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ABSTRACT

In the practical application of pseudorandom binary sequences (e.g., in cryptography or signal processing), a need
often arises for a long binary sequence while only much shorter binary sequences with suitable properties are readily
available. In this paper, an N2-element pseudorandom binary lattice is constructed from two shorter, N-length binary
sequences with strong pseudorandom properties. Next, this N?-element binary lattice is ‘unrolled’ (using a row-major
order) to generate a significantly longer N?-element pseudorandom sequence. While optimal upper bounds for the
pseudorandom measures of this new lattice and sequence are not established, we provide non-trivial upper bounds for
these measures, demonstrating their strong pseudorandom properties.
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1. INTRODUCTION

In 1997, Mauduit and Sarkézy [11] introduced a new constructive approach to study the pseu-
dorandomness of binary sequences

En = {61, ,eN} € {—1, 1}N.
In particular, in [17], Mauduit and Sarkézy introduced the following measures of pseudoran-
domness. The well-distribution measure of Ey is defined by

t—1

Z €a+jb
Jj=0

where the maximum is taken over all a,b,t € N with 1 < a < a + (t — 1)b < N. The correlation
measure of order k of Ey is defined as

5

W(EyN) = max
abt

M

Z €n+d, " n+dy

n=1

s

Cv(En) = max

where the maximum is taken over all D = (d;,d,,...,d;) and M such that 0 < d; < dy < - <
dr < N — M. They also introduced the combined (well-distribution-correlation) pseudorandom

measure of order k:

t
Z €a+jb+d, *** €a+jb+d;
Jj=0

5

E =
Oc(En) max

where the maximum is taken over all a, b, t, and D = (dy,d,, ..., dy) such that all d;’s are different
and all the indices a + jb + d; belong to {1,2,..., N}. The sequence Ey is considered a “good”
pseudorandom sequence if both W(Ey) and Ci(Ey) are small in terms of N.

To study the multidimensional analogue of pseudorandomness, Hubert, Mauduit, and
Sarkozy [9] established the following definitions and terminology. The set of n-dimensional
vectors with integer coordinates ranging from 0 to N — 1 is denoted by I}:

Ro={&x=0...%): x1,....,%6, €{0,1,..., N — 1}}.

This set is often called an n-dimensional N-lattice, or simply an N-lattice. Hubert, Mauduit,
and Sarkozy [9] extended the concept of binary sequences to higher dimensions by defining
functions of the form

n(x): I - {~1,+1}.
For simplicity, when x = (x1,xs,...,%,) and p(x) = n((x1, x2, ..., x,)), we will use the shorter
notation n(x) = n(xy, xa, ..., Xp)-

These functions can be visually represented by assigning the points of an N-lattice with
either a + or a — symbol. Binary pseudorandom lattices in two or three dimensions have signi-
ficant practical applications, such as in the encryption of digital images or maps.

To broaden the scope of the definition of Ij; and to define the multidimensional version of
pseudorandom measures, it is also important to introduce more general box-lattices. These are
introduced as follows. Let uy, uy, ..., u, be a set of n linearly independent vectors. Each vector
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u; is defined such that its i-th coordinate is non-zero, while all other coordinates are zero. This
means u; has the form (0,0,...,0,2;,0,...,0). If 1, t5, ..., t, are integers with 0 < t;,1,,..., £, <N,
then the set

By ={x =xju; + xuz + - + xu, 0 0 < xfuy) < (< N) fori=1,2,...,n}

is called an n-dimensional box N-lattice, or simply a box N-lattice. In [9], Hubert, Mauduit, and
Sarkozy introduced the following measure for the pseudorandomness of binary lattices.

DEFINITION 1. Let
n: Iy - {-1,+1}

The pseudorandom measure of order ¢ for 7 is defined as

Q¢(n) = max Z n(x+dy) - n(x+de)|,
Bdy....d |
where the maximum is computed over all distinct vectors dy, dy, ..., d, € I} and all box N-lattices
B such that the translated lattices B + dy, ..., B + d, are subsets of I}.

A lattice 7 is then said to possess strong pseudorandom properties, or is briefly referred to as
a good pseudorandom lattice, if the measure Q,(n) is small (significantly smaller than the trivial
upper bound of N") for fixed n and ¢ and large N. For the best constructions, an upper bound
of N"/2(log N)° is achievable, but in practical applications, estimates of N'"" are also ideal.

A wide variety of pseudorandom lattices with optimal pseudorandom measures have been
constructed to date. See, for instance, [1, 5, 7, 4, 8, 9, 12, 13] and [14, 16].

When a large lattice is required for a practical application, generating each element with a
computer can be a time-consuming and computationally expensive process. Here, we intro-
duce a novel lattice generation technique that instantly creates an N?-element lattice from
two N-length sequences. Although its pseudorandom measures may not be optimal, we can
provide strong upper bounds for them. The method is as follows. Let E = (ey, e, ..., ex) and
F =(fi, fos---» fn) € {=1,+1}N be two pseudorandom binary sequences with strong pseudoran-
dom properties. Then, we define the binary lattice n = ng.r : I3 — {~1,1} by

n(x,y) = ex+1fy+1 (1.1)

The elements of the lattice can be generated rapidly since each element is a simple product of
factors that are either 1 or —1. This raises the question of how large the pseudorandom measures
of the lattice are. We can determine the exact values of Q, and Qy.; for this lattice. However,
the value of Qy is always large if k > 2, which is a drawback of this method.

THEOREM1. LetE € {~1,+1}N and F € {—1, +1}N be pseudorandom binary sequences. Then,
Qaer1(Nexr) < max{Q:(E), Q3(E), ..., Qz¢+1(E)} max{Q;(F), Qs(F), ..., Qop+1(F)} (1.2)

and

Q2041(MExF) 2 Q2e41(E)Qae41(F). (1.3)
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THEOREM 2. LetE € {—1,+1}N and F € {—1,+1}" be pseudorandom binary sequences. Then,

Q2(nexr) = max{NQ,(E), NQ.(F)}
THEOREM3. Let E € {—1,+1}N and F € {1, +1}" be pseudorandom binary sequences and £ > 2.
Then,
Qae(npxr) > (N — £+ 1)
This generation method is viable for applications where it’s sufficient for the measures Qy,

Q,, and Qs to be small (e.g., in Monte Carlo methods). However, if we also need Qy to be small
(e.g., for encryption), we must use a different method.

2. AUGMENTATION OF SEQUENCES

We have already seen that an N?-element lattice can be generated from two N-length sequences.
Let the two original sequences be Ey, Fy € {1, +1}V, and let the lattice constructed from them
using (1.1) be denoted by 5. Then, for 1, the statements of Theorems 1, 2, and 3 from Section
1 hold. In [3], Gyarmati generated an N2-length sequence from the lattice n: I3 — {-1, +1}?
in the following way:. En: = ENz(r]) = (e, ep,...,en2) € {—1,+1}° by taking the first (from the
bottom) row of the lattice then we continue the binary sequence by taking the second row of
the lattice, then the third row follows, etc.; in general, we set

e+ =n((j—1,i) fori=0,1,..,.N°* =1, j=1,2,..,N. (2.1)
Gyarmati [3, Theorem 3] proved the following very general theorem.
LEMMA1.
Co(Enz) < (£+2)Cel().

In our case, this implies that if Ey and Fy denote the two N-length sequences, then by The-
orem 1 we have

C2[+1(EN2) < 20+ 3)max{Q:(En), ..., Q2r+1(En)} max{Q; (Fn), ..., Qzer1(FN)}

By Theorem 2, we have

Co(Enz) < 4max{NQ,(Ex), NQ,(Fy)}.

Thus, the new sequence Ene is significantly longer than the two original sequences, Ex and
Fy.By Theorems 1 and 2, we can provide non-trivial upper bounds for measures such as C, (Ex2)
and Cs(Ey2). In essence, this technique allows for the fast augmentation of even a short sequence.
We take two equally long subsequences (e.g., the beginning and the end of the sequence) and
use cross-multiplication (see (1.1)) to generate a lattice. From this lattice, we then generate a
new sequence based on formula (2.1). The length of this new sequence increases quadratically
throughout the process. Nevertheless, we can still provide a sharp upper bound for the C, and

Cs values. For example, if Q;(Ex), Q1(Fn), Q2(En), Q2(Fn), Qs(En), Qs(Fy) < x/ﬁ(log N, then
Q,(Enz) < 4N**(log N)*.
03(En2) < 5N(log N)*.
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To be able to apply the method described in this section, it is necessary to construct large
families of binary sequences where the sequences have a small Q, measure. In [15] I provide a
method showing that if certain types of families of binary sequences satisfy the condition that
their sequences have a small C, measure, then their Q, measure is also small. For instance, it
can be shown that in each of the constructions of length N in [2, 6, 10] the Q, measure is below
JVN(log N)° (see [15]).

This construction facilitates the rapid augmentation of binary sequences by generating an
NZ-length sequence from two components of length N via a lattice-based cross-multiplication.
By applying Theorems 1 and 2, we can establish non-trivial upper bounds for the correlation
measures of the augmented sequence, such as C,(Ex:) and Cs(Ey:), based on the pseudorandom
properties of the initial segments. Notably, even with a quadratic increase in length, the pseudor-
andom measures remain sharp, provided that the underlying sequences belong to families with
sufficiently small Q, measures. This relationship motivates the search for generalized methods
that could maintain low Q, measures for higher orders of £ during the augmentation process.

I find it important to ask the following.

PROBLEM 1. Does a similar method exist for generating an N*-element lattice, and subsequently an
NZ-element sequence, from two N-long sequences, such that not only the Q, and Qs measures are
low, but also other Q, measures are low, at least for small £?

3. PROOFS

First, we prove Theorem 1 concerning the odd order.

Proof of Theorem 1. Let k = 2¢+ 1. First we prove (1.2). Consider the box lattice B and the vectors
d1 = (dlladIZ): dg = (d21, dzg), veey dk = (dkl, dkz) Wlth B+ dl, ey B+ dk Q Iﬁ], such that

Qc(neer) = | D (e +dy) e + )| -

X€EB
Write B in the form B = {(x1z1, %225 : 0 < x121 < 11,0 < %325 < 1)} = I; x I, where
L ={xiz1: 0<xz1 <1y},
I = {x,25 1 0 < X325 <1y},

and zi, z, are positive integers. Then,

Qer)=| Y, n(@z.xz) + (@i dn) - 1 ((nz1,%2,) + (dea.diz))

(x121,%222 ) €L ¥ I

= Z ex121+d11+1fxz22+d12+1ex121+d21+1fx222+d22+1 exlzl+dk1+1fxzzz+dk2+l

0<x1z1<t
0<x2,<tp
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= Z €xyz+dy+1 """ €xyzy i +1| Z fxzzerdlz+1 "’fxzzz+dk2+1 . (3-1)

0<x;2:<ty 0<x22,<tp
We know that if diy = dj;, then ey 14,+1€x,2+d,+1 = 1, and similarly, if di, = dj,, then
€x,zytdp+1€xyzrdpr1 = 1. Since k is odd, if we consider the elements d;; in the multiset

{di1,da1, ..., di1} that appear an odd number of times, and their set is {d};, ..., d};}, then v is also
odd and

< Q(E)

Z €xiz+d+1 +-- €xy 2y +d) +1
0<x121<t

< max{Q1(E), Qs(E), ..., Qc(ED}.

Z €x,zy+dyy +1 -+ €xy 2y +djy +1
0<x121<t

Similarly, it can be shown that

Z flez+d21+1 ﬁ6222+dk2+1 < maX{Ql(F)’ QS(F)’ [ Qk(F)}

0<x22,<tr+1

Thus, by (3.1),

Qe(nexr) < max{Q1(E), Q3(E), ..., Qe(E)} - max{Qi (F), Qs(F), ..., Qx(F)}.

Next we prove (1.3). Consider the integers 0 < zj, zp,t1,t2 < N, 0 < dy1,d12, ..., di1, dja < N—1
for which

Qk(E) = Z €xiz1+dy+1 * Exizi+dp+1
0<x1z:<t
and
Qk(F) = Z fX121+d12+1 : fx222+dk2+1
0<xp22<tp

Let d; = (d11,d12), d2 = (da1,d22), ..., dx = (dk1,dk2), and define the box-lattice Bby B = I; x L,
where

I ={xz1: 0<xy2y <t}

L ={xz: 0<x2y <1y}
Then,

Qk(nexr) 2 Z n(x +d)n(x + da) - n(x + di)

x€B

= Z 1 (Gerzy, x222) + (di1, di2)) -+ 1 (%121, X2.22) + (i1, di2))

(x121,%222 ) €L ¥ I

= Z ex121+d11+1fxz22+d12+1ex121+d21+1fx222+d22+1 exlzl+dk1+1fxzzz+dk2+l

0<x1z1<t
0<x2,<tp
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Z fxzzerdlzﬂ fx2z2+dk2+1

= Z €xyzy+dy+1 7 €xy 2y +djy +1

0<x1z:<t 0<x222<ty
= Qk(E)Qk(F),
which completes the proof. o
Proof of Theorem 2. First we prove that
Q2(nexr) < max{N - Qx(E), N - Qo(F)}. 3.2)

Consider the box-lattice B and vectors d; = (dy1,d;2) and dy = (dy1, doy) for which

Qa(nexr) = Z n(x +d)n(x +dy)|.

x€B

Then write B of the form
B ={(x121,%222) + 0 <121 < 1,0 < w25 <t} = I x I,

where

I ={xiz1: 0< x12; <1y} L ={xz: 0 < x2y < 1y}

Then

Q:(nexr) = Z 1 ((x121, x222) + (di1, d12)) 1 (%121, X222) + (da1, d2z))

(x121,%222 )€l %I

= Z exlzl+d11+1fxzzz+dlz+1 : exlzl+d21+1fx2zz+d22+l

0<x121<h
0<xp22<ty

= Z €x1z)+dy +1 * €xyzy+dy +1] Z fx222+d12+1 : fxzzz+dzz+l . (3-3)
0<x12:<t 0<xp22<t

Since the vectors d; and d; are not equal, at least one of the following inequalities holds: dj; # da;
and dy; # dyy. Let us first consider the case where di; # dy;. In this case, we have

< Qu(E),

E €x1z1+dy1+1 ° €xiz1+dp +1
0<x;z;<t;
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while for the other factor in (3.3) we apply the trivial estimate

Z fxzzz+d12+1 : fxz22+d22+1 <1+ < N.

0<x222<t
Thus, according to (3.3),
Q2(exr) < NQy(E).
Similarly, if dy; # ds,, we obtain the inequality
Q2(nexr) < NQy(F),

from which (3.2) immediately follows.
Next we prove the

Qo(nexr) = max{N - Qx(E), N - Q5(F)} (3.4)
Consider the numbers 0 < z1,t;, 0 < dy;1,dy; < N for which

Z €x1+d11+16x,+dy; +1
0<x12:<ty

QZ(E) =

and let z; = 1, t, = N — 1 Define the sets

L ={x1z1: 0<x121 <1y} and L ={xz: 0<x2, <1} =10,1,2,...,N — 1}
and B = I; x I,. Moreover, let di; = 0, dz; = 0, and define d; and d, by d; = (d11,d12) = (d11,0)
and d2 = (dgl,dzz) = (d210) Then

Q2(nexr) = Z n(x + don(x + dy)

x€B

= § ex121+d11+1fxzzz+d12+1 : exlzl+d21+1fxzzz+d22+l

0<x121<t
0<x25<t

N Z €x1zy+dyy +1 * €xy2y+dyy +1

0<x1z1<t
= NQ,(E).

It can be proven similarly that

Q2(exr) = NQy(F),
which completes the proof of (3.4) and the theorem. O

Proof of Theorem 3. Consider the vectors dy,ds, ..., dy, are the vertices of the following plane
figure.
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1 2 3 4 t—1

FIGURE 1. Step function algorithm for coordinates selection

Written out with a formula, the vectors d;’s are

G,i+1) ifi=0,1,..,0—2
(%)) ifi=01,...,6—1
(¢-1,0),

SO d1 = (0, 0), dg = (0, 1), d3 = (1, 1), ceey dzg = (0, {— 1) Then,

Q2e(Exr) 2 Z n(x +d)n(x +dy) ... n(x + dap)

XEII%I—PA
N—¢ N—-¢

= Z Z n(xy, (1, 22 + 1) ..y, 20 + €— 1)
x1=0 x,=0
N—¢ N—-¢

= Z Z exl+1fxz+1ex1+1f;cz+2€x1+2fxz+2 mex1+t’fx2+1
x1=0 x2,=0
N—¢ N—-¢t

2 2 2 2 2 2

= Z ex1+1 : ex1+2 ex1+l ' Z fx2+1 Xp+2 "'fxz+é’
x1=0 x=0
N—¢ N—¢

=D =N -rt+1) O
x1=0 x,=0
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4. 3-DIMENSION LATTICES

Nowadays, 3-dimensional lattices are coming to the forefront more and more. In this case, the
following three theorems can be proven similarly to the preceding ones. Let E = (ey, €2, ..., en),
F=(f, forr fn)and G = (g1, g2, ..., gn) € {—1,+1}" be three pseudorandom binary sequences
with strong pseudorandom properties. Then, we define the binary lattice B = fpupxg : Iy —
{-1,+1} by
U(x» Vs Z) = ex+1fy+lgz+1-
Then similarly to Theorems 1-3, the following holds.

THEOREM 4. Let E,F,G € {—1,+1}" be pseudorandom binary sequences. Then,

Qzer1(Mexrxc) < max{Qi(E), Q3(E), ..., Qzer1(E)} max{Q: (F), Q3(F), ..., Qzer1(F)}
-max{Q1(G), Q3(G), ..., Q2e+1(G)}

and

Q2ev1(MexpxG) = Qaer1(E)Q2p41 (F)Q241(G).
THEOREMS5. LetE, F, G € {—1,+1}" be pseudorandom binary sequences. Then,

Q2(NExpxc) = max{N?Q,(E), N*Q,(F), N*Q,(G)}
THEOREM 6. Let E,F,G € {—1,+1}N be pseudorandom binary sequences and £ > 2. Then,

Qoi(Nexpxc) = (N — £+ 1)

We leave the detailed proof to the reader. Again, this generation method is viable for applic-
ations where it’s sufficient for the measures Q;, Q,, and Qs to be small (e.g., in Monte Carlo
methods). However, if we also need Q, to be small (e.g., for encryption), we must use a different
method.

5. OPEN PROBLEM: 3D EXTENSION OF THE LATTICE CONSTRUCTION

We propose a three-dimensional extension of the binary lattice construction originally studied
in two dimensions. Let p be a prime such that p — 1 = 3N, and let a pseudorandom binary
sequence S € {—1,+1}*"! be partitioned into three subsequences E, F, and G of equal length N.
A three-dimensional lattice is then defined by n(x, y, z) = ex41 fy118:4+1 forx, y,z €{0,1,..., N-1}.
This construction allows for the investigation of the relationship between the combined pseu-
dorandom measures of the lattice, Qx (), and the correlation measure, C,(E(n)), of the sequence
obtained by flattening the cube into one dimension.

Numerical experiments for small primes (p = 31, 37,43) indicate that C,(E()) remains close
in magnitude to Q,(y), suggesting that the ratio between these measures may be bounded by
a constant or a slowly growing function, such as clog N. The fundamental open problem is to
theoretically establish whether an inequality of the form Ci(E(n)) < ¢ - Qx(n7) holds in general
for k = 2 or 3. These empirical results motivate further research into higher-order correlation
measures and the potential for a formal proof of these bounds in higher-dimensional construc-
tions.
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