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Abstract

The Gibbs energy due to coherency strain associated with lamellar phase decomposition, including vibrational compo-
nents, was investigated, using a microscopic perspective combining atomistic calculations based on density functional
theory and calorimetric measurements. The model was applied to the lamellar decomposition of alkali feldspar, revealing
that the coherency strain energy coefficient does not only depend on temperature and starting composition, as is the case
within the macroscopic, i.e., continuum-mechanical approach, but it also depends on the chemical gradient at the lamellar
interfaces and on the lamellar thickness. This difference to the macroscopic approach is caused by a realistic relaxation of
the structure in the interior of the lamellae. The coherency strain energy coefficient decreases with decreasing chemical
gradient. However, the lowering of the chemical gradient causes the unmixing process to be incomplete increasing the
Gibbs energy of mixing, which destabilises lamellae with small chemical gradients. This incompleteness of the unmixing
process was quantified in a correction procedure, which was then used to calculate the correct Gibbs energy of mixing.
A minimisation procedure of the Gibbs energy that contains components from both mixing and coherency strain resulted
in the determination of the equilibrium chemical gradient at lamellar interfaces and its dependence on temperature and
lamellar thickness. Although the coherency strain energy coefficient depends on lamellar thickness and chemical gradient,
the Gibbs energy minimisation results in a single coherent solvus, which is independent of these properties and is found
to agree well with experimental data. The new method can be adapted for coherent lamellar decomposition in other binary
solid solutions and alloys.
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Introduction

Many phases form solid solutions and alloys at high tem-
peratures but tend to unmix and develop precipitates and
exsolution microstructures upon cooling. In the early stages
of the decomposition process, the interfaces between the
newly segregated phases may be coherent. In coherent inter-
growths, the crystal structure of the host and the precipitated
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phases are continuous across the phase boundaries emerging
from the unmixing process. In general, the unit cell dimen-
sions of the different homogeneous phases do not match,
and thus the phases need to be elastically strained to ensure
coherency of the two structures at the interface. The result-
ing elastic distortion is referred to as coherency strain. Cahn
and Hilliard (1958) presented a thermodynamic model for
a decomposition process producing flat interfaces in iso-
tropic materials, accounting for the elastic strain energy
using a continuum-mechanical approach. Their model was
expanded to any crystal system by Eshelby (1957), and Lee
and Kang (2021). Based on elasticity theory, the coherency
strain energy (£) may be written as (Cahn 1962).

E = k(Xp — Xg")? (1)

where X is the mole fraction of the B end-member
component in the binary solution, and (X3 - X3°) is the
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compositional deviation of the segregated phase from the
starting composition X5". The quantity (X - Xg”) may be
regarded as a measure of the degree of decomposition or
chemical segregation, and & is the strain energy coefficient.
The coherency strain acts against unmixing, and the asso-
ciated elastic energy adds to the Gibbs energy of mixing,
causing the coherent solvus to be lower and narrower than
the strain-free solvus. The latter applies when the separated
phases have incoherent phase boundaries between them
and are free of coherency strain. The strain associated with
coherent intergrowth may also affect the entropy, so that
Eq. 1) may be written in terms of the Gibbs energy of coher-
ency strain

AGYS = (K" —Tk*) (Xg — Xg°)” 2)

where &' and k° are the coefficients for the enthalpy and
entropy resulting from the coherency strain, AHS and AS®S,
respectively. In cases where the decomposing solid solution
is under pressure (P), a P k" term needs to be added.

In this study, a new microscopic approach is developed
to describe the evolution of coherent lamellar intergrowth
considering its dependence on temperature, lamellar thick-
ness, and chemical gradient at the lamellar interfaces. To
this end, calorimetric measurements and DFT-calculations
of AG®S, including the excess vibrational entropy caused
by the coherency strain, were combined. As a test case, the
approach was applied to coherent lamellar intergrowth pro-
duced by exsolution of Al/Si disordered alkali feldspar in
the binary system NaAlISi;Og (Ab) — KAISi;Og (Or). Alkali
feldspars possess a framework structure consisting of cor-
ner-sharing tetrahedra occupied by Al or Si and irregular
cavities occupied by Na or K ions. The distribution of the Al
and Si atoms on the tetrahedral sites specifies the symmetry
of the structure. At high temperature, the Al/Si distribution
is largely disordered consistent with monoclinic symmetry.
The respective Ab and Or end members are monalbite and
sanidine. At slow cooling, the Al/Si distribution becomes
triclinic due to ordering as in low albite (Ab) and microcline
(Or). At fast cooling, monalbite transforms displacively into
metrically triclinic analbite maintaining its disordered Al/Si
distribution. In K-Feldspar, the Al/Si ordering process fre-
quently ends up in a kinetically stranded state called ortho-
clase characterised by a tweed micro texture. The analbite
and orthoclase states both are metastable at any temperature
and pressure.

To model coherently decomposed phases, an appropri-
ate formalism for calculating the Gibbs energy of mixing is
required, because the compositions of the segregated lamel-
lae generally do not correspond to pure end-member com-
positions. We applied the mixing model for Al/Si disordered
high temperature alkali feldspar of Benisek et al. (2014).
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It agrees within uncertainties with the calorimetry-based
ternary mixing model (Benisek et al. 2010), which is often
used in thermodynamic modelling of high temperature rocks
because it removes discrepancies between observed and cal-
culated feldspar compositions present in mixing models that
are based on phase equilibrium data. Furthermore, to repro-
duce the low temperature solvus the model can be adjusted
by adding a term that reduces the configurational entropy
(Benisek et al. 2014).

Coherent lamellar intergrowth of Na-rich and K-rich
alkali feldspar was recently studied and modelled based on
a phenomenological equilibrium thermodynamic approach
combined with elastic theory by Petrishcheva et al. (2023)
and Heuser et al. (2024). Furukawa and Tsujimori (2024)
used the Cahn-Hilliard model (Cahn and Hilliard 1958) to
study coherent lamellar intergrowth from the exsolution of
alkali feldspars.

Methods

Thermodynamic models used to describe the
thermodynamic mixing behaviour

The Gibbs energy of mixing is written as

AGmix _ AHmix _ —TASmiX (3)
where AH™* and AS™* are the enthalpy and entropy of mix-
ing, respectively. The enthalpy of mixing was modelled
using a Margules formulation, i.e.,

AH™® = WH 51 — Xp)?Xp 4+ WHpaA(1 — Xp)Xp2 4)

where W, and W}, are interaction parameters.
The entropy of mixing consists of an ideal and an excess
part:

ASmix _ Smixid + Smixexc- (5)
The ideal entropy of mixing is written as

Smixy = —R (Xpln(Xg) + (1 - Xg) In(1 — Xp)) (6)
and describes the configurational entropy of mixing with a
random distribution of the two cations mixing on a struc-
tural site with site multiplicity of unity, R is the gas con-
stant. For the excess entropy of mixing (Smixexc), an equation
analogous to Eq. (4) can be used. It may be separated into a
configurational and a vibrational excess part, S and S*,
respectively.
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Table 1 lists the mixing parameters (based on 8 oxygen
atoms) and equations used in this study for describing the
thermodynamic mixing behaviour of the Al/Si disordered
alkali feldspar at solvus temperatures (Benisek et al. 2014).

Adding AG®® to AG™* vyields AG™*"S, the Gibbs
energy of mixing including the coherency strain energy.
The function AG™**®S (X) has two typical minima, as is
the case with AG™* alone, at conditions corresponding to
the two-phase region of the phase diagram. The effects of
these quantities on the stability of the solid solution with
respect to unmixing may be commented as follows: S™X.,
and S™*, . are both positive and due to the negative sign
in front of the 7 AS™* term stabilize the solid solution with
uniform composition. AH™ is positive, which destabilizes
the solid solution with uniform composition and is responsi-
ble for the decomposition of the homogenous solid solution
towards lower temperatures, where the absolute value of the
-T AS™X term becomes successively smaller and so does its
stabilizing effect. The enthalpy due to the coherency strain,
AHS, is a positive quantity that only comes into play in
coherent intergrowth and makes an aggregate of coherently
intergrown exsolved phases energetically less favourable
than the corresponding strain free aggregate, und thus acts
against exsolution. As a consequence, the coherent solvus
lies within the strain-free solvus. When cooling a homog-
enous alkali feldspar, the unmixing process starts, therefore,
at lower temperatures, compared to the case, when strain-
free unmixing would occur. AS®® has not been investigated
so far and is presented here for the first time.

Calculations using density functional theory (DFT)

Quantum-mechanical calculations were based on the DFT
plane wave pseudopotential approach implemented in the
CASTEP code (Clark et al. 2005; Refson et al. 2006), which
is included in the Materials Studio software from Biovia®.
The calculations used the local density approximation for
the exchange—correlation functional (Ceperley and Alder
1980) and norm-conserving pseudopotentials to describe
the core-valence interactions. The 2s’2p®3s!, 3s?3p%4s!,
3s23p!, 35?3p?, and 25%2p* electrons were explicitly treated
as valence electrons for Na, K, Al, Si, and O, respectively.
The DFT parameter settings used in this study are listed in
Benisek et al. (2015).

Table 1 Mixing parameters used in this study

NaK KNa Equation Refs.

WH (J mol™!) 20,083 20,083 Eq.(4) Hovis
(1988)

w5t (Tmol™! 103 103  Eq. (4 withH  Haselton et

K replaced by S al. (1983)

wh=<onfig (J mol™! -7 0 Eq. (4) with Benisek et

K H replaced by al. (2014)

Sconﬂg

Structural models for calculating AG

We studied the following reaction:

A + B = A|B, (7

where A|B is the coherently intergrown lamellar structure of
A and B. The isolated phases A and B have the same com-
position and the same Na/K configuration as the A and B
lamellae in the coherent A|B intergrowth but were calculated
each as separate homogeneous phase paying attention that
the structures for A, B and A|B phases are characterised by
the same symmetry constraints. The DFT calculated energy
difference between the left- and right-hand side of Eq. (7) is
the coherency strain energy, 4 UOCS, at a temperature of 0 K,
that is present only in A|B. The strain energy due to Na/K
mixing in A and B, respectively, is the same in the left- and
right-hand side of Eq. (7) and is thus cancelled out. This
also applies to the deformation energy stored in monalbite
at 0 K that is cancelled out as well. Only three simulations
are needed to generate one 4U,"> value. Construction of the
appropriate supercells for a DFT calculation is straightfor-
ward if A and B have end-member compositions and the
chemical gradient at the A|B interface is steep. This, how-
ever, is not the case if a shallow gradient is assumed across
the A|B lamellar boundary and if A and B do not have pure
end-member compositions. For these cases, large supercells
(up to 624 atoms) need to be constructed to establish a rea-
sonably disordered Na/K-distribution. For simplicity, the
crystallographic orientation of the lamellar interface was
assumed to be parallel to (100). In natural crystals, the inter-
face is close to (-601) (Laves 1952; Willaime and Brown
1974; Evangelakakis et al. 1993; Heuser et al. 2024). The
angular difference between (100) and (-601) amounts to 10°.

Cells with three different Al/Si distributions were investi-
gated in this study: One with a fully disordered distribution
obtained by mixing on site (each tetrahedral site was occu-
pied by 0.25 Al and 0.75 Si) generating monoclinic sym-
metry (P2/m, see Figure Al in the supplementary material).
Another Al/Si distribution has some disorder, but every tet-
rahedral site is occupied either by Al or Si. Such a structure
has triclinic symmetry (P1) and is shown in Fig. A2 (supple-
mentary material). The third Al/Si distribution has a regular
Al/Si configuration pattern enabling a monoclinic symme-
try (PM, Fig. A3). The three different structures are shown
as cif files in the supplementary materials. Further details
about the investigated structural models are presented in the
supplementary material A.

The DFT-calculated energies (4 UOCS) must be converted
to enthalpies at 298.15 K (4H,qg 5°). AU,S and AH,S are
related by the volume term P AV,“S. This term can, how-
ever, be neglected, since AVOCS is expected to be small. To
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convert AHOCS to room temperature, the heat capacity dif-
ference between A+B and the A|B coherent lamellar inter-
growth (4C,%5) must be considered, i.e.,

AHsgs15% = AH,™S +/AC’pCSdT (8)

However, as we will see later, only very thin lamellae are
characterised by a 4C,S that is not negligible.

Feldspar sample

For determining the heat capacity and vibrational entropy,
feldspar samples were prepared as follows. The starting
material was a K-rich gem-quality sanidine from Itrongay,
Madagascar, with AbgOr,, composition. The space group is
C2/m, the distribution of Al and Si atoms onto the tetra-
hedral sites is largely disordered (0.5<2¢,=0.69, Heuser et
al. 2024; for more details see Kroll and Ribbe 1987). The
original composition was shifted to AbsOr,, by cation
exchange in a Na, ¢K, ,Cl salt melt at 850 °C, 1 bar for 28
days in an evacuated quartz-glass tube heated in a muffle
furnace. The exchanged crystals were then heat-treated in
an evacuated quartz-glass tube in muffle furnaces for 32
days at 550 °C and 1 bar. After this heat treatment, the sam-
ples were quenched in water to room temperature. The heat
treatment condition is within the two-phase region of the
alkali feldspar phase diagram so that a lamellar, coherently
intergrown microstructure could develop. The results of the
TEM investigation of the decomposed samples are given in
the supplementary material B.

3.0

25

2.0

1.5

1.0

0.5

AH® (kJ mol™)

0.0

NaAISi,0, KAISi,0,

Fig. 1 Coherency strain enthalpy plotted against the mole fraction of
K for lamellar thicknesses of 1, 2 and 3 a, and a starting composition
of X% = 0.5. Note, that AH®S is symmetrical about X ° = 0.5, i.e., the
values at X =0 and 1 (0.25 and 0.75) are based on one DFT value. For
the red lines, X* = 0.3 and 0.7
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STEM investigation

The decomposed sample was milled, and the finest particles
of the powder were dispersed on a 400-mesh copper Quan-
tifoil TEM grid, which was coated with a 10 nm thick amor-
phous carbon film with periodic holes. For characterization
of the sample morphology and chemical composition by
scanning transmission electron microscopy (STEM), the
JEOL JEM-F200 transmission electron microscope at the
University of Salzburg was used (operated at 200 kV).
The microscope was equipped with a cold field emission
electron source and a large, windowless JEOL Centurio
EDX (Energy Dispersive X-ray emission) detector (100
mm?2, solid angle of 0.97 sr, and energy resolution below
133 eV@ MnKa). STEM bright field images and quantita-
tive EDX data were obtained using a beam current of 0.1 nA
and a beam diameter of 0.16 nm.

Calorimetry

The low temperature heat capacity was measured with a
relaxation calorimeter (Physical Properties Measurements
System (PPMS), Quantum Design®™) between 5 and 300 K
using the measurement technique described, e.g., by Dachs
and Benisek (2011). The sample powder (~ 10 mg) was put
into an Al cup (~ 8 mg) made from an Al foil. It was pressed
into a cylindrical pellet (0.5 mm thickness, 5 mm in diam-
eter), with the Al foil surrounding the sample powder. The
pellet was then attached to the sample platform. From each
sample, up to three pellets were prepared and measured.
The high temperature heat capacity was measured using a
Perkin Elmer Diamond DSC® instrument. The method used
in this study is given elsewhere (Benisek et al. 2012). The
measurements were performed between 273 and 573 K on
samples weighing approximately 30 mg. Each sample was
prepared in two different pans, each of which was measured
three times. The uncertainties of the calorimetric results
were studied in Dachs and Benisek (2011) and could also
be used here.

Results

Coherency strain energy

In Fig. 1, the coherency strain enthalpy (AH®®) is plotted as
a function of the mole fraction of K. The plotted functions

are based on the DFT calculated values and Eq. (2), without
considering the entropy term (T£5), i.e.,

AH®S = k" ( Xk — —Xk°)? 9)
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For a lamellar thickness of d=1 a, cell axis length, two
different computations were carried out (blue squares in
Fig. 1). In the first computation, the lamellae were given
end-member compositions; in the second computation, the
compositions were chosen as Ab,sOr,5 and Ab,sOr,s. For
both compositional variants, AHS can be described reason-
ably well with one function (blue line in Fig. 1).

Using Eq. (9), the coherency strain enthalpy has the same
values for both the Na-rich and the K-rich lamellae, if the
starting composition is XK0 =0.5. Strictly speaking, Egs. (1,
2 and 9) are only valid if the solvus is symmetric. This is not
the case for the alkali feldspar system. Its solvus is slightly
asymmetric with a centre at X = 0.4. Nevertheless, Eq. (1)
was recently used to successfully describe the coherent sol-
vus (Petrishcheva et al. 2023; Heuser et al. 2024). For X;°
=0.3 and 0.7 (red lines in Fig. 1), different coherency strain
enthalpies are, however, obtained for the Na-rich and the
K-rich lamellae.

We did not find a proper way to successfully investigate
the asymmetric behaviour due to XK0 # 0.5 by DFT calcula-
tions. Using Eq. (7), only the whole assemblage can be stud-
ied, and this gives one DFT value. We, therefore, assumed
that Eq. 9) describes the coherency strain enthalpy of alkali
feldspars well, also for cases where XK0 +0.5.

Coherency strain at lamellar interfaces

In our microscopic treatment, the lamellar boundaries are
parallel to the b, c-plane and are considered as more or less
gradual compositional transitions extending over a width
of up to 2 a, unit cell parameters in the crystallographic
a-direction. For DFT modelling, lamellar boundaries are
implemented by changing gradually the ratio of Na and K
atoms on the alkali sites, and thus AXy along the crystallo-
graphic a-direction (see supplementary material A).

® Na-O Centre of interface @ K-O
3.05 K-lamellae Na-lamellae
3
=
295 | ® - .
; ]
g 2.9 .
®

= °

285 | —mmmF——————————————=======< ===

2.8

-2 -1 0 1 2

Distance from centre of interface (n a,)

Fig. 2 Variation of the mean Na-O and K-O bond lengths across a
(100) oriented lamellar interface in a coherently decomposed phase
with d=3 a, and V = 0.5 AXy/a, based on a coordination number of
CN=9. The horizontal dashed lines represent the bond lengths in the
centre of the separated lamellae

The compositional gradient in the centre of the transition
zone, henceforth referred to as the compositional gradient
at the lamellar boundary, V = AXy/a, and the extension
of the transition zone in the a-direction is determined by
the way the compositional transition is implemented. Our
DFT calculations reveal that the resulting coherency strain
as inferred from the changes in the Na-O and K-O bonds
is localized mainly at the interfaces between the Na- and
K-rich lamellae, i.e., at the lamellar boundaries. This is
shown in Fig. 2, where the mean DFT calculated bond
lengths of the dominantly strained Na-O and K-O polyhe-
dra are plotted against the distance in a-direction from the
centre of the lamellar interface. The investigated cell has a
monoclinic symmetry (Pm), a lamellar thickness of d=3 q
and the compositional transition at the lamellar boundary
was set to yield a chemical gradient of V = 0.5 AXy/a,. As a
result of this compositional gradient, the compositional tran-
sition extends to +1 a, away from the centre of the lamellar
interface into the two lamellae. The lamellar boundary may
thus be considered to have a width of 2 ;. It can be seen in
Fig. 2 that the mean Na-O bond length increases towards the
interface, whereas the mean K-O bond length decreases. At
the centres of the Na- and K-rich lamellae, the bond lengths
agree with those in the centre of the separated lamellae, as
indicated by the horizontal dashed lines.

It can further be seen from Fig. 2 that the increase of
the mean Na-O bond length is more pronounced than the
decrease of the mean K-O bond length, with the relative
bond length changes being 2.0 and —1.0% for Na-O and
K-O bonds, respectively. This is similar to the bond length
changes along the binary solid solution series in homog-
enous alkali feldspar when compared to their bond lengths
in the end member structures (Benisek et al. 2015). This
behaviour causes positive excess heat capacities because the
bond softening is more pronounced than the bond stiffen-
ing (Benisek and Dachs 2012). In cases where the lamellae
are sufficiently thin and the lamellar boundaries represent a
significant fraction of the total volume of the lamellar inter-
growth, it is, therefore, to be expected that the vibrational
entropy of coherently decomposed samples is elevated rela-
tive to homogenous samples.

In the case of coherency, relaxation of the cell dimen-
sions is only possible in the direction perpendicular to the
lamellar interface (Willaime and Brown 1974). This struc-
tural condition is verified by transmission electron micro-
scopic studies showing diffraction spots that are elongated
perpendicular to the lamellar interface (Cadoret and Delavi-
gnette 1969; Owen and McConnel 1971, Menna et al. 2008)
or even split, yielding two diffraction spots aligned in the
direction perpendicular to the lamellar interfaces (Heuser et
al. 2024).
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In the light of these facts, the question arises, how are
the bond length changes seen in Fig. 2 possible at all? For
the answer, another coherently decomposed cell with high
regularity was investigated. This cell has P2/m symmetry,
in agreement with an Al/Si distribution of 0.25 Al and 0.75
Si on each tetrahedral site, and a sharp compositional jump
at the lamellar interface as well as end member composi-
tions within the lamellae. This cell enabled us to study the
bond length changes in more detail. Two types of bonds are
considered separately, i.e., the bond that is subparallel to
the a*-direction (normal to the b, c-plane) and the bonds
that are subparallel to the b, c-plane. The study of this cell
shows similar behaviour compared to Fig. 2. The bond
length changes, however, extend here into the interior of the
lamellae until the bond lengths are as relaxed from coher-
ency strain as possible shown for the monalbite lamellae in
Fig. 3.

The bond that is subparallel to the a*-direction (green
lines in Fig. 3) show much stronger variations compared to
those that are subparallel to the b, c-plane (orange lines in
Fig. 3). Both bond types (subparallel to the a*-direction vs.
subparallel to the b, c-plane), however, have components
that are parallel to the a*-direction. The angles between
the two bond types and the a*-direction are ca. 10 and 80°,
respectively. A contraction of 0.15 A in the a*-direction
reduces the lengths of the two bond types by 0.15 and 0.03
A, respectively, and hence the reduction seen in Fig. 3. The
structural unit that is responsible for this contraction is the
four-membered tetrahedral ring, where rotations and tilts
of the tetrahedra compress these rings in a*-direction. This
observation is in perfect agreement with the situation that
relaxation of the cell dimensions is possible but only in the
direction perpendicular to the lamellar interface.

Observations on natural alkali feldspars show that the a,
lattice parameter is shortened in the Na-rich lamellae and
elongated in the K-rich lamellae of the strained feldspar
compared to the unstrained feldspar (Keefer and Brown
1978; Kroll and Ribbe 1987; their Fig. 8). Note, that the
term “unstrained” is here used in the sense that the structure
is free of coherency strain, but not free of compositional
strain due to mixing.

The DFT calculated cell from Fig. 3 indeed shows that
the g, lattice parameter in the interior of the monalbite
lamellae is shorter than in the unstrained monalbite. This
behaviour and the opposite case for the sanidine lamellae
can be judged from Table 2.

A large contraction of the monalbite lamellae normal to
the b, c-plane is necessary to obtain relaxation of the Na-O
bond lengths causing a strained, short a, lattice parameter.
This observation may be interpreted as a reduction of ener-
getically unfavourable strain (Na, K-O bond lengths) at the
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Fig.3 Variation of the Na-O bond lengths across a (100) oriented mon-
albite lamella with d=2 g in a coherently decomposed phase with
sharp interfaces and end member compositions. Two types of bonds
are considered with angles to the a*-direction of 10° and 80° marked
by green and orange lines, respectively. The horizontal dashed lines
represent the bond lengths in the monalbite

Table 2 Cell edge lengths in units of A for DFT-investigated feldspars
free of strain due to mixing and coherency (unstrained) compared to
those strained only by coherency

) by )
Pure monalbite, C2/m, unstrained 8.007 12.881 7.113
Pure sanidine, C2/m, unstrained 8.440 12.999 7.154
Pure monalbite lamellae, P2/m, 7.964 12.947 7.135
strained due to coherent intergrowth
Pure sanidine lamellae, P2/m, 8.452 12.947 7.135

strained due to coherent intergrowth

expense of a simultaneous increase of energetically favour-
able strain (tetrahedral tilt and rotation).

Analysing Fig. 3 in still more detail, it can be assumed
that the lamellae are too thin to achieve relaxed Na-O
bonds. Strain around a point defect propagates at least 10
A away, which has been shown for many silicates (Figowy
et al. 2021). This distance corresponds to ~1.25 a, in the
monalbite lamellae (Table 2), which is larger than the dis-
tance between centre and interface of such lamellae. It
must, therefore, be expected that in cases where the lamel-
lae would have a larger width, the Na-O bonds that are
subparallel to the b, c-plane will further relax, so that their
lengths approach almost the values of the unstrained monal-
bite (orange dashed line in Fig. 3). This is because there are
more bonds that are subparallel to the b, c-plane (4 bonds)
compared to the one that is subparallel to the a*-direction.
It is, therefore, energetically helpful for the crystal to relax
the bonds that are subparallel to the b, c-plane to a greater
extent compared to the other type of bonds. This would need
a further contraction of the monalbite lamellae normal to
the b, c-plane. However, in such a case, the other type of
bond would attain lengths that may be shorter than in the
unstrained monalbite. This is, however, what is observed
in experiments as demonstrated for the opposite case (K-O
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bonds) in Griffen and Johnson (1984; their Fig. 1). The
K-O,, bond is longer than in the unstrained feldspar because
this is the bond that is aligned subparallel to the a*-direction,
while the other bonds show differences between strained
and unstrained feldspar that are smaller or even zero. Note,
that also here, the term “unstrained” means that it is free of
coherency strain. Investigations on natural feldspar observe
both the coherency strain and the compositional strain (Wil-
laime and Brown 1974; their Fig. 1). This is, however, not
the case when investigating Eq. (7) by DFT methods. Here,
only the coherency strain is observed since the composi-
tions and Na/K configurations of A and B are equal in both
the left- and right-hand side of this equation. In the case of
such an ideal relaxation it is to be expected that the bond
length differences between strained and unstrained crystal
are cancelled out, when averaging them. And this is exactly
what is observed in Fig. 2, where the mean bond lengths in
the centre of the lamellae have the same value compared to
the unstrained samples (red and blue dashed lines in Fig. 2).

Note that the findings presented here are fundamentally
different from the macroscopic approach (Robin 1974; Wil-
laime and Brown 1974; Petrishcheva et al. 2023), where the
lamellar boundaries are treated as sharp interfaces and the
compositions are assumed to be uniform throughout the Na-
rich and K-rich lamellae with sharp compositional jumps at
lamellar interfaces. Applying elastic theory to such a config-
uration yields elastic strain and stress, which, in general, is
different between the two types of lamellae but is homoge-
neous within each lamellar type, which is an inherent limita-
tion of the macroscopic approach as discussed by Willaime
and Brown (1974).

k" (kJ mol™)

0 5 10 15 20 25 30
d(na,)

Fig.4 Coherency strain enthalpy coefficient (k") as a function of lamel-
lar thickness (). The upper curve depicts samples with V =1 AXi/a,
the lower with V = 0.5 AXy/a,. The blue data points were extracted
from Heuser et al. (2024)

AH-coefficient (k") as a function of lamellar
thickness (d)

The coherency strain enthalpy coefficient (k") is plotted
against lamellar thickness in Fig. 4, which shows an expo-
nential decrease of & with d.

Changes in the Al/Si distribution that have been per-
formed during the DFT calculations have only a minor
effect on k. However, k" also depends on the chemical gra-
dient (V) at the lamellar interfaces. Since the strain is local-
ized mainly at the lamellar interfaces, such behaviour is to
be expected. The upper curve in Fig. 4 corresponds to V =
1 AXy/a,, whereas the lower curve corresponds to V = 0.5
AXy/a,. One value of this curve was DFT calculated and has
exactly V = 0.5, the others were extracted from the compo-
sitional data of samples M-480-64, M-520-32, and M-560-
64 from Heuser at al. (2024) by adjusting the £ values. The
V’s of their samples result from their atom probe tomog-
raphy (APT) data, which yield low compositional gradi-
ents (V = 0.1 AXy/a,) in two cases, but one of their APT
experiments yields a steep compositional gradient of V =1.2
AXy/a,. We averaged the V's resulting in V = 0.47 AXy/a,,.
At about 480 °C, the monoclinic/triclinic phase transition in
the alkali feldspar (Kroll et al. 1980) crosses the experimen-
tally determined coherent solvus of Heuser et al. (2024).
Only data from experiments above 480 °C were, therefore,
used for this analysis, because below this temperature, the
Na-rich lamellae is triclinic, producing the striking zig-zag
interface, which is suspected to increase the degree of semi-
coherency of the lamellar interfaces. The lamellar thick-
nesses of the samples in Heuser et al. (2024) can be well
described by d~1'" relation (Busek et al. 1980), which were
used to evaluate d of the above samples from other samples
where d is known. All coherency strain energy data are sum-
marised in a table of the supplementary material C.

The question may arise whether the lamellar composi-
tions reported in Heuser et al. (2024) correspond to equi-
librium compositions and thus lie on the coherent solvus or
whether they represent quenched intermediate stages of the
chemical segregation process. This was addressed by Heu-
ser et al. (2024) by means of time series experiments, which
revealed that after an initial segregation phase the lamel-
lar compositions of the exsolved sanidine from Madagas-
car remained constant indicating attainment of equilibrium.
Once the binodal compositions were reached, the further
evolution was dominated by lamellar coarsening and the
formation of compositional plateaus, which are a charac-
teristic feature of samples lying on the coherent solvus.
Such stationary lamellar compositions were, however not
attained for their sanidine from Volkesfeld, which gener-
ally shows less sharply bounded lamellae, which likely did
not attain equilibrium compositions during the exsolution
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experiments. The different characteristics of the two felspars
investigated by Heuser et al. (2024) is also reflected by the
electron diffraction patterns, which show clear splitting of
reflection spots corresponding to lattice planes sub-parallel
to the lamellar interfaces indicating coherent intergrowth of
lamellae with two distinct lattices and compositions for the
sanidine from Madagascar. The electron diffraction patterns
of the sanidine from Volkesfeld, however, show streaks run-
ning perpendicular to the lamellar interfaces for the reflec-
tions corresponding to lattice planes sub-parallel to the
lamellar interfaces, indicating more gradual compositional
transitions between the two lamellar types and incomplete
chemical segregation. Only the data from the sanidine from
Madagascar should be considered to represent the coherent
solvus (Heuser et al. 2024).

AH%-coefficient (k") as a function of the chemical
gradient (V) at the lamellar interface

In Fig. 5, k" is plotted against the compositional gradient, V,
across the lamellar interfaces. The upper curve represents
samples with a lamellar thickness of 2 a,, the lower is for
d=18 a,. Although the data of the upper curve could be fit-
ted by a linear relationship, an exponential relation was used
instead. A linear relation would drive the system to very low
V’s and thus, to a high coherent solvus. An exponential
function was preferred. Nevertheless, there is another con-
sideration that may justify the use of an exponential func-
tion. The coherency strain value at V = 0.5 AXy/a, with d=2
a, 1s probably too low (Exp. Nr. 1 in table C1 with the struc-
ture shown in Fig. A2, both are presented in the supplemen-
tary materials). Due to the lower V, the separated lamellae
have average compositions of Ab,;Or,5 and Ab,Or,s. They
are characterised by Na-K gradients and in consequence by
a non-negligible coherency strain. The guideline that the
Na/K configuration of A or B in the left- and right-hand side
of Eq. (7) must be the same, was cancelled for this sample.
The Na/K configuration of this sample has been changed
to lower the gradients. However, it is difficult to construct
cells with such compositions without having Na-K gradi-
ents somewhere. As a consequence, the calculated AH®S of
this sample may be offset by an incomplete reaction (Eq. 7).

Heat capacity and entropy difference between
coherently intergrown lamellae and corresponding
homogeneous feldspar

For determining the heat capacity caused by the coherency
strain (ACp™), Eq. 7) is again relevant. Consequently, the
composition of the lamellaec must be known to find the heat
capacities of homogeneous feldspars with similar compo-
sitions as have the lamellae. The feldspar sample used for
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Fig. 5 Coherency strain enthalpy coefficient (k") as a function of the
chemical gradient, V, at the lamellar interfaces. The upper curve
depicts samples with d=2 a,, (blue points and black line). The samples
of the lower curve (green points and line) have d=18 a, and were con-
structed from the fits in Fig. 3
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Fig. 6 Excess heat capacity due to coherency strain. Calorimetric data
are those with error bars and correspond to samples having a lamellae
thickness of ~24 a,, DFT calculated data (d=1 a,) are shown by the
red line

calorimetric measurements was therefore investigated by
TEM to determine the compositions of the Na- and K-rich
lamellae, which were found as ~Na;sK,s and ~Na, K,
respectively. The detailed results are listed in the supple-
mentary material B. The heat capacities of the lamellae free
of coherency strain were calculated by interpolating the
data of Haselton et al. (1983) for 7<300 K and Benisek et
al. (2014) for 7>300 K. Though the latter authors investi-
gated Al/Si ordered samples, no differences between Al/Si
ordered and disordered samples are to be expected at these
super ambient temperatures. As shown in Fig. 6, the heat
capacity (AC,%) due to coherency strain inferred from calo-
rimetric measurements is around zero within uncertainties
over the entire temperature range. Only at very low tem-
peratures (<100 K), small positive, and between 100 and
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300 K, small negative values are obtained. They result in an
entropy due to coherency strain of zero J/mol/K.

For very thin lamellae (d=1 qa,), small positive excess
heat capacity values are indicated by DFT calculations (red
line in Fig. 6) for temperatures below about 400 K and,
hence, a small vibrational entropy of AS“S = 1.3 J/mol/K
due to coherency strain is inferred. It may be assumed that
samples with d>20 a,, have zero excess vibrational entro-
pies due to coherency strain. At d<20 a,, the vibrational
entropy was treated like AH®S due to the lack of data, i.e.,
they were described by V-dependent exponential curves
(for more details see the supplementary material D). Never-
theless, the contribution of AS®S to AG®® is minor, even in
samples with thin lamellae.

AG™*+SS.difference (64G™**°) between coherently
decomposed and homogenous crystals

For evaluating which V, and thus, which ¥" value is domi-
nating at a given temperature and a given lamellar thick-
ness, a SAG™**CS function was defined:

SAGmIX+CS _ 1, (AGRITCS | AGmIRFCS ) AGmix (10)
where AG™X*CS_and AG™**CS, are the Gibbs energies of
mixing including the coherency strain energy of Na- and
K-rich lamellae, and AG™¥,  _is the Gibbs energy of mixing
of the homogenous sample.

In Fig. 7, this function is plotted against the degree of
decomposition, expressed as Xy — X", for different compo-
sitional gradients at the lamellar interfaces, V's. The curves
corresponding to different V's show minima at different Xy
— X" values.

According to Fig. 7, the lowest SAG™**®S minimum at
460 °C and d=5 a, is the one with V = 0.4 AX/a, and at a
degree of decomposition of Xy — X ° = 0.3. X;° was cho-
sen to be in the centre of the strain-free solvus, i.e., XKO =
0.4, and equal shifts in Na-rich and K-rich directions were
assumed. The equilibrated coexisting phases have then com-
positions of ca. Nag K, and Na;,K,, and are characterized
by a chemical gradient of V = 0.4 AXy/a, at their interface.

Since the strain energy decreases with decreasing V
(Fig. 5), one would expect that the lowest SAG™**S mini-
mum is the one with the lowest V. However, this is not the
case. This is due to the fact that low V values cause a more
incomplete decomposition as compared to the decomposi-
tion in the case of steeper compositional gradients at the
lamellar interfaces. Hence, the curves with V < 0.4 AXy/a,
show higher SAG™**S minima. For low values of V, incom-
plete decomposition suppresses the unmixing process.

AH™* and AS™ of Eq. (3) must, therefore, be calculated
for a corrected composition. The relevant compositions
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Fig. 7 SAG™**CS function for different chemical gradients (V, in
AXy/a) calculated at 460 °C for a lamellar thickness of d=5 a,

Table 3 Equilibrium gradient values for some temperatures and lamel-
lar thicknesses

V (AXk/a,)

d=2a, d=5a, d=18 a, d=30a,
T=480 °C 0.56 0.38 0.24 0.25
T=520°C 0.44 0.32 0.20 0.22
T=560 °C 0.30 0.19 0.15 0.14

correspond to the mean Na- and K-concentrations in the
respective lamellae, but not to their maximal concentra-
tions. The effective degree of decomposition is, thus,
reduced when lowering V. This has been accounted for
when calculating the curves in Fig. 7 and is responsible for
the result that the lowest gradient does not produce the low-
est SAG™**CS minimum.

However, Xy — Xi° has an influence on the correction.
To calculate the SAG™**®S minimum accurately, an iterative
procedure was applied to obtain agreement between the Xy
— X value used to calculate the corrected decomposition
and the X, — X;.° value of the SAG™***S minimum (for more
details on the calculation of the corrected degree of decom-
position, see supplementary material E). This correction
is most important when the compositional gradient at the
lamellar interfaces becomes small. This is the case at higher
temperatures, where the coherent solvus starts to close.

Finding the equilibrium compositions

For each lamellar thickness and temperature, there are a
series of SAG™*'S curves based on different V's (Fig. 7).
To find the stable one, the SAG™**S minima were plotted
against V. A polynomial was fitted to these data, and the
minimum of the minima, which corresponds to that V which
produces the lowest SAG™**S minimum, was searched.
This V should be the stable one. Some equilibrium gradient
values for given temperatures and lamellar thicknesses are
listed in Table 3.
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Below d=2 a, no SAG™**S minimum was found. The
SAG™XCS minimum with the stable V gives the composi-
tions of the two coexisting phases at a given temperature
and lamellar thickness under the assumption that the degree
of decomposition is equal in both chemical directions when
X’ =0.4. Applying this procedure at different temperatures,
the coherent solvus was estimated (Fig. 8).

The very striking feature here is that the solvus does not
depend on lamellar thickness. There exists a single coherent
solvus for a given composition of the homogeneous precur-
sor feldspar in good agreement with the experimental data
of Heuser et al. (2024), who studied coherently decomposed
alkali feldspars with similar starting composition by atom
probe tomography.

Discussion

We present a new microscopic approach for quantifying
the coherency strain energy associated with compositional
gradients across the lamellar boundaries in coherent lamel-
lar intergrowths and discuss its application to the coherent
exsolution of alkali feldspar. To this end, we use DFT cal-
culations to determine the microscopic strain, i.e. change in
K-O and Na-O bond lengths, in microscopic configurations
mimicking macroscopic compositional gradients across
the lamellar interfaces relative to the homogeneous crystal
structure of the alkali feldspars. Different microscopic con-
figurations were employed to produce a range of composi-
tional gradients across the lamellar interfaces, and different
lamellar widths were considered. The associated coherency
strain energy was calculated based on the notion that coher-
ency strain causes elastic stresses and that, for sufficiently
small strain, i.e., within the limits of linear elasticity, the
elastic energy is a quadratic form of the strain as expressed
in Eq. 1). The contributions of all relevant elastic constants
(interatomic potentials) are combined in the strain-energy
coefficient k. Our analysis reveals that the coherency strain
due to Na-O and K-O bond length changes is mainly local-
ized at the lamellar interfaces, where compositional gra-
dients prevail. However, a full relaxation in the interior of
the lamellae is not possible since the lattice parameters in
both directions of the boundary plane must be the same for
both lamellar types in the case of coherency. In contrast to
a widespread assumption (e.g., Yund and Tullis 1983), the
coherently decomposed crystal is not found to be character-
ised by a homogeneous coherency strain. According to our
DFT calculations the crystal shows relaxation of the Na-O
and K-O bonds by variations along the direction normal to
the boundary plane. These DFT-observations agree with
very large r.m.s. amplitudes of atomic vibrations, which
were found in refinements of the intergrown structures
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Fig. 8 Different solvi for the alkali feldspar system. Blue solid line:
strain free solvus, calculated with data from Table 1. Red solid line:
coherent solvus from this study for d>5 a,. Data points with error bars:
experimental data of the coherent solvus from Heuser et al. (2024)

(Keefer and Brown 1978). The authors interpreted the large
amplitudes as a “space-averaged disorder caused by a varia-
tion in strain”.

For lamellar thicknesses of d>20 qa,, the strain energy
coefficient in Eq. (1) is essentially independent of temper-
ature and varies with lamellar thickness and the chemical
gradient at the lamellar interfaces. Only for very thin lamel-
lae with d<20 a, a weak temperature dependence of &, and
thus of the Gibbs energy accounting for coherency strain
energy may be expected. The temperature dependence of
any Gibbs energy contribution is given by the correspond-
ing entropy contribution, as defined in Eq. (2) for the coher-
ency strain energy. The entropy change due to coherency
strain is given by the integral of AC,“%/T dT. A vibration of
a designated chemical bond has its specific frequency and,
as a consequence, it is excited at a characteristic tempera-
ture. The coherency strain affects the Na-O and K-O bond
lengths (Figs. 2 and 3). The vibrations of these bonds are
excited at a low temperature of around 60 K (Benisek et
al. 2015). If present, our calorimetric experiments (Fig. 6)
would have detected such an entropy contribution. For very
thin lamellae, the coherency strain has an effect on the heat
capacity below 400 K with maxima at 30 and 80 K, produc-
ing a positive excess vibrational entropy due to coherency
strain. Consequently, k£ of Eq. (1) decreases with increas-
ing temperature for very thin lamellae. This temperature
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dependence of k is, however, not found for lamellaec with
d=24 a,. Here, the coherency strain has almost no effect on
the heat capacity and vibrational entropy. At this point, the
question arises: What could be the effect of the configura-
tional entropy? Even this part of the entropy can be detected
by calorimetric experiments, as demonstrated for Cu;Au
crystals (Benisek and Dachs 2015) if the atomic configu-
ration changes during the calorimetric experiment. This is,
however, not to be expected in the case of feldspars, because
of the relatively slow Na-K diffusion kinetics compared to
that of Cu-Au in the Cu;Au phase.

The configurational entropy in the alkali feldspar sys-
tem is changed during the exsolution process, which is
accounted for in Eq. (6). The coherency strain reaction
(Eq. 7) is thought to have no effect on the Na/K configu-
ration. Otherwise, a significant effect on the vibrational
entropy would be expected at ~60 K, which is, however, not
observed. Hence, no entropy contribution needs to be con-
sidered, and therefore, the strain energy coefficient does not
depend on temperature for the alkali feldspars in samples
with d>20 a,,.

The method for calculating the coherent solvus introduced
in this study has been applied for the starting composition
X, ° = 0.4. This has been done, because the compositional
shifts are equal in both directions, i.e. towards more Na-rich
and towards more K-rich compositions, for that case. The
method may be applied also for other starting compositions.
Then, the compositional shifts associated with decomposi-
tion are different in both directions and the calculation pro-
cedure must be adopted. However, our method is not able
to find its own centre of the coherent solvus. It must be
assumed that the coherent solvus has the same centre as the
strain-free solvus. Starting compositions that deviate signif-
icantly from 0.5, cause an asymmetric AH®S function (see
Fig. 1), which in turn shifts the coherent solvus a little bit to
the right or to the left. Therefore, the method introduced in
this study is applicable only for starting compositions that
do not deviate too much from 0.5. The tangent construction
method (touching a common tangent to the two minima of
the G-curve) would find the coherent solvus independent of
the strain-free solvus. However, until now, no way has been
found to implement the important gradient-related correc-
tion of the degree of decomposition into this tangent con-
struction method.
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supplementary material available at https://doi.org/10.1007/s00269-0
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