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Abstract

Step systems of connected graphs were introduced by Ladislav Nebesky as a means of
describing shortest paths solely in terms of local information. A ternary relation 7 encodes,
for each point u, the first step x towards a target v. Eight first-order axioms characterize the
ternary relation 7' that are step systems. Here we show that one of Nebesky’s eight axioms
is in fact redundant. Moreover, we characterize the step systems of bipartite graphs, partial
cubes, and weakly modular graphs in terms of first-order axioms. In each case we show that
the corresponding sets of axioms are non-redundant.
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1 Introduction

The concept of a signpost system on a non-empty set was introduced by Mulder and Nebesky
in 2003 in [8]. The idea of a signpost system can be explained as follows. Suppose that we
are in an unknown place or a city and we want to find our way from a place u to another place
w in the city. At u we follow the signpost to w, by which we first arrive at v. This information
is conveniently summarized in the triple (u, v, w). At v we look for the next signpost to w.
Signpost systems thus describe a notion of paths in purely local manner.

Ideas very similar to signpost systems occur in distributed computing in the design of
so-called routing labeling schemes in a graph, in particular, for routing along shortest paths.
Given the source u and the destination w, the routing scheme encodes the destination w and
a neighbor v of u on a (shortest) path from u to w. Then the message is routed to v and from
the label L(v) of v and the destination w, a neighbor of v is computed. Usually, the size of
the labels is intended to be as small as possible, polylogarithmic at the best, [5, 15]. The main
difference between signpost systems and routing labeling schemes is that in routing labeling
schemes only one neighbor of the current vertex closer to the destination is required, while
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in signpost systems and step systems all such neighbors are used. The similarity of signpost
systems and step systems with the idea of routing labeling schemes in distributed computing,
provides an additional motivation to study the notion of signpost systems and step systems
on graphs.

A particularly interesting class of signpost systems is obtained by assuming that v is a
neighbor of u along a shortest path from u to w in a connected graph G. Such step systems,
introduced by Nebesky in 1997 [10], capture in particular the geodesic structure of the
underlying graph G. The ternary algebras of signpost systems in general and step systems on
a graph in particular were studied further in [9]. In particular, additional conditions on signpost
systems that characterize special classes of graphs have been a focus of research. For instance,
the step systems of trees and distance hereditary graphs are characterized respectively in [11]
and [12]. Also, modular and median graphs are characterized in [8].

In this manuscript we consider undirected simple connected graphs only. In Section 2, we
prove the main result, Theorem 3: Among the eight axioms characterizing the step system
of a graph, given by Nebesky in [10], the symmetry axiom (E) is redundant, i.e, it follows
from the other seven axioms. We then characterize the step systems of bipartite graphs in
Section 3, partial cubes in Section 4 and weakly modular graphs in Section 5, respectively.

2 Signpost Systems and Their Underlying Graphs

Let V be a finite nonempty set. A ternary system (V, T) on V consists of a set V and a ternary
relation T C V3. A signpost system is a ternary system (V, T) that satisfies the following
three axioms:

(A) If (u,v,x) e T,then (v,u,u) € T forallu,v,x € V.
(B) If (u,v,x) € T,then (v,u,x) ¢ T forallu,v,x € V.
(H) If u # v, then there exists an x € V such that (u, x,v) € T forallu,v € V.

The triples in T are called signposts. The underlying graph G of T has vertex set V and
edge set E = E(G) such that, for all u, v € V, holds

uv e E(G) <= ,v,v)eT.

For later reference we note that using (A) twice yields the equivalence (u, v, v) € T if
and only if (v, u, u) € T for u # v, and (B) implies that (u, u,v) ¢ T.

Let G = (V, E) be a finite, simple, connected graph. By V(G) and E(G), we mean that
G is a graph with vertex set V and edge set E. For any u, v € V, we denote the geodesic
distance between u and v by d(u, v). It is the length of a shortest «, v-path or u, v-geodesic.
G is called a bipartite graph, if V(G) can be partitioned into two disjoint sets V; and V;
such that E(G) consists of vertices u, v with either u € V; and v € V> oru € V, and
v € Vi. For a subgraph H of G (i.e, V(H) C V(G) and E(H) C E(G)), we call H an
induced subgraph of G, if foru,v € V(H),uv € E(G),thenuv € E(H). H is an isometric
subgraph of G, if the distance between any two vertices u, v in H is the same as the distance
d(u, v) in G. If the subgraph H is a cycle in G and if H is isometric in G, then H is called
an isometric cycle of G. For any two vertices u, v of G, the geodesic interval or simply the
interval denoted as I (u, v) is a well known tool in metric graph theory; I (u, v) is defined
as I(u,v) = {x € V(G)|d(u, x) +d(x,v) = d(u, v)}. A subset W of V(G) is said to be
a convex subset of V(G), if I(u,v) C W, for every u, v € W. A subgraph H induced by a
convex set in G is called a convex subgraph of G. Clearly, every convex subgraph of G is an
isometric subgraph of G, but the converse need not be true. A convex subset W of V(G) is
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called a half space of G, if W and its set complement (i.e, V (G) \ W) are convex subsets of
V(G). For an edge uv in G, the set W,,,, consisting of vertices closer to « than to v is defined
as Wy = {x € V(G)|d(u, x) < d(v, x)}. The graphs in which all W,,,’s are half spaces are
special graphs, which we discuss in Section 4.

Definition 1 The step system of G is the ternary system 7" defined as follows:
(u,v,w)eT < d(u,v)=1 and d(v,w) =d(u, w) — 1.
We call (u, v, w) € T astepin G.

Note that (u, v, w) € T implies that u is necessarily distinct from v and w, but v and
w may be the same vertex. At first sight, signpost and step systems seem quite similar. Of
course, this should be the case because they both describe the same thing. However, a closer
look reveals important differences between signpost system and step system with a given
underlying graph G. When studying the properties of both systems, in particular, when one
wants to characterize the betweenness relation defined by a signpost system and a step system
using axioms on 7', the axioms and proofs for both systems show essential differences.

Theorem 1 [10] Let V be a finite non-empty set and T C V3. Let G be the underlying graph
of T and suppose that G is connected. Then T is the set of all steps in G if and only if T is
a signpost system, i.e., satisfies (A), (B), and (H), as well as the following five properties for
allu,v,x,yeV:

©) If(u,v,x) e T and (x,y,v) € T then (x,y,u) € T;

D) If (u,v,x) € T and (x,y,v) € T then (u,v,y) € T;

(E) If u,v,x) € T and (u, y,v) € T then y = v;

F) If (u,v,x)eT, (vyu,y)eT,and (x,y,y) €T then (x,y,u) € T;

G) If(u,v,x)eTand (x,y,y) €T then (x,y,u) € T or (y,x,v) €T or (u,v,y)eT.

We note that [10], apparently mistakenly, states (G) as either of the three alternatives.
However, the corresponding axiom (Y4) in [13] does not use this restriction. Setting v = x
and y = u yields the precondition (#, v,v) € T and (v, u,u) € T, and concludes “either
(v,u,u) € Tor(u,v,v) € Tor(u,v,u) € T”. Moreover, the step systems of graphs clearly
can satisfy two of the three alternatives simultaneously. We therefore use (G) here in the form
stated as (Y4) in [13].

The following relaxation of signpost systems will be useful in the proofs below, even
though it may not be of particular interest in its own right.

Definition 2 A ternary relation 7 C V3isa pseudo-step system if it satisfies (A), (B), (C),
(D), (F), and (G).

Lemma 2 Pseudo-step systems are hereditary, that is, if T is pseudo-step system on V and
W C V, then Ty := {(u, v, w) € W3|(u, v, w) € T} is again a pseudo-step system.

Proof One easily checks that each of the axioms appearing in the definition of pseudo-step
systems imply the existence or non-existence of triples preconditioned only on the existence
of triples formed by the same vertices. Therefore, if one of the axioms is statisfied on V, it
remains true on any subset W C V. O

‘We note that pseudo-step systems satisfying (E) are also hereditary. However, the assertion
is not true for signpost systems, because axiom (H) can be violated by taking subsets. To
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see that this is true in particular also for step systems, consider a connected graph G with
V| > 4 vertices, where x| has degree 1 and x; is the unique neighbor of x;. Let T be the
step system of G. Clearly, for all y # x|, we have (x, z, y) € T if and only if z = x». Now
consider the restriction 7’ of T to the elements W := {xi, x3, ..., x,}. Since (x1,z,y) ¢ T’
forall z, y € W, the ternary system 7’ does not satisfy (H). We note that 7’ is pseudo-step
system by virtue of Lemma 2.

‘We next show that axiom (E) is redundant:

Theorem 3 Let V be a non-empty finite set and suppose T C V3 satisfies axioms (A), (B),
(C), (D), (F), (G) and (H). Then T satisfies (E).

Proof The strategy of the proof is as follows: First we show that a pseudo-step system that
violates (E) must contain a specific pair of triples up to renaming. In the second step we show
that the presence of this pair of triples contradicts (H) for 3 < |V| < 5. In the third step we
argue that the case | V| > 5 can be reduced to the case | V| = 5, whence a pseudo-step system
that violates (E) never satisfies (H). Both the second and third step relies on the heredity of
pseudo-step systems, i.e., Lemma 2: we repeatedly use the fact that any implication of the
axioms (A) through (G) derived for 7’ on V' C V remains valid for T on V, where T’ is
the restriction of 7' to V. In particular, we therefore can reuse the presence and absence of
triples inferred for |V| = 3, 4, and 5 also in all larger sets of elements.

Claim 1 Supposes T satisfies (A) and (B) but violates (E). Then |V| > 3 and there are three
distinct elements u, v, x € V such that (v, v,v) € T and (u, x,v) € T.

Proof If T violates (E) there are triples (1, v, x) € T and (u, y, v) € T withv # y.By (A) we
obtain (v, u,u) € T and (u,v,v) € T.If u = v, then (v, v, v) € T, which contradicts (B).
If u =y, then (u, u, v) € T, again contradicting (B), and if u = x we have (u,v,u) € T,
then by (B), (v, u,u) ¢ T, a contradiction. Thus u, v, and y are pairwise distinct. Since
(u,v,v) €T, (u,y,v) €T and y # v, we also get a violation of (E) as claimed. O

Now we consider a pseudo-step system that violates (E). As an immediate consequence
of Claim 1 we may reorder the elements such that (vy, v2, v2) € T and (vy, v3, 12) € T.

Claim 2 Let T be a pseudo-step system on V = {vy, va, v3} such that (vy, v2, v2) € T and
(v1,v3,v2) € T. Then (v2, x,v3) ¢ T and (v3, x,v2) ¢ T forall x € {vy, v2,v3};ie., T
violates (H).

Proof By (A) we have (v3,vi,v;) € T. Together with the assumption, (F) implies
(v1,v3,v3) € T, and hence by (B) we have (va, vi,v3) ¢ T. On the other hand, (A)
implies (va, v, v1) € T. Together with the contrapositive of (C) this yields (v3, vy, v2) ¢ T.
Now suppose (va2,v3,v3) € T and thus by (A) also (v3, v, v2) € T. Together with
(v1,v3,v2) € T, (C) implies (v, v3,v1) € T and thus (B) yield (v3, v, v1) ¢ T. How-
ever, (vy, v2,v3) € T and (v3, v2, v2) € T yields (v3, v2, v1) € T by (C), a contradiction.
Thus (v2, v3, v3) ¢ T and (v3, v2, v2) ¢ T. Finally, (v3, v3, v2) ¢ T and (v2, v2,v3) ¢ 7.0

Claim 3 Let T be a pseudo-step system on V = {vy, va, v3, v4} with (v, v2, v2) € T and
(v1,v3,v2) € T. Then (v3,z,v2) ¢ T or (v2,z,v3) ¢ T forall z € V,ie., T violates (H).

Proof We already know from Claim 2 that the statement holds for z € {v1, vz, v3}. Consider
z = vg4 and assume, for contradiction, that (vo, v4, v3) € T and (vs3, v4, v2) € T. Then,
by (A), we also have (vy,v4,v4) € T and (v4,v2,v2) € T. By (C), (v, v3,v3) € T
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and (v2, v4, v3) € T implies (v2, v4,v1) € T and (D) yields (vy, v3, v4) € T. Likewise
by (C), (v1, v2,v3) € T, and (v3, v4, v2) € T implies (v3, v4,v1) € T. Using (C) again,
(v1,v3,v4) € T and (v4, v3,v3) € T implies (v4, v3,v1) € T, and thus (v3,v4,v1) ¢ T, a
contradiction. m]

Claim4 Let T be a pseudo-step system on V = {vy, va, v3, v4, v5} with (v, v2,v2) € T
and (v1, v3, v2) € T. Then, at least one of the following statements is true for all z € V:
(v3,2,v2) € T, (v2,2,v3) € T, (va,2,v2) € T, 0r (v4, z, v3) ¢ T. Thatis, T violates (H).

Proof Assume, for contradiction that (H) holds, and thus in particular, we have (v3, z, v2) € T
and (vz, 7/, v3) € T forsomez, 7' € V. The proofs of Claims 2 and 3 show that z, z’ € {vg4, vs}
and only the three cases (1) (v3, vs, v2) € T and (vp, vs5,v3) € T, (2) (v3, v4, v12) € T and
(v2,vs5,v3) € T, or (3) (v3,vs5,v2) € T and (v2,v4,v3) € T are possible. These are
further reduced by observing that renaming v4 <> vs reduces case (1) to Claim 3, and thus
(v3,z,v2) ¢ T or (v2,2,v3) ¢ T.

Renaming vz <« v reduces case (2) to case (3). Thus, we may assume w.l.o.g.,
that (v3, v4, v2) and (va, vs,v3) € T and hence T contains the following set of triplets:
{(v1, v2, v2), (v1, V3, V2), (v2, V1, V1), (V1, V3, V3), (V1, V2, V3),(V1, V2, Va),(v3, V1, V1),(V3,
v1, v4), (v3, v4, 12), (V3, V4, V1), (V3, V4, V4), (V4, V3, V3), (V2, Vs, V3), (V2, Vs, Vs), (Vs, V2,
v)}

By (C) and (D), (v1,v3,v2) € T and (v2,vs,v3) € T implies (va, vs5,v;) € T and
(v1,v3,v5) € T. Thus applying (F) to (vs, v2, v2), (v2, v5, v1) and (v2, vy, v1) implies
(v2, v1,v5) € T. (vs4, z, v2) with all possible choices of z:

z =vy: If (v4, v1,v2) € T, then by (C), (v4, v1, v2) € T and (v2, vy, v1) € T implies
(v2, v1, v4) € T. However, we have (v, vz, v4) € T, a contradiction by (B).

z = vy If (v4, v2,v2) € T, then by (A), (v2, v4, v4) € T and then by (C), (v3, v4, v2),
(v2, v4, v4) € T implies (va, v4, v3) € T. Now by (D), (v1, v3,v4) € T. How-
ever, we have (v3, v, v4) € T, a contradiction by (B).

7=v3, v4: (v4,v3,v2) € T contradicts (v3, v4,v2) € T by (B); (va, v4,v3) € T is not

possible.

z = vs: If (v4, vs, v2) € T then (A) implies (v4, vs, v5) € T and (vs, v4, v4) € T. Since
(v2, v1, v5) € T,(C)yields (v2, vi, v4) € T.However, we have (vi, va,v4) € T,
a contradiction by (B).

Since every choice of z leads to a contradiction, 7 cannot contain a triple of the form
(v4, z, v2). Hence T violates (H). O

Claim 5 There is no pseudo-step system on |V| > 5 that satisfies (H) and violates (E).

Proof By assumption, all pairs of distinct vertices v j» Vk € V there are z, 7/ € V such that
(vj,z, ) € T and (v, 7, v;) € T by (H). Moreover, by Claim 1, violation of (E) implies
that there is a triple (v;, vg, vj) € T such that (v;, vj,v;) € T.If z = 7/, we may relabel
the vertices such that v; <> vy, v; <> v2, v <> v3. In this case, we know from Claim 2 that
z = 7' € {v1, v2, v3} yields a contradiction. Alternatively, relabeling z = 7z’ <> v4 yields a
contradiction by Claim 3. If 7 # 7’ we relabel such that v; < vy, Vj <> U2, U <> V3,2 <> V4
and 7/ <> vs, and thus we obtain the situation in Claim 4, for which we have already shown
that it leads to a contradiction. ]

Taken together, a pseudo-step system that satisfies (H) cannot violate (E) for any non-
empty set V. Thus, any pseudo-step system that satisfies (H), also satisfies (E). O
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We note in passing that (H) and (E) are not equivalent for pseudo-step systems, since
pseudo-step systems satisfying (E) are hereditary, while step systems are not.
Now Theorem 1 can be restated in a simplified version as follows:

Corollary 4 Let V be a finite non-empty set and T C V3. Let G be the underlying graph of
T and suppose that G is connected. Then T is the set of all steps in G if and only if T fulfils
the axioms (A), (B), (C), (D), (F), (G), and (H).

Finally, we note that a further simplification is not possible.

Proposition 5 None of the seven axioms (A), (B), (C), (D), (F), (G), and (H) is implied by
the remaining six axioms.

Proof In Appendix A.1 we construct examples of ternary relations that satisfy six of the
axioms and violate the seventh. O

3 Step System of a Bipartite Graph
In [11], the step systems of trees are characterized as the signpost systems satisfying the
following two additional properties:

(i) If u # v then there exists at most one x € V such that (u, x,v) € T forallu,v € V;
BP) (u,v,v) eT = (u,v,x)or (v,u,x) e T,forallu,v,x € V.

In the following we show that step systems satisfying (BP) are exactly the step systems
of bipartite graphs.

Proposition 6 Let T C V3 be a signpost system satisfying axioms (F) and (BP). Then T
satisfies Nebesky’s axioms of step systems.

Proof Let T be a signpost system satisfying (F) and (BP).
Claim (A), (B), (H), (F) and (BP) implies (G).

Proof of Claim Let (u, v, x), (x, y, y) € T and assume for contradiction (x, y, u) ¢ T and
(y,x,v) ¢ T and (u, v, y) ¢ T.By axiom (BP) we have (y,x,u) € T and (x,y,v) € T
and (v,u,y) € T. Now (F) implies (v, u, x) € T, a contradiction, and thus 7T satisfies
(G). ]

Claim (A), (B), (H), (F) and (BP) implies (C).

Proof of Claim Let (u, v, x), (x,y,v) € T and assume for contradiction that (x, y,u) ¢ T.
Therefore (y, x, u) € T by (BP). Now (x, y, v), (y, x, u), (v, u,u) € T implies (v, u, x) €
T by (F), a contradiction, since (u#, v, x) € T. Hence T satisfies (C) axiom. O

Claim (A), (B), (H), (C) and (BP) implies (F).

Proof of Claim Let (u, v, x), (v, u, y), (x, y, y) € T and assume, for contradiction (x, y, u) ¢
T .Therefore (y, x, u) € T by (BP)axiom.Now (y, x, u), (u, v, x) € T implies (u,v,y) € T
by (C), a contradiction, since (v, u, y) € T. Hence T satisfies (F). ]

Claim (A), (B), (H), (C), (F) and (BP) implies (D).
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Proof of Claim Let (u, v, x), (x, y, v) € T and assume, for contradiction, that (u, v, y) ¢ T.
Since (u,v,v) € T by (A) and (u,v,y) ¢ T and, by (BP), we have (v,u,y) € T. Now
(x,y,v), (v,u,y) € T implies (v,u, x) € T by (C), a contradiction since (u, v,x) € T.
Hence T satisfies (D). ]

Taken together, therefore, T satisfies all axioms of the step system of a connected graph G.

O

It is well known that a graph is bipartite if and only if it contains no odd cycles. This

statement can be restricted to several more restricted classes of odd cycles, e.g. to induced

odd cycles. The following statement also appears to be known. We give a short proof to keep
this contribution self-consistent, since we could not find a reference.

Proposition 7 A graph G is bipartite if and only if every isometric cycle is even.

Proof Suppose by way of contradiction that G contains an odd cycle and let C be a shortest
such odd cycle. Since C is notan isometric cycle, C contains two vertices x, y such thatd (x, y)
is smaller than the length of the two (x, y)-paths P, P> of C. We can suppose that x and y
are closest such vertices of C. Let P be a shortest (x, y)-path. Then |P| < min{|P1|, |P2|}
and PN Py = PN Py={x,y}. Then PU P and P U P, are cycles shorter than C. Since
one of these cycles is odd, we obtain a contradiction with the choice of C. m]

Theorem 8 Let T C V3 be a signpost system with underlying graph G. If G is connected,
then T is the step system of G and G is bipartite if and only if T satisfies axioms (F) and
(BP).

Proof By Proposition 6 and Theorem 1, it follows that T is the step system of G. Now
assume that G is connected. Assume, for a contradiction, that G is not bipartite. Therefore,
by Proposition 7 there exists an isometric odd cycle C of length, say 2k + 1 in G. Let u,
v be two adjacent vertices of C and w be the vertex of C opposite to the edge uv. Then
du,w) = dw,w) = k, thus (4, v, w), (v,u,w) ¢ T. Since (u,v,v) € T, we get a
contradiction with axiom (BP). Conversely, let G be a connected bipartite graph and let 7 be
the step system of G. Clearly, T satisfies the axiom (F). To prove that T satisfies the axiom
(BP), pick any three vertices u, v, x such that (u, v, v) € T. This implies that # and v are
adjacent. Since G is bipartite and u adjacent to v, d(u, x) # d(v, x), say d(v, x) < d(u, x).
But then (u, v, x) € T, as required. ]

Proposition 9 None of the five axioms (A), (B), (F), (H) and (BP) is implied by the remaining
four axioms.

Proof In Appendix A.2 we construct ternary relations that satisfy four of the five axioms and
violate the fifth. O

Interestingly, the signpost systems of bipartite graphs cannot be extended by including
additional triples.

Definition 3 A signpost system T is maximal, if for any triplet¢ ¢ T, T U{t} is not a signpost
system.

Theorem 10 Ler G be a connected graph with vertex set V and let T be the step system of
G. Then G is bipartite if and only if T is a maximal signpost system on G.
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Proof Let G be a bipartite graph and T be the step system of G. Therefore T satisfies the
(BP) axiom by Theorem 8. Suppose 7T is not maximal. Then there exist (u, v, w) € y3 \T
such that 7 U {(u, v, w)} is a signpost on V. Therefore (v, u, w) ¢ T, since otherwise axiom
(B) would be violated. Now both (u, v, w) and (v, u, w) ¢ T. This contradicts the fact that
T satisfies the (BP) axiom and hence T is maximal.

Conversely, let T be a maximal signpost system with underlying graph G and assume, for
contradiction, that G is not bipartite, and thus there is an odd isometric cycle uvviv; . .. vo,w
Udp, Udp—1...uju in G, and hence (u,v,w) ¢ T and (v,u,w) ¢ T. Therefore T U
{(u, v, w)}is a signpost on V, a contradicting the maximality of T'. ]

Similarly, we may ask which signpost systems are minimal in the same sense.

Proposition 11 Let T be a signpost system such that the underlying graph is a tree. Then,
forany (u,v,w) € T, the relation T \ {(u, v, w)} is not a signpost system.

Proof Let T C V3 be the step system of a tree G. Then for u # v, there exists at most one
vertex x € V such that (u, x, v) € T. On the other hand, by (H), there is at least one x € V
such that (u, x, v) € T. Taken together, there is exactly one such x € V for every u # v.
Moreover (1, x, u) ¢ T.Hence removal of any triplet from 7 leads to a violation of (H). O

4 Step Systems of Partial Cubes

Partial cubes were introduced by Graham and Pollak in [6] as isometric subgraphs of hyper-
cubes. Djokovi¢ in [4] characterized partial cubes in terms of convexity of half spaces. A
graph G is a partial cube if and only if G is bipartite and for any edge uv, the sets W,,,, and
Wy are convex and hence half spaces [4].

This characterization can be translated to the language of step systems. To this end
we make use of the following notation [7] for “paths” in a signpost system 7': we write
(u, xp, x1,...,%x,,v) € Tif (u,xg,v) €T, (x0,x1,v) €T, ..., (Xp—1, Xn,v) € T. Thus,
(u, xp, X1, ...,xp,v) € T implies that u, xg, X, ..., Xy, v iS a u, v-shortest path in the
underlying graph G. Therefore, if T is the step system of G, then W is a convex subset
in V(G) if and only if xo, x1, ..., x, € W for all paths (u, xg, x1, ..., x,,v) € T. More-
over, the half spaces of a graph G can be expressed in terms of the step system on 7 as
Wow=1{xeV:(v,u,x)eT}

Mulder and Nebesky in [7] introduced the following smoothness axiom as a sufficient
condition for connectedness of the underlying graph of signpost system 7':

S) (u,v,x)eT,(u,v,y) €T and (x,z,y) € T implies (u,v,z) € T.
As shown in [7], (S) implies (D).
Lemma 12 Let T be a signpost system satisfying the axioms (S) and (BP). Then T satisfies

axiom (F).

Proof Suppose (u,v,x) € T, (v,u,y) € T,and (x, y, y) € T. Assume, for contradiction,
that (x, y,u) ¢ T. Then (y, x,u) € T by axiom (BP). Now we have (v,u,y) € T and
(y,x,u) € T. Since (S) implies (D), we obtain (v, u,x) € T, which by (B) contradicts
(u,v,x)eT. [m}

Lemma 13 Let T C V3 be a signpost system with a connected underlying graph G satisfying
axioms (F) and (BP). Then T satisfies axiom (S) if and only if, for any edge uv in G, the sets
Wy and Wy, are half spaces of G.
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Proof By Theorem 8, T is the step system of G and G is bipartite. First, suppose W, is convex
for every edge uv in G. Consider triplets (u, v, w) € T, (u,v,y) € T, and (w,x,y) € T.
We have w, y € W,,. Moreover, x € I(w, y) and convexity of Wy, implies x € W, and
hence (#,v,x) € T. Hence T satisfies (S). Conversely, if W,, is not convex, then W,
contains two non-adjacent vertices x and y, such that I (x, y) N W,,, = {x, y}. Hence there
is a neighbor z of x in I (x, y) such that z ¢ Wy,,. Thus (u, v, z) ¢ T. However, x, y € W,
implies (u, v, x) € T, and (u, v, y) € T. This contradicts (S). O

Theorem 14 Let T C V3 be a signpost system with underlying graph G. Then T is the step
system of G and G is a partial cube if and only if T satisfies axioms (S) and (BP).

Proof If G is a partial cube, then it is connected. Conversely the underlying graph of signpost
system satisfying (S) is connected [14]. Hence, we may assume that G is connected and T
is a signpost system with a connected underlying graph. The statement now follows from
Theorem 8, Lemma 12 and Lemma 13. O

Proposition 15 None of the five axioms (A), (B), (H), (BP) and (S) is implied by the remaining
four axioms.

Proof In Appendix A.3 we construct ternary relations that satisfy four of the five axioms and
violate the fifth. O

5 Step System of Weakly Modular Graphs

Weakly modular graphs have been introduced by Chepoi [3], see also [1]. A local-to-global
theory of weakly modular graphs and their subclasses are developed by Chalopin et al. [2].
A graph is weakly modular if it satisfies the following two conditions:

Triangle condition For any three vertices u, v, w with 1 = d(v, w) < d(v,u) = d(u, w),
there exists a common neighbor z of v and w such that d(u, z) = d(u, v) — 1.

Quadrangle condition For any four vertices u, v, w, y with d(v, y) = d(w, y) = 1 and
2 =dWw,w) <d(u,v) =du,w) =du,y)— 1, there exists a common neighbor z of v
and w such that d(u, z) = d(u, v) — 1.

These conditions are readily translated into corresponding axioms for signpost systems:

(TC) For any three vertices u,v,x € V, (u,v,x) ¢ T, (v,u,x) ¢ T and (u,v,v) € T
implies that there exists z € V such that (u,z,x) € T and (v, z,x) € T.

(QC) For any four vertices u,v,x,y € V with (u,x,v) € T, and (u,y,v) € T, and
(x,y,y) ¢ T there exists z such that (x, z,v) € T and (y, z,v) € T.

Theorem 16 Let T C V3 be a step system of a graph G satisfying axioms (TC) and (QC).
Then G is a weakly modular graph.

Proof Let u, v and x be three vertices of G with uv € E(G) and vertex x equidistant from
u and v. Since T is the step system of G we have (4, v,x) ¢ T and (v,u,x) ¢ T. But
(u,v,v) € T. By axiom (TC) there exists z € V such that (u,z,x) € T and (v, z,x) € T.
Now (A) implies (u, z,z) € T and (v, z,z) € T. Thus uzv forms a triangle.

Again, letu, v, x,y € V(G) withd(v,x)+1 =d(v,y)+1 =d(u, v) and ux and uy are
edges and xy is not an edge. Then (u,x,x) € T and (u, y,y) € T and (x, y,y) ¢ T. Since
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d(w,x) = d(u,v) — 1 and ux is an edge, we see that ux ... v is a shortest u, v-path. This
implies (u, x, v) € T. Similarly, we obtain (u, y, v) € T. By (QC) axiom, therefore, there
exists z € V such that (x, z,v) € T and (y, z, v) € T, and thus uxzy is a quadrangle. Thus
G satisfies both the triangle and the quadrangle condition, and hence G is weakly modular.

O

The following corollary follows from Corollary 4.

Corollary 17 Let V be a finite non-empty set and T C V3 with underlying graph G. Then G
is a weakly modular graph and T is the step system of G if and only if T fulfils the axioms
(A), (B), (C), (D), (F), (G), (H), (TC), and (QC).

Finally, we show that axioms in Corollary 17 are independent of each other.

Proposition 18 None of the nine axioms (A), (B), (C), (D), (F), (G), (H), (TC), and (QC) is
implied by the remaining eight axioms.

Proof In Appendix A.4 we construct ternary relations that satisfy eight of the nine axioms
and violate the ninth. O

A Independence of Axioms

The examples used to show that certain sets of axioms are independent of each other follow
a common construction principle. For each of the axioms («), we construct a graph H, and
a corresponding ternary system 7, on its vertex set such that T, satisfies all relevant axioms
except («) and Ty is not the step system of the graph H,,. The graphs H, are taken from the
collection of small graphs shown in Fig. 1.

A.1 Proof of Proposition 5

We construct examples of ternary relations that satisfy six of the seven axioms (A), (B), (C),
(D), (F), (G), and (H) while violating the seventh.

Concerning the independence of (A) LetV = {v}, v2, v3}.Let Ty C V3 bedefinedas Ty =
{(v1, v2, v3), (v2, V3, V1), (U3, V1, V2), (V1, V2, V2), (V2, V3, V3), (U3, V1, V1), (V2, U3, V2),
(v3, v1, v3), (v1, V2, v1)}. The underlying graph H of T4 is a K3 with vertices vy, v2, v3,
see Fig. 1(c). Now T4 satisfies axioms (B), (C), (D), (F), (G) and (H). But T4 does not satisfy
axiom (A), since (v1, v2, v2) € T4 but (va, v1, v1) ¢ Ta. Clearly T4 is not the step system
of the underlying graph Hy = K3 of T4.

Concerning the independence of (B) Let V = {v, v2} and T C V3 be defined as T =
{(v1, v2, v2), (v2, V1, v1)}. The underlying graph of T is a P», see Fig. 1(a) and T is the step
system of P». Let Tg = T U {(v2, v1, v2), (v1, v2, v1)}. Clearly Tp satisfies axioms (A),
(©), (D), (F), (G), and (H). But Tp does not satisfy axiom (B), since (v2, vy, v2) € Tp and
(v1, v2, v2) € Tp. The underlying graph Hp of T is still P, but T is not the step system
of Py.

Concerning the independence of (C) Let V = {v|, v3, v3,v4, 05,06} and T C V3 be
defined as T = {(v1, v2, v2), (v1, v2, v3), (V1, V2, V4), (V1, V2, V5), (V1, V6, Vs), (V1, Vs, V5),
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Fig. 1 Graphs appearing in the proofs of Propositions 5, 9, 15, 18: (a) Py, (b) P3, (c) K3, (d) K4 — e, (e) Cs,
(f) paw graph, (g) K2 3. (h) Cg, (i) domino graph

(v1, v6, v4), (V2, V1, V1), (V2, V3, V3), (V2, V5, V5), (V2, V1, V6), (V2, V3, V4), (V2, Vs, V4), (V2,
vs, v6), (V3, V2, V2), (U3, V4, V4), (V3, V2, V1), (V3, V2, V5), (V3, V2, V), (V3, V4, US), (V3, V4,
v6), (v4, V3, v3), (V4, Vs, V5), (V4, V3, V1), (V4, V3, V2), (V4, Vs, V1), (V4, V5, V2), (V4, Vs, VG),
(vs, v2, v2), (vs, V4, V4), (Vs, V6, V6), (Vs, V2, V1), (Vs, V2, V3), (Vs, V4, V3), (V5, V6, V1), (Ve,
v1, v1), (v6, Vs, v5), (v, V1, V2), (Vs, V1, v3), (V6, Vs, V2), (v, V5, V3), (V6, V5, v4)}. The
underlying graph of T is a domino as shown in Fig. 1(i), and T is the step system of
the domino. Let Tc = T \ {(v1, vz, v4)}. Clearly, T¢ satisfies axioms (A), (B), (D), (F),
(G), and (H). But 7¢ does not satisfy axiom (C), since (v4, v3, V1), (v1, V2, V3) € T, but
(v1, v2,v4) ¢ Tc. The underlying graph Hc of T is still a domino, but T¢ is not the step
system of the domino.

Concerning the independence of (D) Let V = {v;, v2, v3, v4} and T C V3 be defined as
T = {(v1, v2, v2),(v1, V2, v3),(V1, V2, V4), (V2, V1, V1), (V2, V3, V3),(V2, V4, V4),(V3, V2, V2),
(v3, v4, v4), (v3, V2, V1), (V4, V2, V2), (v4, V3, V3), (v4, V2, v1)}. The underlying graph of T
is a paw graph, see Fig. 1(f) and T is the step system of the paw. The ternary relation
Tp = T U {(v3, vq, v1)} satisfies axioms (A), (B), (C), (F), (G), and (H). But Tp does not
satisfy axiom (D), because (v3, v4, v1) € Tp and (vy, v2, v4) € Tp, but (v3, v4, v2) & Tp.
The underlying graph Hp of Tp is still a paw graph, but T is not the step system of the paw.
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Concerning the independence of (F) Let V = {vy, v, v3, v4, vs}and T C V3 be defined as
T = {(v1, v2, v2),(v1, Vs, vs5),(V1, V2, v3),(V1, Vs, V4),(v2, V1, V1),(V2, V3, V3),(V2, V1, V5),
(v2, v3, v4), (V3, V2, V2), (V3, V4, V4), (U3, V2, V1), (V3, V4, V5), (V4, V3, V3), (V4, V5, V5), (V4,
v3, v2), (v4, V5, V1), (Vs, V1, V1), (Vs, V4, V1), (Vs, V1, V2), (Vs, va, v3)}. Clearly, the underly-
ing graph of T is a Cs with vertices as shown in Fig. 1(e) and T is the step system of Cs. Let
Tr = T U{(vy, v2, v4), (v4, v3, v1)}. Clearly TF satisfies axioms (A), (B), (C), (D), (G) and
(H). But TF does not satisty axiom (F), since (v2, vy, vs), (v1, v2, V1), (V5, V4, V4) € TF but
(vs, v4, v2) ¢ Tr. The underlying graph Hr of TF is still a Cs as shown in Fig. 1(e), but Tr
is not the step system of Cs.

Concerning the independence of (G) Let V = {v;, v2, v3, v4} and T C V3 be defined as
T = {(vi, v2, v2), (v1, V2, v3),(V1, V4, va),(V1, V4, V3),(V2, V1, V1), (V2, V3, V3),(V2, V4, V4),
(v3, v2, v2), (V3, V4, v4), (V3, V2, V1), (V3, V4, V1), (V4, V1, V1), (V4, V2, V2), (V4, V3, V3)}.
Clearly, the underlying graph of T is a K4 — x, see Fig. 1(d) and T is the step system
of Ky —x.Let Tg = T — {(v1, v4, v13), (v3, V4, v1)}. Clearly T satisfies axioms (A), (B),
(0), (D), (F), and (H). But 7 does not satisfy axiom (G), since (v3, v2, v1), (v1, v4, v4) € TG,
but (v, v4, v3) ¢ T, (v4, V1, V2) ¢ T and (v3, v2, v4) ¢ Ti. The underlying graph Hg of
T is still a K4 — x with vertices as in Fig. 1(d), but 7 is not the step system of K4 — x.

Concerning the independence of (H) Let V = {v|, v, v3} and T C V3 be defined
as T = {(vi,v2,v2), (v1, v2,v3), (v2, V1, V1), (V2, V3, V3), (V3, V2, V2), (v3, V2, v1). The
underlying graph of T is a P3 ( see Fig. 1(b)), and T is the step system of P3. Let
Ty = T\ {(v1, vz, v3), (v3, V2, v1)}. Clearly Ty satisfies axioms (A), (B), (C), (D), (F)
and (G). But Ty does not satisfy axiom (H), since for v; # v3 there exists no z such that
(v1, z, v3) € Ty. The underlying graph Hy of Ty is still a P3 with vertices as in Fig. 1(b),
but Ty is not the step system of Ps.

A.2 Proof of Proposition 9

For proving the independence of seven of Nebesky’s eight axioms in Appendix A.1 we used
K3 to prove the independence of (A), and P to prove the independence of (B). Here also we
can use the same examples to prove the independence of (A) and (B).

Concerning the independence of (H) Let V = {v;, v2, v3} and Ty C V3 be defined
as Ty = {(v1, v2, v2), (v2, v1, V1), (V2, V3, V3), (V3, V2, V2), (V2, U1, v3), (V2, V3, v1)}. The
underlying graph of Ty is a Ps3, see Fig. 1(b). Ty satisfies axioms (A), (B), (F) and (BP).
However, Ty violates (H) since for vy # v3 there exists no z such that (v, z, v3) € Ty. Here
the underlying graph P3 of Ty is a bipartite but T is not the step system of Ps.

Concerning the independence of (F) Let V = {vy, v2, v3, v4, vs}and T C V3 be defined as
T ={(v1, v2, v2),(v1, vs, V5),(V1, V2, V3), (V1, Vs, V4), (V2, V1, V1), (V2, V3, V3), (V2, V1, Vs),
(v2, v3, v4), (V3, V2, V2), (V3, V4, V4), (U3, V2, V1), (V3, V4, V5), (V4, V3, V3), (V4, V5, V5), (V4,
v3, 12), (v4, V5, V1), (Vs, V1, V1), (Vs, V4, v4), (Vs, V1, V2), (U5, V4, v3)}. Clearly the underly-
ing graph of T is a Cs5 with vertices as shown in Fig. 1(e) and T is the step system of Cs. Now
consider Tr = T U{(vy, v2, v4), (v4, v3, V1), (V1, V5, V3), (V2, V3, V5), (V4, V5, V2)}. Now TF
satisfies axioms (A), (B), (H) and (BP), but not axiom (F); since (v2, vy, vs), (v, v2, v4), (Vs,
v4, v4) € TF but (vs, va, v2) ¢ Tr. The underlying graph of T is still a Cs but Tr is not the
step system of the Cs with vertices as shown in Fig. 1 (e) and Cs is not bipartite.

Concerning the independence of (BP) Let V = {v(, vp, v3} and Tgp C V3 be defined as
Tgp ={(v1, v2, v2), (v2, V1, V1), (V2, V3, V3), (V3, V2, V2), (V1, V3, V3), (V3, V2, v1)}. Clearly
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Tpp satisfies axioms (A), (B), (F), and (H). But Tgp does not satisfy axiom (BP), since
(vi,v2,v2) € T, but (vy, v2, v3) and (vz, v1, v3) ¢ T. The underlying graph of Tpp is a
C3 as shown in Fig. 1(c). But C3 is not a bipartite graph and, moreover, Tgp is not the step
system of Cs3.

A.3 Proof of Proposition 15

For the independence of axioms (A), (B), (H) and (BP), the same examples as in Appendix A.2
suffice since their step systems satisfy the smoothness axiom (S). In order to show that
(S) is not implied by (A), (B), (H) and (BP), consider the ternary relation 75 on V =
{v1, v2, v3, v4, vs} defined by Ts = {(v1, v3, v3), (V1, V4, v4), (V1, Vs, V5), (V1, V3, V2), (V1,
v4, v2), (V1, V5, v2), (V2, V3, V3), (V2, V4, V4), (V2, V5, V5), (V2, V3, V1), (V2, V4, V1), (V2, Vs,
v1), (v3, v1, V1), (V3, V2, V2), (U3, V1, V4), (V3, V1, Vs), (V3, V2, V4), (U3, V2, Vs), (V4, VI, V1),
(v4, v2, v2), (v4, V1, V3), (V4, V1, V5), (V4, V2, V3), (V4, V2, V5), (Vs, V1, V1), (V5, V2, V2), (Vs,
vy, v3), (vs, V1, V4), (Vs, V2, V3), (V5, V2, V4)}. The underlying graph of T is a K5 3 and T
is the step system of K> 3. One easily checks that T satisfies (A), (B), (H) and (BP). How-
ever, (v3, vy, vq) € Tg, but violates (S), since (v3, vy, v5) € Ts, (v4,v2,v5) € Tg, and
(v3, v1, v12) ¢ Ts.

A.4 Proof of Proposition 18

Concerning the independence of (A) Let V = {vy, vy, v3}. Consider T4 as in the proof
of the corresponding claim in Appendix A.1. Recall that the underlying graph is a C3, see
Fig. 1(c). For any edge the remaining vertex is equidistant from the end vertices of the edge,
and hence takes the role of z in axiom (TC). Moreover, since C3 has only three vertices,
axiom (QC) is satisfied trivially. Thus T4 satisfies all the axioms for a weakly modular graph
except (A).

Concerning the independence of (B) Let V = {v;, v2} and consider 7 C V3 and T as in
the proof of the corresponding claim in Appendix A.1. Recall that the underlying graph of
Tp is a P, see Fig. 1(a), and Tp is the step system of P,. It satisfies the seven axioms of
a step system with the exception of (B). Since V contains only two vertices, both (TC) and
(QC) axioms are satisfied trivially.

Concerning the independence of (C) Let V = {v}, v2, v3, v4, Vs, v} and consider T C V3
and T¢ as in the proof of the corresponding claim in Appendix A.l. The underlying graph
of T¢ is the domino graph, Fig. 1(i), and T¢ is the step system of the domino. Clearly ¢,
violates axiom (C) and satisfies all the seven axioms of a step system, also 7¢ satisfies axioms
(TC) and (QC).

Concerning the independence of (D) The example used for the corresponding statement
in Appendix A.1 also pertains to the case of weakly modular graphs since Tp also satisfies
axioms (TC) and (QC).

Concerning the independence of (F) Let V = {v, v2,v3}. Let T C V3 be defined as
T = {(v1, v2, v2), (v1, V3, V3), (V2, V1, V1), (V2, V3, V3), (V3, V1, V1), (V3, V2, v2)}. Consider
Tr defined as Tr = T U {(v2, v1, v3), (v3, v1, v2)}. The underlying graph of TF is a K3 with
vertices vy, v2, v3, see Fig. 1(c). The modified relation TF satisfies all seven axioms for a
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step system with the exception of (F), since (vi, v2, v2), (v2, v, v3), (v2, V3, v3) € TF, but
(v2, v3, v1) ¢ Tr. Moreover, Tr satisfies (TC) and (QC) trivially.

Concerning the independence of (G) Let V = {vy, v2, v3, v4} and consider T C V3 and
T as in the proof of the corresponding claim in Proposition 5. The underlying graph of T
is a K4 — x, see Fig. 1(d), but T is not the step system of K4 — x. The relation 7 clearly
satisfies (TC) and (QC) trivially, but 7 does not satisfy axiom (G).

Concerning the independence of (H) Let V = {vy, vz, v3} and Ty be defined as Ty =
{(v1, v2, v2), (V2, V1, V1), (V2, V3, V3), (V3, V2, V2)}. The underlying graph of Ty is a Pz, see
Fig. 1(b). Ty satisfies all axioms of a step system, except the axiom (H) because there exists
no z such that (vy, z, v3) € T. Since there exists no vertex equidistant from the end vertices
of any of the two edges in the P; graph, axiom (TC) is satisfied trivially. Since V contains
only three vertices (QC) axiom is also satisfied trivially. Thus Ty satisfies all the axioms of
the step system of a weakly modular graph except axiom (H). However, Ty is not the step
system of the P3 graph.

Concerning the independence of (TC) Let V = {vy, vz, v3, v4, v5} and Tr¢ be defined
as Trc = {(v1, v2, v2), (v1, Vs, V5), (V1, V2, V3), (V1, Vs, Vg), (V2, V1, V1), (V2, V3, V3), (V2,
v1, vs), (2, v3, v4), (V3, V2, V2), (V3, V4, V4), (V3, V2, V1), (V3, V4, VS), (V4, V3, V3), (V4, Vs,
v5), (v4, v3, 12), (v4, V5, V1), (Vs, V1, V1), (Vs, V4, v4), (V5, V1, V2), (Vs, V4, v3)}. The under-
lying graph of Trc is a Cs with vertices as shown in Fig. 1(e) and T7¢ is the step system
of the Cs. Therefore, T7¢ satisfies all the axioms of a step system. T7¢ satisfies the axiom
(QQ) trivially, since there exists no (u, x, v), (u, y, v) € Trc forany u, v € V. But the (TC)
axiom fails here, since for (v, vs, vs) € Trc, (v1, vs, v3), (vs, v1, v3) ¢ Trc there exists
no z such that (vy, z, v3), (vs, z, v3) € Trc. So Cs is not weakly modular.

Concerning the independence of (QC) Let V = {vy, va, v3, v4, vs, vg} and Consider T C
V3 defined by Tpc ={(v1, v2, v2),(V1, V6, V6), (v1, V2, V3), (V1, V2, V4), (V1, Ve, Vs), (V1, Ve,
v4), (v2, v1, V1), (V2, V3, V3), (V2, V3, Vs), (V2, V3, V4), (V2, V1, V6), (V2, V1, V5), (V3, V2, V2),
(v3, v4, v4), (V3, V2, V1), (V3, V2, V6), (V3, V4, Vs), (U3, V4, V6), (V4, U3, V3), (V4, Vs, Vs), (a4,
v3, v2), (v4, V3, V1), (V4, Vs, V6), (V4, Vs, V1), (Vs, V6, V6), (Vs, V4, v4), (Vs, V4, V2), (s, V4,

v3), (vs, v, v1), (s, V6, V2), (Vs, V1, V1), (V6, Vs, Us), (6, V1, V2), (Vs, V1, V3), (6, Vs, V4),
(ve, vs, v3)}. The underlying graph of Ty is a Ce with vertices as shown in Fig. 1(h). Here
Toc satisfies all the axioms of the step system of a weakly modular graph except axiom
(QC), since (v1, ve, v4) € Toc, (v1,v2,v4) € Toc and (ve, v2, v2) ¢ Toc, but there does
not exist an z € V such that (vs, z, v4) € Tgc and (v2, z, v4) € Toc and Cg is not weakly
modular. It follows that axiom (QC) is independent.
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