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Abstract
In this paper, we prove an abstract version of the splitting property for summing
operators, extending the classical result due to A. Pietsch and B. Maurey. Our results
provide a technique that may be useful in different contexts, as illustrated in the
applications.
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1 Introduction andMotivation

In the first half of the twentieth century, the theory of continuous linear operators
between Banach spaces was already well developed, but it still lacked a refined char-
acterization of those operators that preserve or improve convergence and integrability
properties of sequences in the sense of summability. This interest in summability
within Banach space theory emerged in the early decades of the second half of the
twentieth century and can be traced back to Grothendieck’s Résumé.

Summability also arises in settings that are not strictly linear, with important appli-
cations inComplexAnalysis,Combinatorics,Quantum InformationTheory,Geometry
of Banach Spaces and Classical Inequalities, such as the Hardy–Littlewood and

Alexandre C. B. Lima is supported by Paraíba State Research Foundation (FAPESQ) Grant 2073/2023
Joedson Santos is supported by CNPq Grant 406457/2023-9, Grant 403964/2024-5 and Grant
305655/2025-6 Eduardo B. Silva is supported by CNPq Grant 309230/2023-3.

B Joedson Santos
joedson.santos@academico.ufpb.br

Alexandre C. B. Lima
alexandre.cesar@academico.ufpb.br

Eduardo B. Silva
ebsilva@uem.br

1 Departamento de Matemática, Universidade Federal da Paraíba, João Pessoa 58.051-900, Brazil

2 Departamento de Matemática, Universidade Estadual de Maringá, Maringá 87.020-000, Brazil

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1007/s00574-026-00498-3&domain=pdf


   17 Page 2 of 16 A. C. B. Lima et al.

Bohnenblust–Hille inequalities (see Araújo et al. 2025; Arunachalam et al. 2020;
Montanaro 2012; Núñez-Alarcón et al. 2024a; Raposo and Serrano-Rodríguez 2023).

In Grothendieck (1953), Grothendieck introduced ideas that would later be recog-
nized as precursors to the theory of absolutely summing operators. In the following
decade, Pietsch (1967), Lindenstrauss and Pełczyński (1968), and Mityagin and
Pełczyński (1966) established many of the fundamental properties of these opera-
tors. The significant role that absolutely summing linear operators play in operator
theory and Banach space theory has motivated the development of analogous notions
for classes of summing mappings in various contexts. The nonlinear theory of abso-
lutely summing operators was further advanced by the works of Pietsch (1983), Matos
(2003a), Farmer and Johnson (2009), among others. The interest in studying summa-
bility in such nonlinear settings has since been explored by numerous authors (see,
e.g., Alencar and Matos 1989; Angulo-López and Fernández-Unzueta 2020; Bayart
2018; Belacel et al. 2023; Botelho et al. 2001, 2007, 2019; Çalışkan and Pellegrino
2007; Chávez-Domínguez 2011, 2012; Chen and Zheng 2011, 2012; Dimant 2003;
Macedo et al. 2022; Matos 2003b; Núñez-Alarcón et al. 2024b; Pellegrino and Souza
2005, 2006).

If 1 ≤ s, r < ∞, a linear operator T : X −→ Y between Banach spaces is
absolutely (r; s)-summing (or (r; s)-summing), and we write T ∈ �r;s(X; Y ), if
there exists a constant C > 0 such that

(
m∑
i=1

‖T (xi )‖r
)1/r

≤ C sup
ϕ∈BX∗

(
m∑
i=1

|ϕ(xi )|s
)1/s

(1)

for every x1, ..., xm ∈ X and all m ∈ N, where BX∗ denotes the closed unit ball of the
topological dual X∗ of X , which is a compact Hausdorff space in the weak-star topol-
ogy (for details, we refer to the classical book Diestel et al. 1995). When r < s, one
has�r;s(X; Y ) = {0}. Hence, we can assume s ≤ r . The infimum of all C that satisfy
the above inequality defines a norm on �r;s(X; Y ), denoted by πr;s(T ). In addition,(
�r;s(X; Y );πr;s(·)

)
is a Banach space and ‖T ‖ ≤ πr;s(T ) for all T ∈ �r;s(X; Y ).

When s = r , we write (�r (X; Y );πr (·)) instead of
(
�r;r (X; Y );πr;r (·)

)
. As is usual,

letL(X; Y ) be the space of all continuous linear operators from X to Y . From now on,
for any 1 ≤ r < ∞ the symbol r∗ denotes the conjugate of r , i.e., r∗ = r/ (r − 1) .

The main goal of this paper is to prove an abstract version of the classical splitting
property for absolutely summing operators. This property appears implicitly in works
of Pietsch (1967) and Maurey (1974) (see also Diestel et al. 1995, Lemma 2.23 and
Defant and Floret 1993, page 423). It is now known as the Maurey–Pietsch splitting
property.

Theorem 1.1 (Maurey–Pietsch splitting property) Let 1 ≤ r < θ, δ < ∞ with 1
r =

1
θ

+ 1
δ
. If T ∈ �δ (X ,Y ), then given m ∈ N and (xi )mi=1 ⊂ X, there are (λi )

m
i=1 ⊂ K

and (yi )mi=1 ⊂ Y such that

T (xi ) = λi yi for all i = 1, ...,m
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and

(
m∑
i=1

|λi |δ
) 1

δ

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

≤ πδ(u) sup
x∗∈BX∗

(
m∑
i=1

|x∗ (xi ) |r
) 1

r

.

When s = r , we have �r ⊂ �δ , and thus Theorem 1.1 yields the splitting property
for�r . However, if s < r , then�r;s is not directly comparable to�δ , and the splitting
property does not follow from the classical result.

This motivates two natural questions:

(i) Does �r;s admit a splitting property?
(ii) Are there nonlinear extensions or generalizations of the splitting property?

In this paper, we answer both questions affirmatively by establishing an abstract
framework that includes the linear and nonlinear theories as particular cases.

2 Main Result

Recently, several works have shown that many important results of the theory of
summing operators, in fact, require essentially no linear structure to remain valid (see
Botelho et al. 2019; Macedo et al. 2022; Pellegrino and Santos 2012; Pellegrino et al.
2012a, b, 2017). The abstract context for our main result was inspired by Pellegrino
et al. (2012a).

Let X1, ..., Xn, E1, ..., En be (arbitrary) nonempty sets such that E1 ⊆ X1, ..., En ⊆
Xn , let Y be a Banach space, and letH be a family of mappings from X1 × · · · × Xn

to Y . Let also K1, ..., Ku be compact Hausdorff topological spaces, and let

Rl : Kl × X1 × · · · × Xn × E1 × · · · × En −→ [0,∞), l = 1, ..., u

be arbitrary maps.

Definition 2.1 Let 1 ≤ α1, ..., αu, α < ∞. A mapping f : X1 × · · · × Xn → Y
of H is called R1, ..., Ru-abstract (α;α1, ..., αu)-summing, and we write f ∈
HR1,...,Ru ,(α;α1,...,αu)(X1, ..., Xn; Y ), if there is a constantC > 0 so that for allm ∈ N,

x (k)
i ∈ Xk , q

(k)
i ∈ Ek , with (i, k, l) ∈ {1, ...,m} × {1, ..., n} × {1, ..., u}, one has

(
m∑
i=1

∥∥∥ f
(
x (1)
i , . . . , x (n)

i

)
− f

(
q(1)
i , . . . , q(n)

i

)∥∥∥α
) 1

α

≤ C ·
u∏

l=1

sup
ϕ∈Kl

(
m∑
i=1

Rl

(
ϕ, x (1)

i , ..., x (n)
i , q(1)

i , ..., q(n)
i

)αl

) 1
αl

. (2)

The infimum of all C for which (2) holds is denoted by ‖ f ‖R1,...,Ru ,(α;α1,...,αu) and
also satisfies the corresponding inequality.

123



   17 Page 4 of 16 A. C. B. Lima et al.

Ourgoal is to show that this abstract class of summingoperators satisfies the splitting
property. The key tool in our argument is the following inequality, first used by Pietsch
in (1967, Theorem 4) (see also Defant and Floret 1993, Theorem 11.5, Pietsch 1987,
Theorem 1.3.10) and presented in the form below in Popa (2017, Proposition 2).

Lemma 2.2 Let Y be a Banach space, and suppose that 1 ≤ α, θ, δ < ∞ are such that
1
α

= 1
θ

+ 1
δ
. For every (β1, ..., βm) ∈ [0,∞)m, (y1, ..., ym) ∈ Ym, and (λ1, ..., λm) ∈

(0,∞)m, we have

∥∥∥∥∥
m∑
i=1

βi yi
λi

∥∥∥∥∥ ≤
(

m∑
i=1

βθ∗
i ‖yi‖α

λδ
i

) 1
δ
(

m∑
i=1

‖yi‖α

) 1
θ
(

m∑
i=1

βθ∗
i

) 1
α∗

.

Theorem 2.3 Let 1 ≤ α1, ..., αu, α, θ, δ < ∞ satisfy α < θ, δ < ∞ and 1
α

= 1
θ

+ 1
δ
.

If f ∈ HR1,...,Ru ,(α;α1,...,αu)(X1, ..., Xn; Y ), then given m ∈ N, x (k)
i ∈ Xk, q

(k)
i ∈ Ek,

with (i, k) ∈ {1, ...,m} × {1, ..., n}, there are (λi )
m
i=1 ⊂ K and (yi )mi=1 ⊂ Y such that

f
(
x (1)
i , . . . , x (n)

i

)
− f

(
q(1)
i , . . . , q(n)

i

)
= λi yi for all i = 1, ...,m

and

⎛
⎝ m∑
i=1

|λi |δ
⎞
⎠

1
δ

sup
y∗∈BY∗

⎛
⎝ m∑
i=1

|y∗ (yi ) |θ
⎞
⎠

1
θ

≤ ‖ f ‖R1,...,Ru ,(α;α1,...,αu) ·
u∏

l=1

sup
ϕ∈Kl

⎛
⎝ m∑
i=1

Rl
(
ϕ, x(1)

i , ..., x(n)
i , q(1)

i , ..., q(n)
i

)αl

⎞
⎠

1
αl

.

Proof For each i = 1, ...,m, define

λi =
∥∥∥ f

(
x (1)
i , . . . , x (n)

i

)
− f

(
q(1)
i , . . . , q(n)

i

)∥∥∥ α
δ

(3)

and

yi =

⎧⎪⎨
⎪⎩

f
(
x (1)
i , . . . , x (n)

i

)
− f

(
q(1)
i , . . . , q(n)

i

)
λi

if λi 
= 0

0 if λi = 0.
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Note that, if λi 
= 0, then f
(
x (1)
i , . . . , x (n)

i

)
− f

(
q(1)
i , . . . , q(n)

i

)
= λi yi . Now, if

λi = 0, it follows from (3) that f
(
x (1)
i , . . . , x (n)

i

)
− f

(
q(1)
i , . . . , q(n)

i

)
= 0 = λi yi .

Moreover, since f is R1, ..., Ru-abstract (α;α1, ..., αu)-summing, we have

m∑
i=1

|λi |δ =
m∑
i=1

∥∥∥ f
(
x (1)
i , . . . , x (n)

i

)
− f

(
q(1)
i , . . . , q(n)

i

)∥∥∥α

≤ ‖ f ‖α
R1,...,Ru ,(α;α1,...,αu ) ·

⎛
⎝ u∏

l=1

sup
ϕ∈Kl

(
m∑
i=1

Rl

(
ϕ, x (1)

i , ..., x (n)
i , q(1)

i , ..., q(n)
i

)αl

) 1
αl

⎞
⎠

α

. (4)

Considering I = {i : λi 
= 0} we have that

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

= sup
y∗∈BY∗

(∑
i∈I

|y∗ (yi ) |θ
) 1

θ

.

Without loss of generality, we can assume that I = {1, ...,m}. So, by Pietsch (1987,
Lemma 1.1.14) we have

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

= sup
(βi )

m
i=1∈B
m

θ∗

∥∥∥∥∥∥
m∑
j=1

βi yi

∥∥∥∥∥∥ .

Thus, for (β j )
m
j=1 ∈ B
m

θ∗ , it follows from Lemma 2.2 and (3) that

∥∥∥∥∥
m∑
i=1

βi yi

∥∥∥∥∥ =
∥∥∥∥∥∥

m∑
i=1

βi

(
f
(
x (1)
i , . . . , x (n)

i

)
− f

(
q(1)
i , . . . , q(n)

i

))
λi

∥∥∥∥∥∥

≤
⎛
⎜⎝ m∑

i=1

|βi |θ∗ ∥∥∥ f
(
x (1)
i , . . . , x (n)

i

)
− f

(
q(1)
i , . . . , q(n)

i

)∥∥∥α

λδ
i

⎞
⎟⎠

1
δ

·
(

m∑
i=1

∥∥∥ f
(
x (1)
i , . . . , x (n)

i

)
− f

(
q(1)
i , . . . , q(n)

i

)∥∥∥α
) 1

θ

·
(

m∑
i=1

|βi |θ∗
) 1

α∗

≤
(

m∑
i=1

∥∥∥ f
(
x (1)
i , . . . , x (n)

i

)
− f

(
q(1)
i , . . . , q(n)

i

)∥∥∥α
) 1

θ

.

Since f is R1, ..., Ru-abstract (α;α1, ..., αu)-summing, we obtain

∥∥∥∥∥
m∑
i=1

βi yi

∥∥∥∥∥ ≤ ‖ f ‖
α
θ

R1,...,Ru ,(α;α1,...,αu ) ·
⎛
⎝ u∏

l=1

sup
ϕ∈Kl

(
m∑
i=1

Rl

(
ϕ, x (1)

i , ..., x (n)
i , q(1)

i , ..., q(n)
i

)αl

) 1
αl

⎞
⎠

α
θ

.
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This yields

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

≤ ‖ f ‖
α
θ

R1,...,Ru ,(α;α1,...,αu ) ·
⎛
⎝ u∏

l=1

sup
ϕ∈Kl

(
m∑
i=1

Rl

(
ϕ, x (1)

i , ..., x (n)
i , q(1)

i , ..., q(n)
i

)αl

) 1
αl

⎞
⎠

α
θ

. (5)

From (4), (5) and 1
α

= 1
θ

+ 1
δ
it follows the result. ��

If there exists a = (
a(1), . . . , a(n)

) ∈ E1 × · · · × En such that f (a) = 0, then

by taking
(
q(1)
i , . . . , q(n)

i

)
= a for all i ∈ {1, ...,m} in Theorem 2.3, we obtain an

abstract generalization of the splitting property.

Corollary 2.4 (Abstract Splitting Property) Let 1 ≤ α1, ..., αu, α, θ, δ < ∞ with α <

θ, δ < ∞ and 1
α

= 1
θ

+ 1
δ
. Suppose that there exists a = (

a(1), . . . , a(n)
) ∈ E1 ×

· · · × En such that f (a) = 0. If f ∈ HR1,...,Ru ,(α;α1,...,αu)(X1, ..., Xn; Y ), then given

m ∈ N, x (k)
i ∈ Xk, with (i, k) ∈ {1, ...,m} × {1, ..., n}, there are (λi )

m
i=1 ⊂ K and

(yi )mi=1 ⊂ Y such that

f
(
x (1)
i , . . . , x (n)

i

)
= λi yi for all i = 1, ...,m

and

(
m∑
i=1

|λi |δ
) 1

δ

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

≤ ‖ f ‖R1,...,Ru ,(α;α1,...,αu ) ·
u∏

l=1

sup
ϕ∈Kl

(
m∑
i=1

Rl

(
ϕ, x (1)

i , ..., x (n)
i , a(1), ..., a(n)

)αl

) 1
αl

.

3 Applications

Now we will apply our main result to obtain the splitting property for several classes
of summing operators (linear and nonlinear).

3.1 Absolutely Summing Linear Operators

Let X and Y be Banach spaces and 1 ≤ s ≤ r < ∞. Choosing the following
parameters in the abstract framework of Sect. 2:
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⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

u = n = 1
α = r and α1 = s

X1 = X and E1 = {0} ⊂ X
K1 = BX∗

H = L(X; Y )

R1(ϕ, x, 0) = |ϕ(x)| .
With these choices, we have that a linear mapping T ∈ L(X; Y ) is R1-abstract (r; s)
-summing preciselywhen T is absolutely (r; s)-summing. Thus, Corollary 2.4 ensures
the splitting property for the class of (r; s)-summing operators.

Corollary 3.1 Suppose that 1 ≤ s ≤ r < θ, δ < ∞ such that 1
r = 1

θ
+ 1

δ
, and let

T ∈ �r;s(X; Y ). Then, given m ∈ N and (xi )mi=1 ⊂ X, there are (λi )
m
i=1 ⊂ K and

(yi )mi=1 ⊂ Y such that

T (xi ) = λi yi for all i = 1, ...,m

and

(
m∑
i=1

|λi |δ
) 1

δ

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

≤ πr;s(T ) sup
ϕ∈BX∗

(
m∑
i=1

|ϕ (xi ) |s
) 1

s

.

3.2 Lipschitz (r, s)-Summing Operators

Let X be a pointed metric space with its base point denoted by 0, and let Y be a
Banach space. We denote by Lip0(X; Y ) the subspace of the Lipschitz operators such
that T (0) = 0, endowed with the Lipschitz norm defined by

Lip(T ) = sup

{‖T (x) − T (y)‖
d(x, y)

: x, y ∈ X , x 
= y

}
.

It is known that (Lip0(X; Y ); Lip(·)) is a Banach space, and when Y = K, we write
X# = Lip0(X;K). Let 1 ≤ s ≤ r < ∞. A mapping T ∈ Lip0(X; Y ) is called
Lipschitz (r; s)-summing if there is a constant C > 0 such that

(
m∑
i=1

‖T (xi ) − T (qi )‖r
) 1

r

≤ C sup
ϕ∈BX#

(
m∑
i=1

|ϕ(xi ) − ϕ(qi )|s
) 1

s

(6)

for allm ∈ N and xi ∈ X , i = 1, . . . ,m. This class is denoted by�L
r;s (when r = s we

write �L
r ) and π L

r;s(T ) (or π L
r (T ) when s = r ) is the smallest number C that satisfies

(6).
The class of Lipschitz (r; s)-summing operators is a natural generalization of the

class of Lipschitz r -summing operators introduced by Farmer and Johnson (2009).
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Let us choose the following parameters in the abstract framework of Sect. 2:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

u = n = 1
α = r and α1 = s
E1 = X1 = X
K1 = BX#

H = Lip0(X; Y )

R1(ϕ, x, q) = |ϕ(x) − ϕ(q)| .

With these choices we have that a Lipschitz mapping T ∈ Lip0(X; Y ) is R1-abstract
(r; s) -summing if and only if T is Lipschitz (r; s)-summing. Since T (0) = 0, taking
a1 = · · · = an = 0, the splitting property for the class of Lipschitz (r; s)-summing
operators follows from Corollary 2.4.

Corollary 3.2 Suppose that 1 ≤ s ≤ r < θ, δ < ∞ such that 1
r = 1

θ
+ 1

δ
, and let

T ∈ �L
r;s(X; Y ). Then, given m ∈ N and (xi )mi=1 ⊂ X, there are (λi )

m
i=1 ⊂ K and

(yi )mi=1 ⊂ Y such that

T (xi ) = λi yi for all i = 1, ...,m

and

(
m∑
i=1

|λi |δ
) 1

δ

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

≤ π L
r;s(T ) sup

ϕ∈BX#

(
m∑
i=1

|ϕ (xi ) |s
) 1

s

.

3.3 (r; s;G)-Summing Linear Operators

If X and G are Banach spaces, then X ⊗ε G denotes the injective tensor product, and
we denote by X⊗̂εG the completion of X ⊗ε G. Kislyakov (1992) introduced the
following notion in the setting of injective tensor products: Given 1 ≤ s ≤ r < ∞
and three Banach spaces X ,G, and Y , a linear operator T from X⊗̂εG into Y is
called (r; s;G)-summing if there is a constant C > 0 such that for all m ∈ N and
vi ∈ X ⊗ε G, i = 1, . . . ,m, we have

(
m∑
i=1

‖T (vi )‖r
) 1

r

≤ C sup
ϕ∈BX∗

(
m∑
i=1

‖vi (ϕ)‖sG
) 1

s

where vi (ϕ) = ∑nk
k=1 ϕ(xk,i )gk,i for vi = ∑nk

k=1 xk,i ⊗ gk,i for some xk,i ∈ X and
gk,i ∈ G. The space of such operators is denoted by �G

r;s(X⊗̂εG; Y ), and ‖T ‖Gr;s is
the infimum being taken over all the constants C above.

123
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Choosing the following parameters, in the abstract framework of Sect. 3,⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

u = n = 1
α = r and α1 = s

X1 = X⊗̂εG and E1 = {0} ⊂ X1
K1 = BX∗

H = L(X⊗̂εG; Y )

R1(ϕ, v, 0) = ‖v(ϕ)‖G ,

we conclude that a linear mapping T ∈ L(X⊗̂εG; Y ) is R1-abstract (r; s) -summing
precisely when T is (r; s;G)-summing. By Corollary 2.4, we have the splitting prop-
erty for this class of operators.

Corollary 3.3 Suppose that 1 ≤ s ≤ r < θ, δ < ∞ such that 1
r = 1

θ
+ 1

δ
, and

let T ∈ �G
r;s(X⊗̂εG; Y ). Then, given m ∈ N and (vi )

m
i=1 ⊂ X⊗̂εG, there are

(λi )
m
i=1 ⊂ K and (yi )mi=1 ⊂ Y such that

T (vi ) = λi yi for all i = 1, ...,m

and

(
m∑
i=1

|λi |δ
) 1

δ

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

≤ ‖T ‖Gr;s sup
ϕ∈BX∗

(
m∑
i=1

‖vi (ϕ) ‖s
) 1

s

.

3.4 (�
strong
s ; �r)-Summing Linear Operators

Let 1 ≤ s ≤ r < ∞ and X , Y , and Z be Banach spaces. A bounded linear operator
T from L(X∗, Z) into Y is called (


strong
s ; 
r )-summing if there is a constant C > 0

such that (
m∑
i=1

‖T (vi )‖r
) 1

r

≤ C sup
ϕ∈BX∗

(
m∑
i=1

‖vi (ϕ)‖sZ
) 1

s

for all m ∈ N and vi ∈ L(X∗, Z), with i = 1, . . . ,m. The space of such operators is
denoted by �

(

strong
s ;
r )(L(X∗, Z); Y ) and ‖T ‖

(

strong
s ;
r ) is the infimum being taken

over all the constantC . The concept of the (

strong
r ; 
r )-summing linear operators was

introduced by Blasco and Signes (2003).
Choosing the following parameters in the abstract framework of Sect. 2:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

u = n = 1
α = r and α1 = s

X1 = L(X∗, Z) and E1 = {0} ⊂ X1
K1 = BX∗

H = L(L(X∗, Z); Y )

R1(ϕ, v, 0) = ‖v(ϕ)‖Z .
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With these choices we have that a linear mapping T ∈ L(L(X∗, Z); Y ) is R1-abstract
(r; s) -summing precisely when T is (


strong
s ; 
r )-summing. By Corollary 2.4, we

obtain the splitting property for this class of operators.

Corollary 3.4 Suppose that 1 ≤ s ≤ r < θ, δ < ∞ such that 1
r = 1

θ
+ 1

δ
, and let

T ∈ �
(


strong
s ;
r )(L(X∗, Z); Y ). Then, given m ∈ N and (vi )

m
i=1 ⊂ L(X∗, Z), there

are (λi )
m
i=1 ⊂ K and (yi )mi=1 ⊂ Y such that

T (vi ) = λi yi for all i = 1, ...,m

and

(
m∑
i=1

|λi |δ
) 1

δ

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

≤ ‖T ‖
(


strong
s ;
r ) sup

ϕ∈BX∗

(
m∑
i=1

‖vi (ϕ) ‖s
) 1

s

.

3.5 Absolutely SummingMultilinear Operators

Let X1, ..., Xn,Y be Banach spaces and 1 ≤ r , r1, . . . , rn < ∞, such that 1
r ≤

1
r1

+ · · · + 1
rn
. A mapping T ∈ L(X1, ..., Xn; Y ) is called absolutely (r; r1, . . . , rn)-

summing if there is a constant C > 0 such that

(
m∑
i=1

∥∥∥T (x (1)
i , . . . , x (n)

i )

∥∥∥r
) 1

r

≤ C
n∏

l=1

sup
ϕ∈BX∗

l

(
m∑
i=1

∣∣∣ϕ(x (l)
i )

∣∣∣rl
) 1

rl

(7)

for all m ∈ N and x (l)
i ∈ Xl , i = 1, . . . ,m, l = 1, . . . , n. This class is

denoted by Las,(r;r1,...,rn)(X1, ..., Xn; Y ). When X1 = · · · = Xn = X we write
Las,(r;r1,...,rn)(n X; Y ) and when r1 = · · · = rn = s we write Las,(r;s)(X1, ..., Xn; Y ).

The definition of absolutely (r; r1, . . . , rn)-summing n-linear forms is due to
Pietsch Pietsch (1983). In Alencar and Matos (1989), Matos presented a definition
for vector-valued mappings.

Now, let us choose the following parameters in the abstract framework of Sect. 2:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

u = n
α = r and αl = rl for every l = 1, . . . , n

Kl = BX∗
l

El = {0} ⊂ Xl

H = L(X1, ..., Xn; Y )

Rl(ϕ, x (1), . . . , x (n), 0, ..., 0) = ∣∣ϕ(x (l))
∣∣ .

With these choices, it follows from (7) and (2) that an n-linear mapping T ∈
L(X1, ..., Xn; Y ) is R1, . . . , Rn-abstract (r; r1, . . . , rn) -summing if, and only if, T is
absolutely (r; r1, . . . , rn)-summing.

Corollary 2.4 ensures the splitting property for the absolutely (r; r1, . . . , rn)-
summing operators.
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Corollary 3.5 Suppose that 1 ≤ r1, . . . , rn ≤ r < θ, δ < ∞ such that 1
r = 1

θ
+ 1

δ
,

and let T ∈ Las,(r;r1,...,rn)(X1, ..., Xn; Y ). Then, given m ∈ N and (x (k)
i )mi=1 ⊂ Xk,

with k = 1, ..., n, there are (λi )
m
i=1 ⊂ K and (yi )mi=1 ⊂ Y such that

T
(
x (1)
i , . . . , x (n)

i

)
= λi yi for all i = 1, ...,m

and

(
m∑
i=1

|λi |δ
) 1

δ

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

≤ ‖T ‖as(r;r1,...,rn )
n∏

l=1

sup
ϕ∈BX∗

l

(
m∑
i=1

∣∣∣ϕ(x (l)
i )

∣∣∣rl
) 1

rl

.

3.6 Lipschitz (r; s)-SummingMultilinear Operators

Let X1, ..., Xn,Y be Banach spaces and 1 ≤ s ≤ r < ∞. An n-linear operator
T : X1 × · · · × Xn −→ Y is n-Lipschitz (r; s)-summing (T ∈ LnLip

(r;s) (X1, ..., Xn; Y ))
if there exists a constant C ≥ 0 such that

(
m∑
i=1

‖ T (x (1)
i , ..., x (n)

i ) − T (q(1)
i , ..., q(n)

i ) ‖r
)1/r

≤ C sup
φ∈BL(X1,...,Xn ;K)

(
m∑
i=1

|φ(x (1)
i , ..., x (n)

i ) − φ(q(1)
i , ..., q(n)

i )|s
)1/s

(8)

for every m ∈ N, x (k)
i , q(k)

i ∈ Xk with k = 1, ..., n and i = 1, ...,m In this case,
‖T ‖nLip(r;s) is the smallest number C that satisfies this inequality. The notion of a
Lipschitz (r; r)-summing multilinear mapping was introduced by Angulo-López and
Fernández-Unzueta (2020).

Choosing the following parameters in the abstract framework of Sect. 2,

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u = 1
α = r and α1 = s

K1 = B(X1⊗̂π ···⊗̂π Xn)∗
El = Xl for every l = 1, . . . , n

H = L(X1, ..., Xn; Y )

R1(φ, x(1), . . . , x(n), q(1), . . . , q(n)) =
∣∣∣φ(x(1) ⊗ ... ⊗ x(n)) − φ(q(1) ⊗ ... ⊗ q(n))

∣∣∣ ,
we conclude that an n-linear mapping T ∈ L(X1, ..., Xn; Y ) is R1-abstract (r; s)-
summing if and only if T is n-Lipschitz (r; s)-summing. Thus, Corollary 2.4 ensures:

Corollary 3.6 Suppose that 1 ≤ s ≤ r < θ, δ < ∞ such that 1
r = 1

θ
+ 1

δ
, and let

T ∈ LnLip
(r;s) (X1, ..., Xn; Y ). Then, given m ∈ N and (x (k)

i )mi=1 ⊂ Xk, with k = 1, ..., n,
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there are (λi )
m
i=1 ⊂ K and (yi )mi=1 ⊂ Y such that

T
(
x (1)
i , . . . , x (n)

i

)
= λi yi for all i = 1, ...,m

and

(
m∑
i=1

|λi |δ
) 1

δ

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

≤ ‖T ‖nLip(r;s) sup
φ∈BL(X1,...,Xn ;K)

(
m∑
i=1

|φ(x (1)
i , ..., x (n)

i )|s
)1/s

.

3.7 Strongly SummingMultilinear Operators

Let X1, ..., Xn,Y be Banach spaces. If 1 ≤ s ≤ r < ∞, T ∈ L(X1, ..., Xn; Y ) is
strongly (r; s)-summing(T ∈ Lss,(r;s)(X1, ..., Xn; Y )) if there exists a constantC ≥ 0
such that

(
m∑
i=1

‖ T (x (1)
i , ..., x (n)

i ) ‖r
)1/r

≤ C sup
φ∈BL(X1,...,Xn ;K)

(
m∑
i=1

|φ(x (1)
i , ..., x (n)

i )|s
)1/s

for every m ∈ N, x (k)
i ∈ Xk with k = 1, ..., n and i = 1, ...,m. In this case, ‖T ‖ss(r;s)

is the smallest number C that satisfies this inequality.
This class was introduced by Botelho et al. (2008) as a natural generalization of

strongly (r; r)-summing multilinear operators due to Dimant (2003). This class may
be the one that best translates the properties of the original linear concept into the
multilinear setting.

For 1 ≤ s ≤ r < ∞, let us choose the following parameters in the abstract
framework of Sect. 2:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

u = 1
α = r and α1 = s

K1 = B(X1⊗̂π ···⊗̂π Xn)∗
El = {0} ⊂ Xl for every l = 1, . . . , n

H = L(X1, ..., Xn; Y )

R1(φ, x (1), . . . , x (n), 0, ..., 0) = ∣∣φ(x (1) ⊗ · · · ⊗ x (n))
∣∣ .

With these choices we have that an n-linear mapping T ∈ L(X1, ..., Xn; Y ) is R1-
abstract (r; s) -summingpreciselywhen T is strongly (r; s)-summing. Thus,Corollary
2.4 gives us the following:

Corollary 3.7 Suppose that 1 ≤ s ≤ r < θ, δ < ∞ such that 1
r = 1

θ
+ 1

δ
, and let T ∈

Lss,(r;s)(X1, ..., Xn; Y ). Then, given m ∈ N and (x (k)
i )mi=1 ⊂ Xk, with k = 1, ..., n,

123



Splitting Property for Summing Operators Page 13 of 16    17 

there are (λi )
m
i=1 ⊂ K and (yi )mi=1 ⊂ Y such that

T
(
x (1)
i , . . . , x (n)

i

)
= λi yi for all i = 1, ...,m

and

(
m∑
i=1

|λi |δ
) 1

δ

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

≤ ‖T ‖ss(r;s) sup
φ∈BL(X1,...,Xn ;K)

(
m∑
i=1

|φ(x (1)
i , ..., x (n)

i )|s
)1/s

.

3.8 Semi-integral Multilinear Operators

Let X1, ..., Xn,Y be Banach spaces and 1 ≤ s ≤ r < ∞. An n-linear mapping
T ∈ L(X1, ...Yn; Y ) is (r; s)-semi-integral (T ∈ Lsi,(r;s)(X1, ..., Xn; Y )) if there
exists a C ≥ 0 such that

(
m∑
i=1

‖ T (x (1)
i , ..., x (n)

i ) ‖r
)1/r

≤ C sup
(ϕ1,..,ϕn )∈BX∗

1
×···×BX∗

n

(
m∑
i=1

|ϕ1(x
(1)
i )...ϕn(x

(n)
i )|s

)1/s

for every m ∈ N, x (k)
i ∈ Xk with k = 1, ..., n and i = 1, ...,m. We denote by

‖T ‖si(r;s) the smallest number C that satisfies this inequality.
This concept of multilinear summability is due to Pellegrino et al. (2012a), and it

was inspired by Çalışkan and Pellegrino (2007).
For 1 ≤ s ≤ r < ∞, let us choose the following parameters in the abstract

framework of Sect. 2:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

u = 1
α = r and α1 = s

K1 = BX∗
1
× · · · × BX∗

n

El = {0} ⊂ Xl

H = L(X1, ..., Xn; Y )

R1((ϕ1, ..., ϕn), x (1), . . . , x (n), 0, ..., 0) = ∣∣ϕ1(x (1))...ϕn(x (n))
∣∣ .

With these choices we have that an n-linear mapping T ∈ L(X1, ..., Xn; Y ) is R1-
abstract (r; s) -summing precisely when T is (r; s)-semi-integral.

Applying Corollary 2.4, we have the splitting property for the (r; s)-semi-integral
multilinear operators.
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Corollary 3.8 Suppose that 1 ≤ s ≤ r < θ, δ < ∞ such that 1
r = 1

θ
+ 1

δ
, and let T ∈

Lsi,(r;s)(X1, ..., Xn; Y ). Then, given m ∈ N and (x (k)
i )mi=1 ⊂ Xk, with k = 1, ..., n,

there are (λi )
m
i=1 ⊂ K and (yi )mi=1 ⊂ Y such that

T
(
x (1)
i , . . . , x (n)

i

)
= λi yi for all i = 1, ...,m

and

(
m∑
i=1

|λi |δ
) 1

δ

sup
y∗∈BY∗

(
m∑
i=1

|y∗ (yi ) |θ
) 1

θ

≤ ‖T ‖si(r;s) sup
(ϕ1,..,ϕn )∈BX∗

1
×···×BX∗

n

(
m∑
i=1

|ϕ1(x
(1)
i )...ϕn(x

(n)
i )|s

)1/s

.

4 Final Comments

InSect. 3,weobtain a splitting property for the following classes of linear andnonlinear
operators:

• Linear cases: (r; s)-summing, (r; s;G)-summing and (

strong
s ; 
r )-summing

operators.
• Nonlinear cases: Lipschitz (r , s)-summing, absolutely (r; r1, . . . , rn)-summing

multilinear, Lipschitz (r; s)-summing multilinear, strongly (r; s)-summing multilin-
ear and (r; s)-semi integral multilinear operators.

Remark 4.1 The case s = r in Corollary 3.1 follows from theMaurey–Pietsch splitting
theorem. However, when s < r , Corollary 3.1 provides a new splitting property for
the absolutely (r; s)-summing linear operators.

Remark 4.2 The splitting property for the (r; s;G)-summing and (

strong
s ; 
r )-

summing operators is proved in Popa (2017, Corollary 1 and 2) in the case s = r .
When s < r , Corollaries 3.3 and 3.4 provide new splitting properties for these classes
of operators.

Remark 4.3 The splitting property established for Lipschitz (r , s)-summing, abso-
lutely (r; r1, . . . , rn)-summing multilinear, Lipschitz (r; s)-summing multilinear,
strongly (r; s)-summing multilinear, and (r; s)-semi integral multilinear operators
appears to be entirely new.
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