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Abstract. The (3+1)-dimensional combined pKP-BKP equation is comprehen-
sively explored in this paper. First, N -solitons, breathers, and diverse mixed solutions
made up of breathers and kink solitons are among the exact solutions of the (3+1)-
dimensional combined pKP-BKP equation by using the Hirota bilinear method. Second,
lump solutions are obtained from the long-wave limit of the N -solitons and soliton
molecules are created through introducing new resonance conditions to the N -solitons.
Subsequently, by offering a variety of semi-rational solutions, including lump solutions,
kink solitons, and breathers, we enhance the analysis of the (3+1)-dimensional com-
bined pKP-BKP equation. The dynamic behavior of these exact solutions is shown using
density plots with contour lines and three-dimensional graphs.
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1. INTRODUCTION

The nonlinear evolution equations (NLEEs) serve as fundamental mathematical
techniques for characterizing the spatiotemporal development of nonlinear phenomena
and they have been used extensively in biology, engineering sciences, physics, and
other pertinent domains. The key feature of these equations is the strong influence
of nonlinear components on solution behavior, which results in complicated dyna-
mical phenomena including chaos, shock waves, and solitons in physical systems.
By using a mathematical model that strikes a balance between nonlinear effects and
dispersion effects, these equations highlight underlying regulatory mechanisms con-
trolling complicated wave processes in nature, such as energy transfer in oceanic
waves and reliable transmission of optical pulses in fibers. At the application level,
the solutions of NLEEs offer theoretical underpinnings for engineering problems
ranging from communication system optical signal optimization to fluid dynamics
turbulence prediction. Significantly, in-depth studies of these equations in (3+1)-
dimensional variable-coefficient systems have effectively clarified adaptive waveform
propagation mechanisms in non-uniform media. Meanwhile, regarding NLEEs, many
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complicated and nonlinear wave phenomena can be characterized by soliton solu-
tions. Therefore, the search for analytic solutions, especially N -soliton solutions, is
now becoming increasingly significant in soliton theory. Solitons are natural models
that can be used to explain physical phenomena including optical pulse propagation,
quantum vortices in Bose-Einstein condensates (BECs), and plasma shock waves
due to their properties of energy localization, waveform stability, and the capacity to
retain their shape following collisions. Additionally, the dynamic equilibrium between
nonlinear and dispersive terms allows solitons to achieve adaptive propagation in
(3+1)-dimensional variable-coefficient systems [1–5]. A few of the fundamental
methods for solving soliton solutions are the inverse scattering transform (IST) [6–8],
the Darboux transformation (DT) [9–11], the Bäcklund transformation (BT) [12–14],
the Hirota direct method [15–18] and so on. Among these, the Hirota bilinear method
in conjunction with the long-wave limit [19–22] is a practical method for precisely
resolving solutions to nonlinear evolution equations.

The Kadomtsev-Petviashvili (KP) equation [23], which has the following form:

(ut+6uux+uxxx)x+auyy = 0, (1)

is constructed by generalizing the Korteweg-de Vries (KdV) equation to two spatial
dimensions. Furthermore, numerous investigations have demonstrated that the KP
equation may be used to help clarify the physical processes underlying nonlinear
oscillations in BECs [24, 25] and to describe the nonlinear process of acoustic wave
self-focusing and the two-dimensional dynamics of magnetic elastic solitons in an-
tiferromagnets [26]. After substituting ux for u in the KP equation, and integrating
with respect to x, the potential Kadomtsev-Petviashvili (pKP) equation [18] is thus
derived in the following form:

uxt+6uxuxx+uxxxx+auyy = 0. (2)

This equation has been thoroughly examined in a number of areas since the solutions of
the pKP equation were initially discovered [27] and appears in a number of important
nonlinear problems in both mathematics and physics.

Additionally, the following is a representation of the (2+1)-dimensional inte-
grable B-type Kadomtsev-Petviashvili (BKP) equation [28]:(

15(ux)
3+15uxuxxx+uxxxxx

)
x
+5(uxxxy+3(uxuy)x)+uxt−uyy = 0. (3)

The high-dimensional characteristics of the BKP equation offer a wider range of wave-
forms for the modified KdV equation, including spiral waves and two-dimensional
soliton chains. These waveforms can be used for fiber-optic communications and
plasma physics signal transmission optimization. Furthermore, it provides mathemati-
cal tools for the analysis of complicated soliton structures due to its high-dimensional
features and the balance between nonlinearity and dispersion. The pertinent results
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have important ramifications for applications in nonlinear physics and engineering
[29–35].

In 2021, Ma [36] introduced a combined version of the pKP and BKP equations,
named as the pKP-BKP equation, which is expressed as follows:

a1
(
15(ux)

3+15uxuxxx+uxxxxx
)
x
+a2(6uxuxx+uxxxx)

+a3 (uxxxy+3(uxuy)x)+a4uxx+a5uxt+a6uyy = 0,
(4)

where ai (1 ≤ i ≤ 6) are arbitrary constants with a5 ̸= 0. Ma’s work integrated the
pKP equation and the BKP equation to create a high-dimensional integrable system,
which analytically demonstrated the existence and dynamical behavior of N -soliton
solutions using the Grassmann manifold approach, bilinear forms, and the Pfaffian
structure of the BKP equation. This accomplishment offers a new paradigm for the
study of multi-field coupled solitons and broadens the application bounds of the BKP
equation in complicated nonlinear systems. For studies related to this new equation,
one can refer to the following works [36–41]. Numerous researchers have been
interested in the equation since it combines two integrability systems and has the dual
effects of the pKP equation and the BKP equation [37]. Complex wave phenomena
in high-dimensional nonlinear systems, such as the localized energy propagation in
plasma or fluid mechanics, are described by the combined equation.

Recently, to build on previous achievements, Wazwaz [38] expanded Eq. (4)
to a new (3+1)-dimensional combined pKP-BKP equation in order to improve on
earlier successes, which is presented in the following form:

uxt+α
(
15(ux)

3+15uxuxxx+uxxxxx
)
x
+β(6uxuxx+uxxxx)

+γ (uxxxy+3(uxuy)x)+auxx+ buxy+ cuxz−
γ2

5α
uyy = 0.

(5)

In this extension, additional terms, specifically buxy and cuxz , are incorporated into
the pKP-BKP equation, with a5 set to 1, and u= u(x,y,z, t). This newly combined
pKP-BKP equation differs from Eq. (4) by including these new terms and extending
it to the (3+1)-dimension. This paper mainly investigates the (3+1)-dimensional
combined pKP-BKP equation, which methodically reveals the presence, stability,
and interaction processes of lumps and multi-solitons in higher-dimensional space.
Its conclusions give crucial mathematical tools for nonlinear wave management in
multiphysical field coupling systems and broaden the theoretical bounds of integrable
systems.

Solitons morphology and propagation trajectories can be actively controlled by
varying the parameters of the equation, such as the dispersion coefficients and the
nonlinear strength. This method offers guidelines for wave modification methods
in domains such as energy transmission and optical communications. Furthermore,
theoretical models for wave propagation in high-dimensional nonlinear systems, such
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as inhomogeneous metamaterials and ocean wave systems, are established using
the breather waves and Y-shaped soliton solutions obtained from these equations.
These solutions provide crucial insights into intricate wave dynamics and nonlinear
interactions and are especially useful for characterizing multidimensional energy
localization and waveguiding events [39]. Until now, as far as we are aware, the
soliton molecule of Eq. (5) has not been studied. Moreover, the lump solution of Eq.
(5) has not been developed by the long-wave limit. The lump solution and the soliton
molecule of the (3+1)-dimensional combined pKP-BKP equation (5) will be the
main topics of this paper.

This paper is organized as follows. In Sec. 2, through the combination of the
Hirota bilinear method and logarithmic transformation, we obtain the N -soliton and
preliminarily derive the kink-shaped multi-soliton solutions of Eq. (5). The higher-
order breathers and the mixed solutions of Eq. (5) are constructed based on different
parameter relationships in Sec. 3. Section 4 constructs the soliton molecules of Eq.
(5) by discussing and applying their resonance conditions on the (x,y)-, (y,z)-, and
(x,z)-planes. In Sec. 5, the lump solutions of Eq. (5) are generated by taking the long
wave limit. Section 6 introduces multiple varieties of semi-rational solutions of Eq.
(5) and Sec. 7 gives the conclusions of this paper.

2. THE SOLITON SOLUTIONS OF THE NEW
(3+1)-DIMENSIONAL COMBINED pKP-BKP EQUATION

Solitons, which are localized wave packets that preserve their waveform stability
under the dynamic balance of dispersive and nonlinear forces, are the main focus of
research in nonlinear integrable systems. Building on this basis, theN -soliton solution
provides an accurate description of multi-soliton interactions, as evidenced by the
soliton group’s ability to transfer energy and momentum losslessly through phase shifts
during elastic collisions while maintaining its initial propagation speeds, amplitudes,
and waveform parameters. In this Section, the Hirota bilinear method, a significant
tool renowned for its efficiency and powerful analytical capabilities in studying soliton
solutions of nonlinear integrable systems, will be employed to systematically derive
theN -soliton of Eq. (5). This approach effectively transforms the initially complicated
nonlinear equation into a more manageable and understandable bilinear form by deftly
utilizing the proper variable transformation strategies, offering a methodical way to
build exact solutions. Our in-depth study and comprehension of the internal properties
and solutions within nonlinear integrable systems are substantially aided by this
transformation process. By performing the following logarithmic transformation

u= 2(lnf)x = 2
fx
f
. (6)

(c) RJP70(Nos. 9-10), ID 114-1 (2025) v.2.4r20250415 *2025.11.3#f08dc4f4



5 Solutions to combined potential – B-type Kadomtsev-Petviashvili equation Article no. 114

The relevant bilinear equation can be obtained by substituting this expression into Eq.
(5) and carrying out a number of algebraic operations:(
DxDt+αD

6
x+βD

4
x+γD

3
xDy+aD

2
x+ bDxDy+ cDxDz−

γ2

5α
D2
y

)
f ·f = 0,

(7)
where D is Hirota’s bilinear derivative operator [15], and Dn

x and Dm
t D

n
x are defined

as

Dn
x a · b≡ (

∂

∂x
− ∂

∂y
)na(x)b(y) |y=x,

Dm
t D

n
x a · b≡

∂m

∂sm
∂n

∂yn
a(t+s,x+y)b(t−s,x−y) |s=0,y=0,

(8)

where n and m are non-negative integers. The following is an expression for the
equivalent bilinear expansion of Eq. (5):

(ffxt−fxft)+α
(
ffxxxxxx−6fxfxxxxx+15fxxfxxxx−10(fxxx)

2
)

+β
(
ffxxxx−4fxfxxx+3(fxx)

2
)
+γ(ffxxxy−3fxfxxy+3fxxfxy−fxxxfy)

+a(ffxx−fxfx)+ b(ffxy−fxfy)+ c(ffxz−fxfz)−
γ2

5α
(ffyy−fyfy) = 0.

(9)
Note that with regard to parameter ϵ, f can be extended into a series as

f = 1+ ϵf1+ ϵ
2f2+ · · ·+ ϵkfk+ · · · . (10)

A comprehensive set of recurrence relations can be obtained by systematically gather-
ing and organizing terms that share the same power of ϵ and substituting the expansion
(10) into the bilinear equation Eq. (7):

ϵ : f1,xt+α(f1,xxxxxx)+β(f1,xxxx)+γ(f1,xxxy)+af1,xx+ bf1,xy + cf1,xz −
γ2

5α
f1,yy = 0,

(11a)

ϵ2 : 2

(
f2,xt+α(f2,xxxxxx)+β(f2,xxxx)+γ(f2,xxxy)+af2,xx+ bf2,xy + cf2,xz −

γ2

5α
f2,yy

)
=−

(
DxDt+αD

6
x+βD

4
x+γD

3
xDy +aD

2
x+ bDxDy + cDxDz −

γ2

5α
D2

y

)
f1 ·f1,

(11b)

ϵ3 : f3,xt+α(f3,xxxxxx)+β(f3,xxxx)+γ(f3,xxxy)+af3,xx+ bf3,xy + cf3,xz −
γ2

5α
f3,yy

=−
(
DxDt+αD

6
x+βD

4
x+γD

3
xDy +aD

2
x+ bDxDy + cDxDz −

γ2

5α
D2

y

)
f1 ·f2,

(11c)

· · · .
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In exponential form, let f1 be a pure virtual function, then f2 = f3 = f4 = · · · = 0
and hence f can be presented in the following form

f(x,y,z, t) = 1+ ϵf1, (12)

where

f1 = eψ1 ,

ψ1 = p1x+ q1y+k1z+w1t+ψ
(0)
1 ,

w1 =−
αp61+βp

4
1+γp

3
1q1+ap

2
1+ bp1q1+ cp1k1−

γ2

5αq
2
1

p1
.

(13)

Here, −w1 is the frequency, ψ(0)
1 is the phase constant and the wavenumber compo-

nents along the x, y, and z directions are represented by p1, q1, and k1, respectively.
These parameters need to satisfy the (3 + 1)-dimensional dispersion relation de-
termined by the first-order terms of the bilinear equation. Meanwhile, using the
transformation (6) and let ϵ= 1, then the single-soliton solution of Eq. (5) may be
represented as

u1s =
2p1e

ψ1

1+eψ1
=

2p1

1+e−p1x+q1y+k1z+w1t+ψ
(0)
1

. (14)

We review some basic facts about u1s. Firstly, u1s has no extreme point and the
position of the soliton is often represented by the parameter ψ(0)

1 , which is set to 0.
Moreover, we have the following:{

u1s → 2p1 as ψ1 →+∞
u1s → 0 as ψ1 →−∞.

(15)

The most crucial part of researching the 1-soliton solution u1s is comprehending the
asymptotic dynamic characteristic. When p1=0, u1s will transform into a plane wave.
On the other hand, if pi ̸= 0, u1s will transform into a kink wave. Recall that a kink
wave represents a class of nonlinear localized waves exhibiting a topological feature,
characterized by a spatial phase jump (typically π radians) in their waveform profiles
during propagation. When all parameters are given specific values in (14), a 1-kink
wave is generated with specific parameters in Fig. 1(a).

The linear superposition approach, a method that makes solving complex prob-
lems significantly simpler, can provide a superposition solution of Eq. (11a):

f1 = eψ1 +eψ2 , (16)
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where

ψl = plx+ qly+klz+wlt+ψ
(0)
l ,

wl =−
αp6l +βp

4
l +γp

3
l ql+ap

2
l + bplql+ cplkl−

γ2

5αq
2
l

pl
(l = 1,2).

(17)

Substituting Eq. (16) into Eq. (11b), we obtain the following:

f2 = eψ1+ψ2+A12 , (18)

where

eA12 =
A2

(
(p21−p1p2+p22)+

3β
5α

)
+Aγ(p21q2+2p1p2q1−2pl1p2q2−p22q1)+C

B2
(
(p21+p1p2+p

2
2)+

3β
5α

)
+Bγ(p21q2+2p1p2q1+2p1p2q2+p22q1)+C

,

A= 5αp1p2(p1−p2),
B = 5αp1p2(p1+p2),

C = γ2(p1q2−p2q1)2.
(19)

Similarly, it is possible to express the truncated solution of Eq. (7) using the perturba-
tion method once more as

f2(x,y,z, t) = 1+eψ1+ψ2+A12 +eψ1 +eψ2 . (20)

Thus, combined the above transformation (6), the 2-soliton solution of Eq. (5) will
take the following formulation:

u2s = 2[ln(1+eψ1+ψ2+A12 +eψ1 +eψ2)]x. (21)

The three-soliton solution of Eq. (5) can be found by following the equivalent
procedure described above:

u3s = 2[ln(1+eψ1 +eψ2 +eψ3 +eψ1+ψ2+A12 +eψ1+ψ3+A13

+eψ2+ψ3+A23 +eψ1+ψ2+ψ3+A12+A13+A23)]x,
(22)
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where

ψl = plx+ qly+klz+wlt+ψ
(0)
l ,

wl =−
αp6l +βp

4
l +γp

3
l ql+ap

2
l + bplql+ cplkl−

γ2

5αq
2
l

pl
,

eAlj =
A2

(
(p2l −plpj+p2j )+

3β
5α

)
+Aγ(p2l qj+2plpjql−2plpjqj−p2jql)+C

B2
(
(p2l +plpj+p

2
j )+

3β
5α

)
+Bγ(p2l qj+2plpjql+2plpjqj+p

2
jql)+C

,

A= 5αplpj(pl−pj),
B = 5αplpj(pl+pj),

C = γ2(plqj−pjql)2,
(1≤ l < j ≤ 3).

(23)
It turns out that kink waves are actually a type of traveling waves. Through

enabling certain parameters, Figs. 1(b), (c), and (d) depict the dynamic properties of
2-, 3-, and 4-kink soliton solutions.

(a) t= 0 (b) t= 0 (c) t= 0 (d) t= 0

Fig. 1 – (Color online) (a) 1-kink wave (14) with a = b = c = α = β = 1,γ = 3,p1 = 0.5, q1 =
1,k1 = 1,ψ0

1 = 0; (b) 2-kink wave (21) with a = b = c = α = β = γ = 1,p1 = −p2 = k1 = k2 =
1, q1 = q2 = 2,ψ0

1 = ψ0
2 = 0; (c) 3-kink wave (22) with a = b = c = α = β = γ = 1,p1 = p2 =

p3 = q1 = −q3 = k1 = k2 = k3 = 1, q2 = 2,ψ0
1 = ψ0

2 = ψ0
3 = 0; (d) 4-kink wave of Eq. (5) with

a= b= c= α= β = 1,γ = 5,p1 = k1 = p2 = k2 = p3 =−q3 = k3 = p4 = q4 = k4 = 1, q1 =−q2 =
0.5,ψ0

1 = ψ0
2 = ψ0

3 = ψ0
4 = 0.

By repeating the above method all the time, we can get the N -soliton solutions
of Eq. (5) as follows [38]:

u= 2(lnf)x

= 2

ln
 ∑
µ=0,1

e
∑N

l=1µlψl+
∑N

1≤l<j µlµjAlj


x

,
(24)
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where

ψl = plx+ qly+klz+wlt+ψ
(0)
l ,

wl =−
αp6l +βp

4
l +γp

3
l ql+ap

2
l + bplql+ cplkl−

γ2

5αq
2
l

pl
,

eAlj =
A2

(
(p2l −plpj+p2j )+

3β
5α

)
+Aγ(p2l qj+2plpjql−2plpjqj−p2jql)+C

B2
(
(p2l +plpj+p

2
j )+

3β
5α

)
+Bγ(p2l qj+2plpjql+2plpjqj+p

2
jql)+C

,

A= 5αplpj(pl−pj),
B = 5αplpj(pl+pj),

C = γ2(plqj−pjql)2,
(l < j, l, j = 1,2, . . . ,N).

(25)
It is worth noting that these parameters pl, ql,ψ

(0)
l can only take complex or real

numbers. The above summation symbol µ= 0,1 behind the logarithmic sign should
be any potential pairings of µi = 0,1 (i = 1,2, . . . ,N). Otherwise, the nonlinear
dispersion relation of Eq. (5) is represented by

wl+
αp6l +βp

4
l +γp

3
l ql+ap

2
l + bplql+ cplkl−

γ2

5αq
2
l

pl
= 0.

This is an important component that significantly affects the many other rich solutions
obtained from Eq. (5). It is especially noticeable in terms of the locality and periodicity
of the energy distribution.

(a) y = 0, z = 0 (b) y = 0, z = 0 (c) y = 0, z = 0

Fig. 2 – (Color online) Dynamic evolution graph in two-dimensions with z = 0 and y = 0. (a) 2-kink
wave (21) with a = b = c = α = β = γ = 1,p1 = −p2 = k1 = k2 = 1, q1 = q2 = 2,ψ0

1 = ψ0
2 = 0;

(b) 3-kink wave (22) with a= b= c= α= β = γ = 1,p1 = p2 = p3 = q1 =−q3 = k1 = k2 = k3 =
1, q2 = 2,ψ0

1 = ψ0
2 = ψ0

3 = 0; (c) 4-kink wave of Eq. (5) with a = b = c = α = β = 1,γ = 5,p1 =
k1 = p2 = k2 = p3 =−q3 = k3 = p4 = q4 = k4 = 1, q1 =−q2 = 0.5,ψ0

1 = ψ0
2 = ψ0

3 = ψ0
4 = 0.
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We analyzed the shape characteristics of 1-, 2-, 3-, and 4-soliton solutions and
their twisted waveforms. By varying the parameters and observing the changes in the
soliton solutions, it is possible to ascertain that the existence of twisted features is
dependent on pi ̸= 0(i= 1,2,3,4). Furthermore, the value of pi also affects the shape
characteristics of multi-soliton solutions, highlighting their diversity. Solitary waves
demonstrate particle-like structure and their propagation can be visually understood
from these graphs. Due to the interaction and influence between nonlinear effects and
dispersion phenomena, solitary waves exhibit elastic properties during their collisions
with each other, allowing for changes in phase but prohibiting changes in shape, size
(velocity), and direction. And the interrelations among these solitons with kink shapes
cause the amplitudes in their intersecting areas to exhibit a temporary abnormality
(see Figs. 1 and 2).

3. THE BREATHER SOLUTIONS OF THE NEW
(3+1)-DIMENSIONAL COMBINED pKP-BKP EQUATION

As a family of confined wave structures in nonlinear physical systems, breathers
maintain spatial waveform localization while displaying periodic amplitude oscilla-
tions throughout the temporal dimension. Breathers exhibit special elastic collision
features in multi-soliton collisions: dynamical evolution is accomplished only by
phase shifts, while energy and momentum are conserved. The modulation effect
of multi-soliton solutions on breather dynamics is the source of this periodic oscil-
latory behavior. Because multi-soliton solutions are essentially produced by expo-
nential functions, new hybrid solutions with composite properties can be created
by combining them with breather solutions. In addition to examining the various
morphological forms of breathers, the current research emphasizes their potential
for cross-disciplinary applications, from coherent control in quantum simulations to
signal modulation in optical communications, which promotes continuous conver-
gence. Different breather solutions will be analyzed in this Section by controlling the
parameters in Eq. (24) and the parameter (25) through complex conjugate constraints.
Let

N = 2n, p2l = p∗2l−1, q2l = q∗2l−1, k2l = k∗2l−1, ψ0
2l = ψ0∗

2l−1, (26)

where l = 1,2,3, . . . ,n and n is a positive integer. For the purpose of obtaining the
1-breather solution, we take N = 2,a= b= c= α= β = γ = 1,p1 = p∗2 = k1 = k∗2 =
i,q1 = q∗2 = 3− i,ψ0

1 = ψ0
2 = 0 , and the formula (21) can be rewritten as

u1b =
−2ieδ+2ieδ

∗

1+eδ+eδ∗ − 22
3 e

ζ
, (27)
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where

δ =−(
6

5
+

18

5
i)t+ ix+(3− i)y− iz,

ζ =−12

5
t+6y.

(28)

The 1-breather solutions are displayed in Fig. 3.

(a) z = 0, t= 0 (b) z = 0, t= 0

(c) x= 0, t= 0 (d) x= 0, t= 0

Fig. 3 – (Color online) The 1-breather solution (27) with a= b= c= α= β = γ = 1,p1 = p∗2 = k1 =
k∗2 = i,q1 = q∗2 = 3− i,ψ0

1 = ψ0
2 = 0.

The 1-breather solution u1b (27) exhibits a periodic motion orbital on the x-axis
(see Figs. 3(a) and (b)) for an observation. When x= 0, u1b (27) exhibits a periodic
motion orbital on the z-axis (see Figs. 3(c) and (d)). When y = 0, Fig. 4 illustrates
a periodic line wave that fluctuates in an up-and-down motion over time. While the
density plots at t = −2, t = 0 and t = 5 appear similar, the z-axis reveals that one
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(a) t=−80 (b) t=−2 (c) t= 0

(d) t= 5 (e) t= 50 (f) x= 0

Fig. 4 – (Color online) First-order periodic solution (27) with a= b= c= α= β = γ = 1,p1 = p∗2 =
k1 = k∗2 = i,q1 = q∗2 = 3− i,ψ0

1 = ψ0
2 = 0 at y = 0.

notable feature of this particular periodic linear wave is that it decays steadily over
a very short period of time until it eventually vanishes entirely, or decays to zero.
Subsequent analysis shows that the greatest amplitude of this waveform happens
exactly when t= 0.

To obtain the higher-order solution, we take N = 4,a= b= c= α= β = γ =
1,p1 = p∗2 = k1 = k∗2 = −2i,q1 = q∗2 = 1+ i,ψ0

1 = ψ0
2 = π,p3 = p∗4 = k3 = k∗4 =

−2i,q3 = q∗4 = 1− i,ψ0
3 = ψ0

4 = −π in Eqs. (24) and (25). Figure 5 shows the
situation of 2-breather solutions. The 2-breather solution is similar to the first-order
one in that both of them show periodicity.

For N ≥ 3, the n-order breather and m-order soliton mixed solutions can be
constructed. For instance, the mixed solution combining the 1-kink solution and the
1-breather solution (see Fig. 6(a)) can be generated by taking N = 3,a = b = c =
α= β = 1,γ = 5,p1 = q1 = k1 = 1,p2 = k2 = q∗2 = 1+ i,p3 = k3 = q∗3 = 1− i,ψ0

1 =
ψ0
2 = ψ0

3 = 0.
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Thus, the mixed solution combining the 1-kink solution and the 1-breather
solution take the following form:

u1b−1s = 2
eη1 +(1+ i)eν1 +(1− i)eν∗1 + δ1eν1+ν

∗
1 + δ∗1e

ν1+ν∗1 + 14eϕ1
13 + 2289eϕ2

182845

1+eψ1 +eν1 +eν
∗
1 +λ1eν1+ν

∗
1 +λ∗1e

ν1+ν∗1 + 7eϕ1
13 + 763eϕ2

182845

,

(29)
where

η1 =−5t+x+y+z,

ν1 =−(12+14i)t+(1+ i)x+(1− i)y+(1+ i)z,

δ1 =
256

2813
+

491i

2813
,

ϕ1 =−24t+2x+2y+2z,

ϕ2 =−29t+3x+3y+3z.

(30)

The 1-breather solution of Eq. (5) retains its distinctive periodic behavior,
going through frequent and recurring changes, irrespective of how these two types
of solutions interact or clash. This discovery highlights the periodic qualities of the
1-breather solution’s stability and robustness, which are unaffected by interactions
with other solutions or external perturbations.

Using the same method, it is possible to construct the combined solution by
integrating the 1-breather solution and the 2-kink soliton solution by taking the
parameters N = 4,a= b= c= β = 1,α= 2,γ = 5,p1 = q3 = k1 = 1+ i,p2 = q2 =
q4 = 1,p3 = q1 = k3 = 1− i,p4 = k2 = k4 = −1,ψ0

1 = ψ0
2 = ψ0

3 = ψ0
4 = 0. We can

see the specific characteristic status of the mixed solution combining the 1-breather
solution and the 2-kink soliton solution in Fig. 6(b). One feature that stands out
of the physical consequences of these mixed solutions is that the clash between the
breather solutions and the 2-kink soliton solutions of Eq. (5) does not influence
the periodicity or localization of the breather solutions on the (x,y)-plane. What is
more, the waveform properties of the breathers are “locked” without deformation or
distortion, precisely maintaining their waveform state from the beginning moment,
regardless of the propagation distance or changes in the propagation environment.

4. THE SOLITON MOLECULES OF THE NEW
(3+1)-DIMENSIONAL COMBINED pKP-BKP EQUATION

Similar to molecular structures in chemistry, soliton molecules are stable bound
states created by many solitons through nonlinear interactions. The processes of soli-
tons’ attraction, repulsion or phase locking determine how they arise. The profound
mechanisms of energy localization in many-body systems are revealed by soliton
molecules, a characteristic phenomenon in nonlinear science and their research has
both great technical application value and fundamental physics significance. For
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(a) z = 0, t= 0 (b) z = 0, t= 0

Fig. 5 – (Color online) 2-breather solution with a = b = c = α = β = γ = 1,p1 = p∗2 = p3 = p∗4 =
−2i,q1 = q∗2 = q4 = q∗3 = 1+ i,k1 = k∗2 = k3 = k∗4 =−i,ψ0

1 = ψ0
2 = π,ψ0

3 = ψ0
4 =−π.

(a) t= 0 (b) t= 0

Fig. 6 – (Color online) (a) The mixed solution of 1-kink solution and the 1-breather solution (29)
with a = b = c = α = β = 1,γ = 5,p1 = q1 = k1 = 1,p2 = k2 = q∗2 = 1+ i,p3 = k3 = q∗3 = 1−
i,ψ0

1 = ψ0
2 = ψ0

3 = 0. (b) The mixed solution of 2-kink solution and the 1-breather solution with
a= b= c= β = 1,α= 2,γ = 5,p1 = q3 = k1 = 1+ i,p2 = q2 = q4 = 1,p3 = q1 = k3 = 1− i,p4 =
k2 = k4 =−1,ψ0

1 = ψ0
2 = ψ0

3 = ψ0
4 = 0.
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instance, by manipulating chemical states, soliton molecules can be utilized for optical
signal encoding, which allows multi-bit information to be stored and sent. While the
dynamical similarity offers a new model for investigating the nonequilibrium evolution
of correlated electron systems, the soliton molecule analogy based on nonlinear inter-
actions creates an interdisciplinary bridge for quantum material design in condensed
matter physics and many-body dynamics research in quantum simulation. Therefore,
soliton molecules have drawn significant attention in multiple areas, including optical
systems [5, 42–44].

Many theoretical models for the formation of soliton molecules have been put
forward. The two main components of the soliton molecule production mechanism
are dynamical evolution and interaction regulation. Using Feshbach resonance tech-
niques, which can change repulsive interactions into attractive ones, the interaction
management is accomplished by varying the scattering length between atoms. When
the interactions of two solitons dominate the dynamical behavior and their phase dif-
ference and spacing meet specific criteria, a stable bound state and a soliton molecule
are created. In the dynamical evolution process, the initial solitons exchange energy
through nonlinear interactions during their propagation, undergoing a dynamic equi-
librium between attraction and repulsion and finally stabilizing into a molecular state
under certain parametric circumstances [45, 46]. A wide range of integrable systems
can be studied using the resonant theory of solitons. When different resonance condi-
tions are imposed on the N -soltion solutions (24), many types of soliton molecules
can be constructed on different planes [47, 48].

Case 1: The resonance condition on the (x,y)-plane is:
pi
pj

=
qi
qj

(31)

which gives

pi =
qipj
qj

. (32)

On the (x,y)-plane, the soliton molecules can subsequently be obtained through
taking formula (32) into Eq. (24) and Eq. (25).

Case 2: The resonance condition on the (x,z)-plane is:

pi
pj

=
ki
kj

(33)

which leads to

pi =
pjki
kj

. (34)

Similarly, on the (x,z)-plane, the soliton molecules can subsequently be obtained
through taking formula (34) into Eq. (24) and Eq. (25).
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(a) t= 1 (b) t= 2 (c) t= 3

(d) t= 1 (e) t= 2 (f) t= 3

Fig. 7 – (Color online) Description of the soliton molecule with 2-soliton on the (x,y)-plane.

Case 3: The resonance condition on the (y,z)-plane is:

qi
qj

=
ki
kj

(35)

which gives

qi =
qjki
kj

. (36)

Thus, on the (y,z)-plane, the soliton molecules can subsequently be obtained through
taking formula (36) into Eq. (24) and Eq. (25).

Figure 7 depicts the diagram of soliton molecule configuration of Eq. (5) with
N = 2, where the parameters have been specifically chosen as:

a= b= c= α= β = 1,γ =−2

p1 = 1, q1 = 2,k1 = 1,ψ0
1 = 0

p2 =−2, q2 =−4,k2 = 1,ψ0
2 = 0.

(37)

Figure 7 displays the properties of the soliton molecule with 2-soliton for various
times on the (x,y)-plane. It is evident that the two solitons are parallel to one another
and are moving at the equivalent speed.
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(a) t= 1 (b) t= 2 (c) t= 3

(d) t= 1 (e) t= 2 (f) t= 3

Fig. 8 – (Color online) Description of the soliton molecule with 3-soliton on the (x,y)-plane.

We utilize the parameters as follows for N = 3:
a= b= c= α= β = 1,γ =−4

p1 = 1, q1 = 2,k1 = 1,ψ0
1 = 0

p2 =−2, q2 =−4,k2 = 1,ψ0
2 = 0

p3 =−3, q3 =−6,k3 = 1,ψ0
3 = 0.

(38)

Similarly, Fig. 8 displays the properties of the soliton molecule with 3-soliton for
various times on the (x,y)-plane. Furthermore, over time, they move separately and
avoid any mutual interference.

For the soliton molecule with 4-soliton when N = 4, let us choose the following
parameters: 

a= b= c= α= β = 1,γ =−8

p1 = 0.5, q1 = 1,k1 = 1,ψ0
1 = 0

p2 =−1, q2 =−2,k2 = 1,ψ0
2 = 0

p3 =−2, q3 =−4,k3 = 1,ψ0
3 = 0

p4 =−3, q4 =−6,k4 = 1,ψ0
4 = 0.

(39)

Analogously, Fig. 9 displays the properties of the soliton molecule with 4-
soliton for various times on the (x,y)-plane. Hereby the four solitons are all parallel

(c) RJP70(Nos. 9-10), ID 114-1 (2025) v.2.4r20250415 *2025.11.3#f08dc4f4



Article no. 114 Sijie Mao, Maohua Li 18

to each other and there is no intersection among them.

(a) t= 2 (b) t= 3 (c) t= 4

(d) t= 2 (e) t= 3 (f) t= 4

Fig. 9 – (Color online) Description of the soliton molecule with 4-soliton on the (x,y)-plane.

Then, we will seek out some mixed interaction solutions of Eq. (5). By
permitting the solitons to meet the resonance criterion, we can create the 1-soliton
and the 1-soliton molecule for N = 3. Here, we select the following parameters:

a= b= c= α= β = 1,γ =−6

p1 = 1, q1 = 2,k1 = 1,ψ0
1 = 0

p2 =−2, q2 =−4,k2 = 1,ψ0
2 = 0

p3 = 1, q3 =−1,k3 = 1,ψ0
3 = 0.

(40)

Figure 10 illustrates the dynamic interplay among the 1-soliton and the 1-soliton
molecule on the (x,y)-plane for various times. As time progresses, both the soliton
molecule and the 1-soliton are propagating the negative directions of the x− and
y−axis, and their collision turns out to be elastic.

We can create three distinct interactions for N = 4 by letting
(1) the resonance condition, a prerequisite for stable soliton interactions, is met by the
two-soliton,
(2) the resonance condition, a prerequisite for stable soliton interactions, is met by the
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(a) t= 1 (b) t= 2 (c) t= 3

Fig. 10 – (Color online) Description of the dynamic interplay among the 1-soliton and the 1-soliton
molecule on the (x,y)-plane when z = 0.

three-soliton,
(3) the resonance condition, a prerequisite for stable soliton interactions, is met by the
two and the other two-soliton.
Case 1: Figure 11(a) uses the following parameters to depict the interaction among
the 2-soliton and the 1-soliton molecule on the (x,y)-plane when t= 2,z = 0:

a= b= c= α= β = 1,γ =−4

p1 = 0.5, q1 = 1,k1 = 1,ψ0
1 = 0

p2 =−1, q2 =−2,k2 = 1,ψ0
2 = 0

p3 = 1, q3 =−2,k3 = 1,ψ0
3 = 0

p4 = 1, q4 =−1,k4 = 1,ψ0
4 = 0.

(41)

Case 2: Figure 11(b) can depict the dynamic interplay among the 1-soliton and the
2-soliton molecule on the (x,y)-plane, by fixing the parameters as:

a= b= c= α= β = 1,γ =−6

p1 = 0.5, q1 = 1,k1 = 1,ψ0
1 = 0

p2 =−2, q2 =−4,k2 = 1,ψ0
2 = 0

p3 =−3, q3 =−6,k3 = 1,ψ0
3 = 0

p4 = 1, q4 =−2,k4 = 1,ψ0
4 = 0.

(42)

Case 3: Figure 11(c) selects the following parameters to show the dynamic interplay
among the 1-soliton molecule and the 1-soliton molecule on the (x,y)-plane

a= b= c= α= β = 1,γ =−7

p1 = 0.5, q1 = 1,k1 = 1,ψ0
1 = 0

p2 =−2, q2 =−4,k2 = 1,ψ0
2 = 0

p3 =−1, q3 = 2,k3 = 1,ψ0
3 = 0

p4 =−2, q4 = 4,k4 = 1,ψ0
4 = 0.

(43)
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(a) t= 2 (b) t= 1 (c) t= 1

Fig. 11 – (Color online) (a) Description of the dynamic interplay among the 2-soliton and the 1-soliton
molecule on the (x,y)-plane when z = 0, t= 2. (b) Description of the dynamic interplay among the
1-soliton and the 2-soliton molecule on the (x,y)-plane when z = 0, t = 1. (c) Description of the
dynamic interplay among the 1-soliton molecule and 1-soliton molecule on the (x,y)-plane when z = 0,
t= 1.

It is possible to clearly identify the key features of soliton molecules by carefully
examining the pictures in this Section. In particular, during the propagation process,
the individual solitons that comprise a soliton molecule remain parallel, traveling
in the same direction at a constant speed without coming into contact. This feature
reflects the high degree of stability and consistency in the dynamical behavior of
soliton molecules. Furthermore, there are noticeable periodic oscillations in the
distance between solitons as the propagation distance increases. The initial stability
and integrity of soliton molecule are maintained because, in spite of these oscillations,
its general structure mostly stays the same. This distinct dynamical behavior suggests
that soliton molecules preserve global stability during propagation while displaying
dynamic local changes. These features offer important theoretical and experimental
support for researching the propagation.

5. THE LUMP SOLUTIONS OF THE NEW
(3+1)-DIMENSIONAL COMBINED pKP-BKP EQUATION

By referring to previous works [19–22], and applying the Hirota bilinear for-
malism, exact rational solutions are derived within nonlinear wave systems through
the imposition of a long-wave limit on multisoliton solutions. The special rational
function solutions will be the focus of this Section, known as lump solutions. With
their energy or amplitude concentrated in a limited area, lump solutions decay in
all spatial directions and display a lump-like profile that quickly drops to zero at
locations distant from the central region. They differ from traditional soliton solutions,
which normally propagate in particular directions without dispersion while retaining
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their structural integrity, due to this confined feature. In contrast to solitons, which
maintain stability along their propagation axes, lump solutions exhibit stronger spatial
confinement because their energy density decays algebraically or exponentially in
all spatial dimensions and is dramatically peaked around the core region. Because of
these characteristics, lump solutions are especially well-suited for simulating nonli-
near fluid dynamics phenomena, such as localized water waves and coherent vortices.
These solutions are very useful in oceanographic settings for studying tidal dynamics,
wave-turbulence interactions, and mesoscale vortical structures in oceanic circulation
systems. Researchers can improve prediction models for wave height, directional
spreading, and energy distribution patterns in marine environments by utilizing the
mathematical framework of lump solutions. Strong risk reduction techniques against
extreme wave events are made possible by these developments, which have a direct
impact on crucial applications in offshore structure design, coastal engineering, and
marine navigation safety.

When

N = 2, q1 = λ1p1, k1 = γ1p1, q2 = λ2p2, k2 = γ2p2, ψ0
1 = ψ0

2 = iπ,
(44)

the f in formula (6) can be rewritten to be a polynomial function if pi → 0(i= 1,2):

f = θ1θ2+α12, (45)

where

θi =−t
(
a+ bλi+ cµi−

γ2λ2i
5α

)
+x+yλi+zµi (i= 1,2),

α12 =−
60α

(
γ(λ1+λ2)

2 +β
)

γ2 (λ1−λ2)2
.

(46)

Letting a= b= c= α= β = 1,γ = 10,λ1 = λ∗2 = i,µ1 = µ2 = 1, the 1-lump solution
of Eq. (5) can be resolved by adding the transformation (6) solved as

u1−lump =
2(−44t+2x+2z)

(−22t+x+z)2+(y− t)2+ 3
20

. (47)

The specific behavior of the 1-lump solution u1−lump at different times is shown in
Fig. 12.

A localized lump with two peaks, one above and one below the horizontal plane,
is created as a result of the concentrated energy distribution, giving the lump peaks
and troughs. As a solution to Eq. (5), it is visually apparent that the lump, moving on
a continuous background without spreading or collapsing, keeps the control center
of waveforms perfectly contoured within a finite space. Nevertheless, the asymptotic
background of the lump solution is zero since the lump solution degenerates to 0 as
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(a) t=−2, z = 0 (b) t= 0, z = 0 (c) t= 2, z = 0

Fig. 12 – (Color online) The 1-lump solution u1−lump (47) of Eq. (5) on the (x, y) plane at various
times.

x→∞ or y→∞.
By resetting the parameters in Eq. (24) and Eq. (25) as

N = 4, q1 = λ1p1, k1 = µ1p1, q2 = λ2p2, k2 = µ2p2, q3 = λ3p3,

k3 = µ3p3, q4 = µ4p4, k4 = µ4p4, ψ0
1 = ψ0

2 = ψ0
1 = ψ0

2 = iπ,
(48)

f in Eq. (24) undergoes a thorough transformation from an exponential function to
a completely rational function by letting the limits pi → 0 (i = 1,2,3,4) to get the
following formula:

f =θ1θ2θ3θ4+α12θ3θ4+α13θ2θ4+α14θ2θ3+α23θ1θ4

+α24θ1θ3+α34θ1θ2+α12α34+α13α24+α14α23,
(49)

where

θi =−t
(
a+ bλi+ cµi−

γ2λ2i
5α

)
+x+yλi+zµi,

αij =−
60α

(
γ(λi+λj)

2 +β
)

γ2 (λi−λj)2

(i < j, i, j = 1,2,3,4).

(50)

Setting a = b = c = α = β = 1,γ = 5,2λ1 = 2λ∗2 = λ3 = λ∗4 = 2i,µ1 = µ2 = µ3 =
µ4 = 1, and integrating the transformation (6), the 2-lump solution of Eq. (5) is
emerged. Besides, the pictorial diagram of the 2-lump solution u2−lump is also
presented (see Fig. 13).

The u2−lump undergoes only parallel displacement during asymptotic motion
as t evolves, while its permanent lumps pattern remains unchanged. Therefore, the
discussion of the lump at t = 0 is similar. The peaks and valleys of the u2−lump
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(a) t=−2, z = 0 (b) t= 0, z = 0 (c) t= 2, z = 0

Fig. 13 – (Color online) The 2-lump solution u2−lump of the Eq. (5) in the (x, y) plane.

increase by a factor of two in comparison to the 1-lump solution. Otherwise, the
2-lump solution degenerates to zero and fades away from view as x→∞ or y→∞.

6. THE SEMI-RATIONAL SOLUTIONS OF THE NEW
(3+1)-DIMENSIONAL COMBINED pKP-BKP EQUATION

A wide range of dynamical behaviors, such as elastic collisions, energy ex-
changes and localization enhancements between lump waves and solitons, are demon-
strated by semi-rational solutions, which show the coexistence or interaction between
localized waves (like lump solutions) and nonlinear waves (like solitons and breathers).
Additionally, the coupling phenomena between ocean surface waves and undersea
vortices can be simulated using semi-rational solutions. This has important reference
value for forecasting severe wave events (such us freak waves) and for vessel safety
design. Consequently, semi-rational solutions advance the classification of exact
solutions to mathematical physical equations and uncover new mechanisms of multi-
modal wave coupling in nonlinear integrable systems by bridging the gap between
pure rational solutions (like lump solutions) and conventional soliton solutions.

The essential factor in the semi-rational solutions of Eq. (5) is the employment
of the long-wave limit of the biased exponential function, similar to that in Sec. 5, and
the particular restrictions on the parameters in Eq. (24) and in Eq. (25).

Setting the parameters in Eq. (24) and Eq. (25) for N = 3 as

q1 = λ1p1, k1 = γ1p1, q2 = λ2p2, k2 = γ2p2, ψ0
1 = ψ0

2 = iπ, (51)

then f in formula (6) can be rewritten as a composite function of exponential and
polynomial functions by letting pi → 0 (i= 1,2) :

f = (θ1θ2+α13θ2+α23θ1+α13α23+α12)e
ψ3 +θ1θ2+α12, (52)
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where

αi3 =−
30αp23

(
5αp33+γλip3+2βp3+γq3

)
25α2p63+15

(
γλi
3 +β

)
αp43+10αγp33q3+γ

2λ2i p
2
3−2γ2λip3q3+γ2q23

(i= 1,2),

(53)
and ψ3 is the same as in Eq. (25), θi (i = 1,2), α12 are identical to the formula
(46). In particular, if the parameters λ2 = λ∗1 = i and all of the other parameters are
actual numbers, for instance, setting a= b= c= α= β = 1,γ = 5,p3 =−q3 = k3 =
1,ψ0

3 = 0, then the semi-rational solution of Eq. (5), which contains the 1-kink soliton
solution and 1-lump solution, can therefore be written as follows through integrating
the transformation (6):

ulump−1s = 2
(−852

229 + δ1)e
ψ+(59071145 −µ

∗
1δ2−µ1δ3+ δ2δ3)eψ+ δ1

(59071145 −µ
∗
1δ2−µ1δ3+ δ2δ3)eψ+ δ2δ3+ 3

5

, (54)

where
δ1 =−14t+2x+2z,

δ1 = (−7+ i)t+x− iy+z,
δ3 =−(7+ i)+x+ iy+z,

η = 7t+x−y+z,

µ1 =
426

229
+

240

229
i.

(55)

Because of the elastic nature of their collision, energy will focus at the site
of interaction as the amplitude grows. It was clarified the dynamic properties of
semi-rational solution of Eq. (5) composed of 1-lump solution and 1-kink soliton (see
Fig. 14).

(a) t=−5, z = 0 (b) t= 0, z = 0 (c) t= 5, z = 0

Fig. 14 – (Color online) The 1-lump solution and 1-kink soliton ulump−1s (54) of Eq. (5) in the (x, y)
plane.
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When N = 4, setting the parameters in Eq. (24) and in Eq. (25) as

q1 = λ1p1, k1 = γ1p1, q2 = λ2p2, k2 = γ2p2, ψ0
1 = ψ0

2 = iπ, (56)

then f in formula (6) can be rewritten in the following form by letting pi→ 0 (i=1,2)

f =(θ1θ2+α13θ2+α23θ1+α13α23+α12)e
ψ3

+(θ1θ2+α14θ2+α24θ1+α14α24+α12)e
ψ4

+(θ1θ2+α13θ2+α14θ2+α23θ1+α24θ1

+α13α23+α13α24+α14α23+α14α24

+α12)e
ψ3+ψ4+A34 +θ1θ2+α12,

(57)

where

αi4 =−
30αp24

(
5αp34+γλip4+2βp4+γq4

)
25α2p64+15

(
γλi
3 +β

)
αp44+10αγp34q4+γ

2λ2i p
2
4−2γ2λip4q4+γ2q24

(i= 1,2),

(58)
and αi3 (i = 1,2) are identical to the formula (53) , ψ3,ψ4,e

A34 are equivalent in
Eq. (25), θi (i= 1,2),α12 are equivalent in Eq. (46). Here, if setting the parameters
a= b= c= α=−β = 1,γ = 10,λ1 = λ∗2 = i,−µ1 =−µ2 =−2p3 =−2p4 = q3 =
−2q4 = 2k3 = 2k4 = 2,ψ0

3 = ψ0
4 = 0, and then intergrating Eq. (24), the semi-rational

solution of Eq. (5), which consists of the 2-kink soliton solution and 1-lump solution,
can subsequently be generated (see Fig. 15(a)). Nevertheless, a type of semi-rational
solutions of Eq. (5) can be formed when the parameters λ1 = λ∗2 = i,2µ1 = µ2 = 2,
and the other two sets of parameters are limited to be complex conjugate. If we
take the remaining parameters a= b= c= α=−β = 1,γ = 3,p3 = p∗4 = k3 = k∗4 =
2i,q3 = q∗4 = 2− i,ψ0

3 = ψ0
4 = 2π, the semirational solution, which consists of the 1-

breather solution and the 1-lump solution, can be derived (see Fig. 15(b)). The 1-lump
and 1-breather solutions to the (3+1)-dimensional combined pKP-BKP equation
with choosing parameters (a = b = c = α = β = 1,γ = 10,λ1 = λ∗2 = i,µ1 = µ2 =
1,p3 = p∗4 = k3 = k∗4 = 1−2i,q3 = q∗4 = 1− i,ψ0

3 = ψ0
4 = 2π) are displayed in Fig.

15(c). In the case of these lump-breather and lump-soliton semirational solutions,when
ψ0
i → 0(i = 3,4), the 2-kink soliton will come into collision with the lump of Eq.

(5) (see Fig. 15(a)). When |ψ0
i | ≫ 0(i = 3,4), the lump will undergo a complete

separation from the breather solutions of Eq. (5). The breather solutions’ amplitude
and periodicity will not change (see Figs. 15(b) and (c)).

7. CONCLUSIONS

This paper provides a systematic investigation of several exact solutions of
the the new (3+1)-dimensional combined pKP-BKP equation and their dynamic
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(a) t= 0, z = 0 (b) t= 0, z = 0 (c) t= 0, z = 0

Fig. 15 – (Color online) (a) The 1-lump solution and 2-kink soliton ulump−2s of Eq. (5) in the (x, y)
plane at z = 0, t= 0, (b), (c) The 1-lump solution and 1-breather solution ulump−1b of Eq. (5) in the
(x, y) plane at z = 0, t= 0.

behaviors. Based on standard perturbation method and the Hirota bilinear method,
explicit N -soliton solutions of Eq. (5) are derived. The presence of kink properties
in the multi-soliton solutions of the Eq. (5) can be attributed to the condition pi ̸= 0
(i = 1,2 . . . ,N) (see Figs. 1 and 2). By introducing restrictions to the parameters
of the N -soliton solutions, the high-order breathers with periodic oscillation and
localization on the (x,y) plane of Eq. (5) are obtained (see Figs. 3–5). The dynamical
characteristics among the various solution types in Eq. (5) are enhanced by mixed
solutions made up of breathers and kink solitons (see Fig. 6). The formation of soliton
molecular structures is achieved through the derivation of resonance criteria across
(x,y), (y,z), and (x,z) planes, utilizing N -soliton configurations (see Figs. 7–11).
Additionally, several new hybrid interaction solutions are created, one of which is the
dynamic interplay among solitons and the soliton molecule (see Figs. 10 and 11).

Furthermore, the long-wave limit of the soliton solution from Eq. (5) is utilized
to form the lump solution (see Figs. 12 and 13). The lump solution is localized only
in space. The dynamical behavior of Eq. (5) for N > 2 can be better described by
using a semi-rational construct comprising lump solution, kink solitons, and breather
solutions (see Figs. 14 and 15). Some special constraints on the parameters exert a
considerable influence on the diversity and dynamical behavior of these solutions.
The constructed solutions in this paper’s analysis exhibit dynamical behaviors that
reflect the astonishing orderliness resulting from nonlinear interactions. The paper
enhances the theory of nonlinear dynamical systems, advances the study of (3+1)-
dimensional nonlinear evolution equations and aids in explaining certain nonlinear
physical phenomena found in nature.
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38. A.M. Wazwaz, New Painlevé integrable (3+1)-dimensional combined pKP-BKP equation: lump

and multiple soliton solutions, Chinese Phys. Lett. 40, 120501 (2023).
39. H. Luo, C. Guo, Y. Guo et al., Breathing wave solutions and Y-type soliton soluions of the new

(3+1)-dimensional pKP-BKP equation, Nonlinear Dyn. 112, 20129–20139 (2024).
40. Y. Feng, S. Bilige, Resonant multi-soliton, M-breather, M-lump and hybrid solutions of a combined

pKP-BKP equation, J. Geom. Phys. 169, 104322 (2021).
41. K.U. Tariq, A.M. Wazwaz, R.N. Tufail, Lump, periodic and travelling wave solutions to the (2 +

1)-dimensional pKP-BKP model, Eur. Phys. J. Plus 137, 1100 (2022).
42. M. Stratmann, T. Pagel, F. Mitschke, Experimental observation of temporal soliton molecules, Phys.

Rev. Lett. 95, 143902 (2005).
43. G. Herink, F. Kurtz, B. Jalali et al., Real-time spectral interferometry probes the internal dynamics

of femtosecond soliton molecules, Science 356, 50–54 (2017).

(c) RJP70(Nos. 9-10), ID 114-1 (2025) v.2.4r20250415 *2025.11.3#f08dc4f4



29 Solutions to combined potential – B-type Kadomtsev-Petviashvili equation Article no. 114

44. X. Liu, X. Yao, Y. Cui, Real-time observation of the buildup of soliton molecules, Phys. Rev. Lett.
121, 023905 (2018).

45. L.C. Crasovan, Y.V. Kartashov, D. Mihalache et al., Soliton “molecules”: robust clusters of
spatiotemporal optical solitons, Phys. Rev. E 67, 046610 (2003).
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