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Abstract
Step systems of connected graphs were introduced by Ladislav Nebeský as a means of
describing shortest paths solely in terms of local information. A ternary relation T encodes,
for each point u, the first step x towards a target v. Eight first-order axioms characterize the
ternary relation T that are step systems. Here we show that one of Nebeský’s eight axioms
is in fact redundant. Moreover, we characterize the step systems of bipartite graphs, partial
cubes, and weakly modular graphs in terms of first-order axioms. In each case we show that
the corresponding sets of axioms are non-redundant.
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1 Introduction

The concept of a signpost system on a non-empty set was introduced byMulder and Nebeský
in 2003 in [8]. The idea of a signpost system can be explained as follows. Suppose that we
are in an unknown place or a city and we want to find our way from a place u to another place
w in the city. At u we follow the signpost tow, by which we first arrive at v. This information
is conveniently summarized in the triple (u, v, w). At v we look for the next signpost to w.
Signpost systems thus describe a notion of paths in purely local manner.

Ideas very similar to signpost systems occur in distributed computing in the design of
so-called routing labeling schemes in a graph, in particular, for routing along shortest paths.
Given the source u and the destination w, the routing scheme encodes the destination w and
a neighbor v of u on a (shortest) path from u to w. Then the message is routed to v and from
the label L(v) of v and the destination w, a neighbor of v is computed. Usually, the size of
the labels is intended to be as small as possible, polylogarithmic at the best, [5, 15]. The main
difference between signpost systems and routing labeling schemes is that in routing labeling
schemes only one neighbor of the current vertex closer to the destination is required, while
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in signpost systems and step systems all such neighbors are used. The similarity of signpost
systems and step systems with the idea of routing labeling schemes in distributed computing,
provides an additional motivation to study the notion of signpost systems and step systems
on graphs.

A particularly interesting class of signpost systems is obtained by assuming that v is a
neighbor of u along a shortest path from u to w in a connected graph G. Such step systems,
introduced by Nebeský in 1997 [10], capture in particular the geodesic structure of the
underlying graph G. The ternary algebras of signpost systems in general and step systems on
a graph in particularwere studied further in [9]. In particular, additional conditions on signpost
systems that characterize special classes of graphs have been a focus of research. For instance,
the step systems of trees and distance hereditary graphs are characterized respectively in [11]
and [12]. Also, modular and median graphs are characterized in [8].

In this manuscript we consider undirected simple connected graphs only. In Section 2, we
prove the main result, Theorem 3: Among the eight axioms characterizing the step system
of a graph, given by Nebeský in [10], the symmetry axiom (E) is redundant, i.e, it follows
from the other seven axioms. We then characterize the step systems of bipartite graphs in
Section 3, partial cubes in Section 4 and weakly modular graphs in Section 5, respectively.

2 Signpost Systems and Their Underlying Graphs

Let V be a finite nonempty set. A ternary system (V , T ) on V consists of a set V and a ternary
relation T ⊂ V 3. A signpost system is a ternary system (V , T ) that satisfies the following
three axioms:

(A) If (u, v, x) ∈ T , then (v, u, u) ∈ T for all u, v, x ∈ V .
(B) If (u, v, x) ∈ T , then (v, u, x) /∈ T for all u, v, x ∈ V .
(H) If u �= v, then there exists an x ∈ V such that (u, x, v) ∈ T for all u, v ∈ V .

The triples in T are called signposts. The underlying graph G of T has vertex set V and
edge set E = E(G) such that, for all u, v ∈ V , holds

uv ∈ E(G) ⇐⇒ (u, v, v) ∈ T .

For later reference we note that using (A) twice yields the equivalence (u, v, v) ∈ T if
and only if (v, u, u) ∈ T for u �= v, and (B) implies that (u, u, v) /∈ T .

Let G = (V , E) be a finite, simple, connected graph. By V (G) and E(G), we mean that
G is a graph with vertex set V and edge set E . For any u, v ∈ V , we denote the geodesic
distance between u and v by d(u, v). It is the length of a shortest u, v-path or u, v-geodesic.
G is called a bipartite graph, if V (G) can be partitioned into two disjoint sets V1 and V2

such that E(G) consists of vertices u, v with either u ∈ V1 and v ∈ V2 or u ∈ V2 and
v ∈ V1. For a subgraph H of G (i.e, V (H) ⊂ V (G) and E(H) ⊂ E(G)), we call H an
induced subgraph of G, if for u, v ∈ V (H), uv ∈ E(G), then uv ∈ E(H). H is an isometric
subgraph of G, if the distance between any two vertices u, v in H is the same as the distance
d(u, v) in G. If the subgraph H is a cycle in G and if H is isometric in G, then H is called
an isometric cycle of G. For any two vertices u, v of G, the geodesic interval or simply the
interval denoted as I (u, v) is a well known tool in metric graph theory; I (u, v) is defined
as I (u, v) = {x ∈ V (G)|d(u, x) + d(x, v) = d(u, v)}. A subset W of V (G) is said to be
a convex subset of V (G), if I (u, v) ⊂ W , for every u, v ∈ W . A subgraph H induced by a
convex set in G is called a convex subgraph of G. Clearly, every convex subgraph of G is an
isometric subgraph of G, but the converse need not be true. A convex subset W of V (G) is
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called a half space of G, if W and its set complement (i.e, V (G) \ W ) are convex subsets of
V (G). For an edge uv in G, the set Wuv consisting of vertices closer to u than to v is defined
as Wuv = {x ∈ V (G)|d(u, x) < d(v, x)}. The graphs in which all Wuv’s are half spaces are
special graphs, which we discuss in Section 4.

Definition 1 The step system of G is the ternary system T defined as follows:

(u, v, w) ∈ T ⇐⇒ d(u, v) = 1 and d(v,w) = d(u, w) − 1.

We call (u, v, w) ∈ T a step in G.

Note that (u, v, w) ∈ T implies that u is necessarily distinct from v and w, but v and
w may be the same vertex. At first sight, signpost and step systems seem quite similar. Of
course, this should be the case because they both describe the same thing. However, a closer
look reveals important differences between signpost system and step system with a given
underlying graph G. When studying the properties of both systems, in particular, when one
wants to characterize the betweenness relation defined by a signpost system and a step system
using axioms on T , the axioms and proofs for both systems show essential differences.

Theorem 1 [10] Let V be a finite non-empty set and T ⊆ V 3. Let G be the underlying graph
of T and suppose that G is connected. Then T is the set of all steps in G if and only if T is
a signpost system, i.e., satisfies (A), (B), and (H), as well as the following five properties for
all u, v, x, y ∈ V :

(C) If (u, v, x) ∈ T and (x, y, v) ∈ T then (x, y, u) ∈ T ;
(D) If (u, v, x) ∈ T and (x, y, v) ∈ T then (u, v, y) ∈ T ;
(E) If (u, v, x) ∈ T and (u, y, v) ∈ T then y = v;
(F) If (u, v, x) ∈ T , (v, u, y) ∈ T , and (x, y, y) ∈ T then (x, y, u) ∈ T ;
(G) If (u, v, x) ∈ T and (x, y, y) ∈ T then (x, y, u) ∈ T or (y, x, v) ∈ T or (u, v, y) ∈ T .

We note that [10], apparently mistakenly, states (G) as either of the three alternatives.
However, the corresponding axiom (Y4) in [13] does not use this restriction. Setting v = x
and y = u yields the precondition (u, v, v) ∈ T and (v, u, u) ∈ T , and concludes “either
(v, u, u) ∈ T or (u, v, v) ∈ T or (u, v, u) ∈ T ”.Moreover, the step systems of graphs clearly
can satisfy two of the three alternatives simultaneously.We therefore use (G) here in the form
stated as (Y4) in [13].

The following relaxation of signpost systems will be useful in the proofs below, even
though it may not be of particular interest in its own right.

Definition 2 A ternary relation T ⊆ V 3 is a pseudo-step system if it satisfies (A), (B), (C),
(D), (F), and (G).

Lemma 2 Pseudo-step systems are hereditary, that is, if T is pseudo-step system on V and
W ⊆ V , then TW := {(u, v, w) ∈ W 3|(u, v, w) ∈ T } is again a pseudo-step system.

Proof One easily checks that each of the axioms appearing in the definition of pseudo-step
systems imply the existence or non-existence of triples preconditioned only on the existence
of triples formed by the same vertices. Therefore, if one of the axioms is statisfied on V , it
remains true on any subset W ⊆ V . �	

Wenote that pseudo-step systems satisfying (E) are also hereditary. However, the assertion
is not true for signpost systems, because axiom (H) can be violated by taking subsets. To
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see that this is true in particular also for step systems, consider a connected graph G with
|V | ≥ 4 vertices, where x1 has degree 1 and x2 is the unique neighbor of x1. Let T be the
step system of G. Clearly, for all y �= x1, we have (x1, z, y) ∈ T if and only if z = x2. Now
consider the restriction T ′ of T to the elements W := {x1, x3, . . . , xn}. Since (x1, z, y) /∈ T ′
for all z, y ∈ W , the ternary system T ′ does not satisfy (H). We note that T ′ is pseudo-step
system by virtue of Lemma 2.

We next show that axiom (E) is redundant:

Theorem 3 Let V be a non-empty finite set and suppose T ⊆ V 3 satisfies axioms (A), (B),
(C), (D), (F), (G) and (H). Then T satisfies (E).

Proof The strategy of the proof is as follows: First we show that a pseudo-step system that
violates (E) must contain a specific pair of triples up to renaming. In the second step we show
that the presence of this pair of triples contradicts (H) for 3 ≤ |V | ≤ 5. In the third step we
argue that the case |V | ≥ 5 can be reduced to the case |V | = 5, whence a pseudo-step system
that violates (E) never satisfies (H). Both the second and third step relies on the heredity of
pseudo-step systems, i.e., Lemma 2: we repeatedly use the fact that any implication of the
axioms (A) through (G) derived for T ′ on V ′ ⊆ V remains valid for T on V , where T ′ is
the restriction of T to V ′. In particular, we therefore can reuse the presence and absence of
triples inferred for |V | = 3, 4, and 5 also in all larger sets of elements.

Claim 1 Supposes T satisfies (A) and (B) but violates (E). Then |V | ≥ 3 and there are three
distinct elements u, v, x ∈ V such that (u, v, v) ∈ T and (u, x, v) ∈ T .

Proof If T violates (E) there are triples (u, v, x) ∈ T and (u, y, v) ∈ T with v �= y. By (A)we
obtain (v, u, u) ∈ T and (u, v, v) ∈ T . If u = v, then (v, v, v) ∈ T , which contradicts (B).
If u = y, then (u, u, v) ∈ T , again contradicting (B), and if u = x we have (u, v, u) ∈ T ,
then by (B), (v, u, u) /∈ T , a contradiction. Thus u, v, and y are pairwise distinct. Since
(u, v, v) ∈ T , (u, y, v) ∈ T and y �= v, we also get a violation of (E) as claimed. �	

Now we consider a pseudo-step system that violates (E). As an immediate consequence
of Claim 1 we may reorder the elements such that (v1, v2, v2) ∈ T and (v1, v3, v2) ∈ T .

Claim 2 Let T be a pseudo-step system on V = {v1, v2, v3} such that (v1, v2, v2) ∈ T and
(v1, v3, v2) ∈ T . Then (v2, x, v3) /∈ T and (v3, x, v2) /∈ T for all x ∈ {v1, v2, v3}; i.e., T
violates (H).

Proof By (A) we have (v3, v1, v1) ∈ T . Together with the assumption, (F) implies
(v1, v2, v3) ∈ T , and hence by (B) we have (v2, v1, v3) /∈ T . On the other hand, (A)
implies (v2, v1, v1) ∈ T . Together with the contrapositive of (C) this yields (v3, v1, v2) /∈ T .
Now suppose (v2, v3, v3) ∈ T and thus by (A) also (v3, v2, v2) ∈ T . Together with
(v1, v3, v2) ∈ T , (C) implies (v2, v3, v1) ∈ T and thus (B) yield (v3, v2, v1) /∈ T . How-
ever, (v1, v2, v3) ∈ T and (v3, v2, v2) ∈ T yields (v3, v2, v1) ∈ T by (C), a contradiction.
Thus (v2, v3, v3) /∈ T and (v3, v2, v2) /∈ T . Finally, (v3, v3, v2) /∈ T and (v2, v2, v3) /∈ T . �	
Claim 3 Let T be a pseudo-step system on V = {v1, v2, v3, v4} with (v1, v2, v2) ∈ T and
(v1, v3, v2) ∈ T . Then (v3, z, v2) /∈ T or (v2, z, v3) /∈ T for all z ∈ V , i.e., T violates (H).

Proof We already know from Claim 2 that the statement holds for z ∈ {v1, v2, v3}. Consider
z = v4 and assume, for contradiction, that (v2, v4, v3) ∈ T and (v3, v4, v2) ∈ T . Then,
by (A), we also have (v2, v4, v4) ∈ T and (v4, v2, v2) ∈ T . By (C), (v1, v3, v2) ∈ T
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and (v2, v4, v3) ∈ T implies (v2, v4, v1) ∈ T and (D) yields (v1, v3, v4) ∈ T . Likewise
by (C), (v1, v2, v3) ∈ T , and (v3, v4, v2) ∈ T implies (v3, v4, v1) ∈ T . Using (C) again,
(v1, v3, v4) ∈ T and (v4, v3, v3) ∈ T implies (v4, v3, v1) ∈ T , and thus (v3, v4, v1) /∈ T , a
contradiction. �	
Claim 4 Let T be a pseudo-step system on V = {v1, v2, v3, v4, v5} with (v1, v2, v2) ∈ T
and (v1, v3, v2) ∈ T . Then, at least one of the following statements is true for all z ∈ V :
(v3, z, v2) /∈ T , (v2, z, v3) /∈ T , (v4, z, v2) /∈ T , or (v4, z, v3) /∈ T . That is, T violates (H).

Proof Assume, for contradiction that (H) holds, and thus in particular,we have (v3, z, v2) ∈ T
and (v2, z′, v3) ∈ T for some z, z′ ∈ V . Theproofs ofClaims2 and3 show that z, z′ ∈ {v4, v5}
and only the three cases (1) (v3, v5, v2) ∈ T and (v2, v5, v3) ∈ T , (2) (v3, v4, v2) ∈ T and
(v2, v5, v3) ∈ T , or (3) (v3, v5, v2) ∈ T and (v2, v4, v3) ∈ T are possible. These are
further reduced by observing that renaming v4 ↔ v5 reduces case (1) to Claim 3, and thus
(v3, z, v2) /∈ T or (v2, z, v3) /∈ T .

Renaming v3 ↔ v2 reduces case (2) to case (3). Thus, we may assume w.l.o.g.,
that (v3, v4, v2) and (v2, v5, v3) ∈ T and hence T contains the following set of triplets:
{(v1, v2, v2), (v1, v3, v2), (v2, v1, v1), (v1, v3, v3), (v1, v2, v3),(v1, v2, v4),(v3, v1, v1),(v3,
v1, v4), (v3, v4, v2), (v3, v4, v1), (v3, v4, v4), (v4, v3, v3), (v2, v5, v3), (v2, v5, v5), (v5, v2,

v2)}.
By (C) and (D), (v1, v3, v2) ∈ T and (v2, v5, v3) ∈ T implies (v2, v5, v1) ∈ T and

(v1, v3, v5) ∈ T . Thus applying (F) to (v5, v2, v2), (v2, v5, v1) and (v2, v1, v1) implies
(v2, v1, v5) ∈ T . (v4, z, v2) with all possible choices of z:

z = v1: If (v4, v1, v2) ∈ T , then by (C), (v4, v1, v2) ∈ T and (v2, v1, v1) ∈ T implies
(v2, v1, v4) ∈ T . However, we have (v1, v2, v4) ∈ T , a contradiction by (B).

z = v2: If (v4, v2, v2) ∈ T , then by (A), (v2, v4, v4) ∈ T and then by (C), (v3, v4, v2),
(v2, v4, v4) ∈ T implies (v2, v4, v3) ∈ T . Now by (D), (v1, v3, v4) ∈ T . How-
ever, we have (v3, v1, v4) ∈ T , a contradiction by (B).

z =v3, v4: (v4, v3, v2) ∈ T contradicts (v3, v4, v2) ∈ T by (B); (v4, v4, v2) ∈ T is not
possible.

z = v5: If (v4, v5, v2) ∈ T then (A) implies (v4, v5, v5) ∈ T and (v5, v4, v4) ∈ T . Since
(v2, v1, v5) ∈ T , (C) yields (v2, v1, v4) ∈ T . However, we have (v1, v2, v4) ∈ T ,
a contradiction by (B).

Since every choice of z leads to a contradiction, T cannot contain a triple of the form
(v4, z, v2). Hence T violates (H). �	
Claim 5 There is no pseudo-step system on |V | > 5 that satisfies (H) and violates (E).

Proof By assumption, all pairs of distinct vertices v j , vk ∈ V there are z, z′ ∈ V such that
(v j , z, vk) ∈ T and (vk, z′, v j ) ∈ T by (H). Moreover, by Claim 1, violation of (E) implies
that there is a triple (vi , vk, v j ) ∈ T such that (vi , v j , v j ) ∈ T . If z = z′, we may relabel
the vertices such that vi ↔ v1, v j ↔ v2, vk ↔ v3. In this case, we know from Claim 2 that
z = z′ ∈ {v1, v2, v3} yields a contradiction. Alternatively, relabeling z = z′ ↔ v4 yields a
contradiction by Claim 3. If z �= z′ we relabel such that vi ↔ v1, v j ↔ v2, vk ↔ v3, z ↔ v4
and z′ ↔ v5, and thus we obtain the situation in Claim 4, for which we have already shown
that it leads to a contradiction. �	

Taken together, a pseudo-step system that satisfies (H) cannot violate (E) for any non-
empty set V . Thus, any pseudo-step system that satisfies (H), also satisfies (E). �	
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We note in passing that (H) and (E) are not equivalent for pseudo-step systems, since
pseudo-step systems satisfying (E) are hereditary, while step systems are not.

Now Theorem 1 can be restated in a simplified version as follows:

Corollary 4 Let V be a finite non-empty set and T ⊆ V 3. Let G be the underlying graph of
T and suppose that G is connected. Then T is the set of all steps in G if and only if T fulfils
the axioms (A), (B), (C), (D), (F), (G), and (H).

Finally, we note that a further simplification is not possible.

Proposition 5 None of the seven axioms (A), (B), (C), (D), (F), (G), and (H) is implied by
the remaining six axioms.

Proof In Appendix A.1 we construct examples of ternary relations that satisfy six of the
axioms and violate the seventh. �	

3 Step System of a Bipartite Graph

In [11], the step systems of trees are characterized as the signpost systems satisfying the
following two additional properties:

(i) If u �= v then there exists at most one x ∈ V such that (u, x, v) ∈ T for all u, v ∈ V ;
(BP) (u, v, v) ∈ T ⇒ (u, v, x) or (v, u, x) ∈ T , for all u, v, x ∈ V .

In the following we show that step systems satisfying (BP) are exactly the step systems
of bipartite graphs.

Proposition 6 Let T ⊆ V 3 be a signpost system satisfying axioms (F) and (BP). Then T
satisfies Nebeský’s axioms of step systems.

Proof Let T be a signpost system satisfying (F) and (BP).

Claim (A), (B), (H), (F) and (BP) implies (G).

Proof of Claim Let (u, v, x), (x, y, y) ∈ T and assume for contradiction (x, y, u) /∈ T and
(y, x, v) /∈ T and (u, v, y) /∈ T . By axiom (BP) we have (y, x, u) ∈ T and (x, y, v) ∈ T
and (v, u, y) ∈ T . Now (F) implies (v, u, x) ∈ T , a contradiction, and thus T satisfies
(G). �	
Claim (A), (B), (H), (F) and (BP) implies (C).

Proof of Claim Let (u, v, x), (x, y, v) ∈ T and assume for contradiction that (x, y, u) /∈ T .
Therefore (y, x, u) ∈ T by (BP). Now (x, y, v), (y, x, u), (v, u, u) ∈ T implies (v, u, x) ∈
T by (F), a contradiction, since (u, v, x) ∈ T . Hence T satisfies (C) axiom. �	
Claim (A), (B), (H), (C) and (BP) implies (F).

Proof of Claim Let (u, v, x), (v, u, y), (x, y, y) ∈ T and assume, for contradiction (x, y, u) /∈
T . Therefore (y, x, u) ∈ T by (BP) axiom.Now (y, x, u), (u, v, x) ∈ T implies (u, v, y) ∈ T
by (C), a contradiction, since (v, u, y) ∈ T . Hence T satisfies (F). �	
Claim (A), (B), (H), (C), (F) and (BP) implies (D).
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Proof of Claim Let (u, v, x), (x, y, v) ∈ T and assume, for contradiction, that (u, v, y) /∈ T .
Since (u, v, v) ∈ T by (A) and (u, v, y) /∈ T and, by (BP), we have (v, u, y) ∈ T . Now
(x, y, v), (v, u, y) ∈ T implies (v, u, x) ∈ T by (C), a contradiction since (u, v, x) ∈ T .
Hence T satisfies (D). �	

Taken together, therefore, T satisfies all axioms of the step system of a connected graph G.
�	

It is well known that a graph is bipartite if and only if it contains no odd cycles. This
statement can be restricted to several more restricted classes of odd cycles, e.g. to induced
odd cycles. The following statement also appears to be known. We give a short proof to keep
this contribution self-consistent, since we could not find a reference.

Proposition 7 A graph G is bipartite if and only if every isometric cycle is even.

Proof Suppose by way of contradiction that G contains an odd cycle and let C be a shortest
such odd cycle. SinceC is not an isometric cycle,C contains twovertices x , y such thatd(x, y)

is smaller than the length of the two (x, y)-paths P1, P2 of C . We can suppose that x and y
are closest such vertices of C . Let P be a shortest (x, y)-path. Then |P| < min{|P1|, |P2|}
and P ∩ P1 = P ∩ P2 = {x, y}. Then P ∪ P1 and P ∪ P2 are cycles shorter than C . Since
one of these cycles is odd, we obtain a contradiction with the choice of C . �	
Theorem 8 Let T ⊆ V 3 be a signpost system with underlying graph G. If G is connected,
then T is the step system of G and G is bipartite if and only if T satisfies axioms (F) and
(BP).

Proof By Proposition 6 and Theorem 1, it follows that T is the step system of G. Now
assume that G is connected. Assume, for a contradiction, that G is not bipartite. Therefore,
by Proposition 7 there exists an isometric odd cycle C of length, say 2k + 1 in G. Let u,
v be two adjacent vertices of C and w be the vertex of C opposite to the edge uv. Then
d(u, w) = d(v,w) = k, thus (u, v, w), (v, u, w) /∈ T . Since (u, v, v) ∈ T , we get a
contradiction with axiom (BP). Conversely, let G be a connected bipartite graph and let T be
the step system of G. Clearly, T satisfies the axiom (F). To prove that T satisfies the axiom
(BP), pick any three vertices u, v, x such that (u, v, v) ∈ T . This implies that u and v are
adjacent. Since G is bipartite and u adjacent to v, d(u, x) �= d(v, x), say d(v, x) < d(u, x).
But then (u, v, x) ∈ T , as required. �	
Proposition 9 None of the five axioms (A), (B), (F), (H) and (BP) is implied by the remaining
four axioms.

Proof In Appendix A.2 we construct ternary relations that satisfy four of the five axioms and
violate the fifth. �	

Interestingly, the signpost systems of bipartite graphs cannot be extended by including
additional triples.

Definition 3 A signpost system T is maximal, if for any triplet t /∈ T , T ∪{t} is not a signpost
system.

Theorem 10 Let G be a connected graph with vertex set V and let T be the step system of
G. Then G is bipartite if and only if T is a maximal signpost system on G.
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Proof Let G be a bipartite graph and T be the step system of G. Therefore T satisfies the
(BP) axiom by Theorem 8. Suppose T is not maximal. Then there exist (u, v, w) ∈ V 3 \ T
such that T ∪{(u, v, w)} is a signpost on V . Therefore (v, u, w) /∈ T , since otherwise axiom
(B) would be violated. Now both (u, v, w) and (v, u, w) /∈ T . This contradicts the fact that
T satisfies the (BP) axiom and hence T is maximal.

Conversely, let T be a maximal signpost system with underlying graph G and assume, for
contradiction, that G is not bipartite, and thus there is an odd isometric cycle uvv1v2 . . . v2nw

u2n, u2n−1 . . . u1u in G, and hence (u, v, w) /∈ T and (v, u, w) /∈ T . Therefore T ∪
{(u, v, w)} is a signpost on V , a contradicting the maximality of T . �	

Similarly, we may ask which signpost systems are minimal in the same sense.

Proposition 11 Let T be a signpost system such that the underlying graph is a tree. Then,
for any (u, v, w) ∈ T , the relation T \ {(u, v, w)} is not a signpost system.

Proof Let T ⊂ V 3 be the step system of a tree G. Then for u �= v, there exists at most one
vertex x ∈ V such that (u, x, v) ∈ T . On the other hand, by (H), there is at least one x ∈ V
such that (u, x, v) ∈ T . Taken together, there is exactly one such x ∈ V for every u �= v.
Moreover (u, x, u) /∈ T . Hence removal of any triplet from T leads to a violation of (H). �	

4 Step Systems of Partial Cubes

Partial cubes were introduced by Graham and Pollak in [6] as isometric subgraphs of hyper-
cubes. Djoković in [4] characterized partial cubes in terms of convexity of half spaces. A
graph G is a partial cube if and only if G is bipartite and for any edge uv, the sets Wuv and
Wvu are convex and hence half spaces [4].

This characterization can be translated to the language of step systems. To this end
we make use of the following notation [7] for “paths” in a signpost system T : we write
(u, x0, x1, . . . , xn, v) ∈ T if (u, x0, v) ∈ T , (x0, x1, v) ∈ T , …, (xn−1, xn, v) ∈ T . Thus,
(u, x0, x1, . . . , xn, v) ∈ T implies that u, x0, x1, . . . , xn, v is a u, v-shortest path in the
underlying graph G. Therefore, if T is the step system of G, then W is a convex subset
in V (G) if and only if x0, x1, . . . , xn ∈ W for all paths (u, x0, x1, . . . , xn, v) ∈ T . More-
over, the half spaces of a graph G can be expressed in terms of the step system on T as
Wuv = {x ∈ V : (v, u, x) ∈ T }.

Mulder and Nebesky in [7] introduced the following smoothness axiom as a sufficient
condition for connectedness of the underlying graph of signpost system T :

(S) (u, v, x) ∈ T , (u, v, y) ∈ T and (x, z, y) ∈ T implies (u, v, z) ∈ T .

As shown in [7], (S) implies (D).

Lemma 12 Let T be a signpost system satisfying the axioms (S) and (BP). Then T satisfies
axiom (F).

Proof Suppose (u, v, x) ∈ T , (v, u, y) ∈ T , and (x, y, y) ∈ T . Assume, for contradiction,
that (x, y, u) /∈ T . Then (y, x, u) ∈ T by axiom (BP). Now we have (v, u, y) ∈ T and
(y, x, u) ∈ T . Since (S) implies (D), we obtain (v, u, x) ∈ T , which by (B) contradicts
(u, v, x) ∈ T . �	
Lemma 13 Let T ⊆ V 3 be a signpost system with a connected underlying graph G satisfying
axioms (F) and (BP). Then T satisfies axiom (S) if and only if, for any edge uv in G, the sets
Wuv and Wvu are half spaces of G.
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Proof ByTheorem8, T is the step systemofG andG is bipartite. First, supposeWuv is convex
for every edge uv in G. Consider triplets (u, v, w) ∈ T , (u, v, y) ∈ T , and (w, x, y) ∈ T .
We have w, y ∈ Wvu . Moreover, x ∈ I (w, y) and convexity of Wvu implies x ∈ Wvu and
hence (u, v, x) ∈ T . Hence T satisfies (S). Conversely, if Wvu is not convex, then Wvu

contains two non-adjacent vertices x and y, such that I (x, y) ∩ Wvu = {x, y}. Hence there
is a neighbor z of x in I (x, y) such that z /∈ Wvu . Thus (u, v, z) /∈ T . However, x, y ∈ Wvu

implies (u, v, x) ∈ T , and (u, v, y) ∈ T . This contradicts (S). �	
Theorem 14 Let T ⊆ V 3 be a signpost system with underlying graph G. Then T is the step
system of G and G is a partial cube if and only if T satisfies axioms (S) and (BP).

Proof If G is a partial cube, then it is connected. Conversely the underlying graph of signpost
system satisfying (S) is connected [14]. Hence, we may assume that G is connected and T
is a signpost system with a connected underlying graph. The statement now follows from
Theorem 8, Lemma 12 and Lemma 13. �	
Proposition 15 None of the five axioms (A), (B), (H), (BP) and (S) is implied by the remaining
four axioms.

Proof In Appendix A.3 we construct ternary relations that satisfy four of the five axioms and
violate the fifth. �	

5 Step System ofWeakly Modular Graphs

Weakly modular graphs have been introduced by Chepoi [3], see also [1]. A local-to-global
theory of weakly modular graphs and their subclasses are developed by Chalopin et al. [2].
A graph is weakly modular if it satisfies the following two conditions:

Triangle condition For any three vertices u, v, w with 1 = d(v,w) < d(v, u) = d(u, w),
there exists a common neighbor z of v and w such that d(u, z) = d(u, v) − 1.

Quadrangle condition For any four vertices u, v, w, y with d(v, y) = d(w, y) = 1 and
2 = d(v,w) ≤ d(u, v) = d(u, w) = d(u, y) − 1, there exists a common neighbor z of v

and w such that d(u, z) = d(u, v) − 1.
These conditions are readily translated into corresponding axioms for signpost systems:

(TC) For any three vertices u, v, x ∈ V , (u, v, x) /∈ T , (v, u, x) /∈ T and (u, v, v) ∈ T
implies that there exists z ∈ V such that (u, z, x) ∈ T and (v, z, x) ∈ T .

(QC) For any four vertices u, v, x, y ∈ V with (u, x, v) ∈ T , and (u, y, v) ∈ T , and
(x, y, y) /∈ T there exists z such that (x, z, v) ∈ T and (y, z, v) ∈ T .

Theorem 16 Let T ⊂ V 3 be a step system of a graph G satisfying axioms (TC) and (QC).
Then G is a weakly modular graph.

Proof Let u, v and x be three vertices of G with uv ∈ E(G) and vertex x equidistant from
u and v. Since T is the step system of G we have (u, v, x) /∈ T and (v, u, x) /∈ T . But
(u, v, v) ∈ T . By axiom (TC) there exists z ∈ V such that (u, z, x) ∈ T and (v, z, x) ∈ T .
Now (A) implies (u, z, z) ∈ T and (v, z, z) ∈ T . Thus uzv forms a triangle.

Again, let u, v, x, y ∈ V (G)with d(v, x)+1 = d(v, y)+1 = d(u, v) and ux and uy are
edges and xy is not an edge. Then (u, x, x) ∈ T and (u, y, y) ∈ T and (x, y, y) /∈ T . Since
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d(v, x) = d(u, v) − 1 and ux is an edge, we see that ux . . . v is a shortest u, v-path. This
implies (u, x, v) ∈ T . Similarly, we obtain (u, y, v) ∈ T . By (QC) axiom, therefore, there
exists z ∈ V such that (x, z, v) ∈ T and (y, z, v) ∈ T , and thus uxzy is a quadrangle. Thus
G satisfies both the triangle and the quadrangle condition, and hence G is weakly modular.

�	
The following corollary follows from Corollary 4.

Corollary 17 Let V be a finite non-empty set and T ⊆ V 3 with underlying graph G. Then G
is a weakly modular graph and T is the step system of G if and only if T fulfils the axioms
(A), (B), (C), (D), (F), (G), (H), (TC), and (QC).

Finally, we show that axioms in Corollary 17 are independent of each other.

Proposition 18 None of the nine axioms (A), (B), (C), (D), (F), (G), (H), (TC), and (QC) is
implied by the remaining eight axioms.

Proof In Appendix A.4 we construct ternary relations that satisfy eight of the nine axioms
and violate the ninth. �	

A Independence of Axioms

The examples used to show that certain sets of axioms are independent of each other follow
a common construction principle. For each of the axioms (α), we construct a graph Hα and
a corresponding ternary system Tα on its vertex set such that Tα satisfies all relevant axioms
except (α) and Tα is not the step system of the graph Hαi . The graphs Hα are taken from the
collection of small graphs shown in Fig. 1.

A.1 Proof of Proposition 5

We construct examples of ternary relations that satisfy six of the seven axioms (A), (B), (C),
(D), (F), (G), and (H) while violating the seventh.

Concerning the independence of (A) LetV = {v1, v2, v3}. Let TA ⊂ V 3 be defined as TA =
{(v1, v2, v3), (v2, v3, v1), (v3, v1, v2), (v1, v2, v2), (v2, v3, v3), (v3, v1, v1), (v2, v3, v2),
(v3, v1, v3), (v1, v2, v1)}. The underlying graph HA of TA is a K3 with vertices v1, v2, v3,
see Fig. 1(c). Now TA satisfies axioms (B), (C), (D), (F), (G) and (H). But TA does not satisfy
axiom (A), since (v1, v2, v2) ∈ TA but (v2, v1, v1) /∈ TA. Clearly TA is not the step system
of the underlying graph HA = K3 of TA.

Concerning the independence of (B) Let V = {v1, v2} and T ⊂ V 3 be defined as T =
{(v1, v2, v2), (v2, v1, v1)}. The underlying graph of T is a P2, see Fig. 1(a) and T is the step
system of P2. Let TB = T ∪ {(v2, v1, v2), (v1, v2, v1)}. Clearly TB satisfies axioms (A),
(C), (D), (F), (G), and (H). But TB does not satisfy axiom (B), since (v2, v1, v2) ∈ TB and
(v1, v2, v2) ∈ TB . The underlying graph HB of TB is still P2, but TB is not the step system
of P2.

Concerning the independence of (C) Let V = {v1, v2, v3, v4, v5, v6} and T ⊂ V 3 be
defined as T = {(v1, v2, v2), (v1, v2, v3), (v1, v2, v4), (v1, v2, v5), (v1, v6, v6), (v1, v6, v5),
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Fig. 1 Graphs appearing in the proofs of Propositions 5, 9, 15, 18: (a) P2, (b) P3, (c) K3, (d) K4 − e, (e) C5,
(f) paw graph, (g) K2,3, (h) C6, (i) domino graph

(v1, v6, v4), (v2, v1, v1), (v2, v3, v3), (v2, v5, v5), (v2, v1, v6), (v2, v3, v4), (v2, v5, v4), (v2,

v5, v6), (v3, v2, v2), (v3, v4, v4), (v3, v2, v1), (v3, v2, v5), (v3, v2, v6), (v3, v4, v5), (v3, v4,

v6), (v4, v3, v3), (v4, v5, v5), (v4, v3, v1), (v4, v3, v2), (v4, v5, v1), (v4, v5, v2), (v4, v5, v6),

(v5, v2, v2), (v5, v4, v4), (v5, v6, v6), (v5, v2, v1), (v5, v2, v3), (v5, v4, v3), (v5, v6, v1), (v6,

v1, v1), (v6, v5, v5), (v6, v1, v2), (v6, v1, v3), (v6, v5, v2), (v6, v5, v3), (v6, v5, v4)}. The
underlying graph of T is a domino as shown in Fig. 1(i), and T is the step system of
the domino. Let TC = T \ {(v1, v2, v4)}. Clearly, TC satisfies axioms (A), (B), (D), (F),
(G), and (H). But TC does not satisfy axiom (C), since (v4, v3, v1), (v1, v2, v3) ∈ TC , but
(v1, v2, v4) /∈ TC . The underlying graph HC of TC is still a domino, but TC is not the step
system of the domino.

Concerning the independence of (D) Let V = {v1, v2, v3, v4} and T ⊂ V 3 be defined as
T = {(v1, v2, v2),(v1, v2, v3),(v1, v2, v4),(v2, v1, v1),(v2, v3, v3),(v2, v4, v4),(v3, v2, v2),
(v3, v4, v4), (v3, v2, v1), (v4, v2, v2), (v4, v3, v3), (v4, v2, v1)}. The underlying graph of T
is a paw graph, see Fig. 1(f) and T is the step system of the paw. The ternary relation
TD = T ∪ {(v3, v4, v1)} satisfies axioms (A), (B), (C), (F), (G), and (H). But TD does not
satisfy axiom (D), because (v3, v4, v1) ∈ TD and (v1, v2, v4) ∈ TD , but (v3, v4, v2) /∈ TD .
The underlying graph HD of TD is still a paw graph, but TD is not the step system of the paw.
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Concerning the independence of (F) Let V = {v1, v2, v3, v4, v5} and T ⊂ V 3 be defined as
T = {(v1, v2, v2),(v1, v5, v5),(v1, v2, v3),(v1, v5, v4),(v2, v1, v1),(v2, v3, v3),(v2, v1, v5),
(v2, v3, v4), (v3, v2, v2), (v3, v4, v4), (v3, v2, v1), (v3, v4, v5), (v4, v3, v3), (v4, v5, v5), (v4,

v3, v2), (v4, v5, v1), (v5, v1, v1), (v5, v4, v4), (v5, v1, v2), (v5, v4, v3)}. Clearly, the underly-
ing graph of T is a C5 with vertices as shown in Fig. 1(e) and T is the step system of C5. Let
TF = T ∪ {(v1, v2, v4), (v4, v3, v1)}. Clearly TF satisfies axioms (A), (B), (C), (D), (G) and
(H). But TF does not satisfy axiom (F), since (v2, v1, v5), (v1, v2, v4), (v5, v4, v4) ∈ TF but
(v5, v4, v2) /∈ TF . The underlying graph HF of TF is still a C5 as shown in Fig. 1(e), but TF

is not the step system of C5.

Concerning the independence of (G) Let V = {v1, v2, v3, v4} and T ⊂ V 3 be defined as
T = {(v1, v2, v2), (v1, v2, v3),(v1, v4, v4),(v1, v4, v3),(v2, v1, v1),(v2, v3, v3),(v2, v4, v4),
(v3, v2, v2), (v3, v4, v4), (v3, v2, v1), (v3, v4, v1), (v4, v1, v1), (v4, v2, v2), (v4, v3, v3)}.
Clearly, the underlying graph of T is a K4 − x , see Fig. 1(d) and T is the step system
of K4 − x . Let TG = T − {(v1, v4, v3), (v3, v4, v1)}. Clearly TG satisfies axioms (A), (B),
(C), (D), (F), and (H). But TG does not satisfy axiom (G), since (v3, v2, v1), (v1, v4, v4) ∈ TG ,
but (v1, v4, v3) /∈ TG , (v4, v1, v2) /∈ TG and (v3, v2, v4) /∈ TG . The underlying graph HG of
TG is still a K4 − x with vertices as in Fig. 1(d), but TG is not the step system of K4 − x .

Concerning the independence of (H) Let V = {v1, v2, v3} and T ⊂ V 3 be defined
as T = {(v1, v2, v2), (v1, v2, v3), (v2, v1, v1), (v2, v3, v3), (v3, v2, v2), (v3, v2, v1). The
underlying graph of T is a P3 ( see Fig. 1(b)), and T is the step system of P3. Let
TH = T \ {(v1, v2, v3), (v3, v2, v1)}. Clearly TH satisfies axioms (A), (B), (C), (D), (F)
and (G). But TH does not satisfy axiom (H), since for v1 �= v3 there exists no z such that
(v1, z, v3) ∈ TH . The underlying graph HH of TH is still a P3 with vertices as in Fig. 1(b),
but TH is not the step system of P3.

A.2 Proof of Proposition 9

For proving the independence of seven of Nebeský’s eight axioms in Appendix A.1 we used
K3 to prove the independence of (A), and P2 to prove the independence of (B). Here also we
can use the same examples to prove the independence of (A) and (B).

Concerning the independence of (H) Let V = {v1, v2, v3} and TH ⊂ V 3 be defined
as TH = {(v1, v2, v2), (v2, v1, v1), (v2, v3, v3), (v3, v2, v2), (v2, v1, v3), (v2, v3, v1)}. The
underlying graph of TH is a P3, see Fig. 1(b). TH satisfies axioms (A), (B), (F) and (BP).
However, TH violates (H) since for v1 �= v3 there exists no z such that (v1, z, v3) ∈ TH . Here
the underlying graph P3 of TH is a bipartite but TH is not the step system of P3.

Concerning the independence of (F) Let V = {v1, v2, v3, v4, v5} and T ⊂ V 3 be defined as
T ={(v1, v2, v2),(v1, v5, v5),(v1, v2, v3), (v1, v5, v4), (v2, v1, v1), (v2, v3, v3), (v2, v1, v5),
(v2, v3, v4), (v3, v2, v2), (v3, v4, v4), (v3, v2, v1), (v3, v4, v5), (v4, v3, v3), (v4, v5, v5), (v4,

v3, v2), (v4, v5, v1), (v5, v1, v1), (v5, v4, v4), (v5, v1, v2), (v5, v4, v3)}. Clearly the underly-
ing graph of T is a C5 with vertices as shown in Fig. 1(e) and T is the step system of C5. Now
consider TF = T ∪{(v1, v2, v4), (v4, v3, v1), (v1, v5, v3), (v2, v3, v5), (v4, v5, v2)}. Now TF

satisfies axioms (A), (B), (H) and (BP), but not axiom (F); since (v2, v1, v5), (v1, v2, v4), (v5,

v4, v4) ∈ TF but (v5, v4, v2) /∈ TF . The underlying graph of TF is still a C5 but TF is not the
step system of the C5 with vertices as shown in Fig. 1 (e) and C5 is not bipartite.

Concerning the independence of (BP) Let V = {v1, v2, v3} and TB P ⊂ V 3 be defined as
TB P ={(v1, v2, v2), (v2, v1, v1), (v2, v3, v3), (v3, v2, v2), (v1, v3, v3), (v3, v2, v1)}. Clearly
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TB P satisfies axioms (A), (B), (F), and (H). But TB P does not satisfy axiom (BP), since
(v1, v2, v2) ∈ T , but (v1, v2, v3) and (v2, v1, v3) /∈ T . The underlying graph of TB P is a
C3 as shown in Fig. 1(c). But C3 is not a bipartite graph and, moreover, TB P is not the step
system of C3.

A.3 Proof of Proposition 15

For the independence of axioms (A), (B), (H) and (BP), the same examples as inAppendixA.2
suffice since their step systems satisfy the smoothness axiom (S). In order to show that
(S) is not implied by (A), (B), (H) and (BP), consider the ternary relation TS on V =
{v1, v2, v3, v4, v5} defined by TS = {(v1, v3, v3), (v1, v4, v4), (v1, v5, v5), (v1, v3, v2), (v1,
v4, v2), (v1, v5, v2), (v2, v3, v3), (v2, v4, v4), (v2, v5, v5), (v2, v3, v1), (v2, v4, v1), (v2, v5,

v1), (v3, v1, v1), (v3, v2, v2), (v3, v1, v4), (v3, v1, v5), (v3, v2, v4), (v3, v2, v5), (v4, v1, v1),

(v4, v2, v2), (v4, v1, v3), (v4, v1, v5), (v4, v2, v3), (v4, v2, v5), (v5, v1, v1), (v5, v2, v2), (v5,

v1, v3), (v5, v1, v4), (v5, v2, v3), (v5, v2, v4)}. The underlying graph of TS is a K2,3 and TS

is the step system of K2,3. One easily checks that TS satisfies (A), (B), (H) and (BP). How-
ever, (v3, v1, v4) ∈ TS , but violates (S), since (v3, v1, v5) ∈ TS , (v4, v2, v5) ∈ TS , and
(v3, v1, v2) /∈ TS .

A.4 Proof of Proposition 18

Concerning the independence of (A) Let V = {v1, v2, v3}. Consider TA as in the proof
of the corresponding claim in Appendix A.1. Recall that the underlying graph is a C3, see
Fig. 1(c). For any edge the remaining vertex is equidistant from the end vertices of the edge,
and hence takes the role of z in axiom (TC). Moreover, since C3 has only three vertices,
axiom (QC) is satisfied trivially. Thus TA satisfies all the axioms for a weakly modular graph
except (A).

Concerning the independence of (B) Let V = {v1, v2} and consider T ⊂ V 3 and TB as in
the proof of the corresponding claim in Appendix A.1. Recall that the underlying graph of
TB is a P2, see Fig. 1(a), and TB is the step system of P2. It satisfies the seven axioms of
a step system with the exception of (B). Since V contains only two vertices, both (TC) and
(QC) axioms are satisfied trivially.

Concerning the independence of (C) Let V = {v1, v2, v3, v4, v5, v6} and consider T ⊂ V 3

and TC as in the proof of the corresponding claim in Appendix A.1. The underlying graph
of TC is the domino graph, Fig. 1(i), and TC is the step system of the domino. Clearly TC ,
violates axiom (C) and satisfies all the seven axioms of a step system, also TC satisfies axioms
(TC) and (QC).

Concerning the independence of (D) The example used for the corresponding statement
in Appendix A.1 also pertains to the case of weakly modular graphs since TD also satisfies
axioms (TC) and (QC).

Concerning the independence of (F) Let V = {v1, v2, v3}. Let T ⊂ V 3 be defined as
T = {(v1, v2, v2), (v1, v3, v3), (v2, v1, v1), (v2, v3, v3), (v3, v1, v1), (v3, v2, v2)}. Consider
TF defined as TF = T ∪{(v2, v1, v3), (v3, v1, v2)}. The underlying graph of TF is a K3 with
vertices v1, v2, v3, see Fig. 1(c). The modified relation TF satisfies all seven axioms for a
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step system with the exception of (F), since (v1, v2, v2), (v2, v1, v3), (v2, v3, v3) ∈ TF , but
(v2, v3, v1) /∈ TF . Moreover, TF satisfies (TC) and (QC) trivially.

Concerning the independence of (G) Let V = {v1, v2, v3, v4} and consider T ⊂ V 3 and
TG as in the proof of the corresponding claim in Proposition 5. The underlying graph of TG

is a K4 − x , see Fig. 1(d), but TG is not the step system of K4 − x . The relation TG clearly
satisfies (TC) and (QC) trivially, but TG does not satisfy axiom (G).

Concerning the independence of (H) Let V = {v1, v2, v3} and TH be defined as TH =
{(v1, v2, v2), (v2, v1, v1), (v2, v3, v3), (v3, v2, v2)}. The underlying graph of TH is a P3, see
Fig. 1(b). TH satisfies all axioms of a step system, except the axiom (H) because there exists
no z such that (v1, z, v3) ∈ T . Since there exists no vertex equidistant from the end vertices
of any of the two edges in the P3 graph, axiom (TC) is satisfied trivially. Since V contains
only three vertices (QC) axiom is also satisfied trivially. Thus TH satisfies all the axioms of
the step system of a weakly modular graph except axiom (H). However, TH is not the step
system of the P3 graph.

Concerning the independence of (TC) Let V = {v1, v2, v3, v4, v5} and TT C be defined
as TT C = {(v1, v2, v2), (v1, v5, v5), (v1, v2, v3), (v1, v5, v4), (v2, v1, v1), (v2, v3, v3), (v2,
v1, v5), (v2, v3, v4), (v3, v2, v2), (v3, v4, v4), (v3, v2, v1), (v3, v4, v5), (v4, v3, v3), (v4, v5,

v5), (v4, v3, v2), (v4, v5, v1), (v5, v1, v1), (v5, v4, v4), (v5, v1, v2), (v5, v4, v3)}. The under-
lying graph of TT C is a C5 with vertices as shown in Fig. 1(e) and TT C is the step system
of the C5. Therefore, TT C satisfies all the axioms of a step system. TT C satisfies the axiom
(QC) trivially, since there exists no (u, x, v), (u, y, v) ∈ TT C for any u, v ∈ V . But the (TC)
axiom fails here, since for (v1, v5, v5) ∈ TT C , (v1, v5, v3), (v5, v1, v3) /∈ TT C there exists
no z such that (v1, z, v3), (v5, z, v3) ∈ TT C . So C5 is not weakly modular.

Concerning the independence of (QC) Let V = {v1, v2, v3, v4, v5, v6} and Consider T ⊂
V 3 defined by TQC ={(v1, v2, v2),(v1, v6, v6),(v1, v2, v3), (v1, v2, v4), (v1, v6, v5), (v1, v6,
v4), (v2, v1, v1), (v2, v3, v3), (v2, v3, v5), (v2, v3, v4), (v2, v1, v6), (v2, v1, v5), (v3, v2, v2),

(v3, v4, v4), (v3, v2, v1), (v3, v2, v6), (v3, v4, v5), (v3, v4, v6), (v4, v3, v3), (v4, v5, v5), (v4,

v3, v2), (v4, v3, v1), (v4, v5, v6), (v4, v5, v1), (v5, v6, v6), (v5, v4, v4), (v5, v4, v2), (v5, v4,

v3), (v5, v6, v1), (v5, v6, v2), (v6, v1, v1), (v6, v5, v5), (v6, v1, v2), (v6, v1, v3), (v6, v5, v4),

(v6, v5, v3)}. The underlying graph of TQC is a C6 with vertices as shown in Fig. 1(h). Here
TQC satisfies all the axioms of the step system of a weakly modular graph except axiom
(QC), since (v1, v6, v4) ∈ TQC , (v1, v2, v4) ∈ TQC and (v6, v2, v2) /∈ TQC , but there does
not exist an z ∈ V such that (v6, z, v4) ∈ TQC and (v2, z, v4) ∈ TQC and C6 is not weakly
modular. It follows that axiom (QC) is independent.

Acknowledgements We thank an anonymous review for very helpful comments.

Author Contributions MC and PFS designed the study. All authors contributed the mathematical results and
the drafting of the manuscript.

Funding OpenAccess funding enabled andorganizedbyProjektDEAL.Thisworkwas supported in part by the
DST, Govt. of India (Grant No. DST/INT/DAAD/P-03/2023), the DAAD, Germany (Grant No. 57683501),
PFS acknowledges the financial support by the Federal Ministry of Research, Technology and Space of
Germany (BMFTR) through DAAD project 57616814 (SECAI, School of Embedded Composite AI), and
jointlywith theSächsischeStaatsministerium fürWissenschaft,Kultur undTourismus in the programmeCenter
of Excellence for AI-research Center for Scalable Data Analytics and Artificial Intelligence Dresden/Leipzig,
project identification number: SCADS24B.

Availability of data andmaterials There are no data associated with this work.

123



Step Systems on Graphs

Declarations

Competing interests The authors declare that they have no competing interests, or other interests that might
be perceived to influence the results and/or discussion reported in this paper.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Bandelt, H.J., Chepoi, V.: A Helly theorem in weakly modular space. Discrete Math. 160, 25–39 (1996)
2. Chalopin, J., Chepoi, V., Hirai, H., Osajda, D.: Weakly Modular Graphs and Nonpositive Curvature.

Memoirs of American Mathematical Society, vol. 268. American Mathematical Society, Providence, RI
(2020)

3. Chepoi, V.: Classifying graphs by metric triangles (in Russian). Metody Diskretn. Anal. 49, 75–93 (1989)
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