mill. €/year] (Refsdal and Sindre 2023)

Discrete capacity 1 2 3 4 5 6 7 8 9
Capacity [tonnes/day] 0.5 2.5 5 12.5 25 50 80 125 250
PEM 2021 0.02 010 0.21 0.51 1.00 210 330 5.10 10.20
PEM 2026 0.02 0.08 0.16 039 077 1.60 250 385 7.70
PEM 2031 0.01 0.05  0.11 026  0.53 1.10 1.70  2.60 5.20
AL 2021 0.03 013 025 0.63 125 250 500 6.25 12.50
AL 2026 0.03  0.11 022 0.54 1.05 215 390 533 10.65
AL 2031 0.02 0.09 0.18 044 0.86 1.80 2.80 440 8.30
NO1,NO2,NO5
— — NO3

150

— - — No4

120

90 |

Price [EUR/MWh]

60 |

30

Time

Fig.4 Hourly electricity prices in Norway starting 10™ December 2022

(spring, summer, autumn, and winter). Operational scenarios are generated by sam-
pling electricity prices for each bidding zone from the historical data. We generate
operational scenarios with one representative period per scenario and operational
scenarios with four representative periods per scenario. For instances with only one
representative period, we sample electricity price scenarios for each bidding zone
directly from the historical data without considering which season the scenario
belongs to. For instances with four representative periods per scenario, we sample
one electricity price realization from each season.
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Table 4 Power consumption and PEM AL

?ll;z}sgizggsszflgih;ozg AL Power consumpt?on [kWh/kg] 2021 55 50
Power consumption [kWh/kg] 2026 51.5 49
Power consumption [kWh/kg] 2031 48 48
Production range [%] 0-100 20-100
Start-up time [h] 0 2

Table 5 Distribution costs per kilometer and kilogram (Refsdal and Sindre 2023)
Distance [km] 1-50 51-100 101-250 251-500 501-750 751-1000
Costs [€/km/kg] 0.00825 0.00573 0.00423 0.00372 0.00319 0.00262

We generate instances with up to 150 operational scenarios corresponding to 150
representative periods. Note that instances with one representative period and 100
operational scenarios and instances with four representative periods and 25 opera-
tional scenarios are equal in size.

We assume the production costs to be linear for both technologies. AL electrolyz-
ers have a production range between 20 — 100%. They can be switched off, but have
an average start-up time of 2 hours (Refsdal and Sindre 2023). The operational range
of a PEM electrolyzer is 0 — 100%. Power consumption data for both technologies
are taken from Andrenacci et al. (2022). Table 4 shows the power consumption per
produced kg of hydrogen at each stage and production range.

5.3.3 Distribution costs

In this paper, we focus on hydrogen distribution by truck. Distribution costs depend
solely on the distance and the amount of hydrogen transported. Further, there is a dis-
tribution limit of a maximum of 1000km. The distribution cost per kilogram and kilo-
meter are given in Table 5 for different distance intervals. Note that parameter 75; is
the unit distribution cost per kg given the distance between facility i and customer j.

5.3.4 Penalty costs

In order to focus on independent domestic production, the penalty costs are set to a
high value, 10° € per unit, to provide a strong incentive to avoid demand shortfall
and overproduction.

5.4 Facility and customer locations

In the base case, we consider 17 candidate locations. Figure 5 shows the candidate
facility locations based on Ocean Hyway Cluster (2020) and the bidding zones they
belong to. Keep in mind that the bidding zone impacts the production costs of the
facilities, see Sect. 5.3.2.

We start by using the 71 customer locations from Stadlerové et al. (2024). To
reduce the complexity of the problem, we aggregate them into 30 customer locations
using K-means clustering based on geographical location (Refsdal and Sindre 2023).
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Fig.5 Candidate facility locations and their electricity bidding zones

6 Computational study

Our algorithm is implemented in Julia 1.8.2. using OpenMPI 4.1.6 for distributed
computations. We also enable parallelization in Julia with up to 32 threads. Gurobi
11.0 is used as the commercial solver. All calculations have been carried out on a
cluster with 9 nodes running CentOS 7 (kernel 3.10), where each node has two 3.6
GHz Intel Xeon Gold 6244 CPU (8 cores) processors and 384 GB RAM.

We denote our instances with the number of strategic scenarios (N), operational
scenarios (S) and representative periods per operational scenario (R), e.g. instance
F17D30N25S3R4 consists of 17 candidate locations, 30 demand locations, 25 stra-
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tegic scenarios, and 3 operational scenarios in each of the 4 representative periods.
To give some insights in the size of our problem instances, we report more detailed
information in Appendix C in Table 10.

We discuss the solution quality of the proposed solution methods in Sect. 6.1. In
Sect. 6.2, we analyze the solution structure.

6.1 Solution quality

We compare our two solution approaches, the linear relaxation with R-MIP
(LP+R-MIP) and the Lagrangian relaxation with the two-step R-MIP (LR +2R-MIP),
to Gurobi (Gur). In particular, we compare the run time, the best feasible solution,
and the optimality gap. We set a time limit of 48 hours for each method which are
divided equally between calculating the lower bound and the upper bound. We set a
time limit of 24 hours for solving each of the following: the linear relaxation of the
original problem (LP), the R-MIP based on the LP relaxation (R-MIP), and calcu-
lating the upper bound with a two-step R-MIP based on the Lagrangian relaxation
(UB). The limit for solving the Lagrangian dual is set to 24 hours or 100 iterations
(one iteration consists of solving the relaxed problem and updating the Lagrangian
multipliers). In Table 6, we report the optimality gaps of Gurobi after 48 hours, the
LP + R-MIP approach (Gap LP), and the LR + 2R-MIP approach (Gap LR). We also
report the best feasible solution (Best FS) for all tested solution approaches. Further,
we show the run times for solving the linear relaxation and the R-MIP as well as
solving the Lagrangian dual and the two-step R-MIP. Due to the strengthening con-
straints, the LP bound provides a strong lower bound for the original problem. Initial

Table 6 Computational results general formulation
Gur LP + R-MIP LR + 2R-MIP

Instance Best Gap Time Time Best Gap Time Time Best Gap
FS 48h LP R-MIP FS LP LB UB FS LR

[106] [%] [s] [s] [106] [%] [s] [s] [106] [%]

F7D30N9S5R1 1548 0.18 159 478 1549 043 1032 182 1552 0.70
F7D30N25S5R1 1542 021 76l 6715 1543 0.45 2897 403 1554 1.30
F7D30N9S5R4 1776~ 0.57 709 20084 1777 0.85 4797 560 1780 1.22

F7D30N25S5R4 1780 090 3827 18647 1771 0.75 13691 3100 1772 0.97
F17D30N9S5R1 1364 0.18 347 19641 1364 040 1634 242 1372 1.09
F17D30N25S5R1 1361 051 2183 51892 1359 0.44 4438 1548 1366 0.97
F17D30N9S5R2 1462 0.26 1048 14812 1463 0.53 3263 2135 1456 0.87
F17D30N25S5R2 1460 0.55 2406 86400 1459 0.63 9063 7732 1462 0.92
F17D30N9S7R4 1394  0.48 3462 86400 1393 0.46 13598 12618 1395 0.71
F17D30N25S3R4 1555 0.48 6800 86400 1554 0.47 9900 23455 1565 1.40
F17D30N25S5R4 1598 0.75 16868 17903 1596 0.69 26799 30102 1604 1.37
F17D30N64S3R4 1327 0.89 31199 86400 1323 0.67 33201 70632 1311 0.95

F17D30N9S25R4 - - 86400 - - - 43231 70871 1437 1.02
F17D30N9S100R1  — - 86400 — - - 39449 12197 1403  0.75
FI17D30N9S150R1 - - 86400 — - - 58940 16990 1410 1.23
F17D30N16S25R4 - - 86400 - - - 86400 86400 1482 1.37
F17D30N16S100R1 — - 86400 — - - 66148 50440 1466 1.15
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tests have shown that, on average, the integrality gap is 0.5% for the original problem
formulation (1)—(17). Note that the LP bound is on average 0.2% higher than the LR
bound. However, the LP bound is not available for larger instances.

Gurobi is not able to find the optimal solution for any of our instances. The LP
relaxation can be solved for 12 instances. Gurobi further finds feasible solutions for
these 12 instances within 48 hours. The best solutions from Gurobi are comparable
with solutions from LP + R-MIP, and slightly better than LR + 2R-MIP solutions.

In general, the LP + R-MIP approach provides high-quality solutions for the
smaller instances with an average optimality gap of 0.56%. However, the R-MIP
is not always solved to optimality. If the optimal solution to the R-MIP is not found
within 86400 seconds, we report the best found solution.

The LR + 2R-MIP approach also provides high-quality solutions but with a
slightly larger average optimality gap of 1.06%. This is mainly due to the fact that the
Lagrangian bound is weaker than the LP bound. Still, the best feasible solutions pro-
vided by the LP + R-MIP approach are on average only 0.34% better than solutions
provided by the LR + 2R-MIP approach. The run time of LR + 2R-MIP is consider-
ably shorter than LP + R-MIP for all but one instance with 17 candidate locations.
The main advantage of the approach based on Lagrangian relaxation over the linear
relaxation approach however, is that it also finds valid lower and upper bounds for
the large instances with more than 100 operational scenarios. Note that the largest
instances with 16 strategic scenarios and 100 operational scenarios have approxi-
mately 25 million binary variables.

6.2 Solution structure

In this section, we analyze the technology choice of our proposed model formula-
tion given by (1)—(17), where different technologies can be combined at one location
and operated in parallel without restrictions. Below, we focus on the results for the
instances with more than 100 operational scenarios since the strategic technology
decisions seem to stabilize for these instances. Please note that we do not test for
in-sample or out-of-sample stability here, as available RAM limits the size (i.e. the
number of scenarios) of instances.

We discuss the best known solution for instance F17D30N9S100R1 as this is the
instance for which we obtain the lowest optimality gap among the large problem
instances. The technology choices for this instance are identical to the other instances
with more than 100 operational scenarios, but the capacity decisions may differ. In
Fig. 6, we plot the location and technology decisions as these are identical in all sce-
narios, but omit the installed capacity. Each of the black underlines represents one
stage, and the square indicates the technology installed in that stage at the location.
Blue and white colour indicates AL technology, while orange colour is used for PEM.

As shown in Fig. 6, the best-known solution chooses to open only AL facilities
in the first stage as they are considerably cheaper in investment and production. In
the second stage, AL technology is still cheaper in investment and operation, but we
see that PEM technology is being installed in southern Norway. Electricity prices in
this area can be much higher than in northern Norway, such that the additional flex-
ibility of PEM allows it to outperform production using AL technology. Hellesylt is
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Fig. 6 Location and technology decisions for F17D30N9S100R1

an exception as the installed capacity is so small that it operates at capacity limit in
all scenarios (and thus does not require flexibility). In the third stage, the solution
chooses to install only PEM to benefit from the flexibility the technology provides.
Despite being approximately 2% more expensive in investment, PEM technology
becomes cheaper in the third stage due to lower yearly maintenance costs. Note that
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PEM provides cheaper maintenance in all stages. Nevertheless, AL still provides a
lower sum of yearly investment and maintenance costs in the first and second stage
compared to PEM.

Note that most of the production capacity is located in zone NO4 in northern Nor-
way due to lower and less volatile electricity prices. Even though approximately 80%
of the demand is located in the area south of Trondheim, there are no facilities south
of Florg in any of the strategic scenarios. On average, installed capacity in Trondheim
and Florg corresponds to more than 50% of the overall demand. This indicates that
electricity costs, and hence production costs, are too high in zones NO1 and NO2 to
install production capacity. These results further imply that it is cheaper to pay for
distribution costs instead of producing with high electricity costs.

Figure 6 shows that the solution chooses to combine technologies at all but one
location in Glomfjord. In order to better understand and analyze the advantages of
combining technologies at a location, we also consider the special case where mixing
technologies at a single location is not allowed (single technology formulation) by
imposing additional Constraints (29).

Syt D> Y ypi<lLneNn €A i€ peP. 29)

keK p'€P\{p} kEK

Using the Lagrangian relaxation with the two-step R-MIP, we obtain high-quality
solutions for all instances with optimality gaps below 1.5% for the single technology
formulation as well. Similar to the general model formulation (1)—(17), the technol-
ogy decisions are the same for all strategic scenarios and differ only in the installed
capacity level.

When allowing only one technology per location, all selected locations south of
Glomfjord use PEM technology due to its flexibility, see Fig. 7. Since PEM has equal
operational costs with AL in the third stage, and lower maintenance costs, all loca-
tions, which aim to install large capacity (above capacity level 5) in the last stage,
also use PEM. Only two locations, Finnsnes and Svolvar, with relatively small facili-
ties (below capacity level 3) use AL technology.

The objective function value of the general model solution is about 1% lower
than for the single technology solution despite installing more capacity. The expected
operational costs show that the general model enables cheaper hydrogen production
in the first stage since the solution installs the AL technology at all locations. In addi-
tion, the general model solution installs less capacity in the first stage. A similar situ-
ation can be observed in the second stage where, however, the general model solution
already installs more capacity, see Table 7. On the other hand, the single technology
solution results in slightly lower operational costs in the third stage since there is flex-
ible PEM technology at almost all locations. Further, Table 7 shows that also in the
third stage, the installed capacity is higher for the general model formulation.

To compare operations in the different solutions, we show the expected capacity
utilization over the operational scenarios in the third stage for the strategic scenario
with the lowest demand in Fig. 8. In this scenario, the differences in the capacity uti-
lization are more apparent than in other scenarios. In general, the utilization of newer
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Fig. 7 Location and technology decisions for F17D30N9S100R1 for the single technology model
formulation

facilities, i.e. facilities opened in the third stage, is higher than the capacity utilization
of older facilities due to technology development leading to more efficient facilities.

For the general model formulation, Fig. 8 a shows that higher installed capacity in
the third stage allows to not use the oldest AL facilities in Flore and Trondheim (high-
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Table 7 Expected capacity Stage  Exp. Exp. installed Exp. capacity
utilization capacity utilization
daily General Single General Single
demand tech. tech.
11.85 15.5 18.0 76.4% 65.8%
2 82.10 89.3 85.0  91.9% 96.6%
3 300.01 369.5 344.8 81.2% 87.0%
56 _ 81 48 82

Berlevag Berlevag

Capacity utilization
9 AL Hammerfest
PEM

Hammerfest

Mo | Rana

Trondheim 2299 99

@ Hellesylt %9 99

Slemmestad

Slemmestad
Fisk&

Stavanger Stavanger

(a) Capacity utilization for the general (b) Capacity utilization for the single
model formulation technology model formulation

Fig. 8 Expected capacity utilization over operational scenarios for F17D30N9S100R1

lighted with red circles). While these facilities were beneficial in the first stage, they
are relatively expensive in operation in the third stage and less flexible than PEM
technology. Figure 8b shows the expected capacity utilization for the single technol-
ogy formulation, where all facilities in Trondheim, Hellesylt and Flore are approach-
ing 100% utilization independent of their opening stage. As a result of the capacity
utilization, the option not to produce during peak hours is limited. The advantage
of flexible PEM technology is exploited in Storekorsnes and Berlevag in the north,
which are both quite large facilities with relatively low capacity utilization.
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7 Conclusion

We have presented a multi-horizon stochastic facility location problem formulation
motivated by the real-world problem of locating hydrogen production facilities in
Norway. Since the problem becomes easily very large, we present the Lagrangian
relaxation method to solve the problem. With our solution method, we can solve
instances with up to 150 operational scenarios with a gap below 1.5%. For instances
with more than 100 operational scenarios, Gurobi is not able to solve the linear
relaxation.

When solving the problem of locating hydrogen production facilities in Norway,
the results indicate that the technology choice is affected not only by investment and
production costs but also by technology flexibility. In areas with high and volatile
electricity costs, the solution chooses to open the PEM technology due to its flexibil-
ity despite its higher costs. In later stages, the solution further prefers newer facilities
due to their lower operational costs, while the utilization of facilities installed in the
first stage is relatively low.

In future work, the model can be further extended by considering facility closing.
Uncertainty in technology development can be captured and analyzed by also consid-
ering uncertainty in investment and distribution costs. If lower run times are needed,
further reformulation and decomposition by scenario could be considered. In addi-
tion, our approach should be combined with other methods to solve instances with a
higher number of scenarios, which would also allow for stability testing.

Appendix A Alternative model formulation

We provide an alternative model formulation to (1)—(17) presented in Sect. 3 and
compare the LP bound and Gurobi run times. In the alternative model formulation
(A1)-(A17), variables x are defined without the technology and capacity index.
Hence, constraints () only specify which customers can be served from facility i, but
do not serve as strengthening constraints. Further, we define variables g without the
capacity index. The alternative model is given as follows:

min Z TnTn Z Z Z Z C;)lkyquk

neN a€A,, i€L peP kek

YWl DD DD D B

sE€ESn a€A, i€T pEP reRtET (A1)

2.2 > Tylsr

€T jeJ reR

+Y O MU+ Y Y Moo, | ],

JjET reR i€Z reR
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subject to:
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Yipk €10,1},n € Nya€ Ayi € Z,pe Pk €K, (A17)

We compare the computational results for different alternative model formulations
to illustrate the effect of strengthening constraints presented in our model (1)—(17)
(M1). Model (A1)—(A17) is referred to as M2. We further present results for model
M3, where variables x are again defined with the technology and capacity index (as
in (1)—(17)), while variables g remain without the capacity index. We also include
strengthening constraints (4) in M3.

We compare the LP relaxation bound (LP bound), the best found objective (Best
FS), the optimality gap (Gap) and the run time (Time). The time limit is set 24 hours
for all instances. Table 8 shows that M1 provides the highest LP relaxation bound,
which is on average 0.58% and 1.12% higher than M2 and M3, respectively. Fur-
ther, M1 outperforms M2 and M3 in run time as well as in solution quality, provid-
ing always Best FS with the lowest objective. Note that the two largest instances
F17D30N9S5R4 and F17D30N25S5R4 can be solved only using M1. Using M2 and
M3 causes an out-of-memory error.

Appendix B Results from initial tests for LP+R-MIP heuristic

We provide initial results for different values of parameter ® when using the LP+R-
MIP approach. Parameter ® serves as threshold value and variables y > @ in the LP
relaxation are set equal to one when solving the R-MIP.

For small instances, high values of ® can be favourable because it leads to high-
quality solutions, and longer run times are not an issue. However, for larger instances,
the problem might be too big if the parameter ® is chosen too high and only a few
variables are fixed. Table 9 shows the optimality gap of the LP+R-MIP approach
together with R-MIP run times for different ¢ values. The run time limit for solving
the R-MIP is set to 24 hours.

We choose @ = 0.75, which provides a good compromise between solution qual-
ity and run time.

Appendix C Dimensions and complexity of problem instances

In Table 10, we report the number of constraints (m), number of binary variables
(n01), number of continuous variables (nc), constraint matrix nonzero elements (nel),
LP solution value (Z;p), incumbent solution ( Zgg) and time to find this solution
(‘tBB), as well as the gap of the incumbent solution vs the LP bound (GAP, ), and
the gap of the incumbent solution vs the best lower bound from branch and bound
(GAPgp). All times reported by Gurobi are wall clock times. The optimality gap is

UB-LB
UuB

lower bound. We have set a run time limit for Gurobi of 48 hours.
Note that Gurobi is not able to solve the LP relaxation for the three largest instances
F17D30N9S100R1, F17D30N9S150R 1, and F17D30N16S100R1 with more than

calculated by Gurobi as:

where UB represents the upper bound and LB the

@ Springer



S. Stadlerova et al.

Page 32 of 36

- - - - - - - - 00¥98 $9°0 6'09%1 10SYT TUSSSTNOEALTA
- - - - - - - - 00798 SE0 €T9p1 0SSPl TISSENOEALT
00798 99T 9b8El 89231 00798 9! 9°L9€1 1'0bET 00Y98 $8°0 6'S9¢€1 TEsel TISSSTNOEALT
00798 LTT 6€LET TISET 00798 $9°0 €69¢T TPET 00¥98 120 6°€9¢€1 L'8SET TISS6NOEALTA
00798 09 1°TL81 €ISLT - - - - 00798 Tl 0°08LI T8SLI PISSSTNOCAL
00798 0SC ¥'1081 0bSLI 00798 201 S'LLLI 9TSLT 00Y98 €9°0 6'SLLI 919L1 PASSENOSALA
00798 €T ¥'69ST 10€ST 00798 €0 STYSI $'8TST 00¥98 LTO STYSI ¥9€ST 1ISSSTNOEALA
00798 0t'0 €811 L9EST 00798 120 1'8%ST 14439 00¥98 81°0 1'8%ST TSI TISS6NOEALA
18YLY 000 $'6S1 8651 TILIY 000 S6S1 LEST 0v811 000 S°6S1 €LST PISSENSAS
180C 000 L6ST 09S1 6T€T 000 L6S1 6€S1 €291 000 L'6ST S'LST 1ISS6NSAS
[s] [%] [401] [o01] [s] [9%] [401] [401] [s] [%] [401] [401]
OEE. Qmo mm 1599 —uﬁﬁOD d1 oEWﬁ QNO mm 1S9g UESOD d1 QEWH mmmu wm 1s9g UESOQ d1 due)suy
SN N N

SUOIIR[NULIOJ [9POU JURIIYIP 10J s)nsal [euonendwo) g ajqel

pringer

Qs



6

Page 33 of 36

Solving a multi-horizon stochastic facility location problem with...

00198 50 00t98 €50 Y91SY €50 I8yl €50 1223! €50 YLL8T 19°0 786 690 TASSONOEALTA
00t98 9¢'1 00%98 LLO 0098 SLO 7008¢ SLO SOTLE LLO 65STS¢E 680 U923 611 TASSSTNOEdLA
7€08Y 18°0 12L9% 80 L8STE ¥8°0 800C ¢80 9000C 680 LST91 160 99Tl 160 PASSONOEALA
S8L9Y 0’0 0TT9% 0’0 6C1CC 70 SILY S0 916¢ 6v°0 LEES 50 14354 €50 [ASSSTNOEALA
€61¢T LE0 LLIT LEO 18411 6€0 8LV €0 994 13 740) 13014 340 6¢ 1340} ASS6NOEALA
0S1CT 8¢'L 9SLIT 8¢'1 8¢LT 8¢'1 S¥9 LET 129 8¢'1 065 8¢'T 6SS 8¢'1 PASSONSASH
Y61 o'l 691 o'l 91 o'l 8L o'l (U8 o'l €01 o'l 01 o'l TASSONSASA
[s] (%] [s] (%] [s] [%] [s] [%] [s] [%] [s] (%] [s] [%]
QwI], den owl], dep Qwi den owiy, dep QwiI], den Qwi], den ow], den oue)suf
060=& @R0=o 80=2o GL0o=o 0L0=& 9'0=2o 090=o

SaN[eA ¢ JUAIIPIP 10f SNSAI JIN-Y+d'T 6 3IqeL

pringer

As



6 Page 34 of 36 S. Stadlerova et al.

Table 10 Complexity of representative problem instances

m n01 nc nel Zip Zps  tBB GAP;p, GAPgzg

Instance [103] [103] [103] [103] [108] [106] [s] [%0] [%]
F7D30N9S5R4 8517 1144 5185 28822 1761.6 17759 172800 0.80  0.57
F7D30N25S5R4 21537 2894 13109 72921 17582 17803 172800 124  0.90
F17D30N25S5R2 26139 3519 15905 90004 1450.1 1459.8 172800 0.66  0.55
F17D30N25S5R4 52278 7028 31809 179987 1585.1 1597.6 172000 0.78  0.75
F17D30N64S3R4 76218 10257 46372 262497 1315.0 1326.8 172800 0.89  0.89

F17D30N9S100R1 103370 13876 62910 355628 — - 172800 — -
FI17D30N9S150R1 155056 20812 94365 533438 - - 172800 — -
F17D30N16S100R1 173268 23263 105437 596349 — - 172800 — -

100 operational scenarios within the run time limit. The three instances have approxi-
mately 13.9, 20.8, and 23.3 million binary variables, respectively.

Author contributions SS wrote the main manuscript, devloped the model and implemented the solution
approach. PS conceptualized the manuscript, commented and reviewed the manuscript. IR collected data,
sugegsted the first model, contributed to literature review. TSS collected data, sugegsted the first model,
contributed to literature review. FK implemented the solution approach, contributed the solution approach
section. All authors reviewed the manuscript.

Funding Open access funding provided by NTNU Norwegian University of Science and Technology (incl
St. Olavs Hospital - Trondheim University Hospital)

Data availability No datasets were generated or analysed during the current study.

Declarations
Conflict of interest The authors declare no competing interests.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use
is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licen
ses/by/4.0/.

References

Ahmed S, King AJ, Parija G (2003) A multi-stage stochastic integer programming approach for capacity
expansion under uncertainty. J Glob Optim 26(1):3-24

Alonso-Ayuso A, Escudero LF, Guignard M, Weintraub A (2020) On dealing with strategic and tactical
decision levels in forestry planning under uncertainty. Comput Oper Res 115:104836

Andrenacci S, Yejung C, Raka Y, Talic B, Colmenares-Rausseo L (2022) Electrolysers towards EU MAWP
2023 targets and beyond. Zenodo

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Solving a multi-horizon stochastic facility location problem with... Page 35 of 36 6

Arabani AB, Farahani RZ (2012) Facility location dynamics: an overview of classifications and applica-
tions. Comput Ind Eng 62(1):408-420

Birge JR, Louveaux F (2011) Introduction to stochastic programming, 2nd edn. Springer Science & Busi-
ness Media, New York

Cadarso L, Escudero LF, Marin A (2018) On strategic multistage operational two-stage stochastic 0—1
optimization for the Rapid Transit Network Design problem. Eur J Oper Res 271(2):577-593

Castro J, Escudero LF, Monge JF (2023) On solving large-scale multistage stochastic optimization prob-
lems with a new specialized interior-point approach. Eur J Oper Res 310(1):268-285

Correia I, Captivo ME (2003) A lagrangean heuristic for a modular capacitated location problem. Ann
Oper Res 122(1):141-161

Correia I, Melo T (2021) Integrated facility location and capacity planning under uncertainty. Comput
Appl Math 40(5):175

Correia I, Saldanha-da Gama F (2019) Facility location under uncertainty, In Location Science, eds.
Laporte, G., S. Nickel, and F. Saldanha-da Gama, 185-213. Springer

Dias J, Captivo ME, Climaco J (2007) Dynamic location problems with discrete expansion and reduction
sizes of available capacities. Investig Oper 27(2):107-130

DNV GL (2019) Produksjon og bruk av hydrogen i Norge. Rapport 2019-0039, Oslo, Norway, (in
Norwegian)

DNV GL (2021) Energy transition norway 2021: a national forecast to 2050. https://www.dnv.com/public
ations/energy-transition-norway-2021-212201/. last accessed 23.07.2024

Escudero LF, Monge JF (2018) On capacity expansion planning under strategic and operational uncertain-
ties based on stochastic dominance risk averse management. CMS 15(3—4):479-500

Escudero LF, Monge JF (2021) On multistage multiscale stochastic capacitated multiple allocation hub
network expansion planning. Mathematics 9(24):3177

Escudero LF, Monge JF (2023) On Risk Management of Multistage Multiscale FLP Under Uncertainty,
In Uncertainty in Facility Location Problems, eds. Eiselt, H.A. and V. Marianov, 355-390. Springer

Fernandez E, Landete M (2019) Fixed-charge facility location problems, In Location Science, eds.
Laporte, G., S. Nickel, and F. Saldanha da Gama, 67-98. Springer, Cham

Ghiani G, Guerriero F, Musmanno R (2002) The capacitated plant location problem with multiple facilities
in the same site. Comput Oper Res 29(13):1903-1912

Govindan K, Fattahi M, Keyvanshokooh E (2017) Supply chain network design under uncertainty: a com-
prehensive review and future research directions. Eur J Oper Res 263(1):108-141

Hellemo L, Midthun K, Tomasgard A, Werner A (2012) Multi-stage stochastic programming for natural
gas infrastructure design with a production perspective, In Stochastic Programming: Applications
in Finance, Energy, Planning and Logistics, eds. Gassman, H.I. and W.T. Ziemba, 259-288. World
Scientific

IRENA (2020) Green hydrogen: A guide to policy making. Technical report, International Renewable
Energy Agency

IRENA 2020b. Green hydrogen cost reduction: Scaling up electrolyzers to meet the 1.5°C climate goal.
Technical report, International Renewable Energy Agency

Jena SD, Cordeau JF, Gendron B (2015) Dynamic facility location with generalized modular capacities.
Transp Sci 49(3):484-499

Jena SD, Cordeau JF, Gendron B (2016) Solving a dynamic facility location problem with partial closing
and reopening. Comput Oper Res 67:143-154

Jena SD, Cordeau JF, Gendron B (2017) Lagrangian heuristics for large-scale dynamic facility location
with generalized modular capacities. INFORMS J Comput 29(3):388-404

Kaut M, Midthun KT, Werner AS, Tomasgard A, Hellemo L, Fodstad M (2014) Multi-horizon stochastic
programming. CMS 11(1-2):179-193

Maggioni F, Allevi E, Tomasgard A (2020) Bounds in multi-horizon stochastic programs. Ann Oper Res
292:605-625

Marsten RE, Hogan WW, Blankenship JW (1975) The boxstep method for large-scale optimization. Oper
Res 23(3):389-405

Melo MT, Nickel S, Saldanha-Da-Gama F (2009) Facility location and supply chain management-a
review. Eur J Oper Res 196(2):401-412

NEL Hydrogen (2018) Nel hydrogen electrokysers. http://img-admin.exponews.com.au.s3.amazonaws.
com/exhibitors/e/nel-electrolysers-brochure-2018-pd-0600-0125-web_18041145.pdf/. last accessed
01.08.2022

@ Springer


https://www.dnv.com/publications/energy-transition-norway-2021-212201/
https://www.dnv.com/publications/energy-transition-norway-2021-212201/
http://img-admin.exponews.com.au.s3.amazonaws.com/exhibitors/e/nel-electrolysers-brochure-2018-pd-0600-0125-web_18041145.pdf/
http://img-admin.exponews.com.au.s3.amazonaws.com/exhibitors/e/nel-electrolysers-brochure-2018-pd-0600-0125-web_18041145.pdf/

6 Page 36 of 36 S. Stadlerova et al.

Nickel S, Saldanha-da Gama F (2019) Multi-period facility location, In Location Science, eds. Laporte, G.,
S. Nickel, and F. Saldanha-da Gama, 303-326. Springer, Cham

Nord Pool (2024) Day-ahead market data product sheet. https://developers.nordpoolgroup.com/reference/
day-ahead-market-data-product-sheet. Online; accessed 01.02.2024

Ocean Hyway Cluster (2020) Interactive map - potential maritime hydrogen in Norway. Mapping future
hydrogen demand, OHC HylInfra project, Workpackage C

Owen SH, Daskin MS (1998) Strategic facility location: a review. Eur J Oper Res 111(3):423-447

Refsdal I, Sindre TS (2023) Impact of production technology flexibility in a multi-horizon stochastic
hydrogen facility location problem. Master’s thesis, Department of Industrial Economics and Tech-
nology Management, NTNU, Trondheim, Norway

Sauvey C, Melo T, Correia I (2020) Heuristics for a multi-period facility location problem with delayed
demand satisfaction. Comput Ind Eng 139:106171

Schiitz P, Tomasgard A, Ahmed S (2009) Supply chain design under uncertainty using sample average
approximation and dual decomposition. Eur J Oper Res 199(2):409-419

Shulman A (1991) An algorithm for solving dynamic capacitated plant location problems with discrete
expansion sizes. Oper Res 39(3):423-436

Snyder LV (2006) Facility location under uncertainty: a review. IIE Trans 38(7):547-564

Stadlerova S, Aglen TM, Hofstad A, Schiitz P (2022) Locating hydrogen production in Norway under
uncertainty. In: Ramalhinho H, De Armas J, Vo8 S (eds) Computational Logistics, vol 13557.
Springer, Cham, pp 306321

Stadlerova S, Jena SD, Schiitz P (2023) Using Lagrangian relaxation to locate hydrogen production facili-
ties under uncertain demand: a case study from Norway. Comput Manage Sci 20(10)

Stadlerové S, Schiitz P (2021) Designing the hydrogen supply chain for maritime transportation in Nor-
way. In: Mes M, Lalla-Ruiz E, VoB} S (eds) Computational Logistics, vol 13004. Springer, Cham, pp
36-50

Stadlerova S, Schiitz P, Jena SD (2025) Solving multi-stage stochastic facility location problems with
modular capacity adjustments. Comput Oper Res 183:107200

Stadlerova S, Schiitz P, Tomasgard A (2024) Multi-period facility location and capacity expansion with
modular capacities and convex short-term costs. Comput Oper Res 163:106395

Su Z, Egging R, Huppmann D, Tomasgard A (2015) A multi-stage multi-horizon stochastic equilibrium
model of multi-fuel energy markets. CenSES Working paper 2/2015

United Nations (2015) Paris agreement. In Adoption of the Paris agreement. Framework Convention on
Climate Change, FCCC/CP/2015/L.9/Rev.1

Zhang H, Grossmann IE, Tomasgard A (2024) Decomposition methods for multi-horizon stochastic pro-
gramming. CMS 21:32

Publisher's Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://developers.nordpoolgroup.com/reference/day-ahead-market-data-product-sheet
https://developers.nordpoolgroup.com/reference/day-ahead-market-data-product-sheet

	﻿Solving a multi-horizon stochastic facility location problem with capacity expansion
	﻿Abstract
	﻿1﻿ ﻿Introduction
	﻿﻿2﻿ ﻿Literature review
	﻿﻿2.1﻿ ﻿Stochastic facility location and capacity expansion problems
	﻿﻿2.2﻿ ﻿Multi-stage multi-horizon stochastic problems
	﻿2.3﻿ ﻿Comparison and contribution

	﻿﻿3﻿ ﻿Problem description and mathematical formulation
	﻿﻿3.1﻿ ﻿Problem description
	﻿﻿3.2﻿ ﻿Modelling approach
	﻿﻿3.3﻿ ﻿Mathematical formulation
	﻿3.3.1﻿ ﻿Sets
	﻿3.3.2﻿ ﻿Parameters and coefficients
	﻿3.3.3﻿ ﻿Decision variables


	﻿﻿4﻿ ﻿Solution approach
	﻿﻿4.1﻿ ﻿Linear relaxation and R-MIP
	﻿﻿4.2﻿ ﻿Lagrangian relaxation
	﻿﻿4.2.1﻿ ﻿Solving the relaxed problem
	﻿﻿4.2.2﻿ ﻿Lagrangian multipliers
	﻿﻿4.2.3﻿ ﻿Calculating the upper bound


	﻿﻿5﻿ ﻿Case study
	﻿﻿5.1﻿ ﻿Planning horizon
	﻿﻿5.2﻿ ﻿Demand
	﻿﻿5.3﻿ ﻿Costs
	﻿5.3.1﻿ ﻿Investment and maintenance costs
	﻿﻿5.3.2﻿ ﻿Production costs
	﻿5.3.3﻿ ﻿Distribution costs
	﻿5.3.4﻿ ﻿Penalty costs


	﻿﻿5.4﻿ ﻿Facility and customer locations
	﻿﻿6﻿ ﻿Computational study
	﻿﻿6.1﻿ ﻿Solution quality
	﻿﻿6.2﻿ ﻿Solution structure

	﻿﻿7﻿ ﻿Conclusion
	﻿Appendix A Alternative model formulation
	﻿Appendix B Results from initial tests for LP+R-MIP heuristic
	﻿Appendix C Dimensions and complexity of problem instances
	﻿References


