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Abstract: In this article, we first establish a recollement related to projectively coresolved Gorenstein flat (PGF) complexes. Secondly, we
define and study PGF dimension of complexes, we denote it PGF(X) for a complex X. It is shown that the PGF(X) is equal to the infimum of
the set {supA | there exists a diagram of morphisms of complexes 4 <~ G — X, such that G — X is a special PGF precover of X and G — A
is a PGF almost isomorphismj}.
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0 Introduction

The famous "flat cover conjecture”, that is, all modules have a flat cover over any ring, is addressed by Enochs", It
has now been settled by Bican et a/”!. It is natural to consider the Gorenstein version of "flat cover conjecture". Thus, the
existence of Gorenstein flat covers of moduls is concerned by many scholars®™. In particular, Yang and Liu™ proved that
all modules have Gorenstein flat covers over a left ring over which the class of Gorenstein flat modules is closed under
extensions (GF-closed). Recently, Saroch and St'ovi¢ek!® proved that every ring is always GF-closed in terms of the no-
tion of projectively coresolved Gorenstein flat (PGF) modules. Thus, the Gorenstein version of flat cover conjecture
holds as well. Recently, the researcheres extend the notion of PGF modules to the category of complexes, and call it
PGF complexes'.

The definition of recollements of triangulated categories was first introduced by Beilinson et a* to study the triangu-
lated categories of perverse sheaves over singular spaces, and later was used by Scott et al to stratify the derived catego-
ries of quasi-hereditary algebras arising from the representation theory of semisimple Lie algebras and algebraic groups.

Homological dimension plays an important role in homological algebra, and has been extended to the setting of
complexes by many researchers. Avramov and Foxby"” defined the notion of projective dimension for a complex X,
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pd(X), as the infimum of the set {sup P | P is a DG-projective resolution of X}. They showed that for any complexes X,
pd(X)=inf { n € Z| sup H(P)<n, Cokerd”, , is projective, where P— X is a DG - projective resolution }
Note that if /: P — X is a quasi-isomorphism then Ext' (Q, Kerf)=0 for every DG-projective complex Q. Thus,
the DG-projective resolution P — X is a special DG-projective precover. This means that for any complex X,
pd(X)=inf { n € Z| sup H(P)<n, Cokerd?, , is projective, where P— X is a special DG - projective procover }
Gorenstein projective dimension of complexes, Gpd(X), was introduced by Veliche and it follows from Ref. [11] that
Gpd(X)=inf { n € Z| sup H(P)<n, Cokerd?, | is Gorenstein projective , where P — X is a DG - projective resolution}
=inf { n € Z| sup H(P)<n, Cokerd’, , is Gorenstein projective, where P — X is a special DG - projective procover of X }
In Ref. [12], the authors introduced and studied the dimension of complexes, which is related to special Goren-

stein projective precovers:
Gppd(X)=inf {n € Z| sup H(G)< n, and Cokerd?, , is Gorenstein projective, where G — X is a special Gorenstein

projective precover of X }

If no such G exists, set Gppd(X)= .
Inspired by the above, in this article, we study the recollement and dimension related to PGF complexes.

1 Preliminaries

In this section we recall some necessary notations and definitions. Throughout the article, let R denote an associa-
tive ring with an identity and by the term "module" we always mean a left R-module.

A complex X of modules is often displayed as a sequence
Oy 5
XXX =

n—1
with 6%, , =0 for all n € Z. The n-th cycle (resp., homology) module is defined as Kerd! (resp., Kerd /Imd?, ) and de-
noted by Z,(X) (resp., H, (X)). The homology complex H(X) is defined by setting H(X),=H,(X) and 6" =0 for all
i€ Z.Acomplex Xis called exact if H,(X)=0 for all i € Z. For a complex X, we associate the numbers
supX=sup{ie Z | X,#0} and infX=inf{ieZ|X,#0}.

The complex X is called bounded above (resp., bounded below) if sup X<oo (resp., infX>—o0). It is called
bounded if it is both bounded above and bounded below.

In the following, we will use C(R) and 2(R) to denote the category of complexes of modules and the derived cat-
egory. The symbol = is used to designate quasi-isomorphisms in C(R). For complexes X and Y, denote by Hom(X, Y)
the Abelian group of morphisms from X to ¥ in C(R) and Ext' (X, Y) for i > 1 will denote the groups we get from the
right derived functor of Hom(—, -).

For two complexes X and Y, denote by Hom, (X, Y) the complex with Hom, (X, Y),= HHomR (X,, Y,,,) for all
ieZ
n € Z and with the boundary operator given by 6"™* " (f)=(5!,, f,—(=)" f,_,67),_, for every f€ Hom, (X, Y),. We de-
note by Exty(—, —) the right derived functors of Hom,(—, —) and call it the absolute cohomology functors. Two mor-
phisms a and  in Hom(X, Y)=Kerd;"™* " are called homotopic, denoted by a~p, if there exists a homomorphism x of
degree 1 such that 6"™" " (u)=a - B.
Let X be a complex of right R-modules and Y a complex of left R-modules, denote the usual tensor product of X

and ¥, where( X&) ,Y), = @ X,®,Y, , and s(x®)=6" )Ry +(=)xX 6! ,(y) forxe X,, ye ¥, . We define XQ Y

(XQ,Y)

to be BX®,Y)

with the maps

XR@.), | (XD,
B,(X®,Y) B, ,(X®,r)’
(XR,Y),
B, (X®,Y)

&y =6 (x0)Xy,

where x @y is used to denote the coset in . Then we get a complex. Since X X C(R)— C(Z) is a right ex-
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act functor between Abelian categories with enough projectives, we can construct left derived functors which we de-
note by Tor, (C, -).

Let .4 be an Abelian category and .t’a subcategory of .4 . For an object M € .4 write M € * A, if Ext!, (M, X)=0
for each object X € A/ Dually, one can define M € ™.

Recall that a pair (1 }) of subcategories of .4 is called a cotorsion pair or cotorsion theory provided that A= )
and )V=A". A morphism ¢: X— M with X e X’ is called an F-precover of M if for any morphism f: X'— M with
X'e A, there is a morphism g: X'— X such that ¢g=/. An epimorphism y: X— M with X € A’ is said to be a special
Aiprecover of M if y is an Aprecover of M and Kery € 1™

A cotorsion pair (.} }) is said to be complete provided that every object in .4 has a special )*preenvelope and a
special A-precover. A cotorsion pair (1)) cogenerated by a set S of objects, i.e. such that )’=S", is complete, see Ref.
[13]. A cotorsion pair (1 ) is said to be hereditary provided that Ext’ (X, Y)=0 for each object X € A" and each object
Y e V. Ref. [3] is a standard reference for cotorsion pairs™. A complete cotorsion pair (. })) is said to be a projective
cotorsion pair"* if ) is thick and "}/ coincides with the class of projective objects. Recall from Ref. [14] that a
class W< A is called thick provided that it is closed under direct summands, exte nsions, and taking kernels of epimor-
phisms and cokernels of monomorphisms.

2 A Recollement Related to PGF Complexes

We begin with the definition of PGF modules and PGF complexes. Note that PGF modules not only are Goren-
stein flat, but also Gorenstein projective!®.
Definition 1”7 A module M is said to be PGF if there exists an exact sequence of projective modules
05050 >
with M=Ker(Q° — Q') and which remains exact after applying £ X ,— for any injective right R-modules E.
A complex X is said to be PGF if there exists an exact sequence of projective complexes
P PP
with X=Ker(P"— P™') and which remains exact after applying / X)— for any injective complex / of right R-modules.
In the following, we will use PGF and PGF to denote the category of PGF modules and the category of PGF com-
plexes.
We give some basic results for PGF modules and PGF complexes which are obtained by Refs. [6-7, 14].
Lemma 1 (1) The class of PGF modules is projectively resolving, closed under arbitrary direct sums, under di-
rect summands and transfinite extensions.
(2) (PGF, PGF") is hereditary complete cotorsion pair.
(3) (PGF, PGF") is a projective cotorsion pair which is cogenerated by a set.
(4) If M is a PGF module, then Tor? (£, M)=0 for any injective right R-modules E and any n> 1.
(5) A complex G is a PGF complex if and only if G, is a PGF module for each n € Z.
Remark 1  Gorenstein flat complexes are exactly the complexes with Gorenstein flat components over right co-

615 Saroch and St'ovi¢ek!® showed that the class of Gorenstein flat modules is always

herent rings, independently!
closed under extensions over any ring. Yang and Liu"” proved that Gorenstein flat complexes are exactly the com-
plexes with Gorenstein flat components whenever the class of Gorenstein flat modules is closed under extensions.
Thus, Gorenstein flat complexes are exactly the complexes with Gorenstein flat components.

We obtain the following result which gives equivalent characterizations of that Gorenstein projective modules are
Gorenstein flat by Ref. [7].

Lemma 2 The following statements are equivalent:

(1) Every Gorenstein projective modules are Gorenstein flat modules.

(2) Every Gorenstein projective modules are PGF modules.

(3) Every Gorenstein projective complexes are Gorenstein flat complexes.

(4) Every Gorenstein projective complexes are PGF complexes.
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Proof (1)< (2) follows from Ref. [6].

(1)< (3) follows by Ref. [16] and Remark 1.

(2)<=(4) holds by Ref. [7].

Definition 2! Let 22, 2’ and 2" be triangulated categories. We say that 2 is a recollement of 72" and 2" if
there are six triangle functors as in Fig. 1 such that

() (F,. F, F,)and (G,, G, G,) are adjoint triples;

(2) £, G, and G, are fully faithful;

(3) For any object X € 2, we have GX=0 if and only if X= F X' for some X € D.

Recall from Ref. [17] that a triple Z/=(&, M, R) of classes of objects in an Abelian category is called a Hovey
triple if (@ W, R) and (Q, W R) are complete cotorsion pairs and the class MV is thick. As a consequence of Refs.
[6-7, 14], we obtain the following result.

Lemma 3  There exist two projective cotorsion pairs (PGF, PGF™*) and (EPGF, EPGF™*) which are cogenerated
by sets, where EPGF denote the class of all exact PGF complexes. Moreover, (PGF, PGF*, AR)) and
(EPGF, EPGF*, AR)) are Hovey triples. In particular, every complex has a special PGF precover and a special exact
PGF precover.

Using Lemma 3 and Ref. [17], we also obtain two projective model structures on C(R) in which every object is fi-
brant, the objects in PGF (resp., EPGF) are cofibrant, and the objects in PGF™* (resp., EPGF ™) are trivial. We call these
PGF model structures (resp., exact PGF model structures).

We use K., (PGF) and K(PGF) to denote the homotopy category of all exact PGF complexes and the homotopy cat-
egory of all PGF complexes, respectively. Then we obtain the following conclusion.

Theorem 1  Let R be a ring. There is a recollement in Fig. 2 where E(FE) and E(EPGF") represent special exact
preenvelopes and special EPGF -preenvelopes, respectively, C(DG) and C(EPGF) represent special DG-projective pre-
covers and special exact PGF precovers, respectively, / denotes the inclusion functor.

Proof We can see that (PGF, PGF ") and (EPGF, EPGF ) are projective cotorsion pairs in ({R) by Lemma 3.
We also notice that (DGP, &) is a projective cotorsion pair in C(R), PGF N E=EPGF and DGP < PGF by Ref. [7]. As
we know, the homotopy category of all DG-projective complexes K(DGP) is isomorphic to ZXR). Thus, the result is ob-
tain by Ref. [14].

/\ /\ 25 !
ey PN
ol £ D i D’ K, (PGF) ! kpcr) — P9 D(R)
~_ N~_ .~ - ~
£, G, C(EPGF) E(EPGF)
Fig. 1 The definition of recollement Fig.2 The recollement of PGF

3 PGF Dimension of Complexes

In this section, we will investigate the dimension with respect to PGF complexes.
Since (PGF,PGF") is a projective cotorsion pair cogenerated by a set, thus by Ref. [14], we conclude that
—_— —_—1
(dw PGF, dw PGF ), in which each degree component of the associated graded object is a PGF module, forms a pro-

jective cotorsion pair. By Lemma 1, the complexes in dw PGF are precisely the PGF complexes. Then by Ref. [18], we
obtain the following definition.

Definition 3 Let X be a complex. The dimension of X related to special PGF precovers, PGF(X), is defined as

PGF(X)=inf { n € Z| sup H(G)< n, and Cokerd?, , is a PGF module, where G — X is a special PGF precover of X }

If no such G exists, set PGF(X)=oo.

Definition 4 Let 4 and G be two PGF complexes. An epimorphism of complexes /:G— 4 is said to be PGF
almost isomorphic if Kerf is exact and bounded below. It is clear that Kerf is a PGF complex.

Theorem 2 Suppose that G is a PGF complex. Then
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PGF(G) =inf{n € Z | sup H(G)<n, Cokerdy., is a PGF module|
=inf {sup A | G — A is a PGF almost isomorphism}.
Proof Set s=inf {n ez | sup H(G)< n, Cokerd?, , is a PGF module} and 7=inf {supA | G — A is an PGF almost

isomorphism }
Since G is a PGF complex, it can be seen that PGF(G)<s. We only need to concentrate on PGF(G)=>s. If PGF(G)=
o then the proof is evident. Suppose that PGF(G)=n € Z. Then there exists a special PGF precover ¢: F— G such that

supH(F)<n, Cokerd”, , is a PGF module and Ext' (G, Kergp)=0. Hence the short exact sequence of complexes
0—>Kerp>F—->G—0

is splits. Then we have F= G®Kergp. This implies that supH(G)<n. We can conclude that s <n. If PGF(G)=-o, then

F
n+1

discussion yields that s =—co. This leads to the conclusion that supH(G)< n, which is to say PGF(G)=s. Thus PGF(G)=s.
We show that #<s. If s =00, then the proof is trivial. Assume s is an integer. Then supH(G)<s, and Cokerd?,, is a

for any integer n, we can find a PGF precover F— G such that supH(F)<n and Cokerd,,, is a PGF module. Similar

PGF module. Consider the commutative diagram (Fig. 3). Define K and A4 as the following sequences
K=->G

G
s+1

-G, > Imdé;y , —>0---,

s+2 s+1

A=0—Cokeré®,, > G, , > G, ,—> .

G
s+1

It is clealy that K is exact and Imd;,, is PGF amodule. Then the map G— 4 is a PGF almost isomorphic and

sup 4 <s. Consequently, #<s. Suppose s=—o0, hence for any integer n, supH(G)<n and Cokerd?,, is a PGF module.
Thus G is exact. Using a similar diagram, we can obtain G — A4 is a PGF almost isomorphism such that sup A <n. This
leads to the conclusion t=—o0. Thus 7<s.

Next, we demonstrate that s <¢. If =—c0, then the proof is trivial. Assume 7 is an integer. Then there exists a PGF
almost isomorphism G — A4 with sup A =¢. Let E=Ker(G — A). Then E is exact and bounded below, which implies that
Cokerd”, , is a PGF module. Consider the commutative diagram (Fig. 4) with exact rows and the exact middle column,
then it is evident that the final column of the diagram is exact, which implies that Cokerd?,, is a PGF module. Addition-
ally, it is evident that supH(G)< n. Consequently, we can conclude that s <.

Now, consider the case where t=—o. For any integer n, there is a PGF almost isomorphism G — 4 such that
supA <n, hence G is exact at n+1 and Cokerd?,, is a PGF module. This means that G is an exact complex, and
Cokerd?,, is a PGF complex for any integer n. This leads to the conclusion that s =—oo.

The following result is an immediate consequence of Definition 3 and Theorem 2.

Theorem 3  Let X be a complex. Then
PGF(X)=inf {supA ] there exists a diagram of morphisms of complexes 4 < G — X such that G — X is a special PGF
precover of X and G — 4 is a PGF almost isomorphism }

Take .4=PGF in Ref. [18], we get the following definition.
Definition 5 Let X be a complex. Then for any complex Y and any integer », the n-th relative cohomology group
Exthgr (X, Y) is defined by the equality Ext-(X, ¥Y)=H"(Hom, (G, Y)) where G — X is a special PGF precover of X.

0 0

i l

G G, —»1mé5, 0 E,, — E,—» Cokerd}, —» 0

1

L ]

Gs+2 Gﬁl GJ Gs—l Gll = CI — Coker§f;, —>0
0 0 Cokerd%, — G,_j —»--. 0 4, 0

Al
Lo
0 0

Fig.3 The commutative diagram about G Fig.4 The commutative diagram about E
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As an immediate consequence of Ref. [18], we obtain the following result, which gives an equivalent characteriza-

tion on PGF dimensions.
Corollary 1
(1) PGE(X)<n;

Let X be a complex and 7 an integer. Then the following conditions are equivalent.

(2) Extpgr (X, Y)=0 for all i>n—t and any bounded complex Y such that all Y, and Ker(Y,— Y, ,) are in PGF",

where ¢=sup H(Y);

(3) Extpg-(X. Y)=0 for all i>n and any module Y in PGF*;
(4) sup H(X)<n and for any special PGF precover G — X of X, the module Coker(G,,, > G, ) is in PGF.
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