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Abstract

This study reflects on the inconsistency of the fixed-design residual bootstrap pro-
cedure for GARCH models under dependent innovations. We introduce a recursive-
design residual block bootstrap procedure to accurately quantify the uncertainty around
parameter estimates and the next period’s volatility. A simulation study provides evi-
dence for the validity of the recursive-design residual block bootstrap under dependent
innovations. The resulting confidence intervals are not only valid but also potentially
narrower than those obtained by the inconsistent fixed-design bootstrap. In an empirical
illustration, we demonstrate the practical relevance by showing residual dependence
and differences in confidence intervals between the two bootstrap procedures.
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1 Introduction

Generalized autoregressive conditional heteroskedasticity (GARCH) models, first pro-
posed by Engle (1982) and Bollerslev (1986), have attracted substantial attention in
both practical applications and academic literature. For example, these models find
utility in weather modelling, derivatives pricing and Value-at-Risk (VaR) estimation
(Campbell and Diebold 2005; Duan 1995; Francq and Zakoian 2015; Li et al. 2023;
Hoga and Demetrescu 2022). The estimation of the model parameters is commonly
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conducted through maximum likelihood estimation (MLE), under the assumption that
the innovations are independent and identically distributed (iid) random variables. The
true distribution of innovations is, however, typically unknown. In such cases and under
relatively mild assumptions, quasi-maximum likelihood estimation (QMLE) can be
performed, where “quasi” indicates that the log-likelihood function is maximized “as
if” the innovations are normally distributed. Although QMLE is not efficient when the
innovations deviate from normality, the estimator remains consistent.

Since the introduction of GARCH models, a number of articles have addressed
different aspects of their statistical properties. Weiss (1986) presents asymptotic theory
for ARCH models, whereas Lumsdaine (1996) and Berkes et al. (2003) establish results
for the local GARCH(1, 1) and global GARCH(p, ¢) models, respectively. The term
“local” indicates that the maximization of the log-likelihood function occurs within
the proximity of the true parameter 6y. Subsequently, Francq and Zakoian (2004)
establish the consistency and asymptotic normality (CAN) for GARCH models under
even milder conditions. Hall and Yao (2003) provide results on ARCH and GARCH
models in the heavy-tailed setting (e.g. student-t distribution with 3, 4 or 5 degrees of
freedom). See also Robinson and Zaffaroni (2006) for pseudo-maximum likelihood
estimation. However, the aforementioned results all share the characteristic that they
work under the assumption of iid innovations.

While the assumption of iid innovations is convenient and substantially eases
asymptotic analysis, it is not fulfilled in all applications. Empirical evidence strongly
suggests the presence of time-varying conditional higher moments within the inno-
vations in several observed time series. Harvey and Siddique (1999) and Brooks
et al. (2005), for example, find evidence of autoregressive conditional skewness, and
autoregressive conditional kurtosis in financial time series, respectively. Jondeau and
Rockinger (2003), Ledn et al. (2005) and Dark (2010) allow for both autoregressive
conditional skewness and kurtosis, and White et al. (2008) propose a multi-quantile
conditionally autoregressive Value-at-Risk (CAViaR) model to capture autoregressive
conditional skewness and kurtosis. D’innocenzo et al. (2023) propose a score-driven
model allowing for time-varying conditional mean, variance and kurtosis.

In the presence of dependence within the innovations, it becomes necessary to
loosen the iid assumption. Lee and Hansen (1994) study the CAN of the local QMLE
in GARCH(1, 1) models under the assumption of martingale difference innovations.
More than a decade later, Escanciano (2009) proves CAN for the global QMLE of
the semi-strong GARCH(p, ¢) model where the errors are assumed to be a condition-
ally homoscedastic martingale difference sequence. Francq and Zakoian (2016) show
similar results for equation-by-equation estimators for multivariate volatility mod-
els. We refer to Linton et al. (2010) for least absolute deviation estimation (LADE)
for a nonstationary semi-strong GARCH(1, 1) model. Meitz and Saikkonen (2011)
establish outcomes concerning the consistency and asymptotic normality of QMLE
in nonlinear AR(p) models with GARCH(1, 1) errors, where the innovations are a
strictly stationary and ergodic martingale difference sequence. Kouassi et al. (2017a)
and Kouassi et al. (2017b) present results on pseudo-maximum likelihood estima-
tion under dependent innovations for the univariate GARCH(1, 1) and GARCH(2, 2)
model, respectively. See Lee and Kim (2022) for asymptotics for the semi-strong
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augmented GARCH(1, 1) model and Francq and Zakotan (2023) for quasi-likelihood
estimation for weak location-scale dynamic models.

The aforementioned studies, while contributing valuable theoretical insights, pre-
dominantly focus on the estimation of a range of GARCH models within the context
of dependent innovations. However, to the best of our knowledge, a gap remains in the
literature regarding bootstrap procedures to enhance the accuracy of approximating
the finite sample distribution of parameter estimates and volatility forecasts in such
non-iid settings. This paper aims to partially fill this gap. We present a novel solution:
a recursive-design residual block bootstrap technique tailored for GARCH processes
under dependent innovations. Our findings provide evidence that the characteristics
of a GARCH process under dependent innovations can be effectively maintained
through a bootstrap approach, particularly when the bootstrap GARCH processes fol-
low a recursive-design scheme and the bootstrap residuals are generated by sampling
random blocks of the model residuals. In our simulation study, innovation trajecto-
ries are generated from processes characterized by unchanging conditional mean and
variance, yet they display time-varying conditional higher moments. In doing so, we
gain insights into how time-varying conditional higher moments affect the variance
of parameter estimates and, consequently, volatility forecasts.

Numerous studies have explored bootstrapping techniques for GARCH processes.
Among the widely used methods is the residual bootstrap, with two notable varia-
tions: recursive-design (Pascual et al. 2006; Hidalgo and Zaffaroni 2007; Jeong 2017,
Liitkepohl and Schlaak 2019) and fixed-design (Shimizu 2010; Cavaliere et al. 2018;
Beutner et al. 2024; Schlaak et al. 2023). Pascual et al. (2006) propose a recursive-
design residual bootstrap for GARCH processes with iid innovations and therefore
ignore potential dependence in the higher moments. Cavaliere et al. (2018) present a
fixed volatility bootstrap for a class of ARCH(q) models. We will argue that within
the context of dependent innovations, the fixed-design bootstrap method falls short in
accurately quantifying the distribution of parameter estimates and volatility forecasts,
even when a block or stationary bootstrap procedure is performed instead of sam-
pling individual draws from the residuals’ distribution. Corradi and Iglesias (2008)
reconsider a block bootstrap procedure for GARCH processes with iid innovations
(as proposed by Gongalves and White 2004), in which one resamples blocks from
the likelihood function instead of the observables. The methods introduced above are
suitable for GARCH models featuring iid innovations, yet they prove inadequate when
the assumed iid nature of the innovations becomes overly restrictive. Gongalves and
Kilian (2004), for example, show that basic residual-based bootstrap procedures are
invalid for autoregressions with conditional heteroskedasticity.

We demonstrate the practical significance of our approach by applying it to financial
time series. To showcase the effectiveness of our proposed method, we compare it
with the inconsistent fixed-design procedure. In this application, we calculate the
next period’s volatility and bootstrap the confidence intervals using log-returns data
from the EU Emission Trading System and EUR/USD exchange rate. The findings
reveal residual dependence, leading to noticeable distinctions between the confidence
intervals generated by our recursive-design procedure and those produced by the fixed-
design bootstrap.
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In the subsequent section, we discuss the estimation of the parameters and the
volatility forecasts. Moving forward, Sect. 3 addresses the inadequacy of a fixed-design
block bootstrap approach, followed by a demonstration of how the recursive-design
block bootstrap procedure effectively quantifies uncertainty surrounding parameter
estimates. Section 4 presents a comprehensive simulation study to numerically validate
our assertions. Our empirical analysis is conducted in Sect. 5, and ultimately, Sect. 6
concludes.

2 Estimation

Throughout this paper, we assume the following data generating process:
€ = 011, ey

where ¢ € Z and {¢, } represent a sequence of observables, e.g. log-returns, {o; } denotes
the volatility process, and {7, } is a conditionally homoscedastic martingale difference
sequence of innovations, with cumulative distribution function (cdf) F, satisfying
E[n:|Fi—1] = 0 and E [p?|F,—1] = 1. Here, F, is the sigma-algebra generated by
{e;, t < u}. The volatility process is a measurable function of the observables, i.e.

01(90) = 6(6[_1, €r—25 .00y €1, €0, €1, -ovj 90)'

We have o : R® x ® — (0, 00), and 6 represents the true parameter vector, where
0 € ® C R" with r € N. We estimate the true parameter 6y by using QMLE.
This method is particularly relevant for GARCH models because it provides, under
mild regularity conditions, consistent and asymptotically normal estimators for strictly
stationary GARCH processes. In doing so, we assume the normality of the innovations
{n:}, while the actual distribution of the innovations may be non-Gaussian. In that case,
we have that €/5,(0) = n;(0) ~ N(0, 1) if 6 = 6y, where

01(0) = 0(€—1, €12, ..., €1, €0, €1, ...; O). (2)

Since we generally do not have observations (¢qp, €_1, ..., €_¢, ...), we replace these
observations by arbitrary values é; for t < 0, such that we obtain:

6:(0) = o (€1, ..., €1, €0, €_1, ...; 0),

which we can use to approximate the process shown in (2). The quasi-maximum
likelihood estimator 6, of 6y is defined by

6, = argmax L, (0) 3)
)
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where n is the sample size and L, denotes the criterion function:

n 2
Pn(6) = %Z@(@), where #,(0) = —% (;(’9)) —10g 5, (6).
=1 t

This paper builds on the assumptions of Francq and Zakoian (2016), hereafter FZ16
for convenience, which are found in Appendix A. Theorem 1 recalls the consis-
tency and asymptotic normality of the QMLE for univariate GARCH-type volatility
models under dependent innovations, as proved by FZ16 (Theorem 1 with k = 1).
An analogous result was proved by Escanciano (2009), but merely for semi-strong
GARCH(p, g) models, while the results of FZ16 hold for a broader range of GARCH-
type volatility models. In the remainder of this paper, we use x’ to denote the transpose
of a column vector x.

Theorem 1 (Consistency and Asymptotic Normality (FZ16)) Under Assumptions 1,
2, 3, 4(i) and 5(i) the estimator in Equation (3) is strongly consistent, i.e. O ey 6o. If;
in addition, Assumptions 4(ii), 5(ii), 6, 7 and 8 hold, we have

V@, —60) 5 N, D), )
where ¥ = J= 1T and
J=E[D:D;], I =E[(« — 1)D,D}],

1 3020)
512(9) a0

with D, (0) = and k; == E [} F—1].

In the following, we set D;(6g) = D; to lighten notation. If the innovations are iid, the
asymptotic variance in (4) reduces to Xjiq = (k — 1)J =" with « = E [}]. However,
if the innovations are not iid, then the asymptotic covariance matrix will typically be
different from X;;; and takes a so-called sandwich-form. ¥ is commonly estimated
by

. NP I N PO N o
S = J  dy ! where Jy = = 3" DDy and £, = 3 (n? - 1) D,D,.
=1 =1
. I ~ oA T 1 352() N
For convenience, we use D; = D;(6,) with D;(0) = 3@ 00 and 1, =
t

€/ &,2(5,1) denotes the model residual with empirical distribution function (edf)

F,(x) = % > i—1 L5, <x)- Combining Theorem 1 and the multivariate delta method,
a (1 — y)% conditional confidence interval can be constructed for the next period’s
volatility:

Clz (yIFa) =0y 0n) %

o1(1 — y/2) \/aoﬁl(éwzao,%ﬂ(énx s

NG 30’ 30
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The feasible version of the conditional confidence interval in (5) is

,1 ~2 A
(L—y/2) 052,60 o 852,60
CI&2+1()/|_7-')_U"+1(9):I: 7 \/ TR

It is worth highlighting that in a GARCH context the next period’s volatility & +1 )
and its derivatives are known conditionally on F,,, as they are functions of estimated
parameters, the lagged return, and the (latent) lagged volatility. For background on
and a theoretical justification of conditional confidence intervals in time series models,
see Beutner et al. (2021).

3 Bootstrapping GARCH processes under dependent innovations

The previous section covers the asymptotic distribution of the parameters and next
period’s volatility. For finite samples, however, an appropriately chosen bootstrap
procedure has the tendency to approximate the finite sample distribution of param-
eter estimates and the next period’s volatility more accurately. In this section, we
first discuss the inconsistency of the fixed-design bootstrap approach in the setting of
dependent innovations. Next, we present the recursive-design block bootstrap method
customized for GARCH processes under dependent innovations. Before we proceed
with a more in-depth examination of the two bootstrap designs, let us first provide a
brief introduction of the bootstrap methodology within the context of GARCH mod-
elling. When QMLE is performed (under the assumptions provided in Theorem 1),
one works under the assumption that the maximizer of the log-likelihood function can
be found by setting the derivative of the log-likelihood function (inflated by /) equal
to zero. Then, a Taylor expansion yields

n 2

0L (6n) 3Ly 1 3 R
= =5 —\/_Z (6’0)+< Zaeae/etwn))ﬁ(en—eo),

where 6, is between é,, and 6p. We can rewrite this, under the assumption that the
Hessian of the log-likelihood function is invertible, to

n 82

Vi (6, 60) = (123939/ ,<en>> (IZ (90))

FZ16 prove that the first part of the right-hand side converges to J ~! (see steps 3 and
4 of the proof of Theorem 3.1 in FZ16 for the asymptotic normality). Let us now have
a closer look at the second part of the right-hand side:

1 €’
ﬁ;ae = IZ ( 2(60) 1)'

@ Springer



Bootstrapping GARCH models under dependent innovations

FZ16 also show that, with I = E [(x, — 1)D; D] and D, = D, (6p).

d
\/_Z ( 0 1)—>N(O,I). (6)

For a bootstrap procedure to ensure consistency, it is necessary that the conditional
covariance matrix of the bootstrapped parameter estimates converges in probability to
the asymptotic covariance matrix of the original parameter estimates. Specifically, in
the context at hand, the conditional covariance matrix of the bootstrapped parameter
estimates should converge to the asymptotic covariance matrix presented in Theorem
1. Therefore, we require that the bootstrap estimator é,j fulfils the following:

V@ =6 5 N, T,

in probability. Here * indicates that we work in the bootstrap world (by a slight abuse
of notation we follow here the convention to denote a generic bootstrap procedure by a
*, while in the subsequent subsections * stands for the recursive-design bootstrap). For
this to be true, we need that the bootstrap analogue of (6) also holds in the bootstrap
world (note that €2 /52 (6p) ~ n?):

Ln >0 (n2=1) S N, D, )

~ %2
in probability, where D* = D*(Gn) and D*(Q) = “2 o) 30’39(9) with 6;(0) and €/

denoting the bootstrap volatility process and the bootstrap observation at time ¢,
respectively. In the remainder of this paper, we use * to indicate that we work in
the inconsistent fixed-design bootstrap world, whereas * denotes that we are consid-
ering the recursive-design bootstrap procedure.

Inconsistency of the fixed-design bootstrap

The fixed-design residual process for volatility models of the ARCH type, as pro-
posed by Cavaliere et al. (2018), generates bootstrap samples that all have the same
conditional volatility process as the estimated model. Accordingly, for every boot-
strap replication, the volatility process at time ¢ is known conditionally on F, and
thus a constant. This property significantly simplifies the asymptotic analysis. Addi-
tionally, the method is computationally attractive, as the volatility process is treated
as fixed and no recursive simulation of the volatility path is required. Furthermore, the
fixed-design bootstrap method is asymptotically valid under less stringent conditions
when compared to the recursive-design bootstrap methodology. For a broader range
of GARCH-type volatility models and conditional Value-at-Risk estimation within
the context of fixed-design bootstrap procedures, reference can be made to Beutner
et al. (2024). The fixed-design (moving) block bootstrap procedure is presented in
Algorithm 1. We obtain the iid fixed-design bootstrap procedure when setting / = 1.
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Algorithm 1 (Fixed-design moving block bootstrap) First, construct n — I blocks b;
of length IVi € {1, ...,n — I} such that b; = {0, Nit1s oes Nitks +ves Niti}-

1. Draw [n/I] numbers Uy, ..., Upyn ~ Uniform(1, n — 1) (with replacement) and
create the bootstrap innovations {n{, ..., nFX"/ﬂ <1} = 1buys buy,s s by, - In the
case that [n/I]1 x | # n, truncate the series such that it has length n. Generate
bootstrap observations € = &;(6,)n,".

2. Calculate the bootstrap estimator for the volatility process by QMLE

Anx = argmax L, (0)
0e®
with
LX) 1Xn:ZX(9) d €)= 1 “ 2 log 64(0)
= — n — 108 0, .
! g t ‘ o:(9) =

3. Compute the next period’s volatility using the original returns series and the
bootstrap estimator 60,

&nX—H = &"‘H(enx)’

where 6,11(0,) = 0ut1(€n, €n—1, ..., €1, €0, €—1, ...; 6,°).

Note that our setting differs from, for example, the regression case with conditional
heteroskedasticity, where a fixed-regressor bootstrap based on iid resampling of the
residuals is known to fail. In that context, the problem can be addressed by employing
a wild bootstrap scheme as proposed by Wu (1986). For time series data, one could, for
instance, consider recursive or fixed-design wild bootstrap procedures, such as those
proposed by Gongalves and Kilian (2004) for autoregressive models with conditional
heteroskedasticity of unknown form. In our setting, by contrast, consistency addition-
ally requires preserving the dependence between the innovations and the volatility
process. Intuitively, one might attempt to replace the iid resampling step with a block
bootstrap, the stationary bootstrap, or a time series variant of the wild bootstrap in
order to account for serial dependence. However, although such procedures may yield
consistency in other contexts, we will show below that the fixed-design bootstrap is, in
general, unable to reproduce the dependence between the innovations and the volatility
process induced by dependent errors.

We will now elaborate on the inconsistency of some fixed-design bootstrap schemes.
Note that, since the fixed- demgn bootstrap keeps the volatility process fixed across all
bootstrap replications, D (9 ) reduces to Dy (9 ) = D[ We set

n

Z ﬂf_fZDf< )

t=1

and assume for the rest of this subsection that, given the data, the ntxz’s are scaled
such that their second moments equal 1. Given that we are working in the bootstrap
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world, we need to calculate the variance conditional on the data, i.e. F,,. In order
for (7) to hold, we need this variance to converge in probability to the matrix on the
right-hand side of (7). For any fixed-design stationary bootstrap scheme, i.e. given the
data nlx, e, n,x are stationary, we have the following result. Hereafter, we use [E
and Var, to denote the expectation and variance conditional on F,.

Lemma 1 The bootstrap variance of Y ,_; Z,; denoted by Var, [Z;’:l an’t] is given
by:

1 n n R 1 .
Y DD [ = D = D] = Ex [ = 17 Z D:D,

t=1 u=1
n
Z > DDy (It —ul),
t=1 u=1,u#t

3|~

where y(s) = [Ex [(nf — 1)(17H_1 — 1)], s = 1,...,n — 1. Moreover, if
the bootstrap mimics the conditional second moment of the observations, i.e. if

x [(mX2 — 1)|.7-'tx_1] 0, where F[* | denotes the sigma-algebra generated by

{ny,.... 0}, then we have

n n

The proof of this lemma is given in Appendix B. Note that the convergence of
Un 304 ﬁ,ﬁ; — J almost surely follows under Assumptions 4 and 7 (ii); see,
for instance, Lemma 2 in Beutner et al. (2023). When E [77?|‘7:z—1] # Ik, it can be
directly seen from the second displayed equation in Lemma 1 that any bootstrap pro-

cedure for which E (nlX2 - 1)2] converges in probability to the respective moment
of n1 will fail because the asymptotic covariance matrix will be

(k —1)J! (8)

instead of the required ¥ = J~'7J~" (unless J =!I or I1J~! equals the identity
matrix multiplied by (¢ — 1)). It seems plausible that this claim remains true also
under weaker conditions. Although we leave a proof for future research, it is expected
that if the bootstrap cross-moments converge sufficiently fast to zero, the failure of the
fixed-design bootstrap will also follow from the first displayed equation of the above
lemma. More generally, the fact that by construction the fixed-design bootstrap always
allows to pull out the derivative of the volatility process from the bootstrap expectation
of Z, ', makes it very plausible that it must fail in general. As mentioned above, in
Sect.4 we combine the fixed-design bootstrap with the moving block bootstrap.
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The recursive-design residual block bootstrap

We shall now advance to the recursive-design residual block bootstrap for GARCH
processes under dependent innovations. Pascual et al. (2006) discuss the recursive-
design residual bootstrap for GARCH(1, 1) processes and assess its finite sample
properties employing a simulation study. We refer to Hidalgo and Zaffaroni (2007)
and Jeong (2017) for theoretical results on the recursive-design residual bootstrap
under iid innovations for ARCH(oco) and GARCH(p, g) processes, respectively. In
contrast with the fixed-design procedure, the bootstrap volatility processes (and their
derivatives) are now generated recursively. Consequently, conditionally on JF;,, the
bootstrap volatility processes are random and, under dependent errors, not independent
of the bootstrap innovations. The procedural steps outlined in Algorithm 2 show how
this feature of the recursive-design procedure ensures that the dependence between the
innovations and the volatility processes (and their derivatives) is notignored. However,
this feature also introduces a substantial level of complexity to the asymptotic analysis.

Algorithm 2 (Recursive-design residual block bootstrap)

First, construct n — 1 blocks b; of length | Vi € {l,...,n — l} such that b; =

iy Mi 1 woes Nitkes oo Mipt -

1. Draw [n/I] numbers Uy, ..., Upyy ~ Uniform(1, n — 1) (with replacement) and
create the bootstrap innovations {n7, ..., n’r’,,/l] w1} = tbuy, buy, ... by ). In the
case that [n/I1 x | # n, truncate the series such that it has length n. Generate
bootstrap observations € = &, n* recursively, with 5} = &7(6,) and 5} (0) =
or(€ 1, € 5, .. €],€0,€-1,€ 2, ...;0).

2. Calculate the bootstrap estimator for the volatility process by OMLE

6* = argmax L (0)
[SC)

with

* 1 é * * 1 6* 2 ~ %
L) =~ I;‘e, ) and  £0) =~ (5;29)) —log &/ (6).
3. Compute the next period’s volatility using the original returns series and the
bootstrap estimator 0,

OA—rT+1 = 6n+1(9;)»
where 511—5—1(9,:) = Ont1(€n, €n—1s ooy €1, €0, €1, ...5 9,: .
The difference between Algorithm 2 and Algorithm 1 is that in the first case, the
bootstrap volatility processes are generated iteratively using the estimated volatility
dynamics and the bootstrap observations. Therefore, the dependence between n;‘4

and lA),*lA)t*/ is not ignored. In Sect.4, we substantiate this claim by combining the
recursive-design bootstrap procedure with the moving block bootstrap.
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Bootstrapping confidence intervals

Algorithm 3 presents how to compute the confidence intervals surrounding the param-
eter estimates. The intervals can be interpreted as follows: given the past up to and
including time n, there is a 100 x (1 — y)% probability that the 100 x (1 — y)%
confidence interval contains the true parameter 6y (or o*n2 i ).

Algorithm 3 (Bootstrap confidence intervals for parameter estimates and the next

period’s volatility)

1. Generate B bootstrap replicates for él* (nb) withi € {l,...,r} and njfl)z forb =
1, ..., B by repeating Algorithm 2 (recursive-design) or ] (fixed-design).

2. Calculate the reversed-tails interval for the parameter estimates:

[el nt =G g0 (/2,00 + —=Gy gy (1= y/Z)} :

f «/—

where G;_Bl 0,(-) denotes the quantile function, or the generalized inverse, of
) WY
A B
G x) =1 1 aa(b) A .
n,B,G,-( ) B Zb_l {ﬁ(oi,(nh)_ai,n)fx}

3. Calculate the reversed-tails intervals for the next period’s volatility:

|: ”+1+TG;BIU2 (v/2),6 +1+TG;BI —)//2):|,
where G*~! (+) denotes the quantile function, or the generalized inverse, of

e Cnnot, !
G* X 1 o . .

2, O = B Do L e gz )<
The reversed-tails bootstrap conﬁdence interval is essentially the bootstrap analogue

of the (uncentered) statistic o 1 and is often reported in reduced form, in which it

‘reduces’ to the /2 and 1 — y /2 quantiles of + Zb (1 6102 < It is worth noting

<x}’
that we intentionally focus on the reversed-tails bootstrap conﬁdence interval in this

paper. In our simulation study, we included the equal-tailed percentile (EP) and the
symmetric (SY) interval, but the reversed-tailed confidence intervals outperformed the
EP and SY in all settings in terms of coverage and confidence interval length, which is
in line with the results of Beutner et al. (2024). For a theoretical motivation, we refer
to Falk and Kaufmann (1991).

4 Simulation study

In this section, we examine the finite sample performance of our proposed bootstrap
method compared to the fixed-design procedure. We conduct this analysis in scenarios
featuring dependence within the innovations. In the iid case, however, the fixed-design
procedure may be preferred, as it is computationally slightly less demanding and valid
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under less stringent conditions. For a comparison of the performance of the fixed- and
recursive-design bootstrap procedure for iid GARCH processes for ARCH(g) models
and conditional Value-at-Risk, we refer to Cavaliere et al. (2018) and Beutner et al.
(2024), respectively. We make use of the following specifications for the volatility
process o;:

GARCH(1,1) : 0} = o + Bie;—; + Pao/,
TGARCH(L,1,1): 0y = Bo + B € | + By €, + Broi—1,

with ¢,” = max(0, —¢;) and €,” = max (0, ¢;). For positivity of the volatility process,
werequire By > 0, B1 > Oand B> > 0for the GARCH(1,1) model and By > O, ,31‘Ir >
0,8 =0andB, >0 for the TGARCH(1,1,1) model. For the innovations process, we
adopt the GARCHSK model proposed by Ledn et al. (2005) and subsequently refined
by Leén and Niguez (2021), and the Autoregressive Conditional Kurtosis (ARCK)
model with a conditional student-¢ distribution as proposed by Brooks et al. (2005).
The first model enables the incorporation of time-varying conditional skewness and
kurtosis through the utilization of a time-varying Transformed Gram—Charlier (tv-
TGC) distribution. For a comprehensive analysis of the tv-TGC distribution, we direct
readers to Appendix C. Le6n and Niguez (2021) assume that the observables and the
distributional parameters evolve according to the following dynamics:

€ = WU + 011y,
77t|~7:t71 ~ TGC(Ov 1’ kt)’

ki = 80 + 8171 + 82k

For the sake of simplicity and convenience, we will disregard the time-varying mean
component (i.e. u; = 0 Vet € {l,...,n}). The DGP of the volatility process is
modelled using a GARCH(1, 1) (TGARCH(1, 1, 1)) structure with high persistence,
characterized by a true parameter vector denoted as (8o, 81, 82) = (0.1, 0.15, 0.8)
((Bo, ,31+, B; . B2) = (0.1,0.05, 0.1, 0.8)). The conditional mean, variance, and skew-
ness parameters of the tv-TGC distribution are held constant at 0, 1, and 0, respectively.
In this context, the term k; indirectly drives the conditional kurtosis of the tv-
TGC distribution. The true parameters for the updating equation of k; are set to
(80, 61, 82) = (2,0.15,0.4).
The ARCK framework is formulated as follows:

(v —2)
Vt
77t|‘7:z—1 ~ Z(Os 17 V[),
ki = 80+ 811 + S2ki—1,
22k —3)
k=3

€ = [ + o1, with

Vt
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Once more, we omit the mean component, that is, no = 0, and proceed to model
the volatility process using a GARCH(1, 1) (TGARCH(1, 1, 1)) structure with spe-
cific parameter values, namely (B, 1, 82) = (0.1, 0.4, 0.55) ((Bo, ,B]*, By, B2) =
(0.1, 0.1, 0.3, 0.5)). This choice is made to assess the performance of the model under
conditions of low persistence. In this context, k; serves as the driver for the degrees-
of-freedom parameter v;, which in turn is employed to accommodate heavier tails
in the conditional distribution of the innovations. Specifically, as v; > 4 decreases,
the conditional distribution exhibits heavier tails. Conversely, higher values of v; lead
to lighter tails, ultimately converging to a normal conditional distribution as v; tends
towards infinity. The true parameter values for the updating equation of k; in the ARCK
setting are set to (8o, 81, 82) = (1.5,0.4,0.5).

The outcomes are generated through S = 2,000 Monte Carlo repetitions and
B = 2,000 bootstrap replications, and an initial burn-in phase of 500. If a GARCH(1,1)
(bootstrap) parameter estimate falls outside of the stationary region, both the process
and the corresponding estimations are disregarded and replaced with a new realiza-
tion.! The length of the simulated time series denoted as 7, spans from 500 to 10,000.
To save space and improve the readability of the tables, we report the results for sample
sizes n € {500, 2,000, 10,000} in the main body of the paper. The supplementary
tables present results for n € {1,000, 5,000} as well. Correspondingly, the block
length, denoted as /, is allowed to vary within the range of 1 to 30 for n = 500, 1
to 50 for n € {1,000; 2,000}, 1 to 70 for n = 5,000, and 1 to 100 for n = 10,000.
In the forthcoming tables, the abbreviation “ASY” denotes the asymptotic variance
based on Theorem 1 within the recursive-design procedure (see Equation (4)). On
the other hand, “ASY” denotes the value obtained through (8) within the framework
of the fixed-design methodology. The bootstrapped residuals are subject to resam-
pling using the moving block bootstrap procedure, as outlined in Algorithms 2 and 1
for the recursive- and fixed-design bootstrap, respectively. The various block lengths
are illustrated along the horizontal axis for reference. We refer to Appendix E for
a smaller-scale simulation study in which the fixed- and recursive-design bootstrap
procedures are combined with the stationary bootstrap of Politis and Romano (1994).
Here blocks of random length are generated using the geometric distribution with
parameter p = 1/i. The simulation outcomes closely align with the results obtained
by the moving block bootstrap.

Tables 1 and 2 present the simulation results for parameter estimates of the
GARCH(1,1) process with tv-TGC and ARCK errors, respectively, with nominal cov-
erage of 0.9 for y = 0.1. (See also Appendix D Tables 6 and 7 for y = 0.05.) We
will commence with the tv-TGC scenario, i.e. Table 1. Across all sample sizes, it can
be seen that the empirical coverage for both the recursive-design and fixed-design
procedures exhibits similarity when [ = 1. More interestingly, it becomes clear that
when the block size is increased, the length of the confidence intervals (indicated
in parentheses) reduces under the recursive-design bootstrap procedure. Correspond-
ingly, the empirical coverage rates approach their nominal value. The results indicate
that, although having block lengths of reasonable size is essential, the specific block

! The stationary region of a GARCH(1,1) process is By > 0, B; > 0, B2 > 0 with 81 + B2 < 0. The
stationary region of the TGARCH(1,1,1) is not trivial (see Zakoian 1994). Therefore, the processes and
estimations of the TGARCH(1,1,1) are not disregarded and replaced.
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length itself does not significantly impact the outcome. This observation highlights
the robustness of our methodology. The results also demonstrate that for large sample
sizes (n = 10,000), the recursive-design bootstrap closely aligns with their asymp-
totic counterparts. While the empirical coverage occasionally falls slightly below its
nominal value for smaller sample sizes, this discrepancy diminishes for larger sample
sizes.

As anticipated, this trend is not observed in the case of the fixed-design bootstrap
methodology. In this approach, employing resampled blocks rather than individual
draws from the empirical distribution of residuals does not yield narrower (or wider)
confidence intervals. Furthermore, it is worth noting that the empirical coverage rates
of the fixed-design bootstrap procedure do not improve with increasing sample size n.
This highlights the inconsistency of the fixed-design bootstrap, as empirical coverage
rates are expected to approach their nominal levels as the sample size grows.

Table 2 presents the simulation results for the model with ARCK innovations for
y = 0.1 (see also Appendix D Table 7 for y = 0.05). When considering innovations
generated by an ARCK model, the results show similarities with the tv-TGC case,
albeit with minor discrepancies. In the tv-TGC scenario, we noted that the fixed-
design procedure tends to overestimate the uncertainty around parameter estimates,
especially for 81 and B,. Conversely, within the current context, and for both nominal
coverage levels 1 — y, the outcomes suggest that the fixed-design procedure either
underestimates (for B1) or overestimates (for fp) the uncertainty. Once again, the
results of the recursive-design framework show that for an increase in block length
1, the empirical coverage rates tend to approach their nominal value, and confidence
intervals widen for B; (shrink for Bp). Note that in comparison with the results for
the tv-TGC process, the bootstrap procedure (along with its asymptotic counterparts)
demands larger sample sizes to attain empirical coverage rates that closely converge
with their nominal values. This phenomenon can be attributed to our utilization of
a student-¢ distribution with a time-varying degrees-of-freedom parameter v, > 4,
which may tend to approach 4, thereby inducing heavy tails.

Concerning the TGARCH(1,1,1) with tv-TGC and ARCK innovations presented
in Appendix D Tables 8 and 9, respectively, the overall outcomes align with the
GARCH(1,1) configuration. This implies that the recursive-design bootstrap effec-
tively approximates the nominal coverage for larger sample sizes and block lengths,
whereas the fixed-design bootstrap procedure once again fails. A closer examina-
tion reveals that in the tv-TGC setting the under-coverage (over-coverage) for the
asymptotic confidence intervals is more pronounced for By and B> (ﬂl‘" and B;) in
comparison to the GARCH(1,1) scenario. Also, over-coverage is evident in smaller
sample sizes for all parameters in both bootstrap procedures, a trend that diminishes
with an increase in sample size. In the ARCK context, there is under-coverage observed
for the asymptotic confidence bounds in small sample sizes, which diminishes as the
sample size n increases. As for the empirical coverage rates determined by the boot-
strap procedures, it is noticeable that for n = 500, there is over-coverage. Specifically,
this over-coverage is observed for 8y and S, in the recursive-design procedure and for
,Bfr in the fixed-design procedure.

Tables 3 and 4 present the findings from the Monte Carlo simulation study for
the next period’s volatility in the context of the GARCH(1,1) process with tv-TGC
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and ARCK innovations, respectively, with nominal coverage y = 0.1. (See also
Appendix D Tables 10 and 11 for y = 0.05.) For the tv-TGC setting, increasing
the block length leads to a contraction of confidence intervals within the recursive-
design block bootstrap approach, whereas the fixed-design counterpart displays no
adaptability. Conversely, in the case of ARCK innovations, using larger block lengths
leads to larger confidence intervals, exclusively for the recursive-design procedure.
When employing the recursive-design procedure in the tv-TGC setting, the selection
of large block lengths / results in overly narrow confidence intervals. As a consequence,
the empirical coverage falls short of its nominal value. When dealing with samples
of modest size (n = 500), the empirical coverage achieved by the recursive-design
bootstrap markedly falls short in both settings, but when the sample size is enlarged,
the empirical coverage rates approach their nominal value. Once more, in the context
at hand, the coverage rates for the tv-TGC process are closer to their nominal values
in smaller sample sizes compared to those obtained in the ARCK setting, which can
be attributed to the pronounced heavy-tailed distribution inherent to the latter setting.

Concerning the TGARCH(1,1,1) illustrated in Tables 12 and 13 in Appendix D for
the tv-TGC and ARCK configurations, respectively, the findings closely parallel those
of the GARCH(1,1) framework. Specifically, in the context of tv-TGC (ARCK), the
confidence intervals decrease (increase) with the block length exclusively within the
recursive-design framework, while the fixed-design procedure once again falls short
in capturing the interdependence between innovations and volatility processes.

5 Empirical illustration

Based on the simulation study outlined in Sect.4, it is evident that when there exists
dependence in the higher moments of the distribution of the innovations, the confi-
dence intervals for the next period’s volatility generated by the fixed-design bootstrap
procedure can either surpass or fall short of the intervals derived from the recursive-
design bootstrap procedure proposed in this paper. This discrepancy hinges on the
specific DGP. This section aims to demonstrate the practical implications of our
findings regarding differences in the confidence bounds of parameter estimates and,
consequently, the next period’s volatility. To achieve this, we analyse data extracted
from the International Carbon Action Partnership, in particular, the price of CO2 in
the EU Emission Trading System (ETS), spanning from 18 January 2018 to 18 Jan-
uary 2023. Also, we use daily closing prices of the EUR/USD exchange rate from 22
October 2018 until 19 October 2023. The log-returns are computed using the formula
€; = 100 x log(p;/p:—1), where p; represents the price at time 7. The resulting data
are graphically presented in Appendix F Fig. 2. We implement the model specification
test for GARCH(1, 1) processes by Leucht et al. (2015) to test whether a GARCH(1,1)
specification fits the data well. The p-values, computed by performing 2,000 bootstrap
replications, are equal to 0.543 and 0.266 for the ETS and EUR/USD data, respec-
tively. This implies that we cannot reject the GARCH(1,1) model specification in both
settings. To calculate the next period’s volatility, we apply a GARCH(1, 1) model to
the preceding 933 and 1,000 log-returns, for the ETS and EUR/USD data, respectively.
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Table5 GARCH(1, 1) parameter estimates and confidence interval lengths

ETS EUR/USD

Bo Bi B2 Bo Bi B2
Point estimates 0.840 0.124 0.785 0.002 0.055 0.934
Recursive-design 1.048 0.127 0.188 0.006 0.051 0.062
Fixed-design 1.056 0.112 0.180 0.005 0.048 0.060
Sandwich-form 0.851 0.144 0.180 0.005 0.067 0.078
iid 0.946 0.105 0.168 0.004 0.047 0.056

90% confidence interval lengths are included and are calculated by Algorithm 3 with B = 2,000. RD and FD
denote the recursive- and fixed-design procedures, respectively. Sandwich-form represents the sandwich-
form estimated asymptotic covariance matrix and iid refers to the estimated asymptotic covariance matrix
assuming iid innovations

We calculate the parameter estimates by QMLE, and the uncertainty surrounding these
parameter estimates is quantified through the utilization of Algorithms 2 and 1.

In empirical settings, it is unknown whether dependence within the innovations is
present. In the iid setting, the fixed-design bootstrap procedure may be computationally
more appealing, but it is inconsistent when innovations are dependent. Therefore,
we perform the testing procedure proposed by Huo and Cho (2021) to test for the
sandwich-form of the covariance matrix. While the algorithm was originally designed
to test for heteroskedasticity and autocorrelation in least squares estimation, the same
principle can be adapted to assess the equality of GARCH covariance matrices. In this
study, we test the null hypothesis Xj;q = ¥ by applying the algorithm described by Huo
and Cho (2021) on p. 306 with B = 2,000 bootstrap iterations. As explained by the
authors, rejection of the null hypothesis implies a consistent detection of the sandwich-
form covariance matrix. The p-values of the test are 0.016 and 0.006 for the ETS
and EUR/USD, respectively, and are calculated using 2,000 bootstrap replications.
Therefore, for both time series, the null hypotheses of the equality of the covariance
matrices under dependent and independent innovations are rejected at the 5% level.
Hence, based on the test, the sandwich-form covariance matrix appears to be a more
suitable option.

Parameter estimates and corresponding confidence interval lengths of the bootstrap
procedures are provided in Table 5. The confidence intervals obtained by the recursive-
design bootstrap procedure and the estimated sandwich-form asymptotic covariance
matrix are notably larger (smaller) for 81 and B> (Bp) compared to the intervals derived
from the fixed-design bootstrap procedure and the estimated asymptotic covariance
matrix assuming iid innovations in the ETS setting. When examining the EUR/USD
data, the disparities in confidence interval lengths are narrower, but the confidence
intervals for the recursive-design procedure are still larger when compared to the fixed-
design procedure. These findings align with the results obtained from our simulation
study, especially within the ARCK context.

The visual representations in Fig. 1 are based on a rolling window analysis applied to
the preceding 933 and 1,000 log-returns for the ETS and EUR/USD data, respectively.
We employ a rolling window to allow for potential temporal dynamics. The black line
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depicts the next period’s volatility, while the grey striped and dotted lines portray the
90% confidence intervals for the fixed-design and recursive-design block bootstrap
methodologies, respectively. We select a block length of / = 15 for both bootstrap
procedures and both time series. While the choice of block length does not significantly
impact our findings, it is worth highlighting that this selection can be justified by the
results of our simulation study. Specifically, for a sample size of n = 1,000, the
empirical coverage rates demonstrate an increase up to / = 15 followed by a decrease
(see Tables 3 and 4). Therefore, it appears that [ = 15 is well suited for our sample
size.

The computation time for a single forecasting step in a fair comparison is approxi-
mately 45 s for the recursive-design bootstrap and 38's for the fixed-design bootstrap
when executed on a MacBook Air M3 without parallelization. Importantly, the esti-
mation procedure for the parameters in the recursive-design procedure can be done
using standard software packages such as arch in Python. When using such built-in
estimators (as in our simulation study), the computation time decreases substantially to
roughly 12 s per step. In contrast, standard packages such as arch cannot be employed
for the fixed-design procedure because the volatility process is kept fixed by construc-
tion, and this is not a standard option in existing software implementations. Finally,
parallelization can considerably reduce the total runtime for both bootstrap procedures.

Over the full sample, the confidence intervals show a notable degree of similar-
ity. However, when considering scenarios involving substantial squared returns, the
fixed-design bootstrap procedure produces narrower confidence bands compared to
the recursive-design moving block bootstrap procedure. This pattern corresponds with
the outcomes from our simulation study with ARCK errors detailed in Sect.4. This
phenomenon can be linked to the narrower confidence bounds around the parameter
estimates within the fixed-design bootstrap approach, which subsequently leads to
smaller confidence intervals for the next period’s volatility. This effect is particularly
prominent for 81, a number that is multiplied by the previous return in the GARCH
updating equation. Consequently, the fixed-design bootstrap procedure results in, pre-
sumably, too small confidence intervals, a pattern verified both by our simulation study
and by the observations presented in Fig. 1.

Following the suggestion of a reviewer, it would indeed be interesting to assess the
empirical coverage of the two bootstrap procedures for both the ETS and the EUR/USD
data. However, this is complicated by the fact that the true volatility process is latent. A
possible approach is to use a proxy such as realized volatility (RV). This is, for example,
done in Pascual et al. (2006), who propose the residual-design bootstrap procedure for
iid GARCH processes. The authors estimate the RV at day ¢ by summing the squared
I-minute returns within the day, i.e.

alRV = th,l +eee Tt Rlz,n‘
They find, however, that in their application the empirical coverage is well below the
nominal level for one-step-ahead volatility forecasts. We perform the same analysis
for EUR/USD and come to the same conclusion. The authors argue that, in GARCH
models, the one-step-ahead volatility is known conditional on the past, so the only
uncertainty in estimating next period’s volatility arises from parameter uncertainty. The
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Log-returns Log-returns
14| — Estimated volatility / 1.4 | — Estimated volatility
-~ Fixed-design -~ Fixed-design

12 Recursive-design Recursive-design

log-returns
log-returns

AR SR K BN R
v v v JV v
» o o o o

(a) ETS (b) EUR/USD

Fig. 1 Plots of the log-returns (in light grey) for the ETS (a) and EUR/USD (b) in the periods from 18
January 2018 until 18 January 2023 (ETS) and 22 October 2018 until 19 October 2023 (EUR/USD), with
the next period’s volatility (in black) based on a rolling window analysis using 933 (ETS) and 1,000
(EUR/USD) preceding observations. The 90% confidence intervals are computed according to Algorithm 3
with B = 2,000. The vertical axes are truncated to improve readability

RV proxy is substantially more variable than the one-step-ahead volatility predicted
by the model. Pascual et al. (2006) emphasize that this mismatch reflects limitations
of how GARCH models represent volatility at short horizons rather than shortcomings
of the bootstrap procedure itself. Since the RV analysis did not yield informative or
interpretable results, we have chosen not to include it in the manuscript.

6 Concluding remarks

This paper introduces a recursive-design residual block bootstrap method designed for
GARCH processes under dependent innovations. The procedure involves sampling
random blocks from the empirical distribution of residuals to recursively generate
new log-return paths. With each replication in the bootstrap, parameter estimates are
computed using QMLE. These parameter estimates are then employed to calculate the
volatility for the subsequent period. Our findings highlight a significant limitation in
the fixed-design bootstrap procedure, as it fails to capture the relationship between the
time-varying conditional fourth moment, the volatility process, and its derivatives. In
contrast, through a simulation study, we demonstrate that the recursive-design resid-
ual block bootstrap procedure successfully captures this dependency. Consequently,
it provides a more accurate quantification of the uncertainty surrounding parameter
estimates and the next period’s volatility.

Interestingly, our simulation study reveals that when there is dependence within the
higher moments of the innovations, the length of the confidence intervals derived under
the assumption of iid innovations may either surpass or fall short of the confidence
intervals obtained by our bootstrap procedure. This implies that our approach pro-
vides a more finely tuned way of estimating the uncertainty associated with parameter
estimates and the next period’s volatility.
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The consistency between our empirical findings and the outcomes of the simula-
tion study is noteworthy. For both financial time series, the empirical investigation
demonstrates that, in most instances, the confidence intervals derived from both fixed-
and recursive-design moving block bootstrap procedures exhibit a reasonable degree
of similarity. However, an interesting disparity emerges in the case of large lagged
squared returns. In such scenarios, the fixed-design produces narrower confidence
intervals, likely due to underestimation of the uncertainty.

While our assertions find support in an extensive simulation study, it is essential to
note that providing formal proof for the asymptotic validity of our bootstrap procedure
goes beyond the scope of this paper. This area of investigation is left open for further
research.

Appendices
A Assumptions

For completeness, the assumptions of FZ16 that we use are presented below. Note that
they are rewritten such that they apply to the univariate setting and that Assumption 1
is not presented as such in FZ16 but is mentioned on p. 616-617.

Assumption 1 © is a compact subset of R".

Assumption 2 (¢;) is a strictly stationary and ergodic process satisfying (1), with
E[le|* < oc] for some s > 0. Moreover, E [log(c7)] < oc.

Assumption 3 We have o0;(-) > w for some w and for any real sequence (¢;);>1, the
function 0 +— o (eq, e, ...; 0) is continuous. Also, we have o;(6y) = o,(f) almost
surely if and only if 8y = 6.

Assumption4 Let C > 0and 0 < p < 1 be generic constants, where C is allowed to
depend on variables anterior to t = 0.

(i) We have supycg |61(0) — 0:(0)| < Cp' almost surely.
(i1) For any real sequence (¢;);>1, the function 6 +— o (e, €2, ...; ) has continuous
second-order derivatives satisfying

90;(6)  90;(6)

326,(0)  9%0,(0)
20 20

< t
2096’ 9600 | =P

sup
0€V(6o)

H < Cp', and sup
0eV(6o)

almost surely.

Assumption 5 The innovations {n,} satisfy

(1) {n:} is a sequence of strictly stationary and ergodic random variables satisfying
E[n|Fi1] =0, E[n7|1Fi1] = 15
(i) E[ln[*"*®] < oo for some § > 0.

Assumption 6 6y belongs to the interior of ® denoted as int(®).
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Assumption 7 There is a neighbourhood V(6y) of 6y such that

. 1 90,0) 4(141/8) - 1 926,0) 2(141/8)
(i) sup , (ii) sup - i
eV Il 01(0) 90 0V ey || 01(68) 0096
6o 14
and (iii) sup 91 (60)
0eV(@y) | 01(0)

have finite expectations.

Assumption 8 There does not exist a nonzero A € R” such that A’ % = 0 almost
surely.

B Proof

Proofof Lemma 1 We start with the first claim. Note first that by construction D,
is constant w.r.t. the bootstrap measure which implies together with the fact that

E [nt"z] = 1 that

E, [[)t(ntx2 _ 1)] — D,E, [nlxz _ 1] —0.

Hence, we have

n n

Var, [Z Z} = Y BB E e - v@ -] o
t=1

t=1 u=lI

using again that D, and D,, are constant w.r.t. the bootstrap measure. The first displayed
formula of Lemma 1 now follows by stationarity. Regarding the second displayed

formula of this lemma, notice that the assumption [, [n,xz - 1|.7-'tx_1] = 0 implies
that for (u < t)

B [ D05 = DDu0i2 = D] = DDy Ex [01:2 = DES [072 = DIFS, || =0,

where we used again that D, and D,, are constant w.r.t. the bootstrap measure. There-
fore, (9) reduces to 1/n >}, D/D|E, [(17;(2 - 1)2] which by stationarity becomes

Ex [0 = 2|y i, DD
O
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C The time-varying transformed Gram-Charlier process

Set Hy := H3(n;) = 0} — 3n; and Hy := Ha(n;) = n} — 60> + 3. Then:

gl Fi—1) = (nr) [ H4:| =: oMV ().

3' 4

Here ¢ () denotes the pdf of the standard normal distribution. As this distribution may
be negative for particular values of n; and the integral of g(-|F;—1) may not be equal
to 1, Ledn et al. (2005) propose the following transformation:

\-112

FOulFror) = M, with
t

(ki —3)?

ro=re g B2

In order to obtain E [n, |.7-"t_1] =0and E [71;2|ft—1] = 1, the distribution is standard-
ized as follows?:

gl Fr=1) = ovje—1 f (Or)i—105 + peje—11Fr—1)-

Here, f4/,—1 and o;;—1 denote the conditional mean and standard deviation of the
innovations, respectively. Le6n and Niguez (2021) show that the conditional mean and
moment of the transformed Gram—Charlies series expansion truncated at the fourth
moment can be expressed as

2
s, (k; — 3) 6 ; + B

Eln:|Fi-11 = 4\/5—\/@ = pe—1 and B[} F_q]=1+

I

The analytical expressions for the conditional first and second moment imply that the
first moment equals O if either the conditional skewness is 0, the conditional kurtosis
k; is 3, or both. Furthermore, the conditional second moment equals 1 in case both
s; = 0and k; = 3.

To obtain a distribution with conditional second moment equal to 1 when s; and k;
deviate from 0 and 3, respectively, we use

s? | 8(k—3)2
637 + “4! : 2
— Ktj—1-

o1 =v/Varn | F ) = [E? 1 Foil — 3, = |1+

Iy

2 For f a continuous real-valued function defined on a closed interval [a, b] take standardized random
variable % orx = zo+u. Wethenhave P(X < oz+u) = F(oz+p) = f Tt f(x)dx. Subsequently,
by the first fundamental theorem of calculus: F/(6z + 1) = o f(oz + u).
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Fig.2 Plots of the log-returns and residuals for the ETS (a, b) and EUR/USD (¢, d) in the periods from 18
January 2018 until 18 January 2023 (ETS) and 22 October 2018 until 19 October 2023 (EUR/USD). The
residuals in plots b and d are obtained after fitting a GARCH(1,1) model on the corresponding log-returns

D Supplementary tables

See Tables 6, 7, 8,9, 10, 11, 12 and 13.

E Tables stationary bootstrap

See Tables 14, 15, 16 and 17.

F Plots log-returns and residuals
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