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Abstract

We deduce different conditions to ensure positive solutions for a class of nonlinear two-
term Riemann-Liouville fractional g-derivative boundary value problems which depends
on a parameter and an integral condition. As a first step, we start by bringing this class
of problems through a g-integral equation where its kernel is explicitly identified and its
most characteristic properties are analysed. We then use an upper and lower solutions
method, an appropriate cone and other techniques to obtain different types of conditions
that ensure the existence of a positive solution to the class problems under study. Spe-
cific Lipschitz conditions are also identified to ensure the uniqueness of a continuous and
positive solution. Finally, using a non-negative continuous concave functional on a cone
and comparing the images it produces with the norm of potential solutions to the class of
problems, other conditions are obtained that guarantee the existence of three (different)
positive solutions to the class of problems under analysis.
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Introduction

The g-calculus is commonly known as “calculus without limits”, and has the potential to
—instead of using the classical derivative— use the g-derivative operator which even allows
us to deal with non-differentiable functions (cf. the relevant and systematic works of Jack-
son and Carmichael, where several essential notions and some of their consequences were
formally introduced for the first time [11, 24, 25]). In fact, from an even more global per-
spective, it can be also said that in g-calculus we look for g-analogs of mathematical objects
with the particularity that when we consider the limit situation, of g tending to 1, we obtain
the original object.

Surprisingly, g-calculus can be also identified with developments that took place centu-
ries ago. In fact, its beginnings can be identified with works of Euler [19] at the beginning
of the 18th century, e.g. with Euler’s identities for g-exponential functions, as well as other
relevant later discoveries by Gauss and Heine (e.g., Gauss’s g-binomial formula and Heine’s
formula for a g-hypergeometric function). Thus, the history of g-calculus, its basic concepts
and g-differential equations have already been reported in a substantial number of works
that have been appearing over several years, but with some relevance and growing interest
in recent years (cf. the monographs [8, 13, 16—18, 26]). Indeed, interest in g-calculus has
grown given its relevance to several subareas of mathematics and its relationships with other
sciences, such as quantum theory, relativity theory, calculus of variations, hypergeometric
functions, orthogonal polynomials, number theory, combinatorics and fractal geometry.

Naturally, as expected, this has also had very high repercussions in the sub-area of dif-
ferential equations and boundary value problems, given their high relevance in the modeling
of various types of problems at the level of mechanics, physics and engineering.

The pioneering works of Al-Salam [7] and Agarwal [4] were the starting point for the
fractional g-difference calculus, thus generalizing the notion of g-derivatives and g¢-inte-
grals to non-integer orders. Such a generalization aroused the interest of several authors in
considering new problems and possibilities of mathematical modeling that use these new
concepts and objects of fractional g-difference calculus. This recent dynamic and interest in
the fractional g-difference calculus can be seen, for example, in [1-3, 5, 9, 10, 12, 14, 15,
20-23, 28-33, 35-39] and the references therein.

Taking this context into account, the main objective of this work is to study the follow-
ing nonlinear g-boundary value problem, for unknowns u, a given function f(to be detailed
later), with two-term Riemann-Liouville fractional g-derivatives of orders o and o — 1 (for
1 < a < 2), areal parameter A > 0 and an integral condition:

{ (Dg o u) (t) = A (Dggiu) () + f (t,u(t)) =0, te0,1], Wy
u(04) =0, wu(l)= Afol u(s)dys. '

Our primary goal in addressing this class of problems is to examine situations where the
parameter dependence is present in both the integral form of the initial condition and the
main differential equation. This presents a problem with more variations and interactions
between the data than those previously discussed, in addition to having two-term Riemann-
Liouville fractional g-derivatives.

At this point, it makes sense to make some observations about the role of A in the struc-
ture of the problem under analysis here. It is noteworthy that the parameter A appears in
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two different places in the problem, thus influencing both the dynamics of the differential
operator and the nature of the boundary condition. In fact, first, A appears as a coefficient of
part of the differential operator that characterizes the first equation, affecting only the lower-
order g-differentiation, thus verifying that, in this way, it weights the influence of the lower-
order term. In this context, since D;gi is of lower-order, the term —)\D;a}ru acts similarly
to a fractional damping or deviation term. As a consequence, for small A, the dominant term
is Dg' o4 u, so that the operator behaves more like a pure fractional derivative problem of
order .. For large A, the lower-order g-derivative becomes more influential; the problem
behaves more like a fractional equation of order @ — 1, or like a mixed structure between
both orders. This has immediate mathematical consequences. That is, A influences solvabil-
ity, a priori bounds, and fixed point conditions used to prove the existence and multiplicity
of solutions. A large A can cause the operator to lose monotonicity or positivity properties,
which can lead to bifurcations in the set of solutions, changes in stability, appearance/disap-
pearance of solutions, and different compactness properties. Thus, A acts as an “adjustable
structural parameter” in the operator itself.

The presence of A in the nonlocal boundary condition u(1) = A fol u(s)dgys allows us to
incorporate a force that is also scaled by A. That is, the value at the right endpoint t = 1 is
constrained by the weighted global average of the solution on [0, 1], and the parameter A
controls the intensity with which #(1) must correspond to this average. Therefore, for small
A, the condition is weak and u(1) is almost unrestricted, leading to more flexibility in the
forms of the solution. For “moderate” A, the value u(1) is linked to the “average behavior”
of the solution, imposing a kind of nonlocal feedback. For large A, the solution must satisfy
a strong self-consistency relation. Thus, a high A can force the solutions to be more “flat”
or “balanced”, can restrict oscillatory behavior, can create resonance-like effects depending
on the Green’s function of the problem, and can interact in a non-trivial way with the sign/
size of f{¢, u).

If we put all this together and, at the same time, take into account what the parameter A
can contribute in terms of modeling, from the perspective of the potential applications of
the problem under study here, we conclude that A will be associated with memory strength,
feedback, damping, transport, or accumulated effects, which can be considered through this
problem in the model in question.

We now proceed to elucidate the remaining structure of the article. In Section 2, we intro-
duce notations, definitions and preliminary facts that will allow us to we interpret the theo-
retical formulation of the fractional g-boundary value problem (1.1), and which will also be
useful in the deductions to be made in later sections. In Section 3, we obtain the equivalence
of Problem (1.1) to a g-integral equation whose Green’s function is identified and studied. In
Section 4, we will use a convenient cone setting and an upper and lower solutions method to
identify the existence of one positive solution to Problem (1.1). Section 5 introduces certain
Lipschitz conditions that allow us to justify the uniqueness of a continuous and positive
solution of (1.1). In Section 6 we use the Leggett—Williams Theorem, a non-negative con-
tinuous concave functional over a cone, and compare the images it produces with the norm
of the problem solutions, so that conditions are obtained to guarantee the existence of (at
least) three positive continuous solutions to Problem (1.1).
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Auxiliary Material

In the present section we will recall some elements of fractional g-calculus, just for the
convenience of the reader, in order to make the text as complete as possible, and to have
essential definitions and known results to be considered in later parts. There is already an
extensive literature on the general properties of g-calculus where the elements of the present
section can be found; for a more detailed knowledge and also a sequence of the correspond-
ing consequences, we cite here the monographs [8, 13, 16—18, 26].

We shall be always assuming that

0<g<l, 0<a<b<oo.

Let € R. Then, a g-real number [o], is defined by

oy ==L
alg = ,

q 1— q
where hni 11__"; = a. Moreover, for n € N, it is also used

q—
n—1 (a. q)

; =1, (a; = 1—¢* ; = i ; ; =~

(U/, q)O ) (CL, q)n kl:TO ( q a) ) (CL, q)oo ni)H;o(aﬂ q)n7 (a’a q)a (qaa; q)oo

With the last identities, it is possible to define a g-analogue of the power function (x — b)*
as

o« (%EQ)OO
T e
(*F30)0

From the last identities, it follows that

X
(x —b)g =2~ (g;q)a7

(a(t —s))g =a™ (t — 5)g.

Moreover, the g-analogue of the binomial coefficients is defined by

P 1, if n=0,
et = W, 2 [nlg, if meN.
The g-Gamma function I'; (¢) is defined by

o0
L—¢""" (g9 -
A 1—t _ ) 1/)00 1—-t
T,(t) :=(1—q) Ill_qu—(¢@)(1‘@ . t>0.
k=0 v /o0
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Notice that the previous definition yields a similar fundamental identity as in the classical
case:

Fq(t)[t]q :Fq(t + 1)'

The g-analogue differential operator D, [24] is given by

_f() = flat)

t#0
t—qt ) # 3

and D, f(0) := lim; 0 D, f(t), and the g-differential operators of higher integer orders Dy’
are defined inductively in the following natural way:

DY(f(t)) == f(t), DIf(t):=Dg (D} f(t)), n=1,23,.... 2.1)
In particular, we have
Dy [(t = b)g] =ladq(t —)5™"
and

Dy [(a—t)g] =~ [a]q(a — at)g ™"
For a function f deﬁned in the interval [0, b], its g-integral or Jackson integral [25], denoted

by (Ig,0+f)(b orff t)dgt, is defined by

m=0

b
(Lo £)0) = [ )yt i=(1 - g S g ™) 22)
0

(provided that the series at the right-hand side of (2.2) converges) and the Jackson integral
of ffrom a to b, for some a € (0, b), is defined by

(g,a+ 1) (b) = / /b f)d,t — / (t)dgt.
0

a

Notice that
b
| Dut® it =16) - 0

and

@ Springer



504 Differential Equations and Dynamical Systems (2026) 34:499-524

J fromrtsns ] fromonsns

Moreover, for n = 2, 3, . .., the multiple g-integral operator I, | is given by

t

n _ 1 n—1
(L3as ) @) “T.) /(t—QS) f(s)dys. (2.3)

a

The identity (2.3) provides the main motivation for the following definition of Riemann-
Liouville fractional g-integral [6, 7, 29] which englobes the remaining (fractional) exponents.

Definition 1 The Riemann-Liouville fractional g-integral ', of order o > 0, of a func-
tion £, between @ > 0 and ¢ > a, is defined by

t

(T $) ) = [ (€= a9y 50
Notice that (cf. Lemma 6 in [29])
rA+1
(Ig‘,ﬁ_(s — a);‘) (t) :%(t — a)g“')‘, A€ (—1,00).

In particular, for A = 0, it follows

a _ 1 a
(Ig.41) (1) —m(t —a)g-

The last definition also yields a consequent formalization of a Riemann-Liouville fractional
g-derivative, upon the use of f ass B >0.

Definition 2 The Riemann-Liouville fractional g-derivative D& . f of order o > 0, of a

function f, is defined by

q,a+

(Dgasf) (0= (DL ) @),

where [a] denotes the smallest integer greater or equal than «, and D([la] is defined in (2.1).
Lemma 1 (Cf. Theorem 2.4 in [20]) Let m € N (and o > 0), and f be a function defined on
[0, b], b > 0, such that there exist (D’(;’OJFf) (0), for all positive integers k < m — 1. Then,
for t € [0, b], the following equality holds:

m—1

a—m+k
(0. D3 ) 0= (P Tj0n 1) (0= X oy Phoe D) ©)
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For 1 < p < o0, the g-analogue of Lebesgue spaces, L?|a, b], is formalized by

1
P

L2la,b) =4 £+ [ab] = R | fllppian = / FOPdt | < oo

Lemma?2 (Cf. Lemma 2.6 in [34]) Let o« > 0 and 1 < p < oo. The Riemann-Liouville frac-
tional g-integral 1}, of order o > 0, is bounded in LE[a, b] and a constant for this bound-
edness is known in the following way:

o <b—qa)y
qu,a+fHLp[a,,b HfHLP la,b]» f € LZ[UH b]
"N ET(a+ 1)

Lemma 3 (Cf. Theorem 5 and Lemma 9 in [29]) (i) Let a« > 0, B> 0 and 1 < p < .
Then, the Riemann-Liouville fractional g-integral has the following semigroup property

(it d) (0 = (15527 ),
forallt € [a,b] and f € LF[a, b].

(ii) Letov > > 0, 1 < p <ocandf € L¥[a,b]. Then the following equalities

(D Tgand) (0 = 10, (D tged ) (1) = (5225) (1),

hold for all t € [a, b].

On the Solutions of a Fractional g-boundary Value Problem Involving Riemann-
Liouville Fractional g-derivatives and a g-integral Condition

To shorten the formulas, we will now use a = 0 and b = 1. Anyway, from a mathematical
point of view, all the arguments also work for general a and b (from the previous section).

To begin with, we will simply be assuming that the given data f'in the fractional g-bound-
ary value problem (1.1) is in Lé [0, 1], but in the next sections we will assume that f'is con-
tinuous, so we can also look for continuous solutions to this problem.

Equivalence between the Fractional g-boundary Value Problem (1.1) and a g-integral Equa-
tion The main objective of this subsection is to rewrite, under very global conditions, the
fractional g-boundary value problem (1.1) in terms of an integral equation in which its
kernel is explicitly identified. Once this is done, it will also be important and convenient to
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understand as much as possible what are the most relevant properties of the Green’s function
associated with the aforementioned integral equation.

Theorem 4 Let we L}[0,1] and f(-,-):[0,1] x O =R be a function such that
f(t,u(t)) € L]0, 1], for some open set O in R.

Then, u(t) satisfies a.e. the fractional g-boundary value problem (1.1) if and only if u(t)
satisfies a.e. the integral equation

u(t) ::)\/0 u(s)dqs+/0 G(t,qs)f(s,u(s))dgs,
where

a—1(q_ a—1_ (4 a—1
7 (1—gs)g ™ —(t—qs)g L 0<gs<t<l1

G(t,qs) := _ Lal2) - - 3.1)

a=1(1_gg)a—1
LA - 0<t<gs<l

Proof Necessity. Let wu e L}[0,1] satisfy ae. the identities in (1.1), for some
f(-;u(-)) € L}[0,1]. Applying the operator I3 to both sides of the first equation in (1.1),
we have

(Ig0+Dgosu) (1) = A (I;0+Dq 0+u) () + I o4 f (t,u(t)) =0,

where each term in this equation is still belonging to Lé [0,1]; cf. Lemma 2. Now, from
Definition 2, it follows that

(Ig01 D} oI5 05 u) (8) = A (Igos D) (8) + I f (£, u(t)) =0. (3.2)

Additionally, having in mind Lemma 1, we deduce that

toz72

« fet 2 2
(I50+ D7 or (I5051)) (8) = (D] o4 Lgos (I305u)) (1) — T, (o — 1)Iq o0t u(0)
ja1 (3.3)
e (Dgo4-17 55 u) (0).
Inserting the last identity (3.3) in (3.2) allows us to arrive at
u(t) =ct® "+ X (150 Dogiu) (t) =I5 f (tu(t)), tel0,1], (3.4)

for a constant ¢ which can be determined by using the integral boundary condition in (1.1).
In fact, from that condition and (3.4) for t = 1, it follows that

c :15“,0+f (1, u(1)).
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Therefore, from (3.4), we obtain
u(t) =t 20, f (Lu(1) + A (I, DEg ) (1) = I f (1 u(t). (3.5)
Moreover, using Definition 2, Lemma 3 and Lemma 1 in (3.5), it follows

u(t) =t g0 f (Lu(1) + A (Igor Iof Daor Lo oSu) (8) = 1504 f (,u(t))
= ta71]a0+f( (1)) ( q0+Dq 0+1q 0+Iq 0+ U ) (t)

VA (f) (2 M(o») I f ()

= 127 20 f (L (1) + A (Tgo0) (8) = I, f (G u(®)),

(3.6)

which is precisely for the Green function G given in (3.1).
Sufficiency. Let u € L}[0, 1] and assume that it satisfies the identity. First, noticing that
G(0,gs) = G(1,¢s) = 0, the boundary conditions in (1.1),

w(04) =0, u(1) = A/O u(s)dys,

are directly satisfied by a substitution of these particular values of the variable ¢ in (3.1).
Second, by applying the operator Dy, to both sides of (3.1) (and having in mind the
deduction in (3.6)), we obtain

(Dgopu) () = (Dgost®™") Igos f (Lu(1)) + X (DG o Igor Do iw) (1)
- D3,0+ q,0+f (tvu(t))

which is nothing else than the first identity in (1.1). O
Properties of the Green function

Let us now point out some of the properties of the Green function G that will be useful later
on for further deductions.

Lemma 5 The function G, defined in (3.1), has the following properties:

(i) G(0,gs) = G(1l,qs) = G(t,0) = G(t,1) =0, t,qs€][0,1];

(ii) G(t,gs) >0, t,gse(0,1);

(iii) G : [0, 1] x [0, 1] — [0, +o0) is continuous;

(iv) 0 < 1971 (1 = gs)a™" — (1 — g)2" < Ty(a)G(t,q5) < 15711 — gs)g ™5

(v) fora given gs € (0, 1), G(t, gs) is decreasing with respect to ¢, for gs < ¢, and increas-
ing with respect to ¢, for t < gs;
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(vi)
Iy(a) tren[éaﬁ] G(t,qs) ={T'y(a)G(gs,gs) : gs # 0}

=(gs)* "1 —gs)3 ", gs#0
—((5)(1 - 492, g5 £0

1 .
74017717
(vii)
i G(t = (G(gs, q: 0,1
i, (t,qs) (g5,45)G(qs), qs € (0,1),

where G is a positive and continuous function defined in (0, 1) by

(30-0), " -(3-5),
G(s):= ] sa—1(1—5)271 » O<s=m

Wv

3.7
r<s<l,

with r € (1/4,3/4) satisfying the equation

a—1 a—1 1— a—1
(i(l—m))q — (i—a:)q :(4%)1‘1. (3.8)

Proof The item (i) follows directly from the definition of G. For verifying (ii), being clear
that t*~1(1 — ¢s)2~ > 0, for ¢, ¢s € (0,1), let us focus on proving that

T 1 —gs) T = (t—qs)i7" >0, for 0<gs<t<L (3.9)
From [20] we already know that if § > 0 and a < b < ¢, then (t — a)5 > (t — b). There-
fore, since tqs < ¢s < t, it follows

to7 (1 — qs)f;fl =(t— tqs);“1 >(t— qs)?il, for 0<gqs<t<l,

which gives (3.9). Thus, we have G(¢, ¢s) > 0, for ¢, gs € (0, 1).

Propositions (iii), (iv) and (v) are clear (from the definition of G) and, therefore, we omit
the respective justifications here.

For realizing (vi), we have only to use the definition of G, (iv) and the properties of the
g-power functions (cf. (2.1)), and also to have in mind that ¢ = 1/2 gives the maximum of
g(t) =t(1—t),t €0,1].

Let us now turn to the proof of (vii). Recalling that

ININA

t<1
s <1,

ININA

_ Gl(t,QS), 0 qs S
G(t’qs)_{ Ga(t,gs), 0<t<gq

for
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7 (1 —gs)g ' = (t—gs)g !
Fq(a) '
(1 — qs)g*1
Fq(a) ’

Gl (t7 qS) =
Ga(t,qs) ==

and taking into account (v), we have (for r € (1/4,3/4) satisfying equation (3.8)):

G1(3/4 qs), 0<gs<1/4
min  G(t,gs) =< min{G1(3/4,qs),G2(1/4,qs)}, 1/4<gs<3/4
1/ast<3/4 G2(1/4,qs), 3/4<gs <1,
_{ G1(3/4,qs), 0<gs<r
a G2(1/47q8)7 TSQS< 17
a—1/7 - ya—1_ _gs)e—1
B/H° (IS)lgq(a) ((3/4)—qs)g L 0<gs<r
= _gs)*—1
%, r<gs <1,
(g5) *(1—gs)g ! (3/4)% T (1—gs)g ' = ((3/4)—qs)g "
Lg(o) (qs)"‘_l(l—qs)qaf1 ’
= O0<gs<r
(g5) *(1—gs)g ™! 1 X
N e Tses<l
=G(gs,q5)G(gs), qs € (0,1),
as desired. O

A Positive and Continuous Solution

The central objective of this section is to find conditions that guarantee the existence of a
positive and continuous solution of the fractional g-boundary value problem (1.1). Thus,
from now on we will consider that the given function fin (1.1) is continuous. Additionally,
we will consider the Banach space X := C[0, 1] endowed with the norm

[[ull = sup |u(t)],
te0,1]

and will also consider the cone

P:={ueX: u(t)>0,te(0,1]; u(0) =0}.
In what follows, we will refer that a solution u of the fractional g-boundary value prob-
lem (1.1) is positive if u € P.

Having in mind Theorem 4 and looking for the use of fixed point arguments, we will
consider and analyse the operator 7 : X — X defined by

Tu(t) ::A/O u(s)dq5+/0 Gt q5)f (s, u(s))dys, ¢ € [0,1]. @.1)
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Lemma 6 The operator T : X — X defined in (4.1) is completely continuous.
Proof The continuity of 7 follows from the continuity of u and f.

Forn > 0, let us use B, := {u € X : ||u|| < n}. Then, for any ¢ € [0, 1], u € B,, there
exists a constant K1 such that f(¢,u(t)) < K; and so, from Lemma 5, we have

Tu(t) =X | u(s)dgs+ | G(t,qs)f(s,u(s))dgs
0 0

t 1
S)\n/ dqs—l—Kl/ G(gs,qs)dys
0 0

K

<\ _—
ST T, (@)

Thus, 7 (B,) is uniformly bounded.
Forallu € B, and t1,t5 € [0, 1] such that ¢; < ¢ (without loss of generality), we have

(Tu)(t) — (Tu) ()] —‘)\/02u(s)dqs)\/0 " u(s)dys

+ 2 1*” 1/(1 )21 £ (5, u(s))dys

—
Q

—
~—

- 1@ O/gz_qs)g Lf (s, u(s))dgs

t1

[t = a5 (s ul)ds

0

- Fi;) / [(t2 —qs) ™" = (t1 — qs)g "] dgs
0

Considering now t; — to, we realize that the right-hand side of the last inequality goes to
zero, and so we conclude that 7 (B;,) is equicontinuous, and so the proof is concluded. [J
Just for the purpose of introducing some definitions below, let us consider again a,b € R,
with b > a. For any y € [a, b], we define the “upper control function”

U(t,y) == s f(t,
(t,y) e (t,n) (4.2)
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and the “lower control function”

L(t,y) = inf ]f(t,n). (4.3)

n€ly,b

It is clear that U (¢, y) and L(¢,y) are nondecreasing on y, and

L(t,y) <f(t,y) <UL, y). (4.4)

Definition3 Leta,b € Ry, with b > a. Ifu,w € P, with

a <u(t) <u(t) <b

satisfy

u(t) <\ [ we)dys+ [ Gt a5 e 1),
t 1
a(t) > /0 (s)dys + /0 Gt qs)U(s,1(s))dys, ¢ € [0,1],

then we call (@, u) a pair of upper and lower solutions of the Problem (1.1).

The last definition has been introduced here simply because we will be using the method of
upper and lower solutions together with Schauder’s fixed point theorem to achieve our goal
of guaranteeing positive (continuous) solutions of (1.1).

Theorem 7 Assume that (G, w) is a pair of upper and lower solutions of the Problem (1.1).
Then, the Problem (1.1) has at least one positive solution v € P, and

u(t) < u(t) <), t € [0,1].

Proof Let us consider the set

K:={ueP:u(t) <u(t)<u(t), te][0,1]}.
It is clear that ||u|| < b and so K C X is bounded, convex and closed. From Lemma 6, we
know already that the operator 7 : X — X is completely continuous. Let us now verify that

T(K) C K. To this end, let us take u € K, and from the definition of the pair of upper and
lower solutions, it follows
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1
u(s)dgs +/0 G(t,qs)f(s,u(s))dgs

t 1
§/\/0 u(s)dqs—i—/o G(t,qs)U(s,u(s))dys

and

Therefore, 7 (K) C K,and T : K — K is a compact operator. Thus, Schauder’s fixed point
theorem allows us to conclude that 7 has at least one fixed point . € K. This means that the
Problem (1.1) has at least one positive solution u € K with u(t) < u(t) < u(¢t), t € [0,1].

O

Corollary 8 If there exist continuous functions f; and f> such that

0< fi(t) < f(t,y) < fa(t) < o0, (t,y) € [0,1] x [0, +00),

then the fractional g-boundary value problem (1.1) has at least one positive solution u € P,
and

u(t) 2)\/0 u(s)dqs+/0 G(t,qs) f1(s)dgs,

t 1
u(t) §)\/0 u(s)dqs+/0 G(t,qs) fo(s)dgs.

Proof Let us consider the auxiliary g-boundary value problem

(Dgosv) (1) = A (Dgoiv) () + 2 (1) =0, te0,1], @.5)
v(0+) =0, o(1)= Afol v(s)dys. ’
Then, (4.5) has a positive solution
t 1
v(t) :)\/0 U(s)dqur/O G(t,qs) fa(s)dgs. (4.6)
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Taking into account the notion of control functions (4.2), (4.3), (4.4), we have
fl(t) S ‘C'(t7y) S Z/[(t, y) S f2(t)7 (t7 y) € [07 1] X [Cl, b]

where a, b are the minimum and maximum of y = v(¢) on [0, 1]. Therefore, it follows that
for v(¢) in (4.5) we have

u(t) 2)\/0,1)(5)dq5+/0 G(t,qs)U(s,v(s))dgs.

We then have that (4.6) is an upper solution to the fractional g-boundary value problem (1.1)
and reasoning similar to the previous one also allows us to conclude that

w(t) :)\/0 w(s)dqur/O G(t, q5)f1(s)dy s

is a lower solution to the fractional g-boundary value problem (1.1).
Now, from Theorem 7, it follows that the fractional g-boundary value problem (1.1) has
at least one (positive) solution © € P such that

w(t) <wu(t) <wv(t), telo,1].

O

Corollary9 Let f(t,y) > f1(t) > 0,t € [0, 1], hold for some f1(¢) not identically zero, and
assume that f{z, y) converges uniformly to F(), on [0, 1], as y — +o0. Then, the fractional
g-boundary value problem (1.1) has at least one positive solution on P.

Proof From the hypothesis, there exist K1, K5 > 0 such that
|f(t7y)_F(t)|<K17 y>K27 te[071}a
and so,

Thus,

fi(t) < f(t,y) < F(t)+ K1+ K3, te(0,1], ye|0,400), 4.7)

The inequalities of (4.7) and Corollary 8 allow us to conclude that the fractional g-bound-
ary value problem (1.1) has at least one positive solution v € P and such that
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t 1
2)\/0 u(s)d s+/ G(t,qs)f1(s)dys

¢ 1
§/\/ u(s)d s+/ G(t,qs)[F(s) + K1 + K3sldgs
0

O
Corollary 10 Suppose that
t
lim max 20 Kk, eR, (4.8)
y—+o0 te(0,1] y
with
tafl —to
max ﬁ + At <1,
te[0,1] Fg(a+1) 4.9)

f(t,y) >2K5, t€[0,1], ye€[0,+o00)

(for some K5 > 0). Under these conditions, the fractional g-boundary value problem (1.1)
has at least one positive solution v € P.

Proof From (4.8) it follows that there exists a positive constant K¢ such that

f(ta y) §K4ya y > K67 te [05 1]

Defining

M, = t
1 tE[O,lI]I,l’l/aE)([O,KG] f( 7y)a

we may write

f(t,y) <Kay+ My, te€[0,1], ye€[0,+00).

Considering now the “adapted” g-boundary value problem

{ (Dgosu) (£) = A (D?oi 1) (t) *K‘W(t) + M =0, (4.10)

w(0+) =0, u(l)=2X fo
from our previous knowledge it follows that u is a solution of (4.10) if and only if

u(t) ::)\/0 u(s)dqur/O G(t,qs)[Kau(s) + Mi]dys

a—1 _ ja

t 1
t
=)\ d K — .
/0 u(s)dgs + 4/0 G(t,gs)u(s)dgs + M T, (et D)
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This leads us to consider the corresponding operator 77, : X — X, defined by

tafl _ o

t 1
(Tan) (t) = /0 w(s)dys + Ks /O Gt as)uls)dys + My
which is also a completely continuous operator in X (cf. the reasoning of the proof of
Lemma 6).
Let us now consider

pe—1_yo
1 Ty(a+1)
ta—1_ta
Tq(a+1)

A i= max
tel0,1] 1 — A\t — Ky

(recall that due to the hypothesis (4.9) the last quotient is well-defined). For
u € By, ={ue X :|ul| <nx}, we have

1 -1
te —t@
)| <A t+ K. G(t d My ———
(o) (O <Nl + Kl |Gt adys + Myt
ta—l o ta—l o
=M+ K| |l + My ————
[ 4Fq(a+1)} el 1Fq(a+1)

<M,

since by hypothesis max;ejo 1]{\t + K4 (t*~! — %) /Tq(a+ 1)} < 1.

Therefore, the operator Ty, : B,, — B, is compact. This allows us to use once more
the Schauder fixed point theorem, now applied to this 75y, , and conclude that 7, has at
least one fixed point in B, , and that the g-boundary value problem (4.10) has at least one
positive solution u given in the form

tozfl o

u(t) :)\/0 u(s)dys + K4/0 G(t, gs)u(s)dgs + Mlm.

And so, from the definition of a control function, we get
t 1
(t) >\ / (s)dys + Ko / G(t, qs)U (s, (s))dys.
0 0

Thus, w is an upper positive solution of the g-boundary value problem (1.1).
Analogously,

t 1
:)\/ u(s)dgs + K5/ G(t,qs)dgs
0 0

e

—
~

N

a—1 _ ja

t
t ,
:/\/ u(s)d,s + Kg—
o YO G

is a lower solution of (1.1).
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Therefore, from Theorem 7, it follows that the fractional g-boundary value problem (1.1)
has at least one positive solution u € P with u(t) < u(t) <u(t), ¢t € [0, 1]. O
We will now present an example to illustrate that the conditions considered in the last result
are not impossible to occur and, therefore, in this corollary, we are not proposing conditions
that represent the void.

Example 1 Let us consider the continuous function

t2y

t,y) =01+ tefo,1 0 . 4.11
Flty) = 004004 gl e 0] ye0,4oo) (4.11)
In addition, we will choose the constants
3 1 1
= — K, = — K = —.
T MT I T 100

With these elements, it is clear that one has f(¢,y) > K5 =1/100 for all ¢ € [0,1],
y € [0, +00). Moreover,

lim max 1(t.y) =0< Ky,
y—o0 te(0,1] Yy
and the (4.9) inequality
7t — 1)K,
max Q + Aty <1,
te[0,1] Fy(a+1)

holds for every A < 1 (and ¢ € (0, 1)).
Given the choices just made, here is a concrete example (or even a class of examples)
that the hypotheses presented in the last result exhibit situations that are admissible to occur.

Uniqueness of a Positive Solution

We will now dedicate ourselves to identifying conditions that guarantee the uniqueness of
positive solutions to the fractional g-boundary value problem (1.1). For this, we will simply
use Banach’s fixed point theorem.

Theorem 11 Let us assume that f % 0 and that there exists a constant L such that

If(ty) — f(t,2)] <Lly — =|,

forallt € [0,1] and y,z € [0,+0). If

tafl o
max [AH— L S (5.1)

te[0,1] Ty(a+1)
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then the fractional g-boundary value problem (1.1) has a unique positive solution (on P).

Proof Under the present conditions, the operator 7, defined by (4.1), is a contraction on P.
Indeed, being already clear that Tu € P, for u € P, we have

[(Tw) (8) = (T) (1)] EA/O |u(s) —v(s)|dgs

+ / G(t, 43)|f (5,1u()) — F(5,0(5))|dys

(" — )L
1)

lu —

<Aw — vl + —=————7F—

( +
(ta 1 _ )L:|
+1)

lu = of

= {/\t—k

for any u,v € P.

Thus, from (5.1) and the Banach contraction principle, we conclude that 7 has a unique
fixed point on P and so the fractional g-boundary value problem (1.1) has a unique positive
solution on P. O

Remark 1 Note that the conditions of Corollary 10 imply the conditions of Theorem 11, and
so now we can conclude that Corollary 10 also ensures the uniqueness of a positive solution

of the fractional g-boundary value problem (1.1).

Example 2 Let

3 ty
== 1 ty) =t .
a=3 A, Sy =+ (52)
Then,
ty tz
t,y) — f(t,z)| = -
[Fty) = f(2.2)] ‘my | < ol

forallt € [0,1] and y, z € [0, +00). Moreover, taking into account that T';(5/2) > 1 for all
€ (0,1), we have

t1/2 _ t3/2
max |:>\t + } <1
te(0,1]

10T,(5/2)
(for all A € (0,1)).

Therefore, from Theorem 11 we have that (for any ¢ € (0, 1)) the fractional g-boundary
value problem (1.1) with the data (5.2) has a unique positive solution.
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Multiple Positive Solutions

The main objective now is to find new conditions that guarantee that the problem under
analysis has more than one positive solution. For this, we will arrive at conditions that guar-
antee us at least three different solutions to the fractional g-boundary value problem (1.1).

To achieve that goal, we will use the Leggett—Williams Theorem, certain separations by
regions and a continuous concave functional on a cone that we will now expose.

Definition 4 We say that the map v is a non-negative continuous concave functional on a
cone P of a real Banach space E provided that ¢ : P — [0, +00) is continuous and

Y(tu+ (1 —t)v) Ztp(u) + (1 = 1)h(v),

forallu,v € Pand 0 <t < 1.
We shall also make use of

P(,b,d) :=={u € P:b<(u), |ul| <d}.

Theorem 12 (Leggett—Williams [27]) Let P be a cone in a real Banach space E,
P.={u€ P:||ul| < c}, ¢ be a non-negative continuous concave functional on P such
that 1p(u) < ||u||, for all u € P.. Suppose T : P, — P, is completely continuous and there
exist constants 0 < a < b < d < c such that

(AD) {u € P(¢,b,d) : Y(u) > b} # 0 and Y(Tu) > b for u € P(¢,b,d);
(A2) |Tu|| < aforu € Py,
(A3) Y(Tw) > bforu € P(y,b,c) with || Tul|| > d.

Then T has at least three fixed points u;, ug and us such that |us|| < a, b < ¥(ug),
[lus|l > a with ¢(us) < b.

Remark 2 1f there holds d = ¢, then condition (A1) of Theorem 12 implies condition (A3)
of Theorem 12.

Let us now identify conditions that guarantee the existence of at least three different positive
solutions to the fractional g-boundary value problem (1.1).

For this, we will now make use of Theorem 12 and the non-negative continuous concave
functional ¢ on the cone P which is given by

From this definition it directly follows that

P(u) <[lull, weP.

Theorem 13 Let
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-1

M i=(1—)) ( / 1 G(qs,qs)dqs> 7

-1

3/4
N:—( 9<qs>G<qs,qs>dqs) ,

1/4
and 0 < A< 1.

Iff e C(0,1] X [0,4+0),[0,+00)) and there exist constants 13 > ng > n; > 0 so
that
BDf(t,y) < My, for (t,y) € [0,1] x [0,m],
(B2)f(t,y) = Nng, for (t,y) € [1/4,3/4] x [n2,m3],
(B3)f(t7y) < M773,f0” (t7y) € [07 1} X [07 773}’
then the fractional g-boundary value problem (1.1) has at least three positive solutions
w*, u** and u*** with

ne < min_|[u** ()| < max |[u™(t)| < n3

i<t<3 0<t<1
< * %k <
m= 0121?%(1 |U (t)| =73, (62)
min_ |[u™* ()| < na.
r<t<2

Proof We will consider the framework of Theorem 12 to verify that we are in the conditions
it requires and therefore we can also use its consequences.

For u € PT,B (cf. the definition of this set in the statement of Theorem 12), we have
lu]| < 73, and by (B3) it follows

)\/0 u(s)dqur/o G(t,qs)f(s,u(s))dgs

| Tul| = max
0<t<1

1
< [ Glas.9) (s, u(s))dys + Al
0
1
gMng/ G(gs,qs)dgs + Ang
0
=n3-
Therefore, 7 maps P, into P,, and from the arguments of Lemma 6 is completely

continuous.
If we just choose now u(t) = (n2 + 13)/2, ¢t € [0, 1], then it follows

+
U(t) = w GP(¢aW27773)a
J’- o
" (772 . 773) ~17a.
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Thus, {u € P(y,n2,m3) : ¥(u) > 2} # 0. Considering w € P(¢,12,m3), we have
N2 < u(t) <mns, for t € [1/4,3/4]. Then, the condition (B2) and proposition (vii) of
Lemma 5 yield

¥ (Tu) = min /0 G(t,qs)f(s,u(s))dm‘sJr)\/0 u(s)dgs

in
3
<t<3

1
1

2/0 G(gs)G(gs,qs)f(s,u(s))dys

3/4

>Nns G(gs)G(gs,qs)dys
1/4

(6.3)

=2,

where we recall that G is given by (3.7).

This means that (7 u) > 19, for u € P(1), 12, 73). Thus, we have already verified that
condition (A1) of Theorem 12 holds true.

Let us now concentrate on condition (A2) of Theorem 12, that s || T u|| < 11, foru € P,,.

From the definition of P,,, it follows that |lu|| < 11, for u € P,,. Moreover, from (B1)
we have f(t,y) < M, fort € [0, 1]. Therefore,

/0 G(t,qs)f(s,u(s))dqs+>\/0 u(s)dgs

| Tull = max
0<t<1
1
<AlJul| +M771/ G(gs,qs)dys
0

1
<m ()\ + M/ G(qs,qs)dqs>
0

=1,

as desired.

To conclude, we realize that in the present situation the condition (A3) of Theorem 12
is automatically satisfied (cf. Remark 2). Thus, from Theorem 12, we are able to conclude
that the fractional g-boundary value problem (1.1) admits at least three (different) positive
solutions u*, u** and u*** satisfying conditions (6.1)—(6.2). O
We will now illustrate, using the following two examples, that the conditions required in the
last theorem can occur simultaneously.

Example 3 Let us consider the concrete case of a continuous and positive function
f:10,1] x [0,00) — R defined by

F(ty) = 0:005+0.0122 +20671855y", 0<y<1,
Y P70\ 20472355 4 0.0112 + 24, y>1,
and let
1 9 3
q= 57 o = 57 )\ - 1
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Therefore, itis possible tocompute M ~ 2.1031117305969427, N ~ 206.72417465494004,
where the values shown are rounded to the last decimal place only.
Then, let us choose

n = 0017 N2 = 17 n3 = 1987.

Here, in addition to ensuring that the condition 73 > 12 > 17 > 0 is satisfied, we deliber-
ately choose 771 small enough so that the cubic term given by f'is quite small in [0, 71], we
chose 72 = 1 so that, in the verification of (B2), we only have to use the second branch of
the definition of £, and finally, n3 sufficiently large so that the upper bound presented in (B3)
is valid

In fact, for (¢,y)€[0,1] x[0,7;] the maximum value of f is obviously
reached when t=1 and y =1m; =0.01 and under these circumstances we have
f(1,m1) = 0.005 + 0.01 + 206.71855 x 1076, thus having that f(t,y) < M, for all
(tvy) € [07 1] X [07771]'

On the other hand, for (¢,y) € [1/4,3/4] X [m2,n3] = [1/4,3/4] x [1,1987], we are
on the branch of y > 1 and therefore f(t,y) = 204.72355 + 0.01¢2 + 2y. It is therefore
clear that the minimum of this function in [1/4,3/4] x [1,1987] occurs when ¢ = 1/4 and
y =mn2 =1, being given by f(1/4,1) = 204.72355 + 0.01 x 0.0625 + 2 = 206.724175,
thus guaranteeing that f(t,y) > Nng, for all (t,y) € [1/4,3/4] x [n2,13).

Finally, in (¢,y) € [0,1] x [0,73] = [0, 1] x [0,1987], the maximum of f is reached
at t=1 and y =n3 = 1987, given by f(1,1987) = 4178.73355, thus ensuring that
f(tv y) < M773 for all (ta y) € [07 1} x [07 773}'

We are thus left with a concrete example that illustrates that the conditions imposed in
Theorem 13 are not impossible to occur.

To conclude this work, we will construct one last example, quite different from the previ-
ous one, and which will exhibit a certain balance in the contribution of the values of # and
v within the function f.

Example 4 The constructive reasoning we will propose in this example can be repeated for

other parameters (and therefore, in a certain sense, a class of examples can be built based on
the choice of parameters), but here we will exemplify it for ¢, o, and A to be

1 3
- _ = = A= —.
q 27 o 27

Taking these parameters into account, we have M ~ 3.8022725362054013 and
N =~ 204.8323994424567 (where these values are rounded to the last decimal place only).
In this example, we will consider a continuous function

fty) = K7+ Ksp(t) o(y),  (t,y) € [0,1] x [0,00),

where K7 and K are positive constants to be specified later, ¢ : [0, 1] — [0, 1] is a continu-
ous function given by
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4t, ogtg%g
. 1
41-1), $<t<1L
and ¢ : [0,00) — [0, 1] is a function given by
1
N 100 y—1)2 100 y—1)3 VSV o0
= - y— 1
o)== 3(HH) —2(F) mg<u<!
) y=>1

Therefore, ¢ is continuous, 0 < ¢ < 1 (and we deliberately choose ¢(y) = 1 fory > 1, just
to simplify the verification of (B3)).

With this in mind, we will choose

m = 0.01, N2 =1, M3 = d5.

Note that we are deliberately choosing 73 to be slightly larger than N/M, so that

Mns > N. (6.4)
Now we have some freedom in choosing the constants K7 and Kg, and we choose
M
Ky i— 2771, Kg:= N — K-

(where we intentionally define K7 as half of M) to facilitate the occurrence of (B1)).

With this construction, it is now easy to see that (B1)-(B3) are valid. That is, in
[0,1] x [0,m1], we have ¢(y) = 0 and therefore f(t,y) = K7. Since we have K7 = 1 M,
then:

1
flty) = Ky = o Mm < M.

Thus, (B1) is verified.

Let us now analyze the situation in [1/4, 3/4] x [n2,n3], withno = 1. For ¢ € [1/4,3/4],
we have ¢(t) = 1. For y € [1,73], it holds ¢(y) = 1. Thus, for these (Z, y),

fty) =Kr+ Ks=N
by our choice of Kg = N — K7. Therefore, f(t,y) = N > Nnjs. Thus, (B2) is valid.
Finally, for any (¢,y) € [0,1] x [0, 73], we have p(t) < 1and 0 < ¢(y) < 1, then:
flty) < K7+ Ks-1=N < Mns

(due to (6.4)).

Thus, all the conditions of Theorem 13 are met.
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