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Abstract. The Algebra of Physical Space (APS) is used to explore the
Constructive Standard Model (CSM) of particle physics. Namely, this
paper connects the spinor formalism of the APS to massive amplitudes
in the CSM. A novel equivalency between traditional CSM and APS-
CSM formalisms is introduced, called the Scattering Algebra (SA), with
example calculations confirming the consistency of results between both
frameworks. Through this all, two significant insights are revealed: The
identification of traditional CSM spin spinors with Lorentz rotors in
the APS, and the connection of the CSM to various formalisms through
ray spinor structure. The CSM’s results are replicated in massive cases,
showcasing the power of the index-free, matrix-free, coordinate-free, geo-
metric approach and paving the way for future research into massless
cases, amplitude-construction, and Wigner little group methods within
the APS.
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1. Introduction

The Standard Model (SM) of particle physics describes the elementary parti-
cles and their interactions. Traditionally, the SM uses fields which transform
under the Lorentz group. Since the Lorentz representations have more de-
grees of freedom than the physical states of the particles, it necessitates the
implementation of unphysical degrees of freedom. In order to cancel the re-
sulting effects of these additional degrees of freedom, “gauged” versions of
global symmetries must be implemented as well. In order to test the SM,
experimental physicists build particle accelerators that collide these parti-
cles at high energy and measure the resulting particles and their properties.
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Theoretical physicists, on the other hand, calculate the probability of these
collisions producing each final state. These probabilities are encoded in so-
called scattering amplitudes, which are mathematical quantities represent-
ing the transition from an initial configuration to some new configuration
(e.g. e+ + e− → μ+ + μ−). However, the calculation of amplitudes in the
SM is quite laborious and creates extremely complicated mathematical ex-
pressions. This point is more extensively discussed in [4]. This traditional
method of calculation involves Feynman-diagrams, and to refer to this, the
term Feynman-diagram Standard Model (FSM) is adopted. Recently, an ap-
proach spawned from advances in S-Matrix Theory and Twistor Theory has
led to the Constructive Standard Model (CSM) of particle physics [1,3,8,12–
14,17]. This CSM removes unnecessary degrees of freedom from the outset,
only constructing amplitudes and diagrams with the particles’ relevant trans-
formation groups: Wigner little groups. This new approach is presently in
agreement with the FSM’s results in all 3-point and 4-point amplitudes [5–
7,9]. Moreover, CSM diagrams are not simply a rewriting of FSM diagrams.
As discussed in [5], many diagrams differ significantly from their more tradi-
tional FSM counterparts despite the full amplitude returning identical results
when a momentum choice is made. It is worth noting that the methods devel-
oped here apply to field theories beyond the SM. However, we prefer to begin
with the SM since it is renormalizable, it is well-tested with a large collection
of validated scattering amplitudes, and is deeply grounded in physical reality.

A recent study explored the Wigner little group for photons within the
geometric Spacetime Algebra, G1,3, demonstrating the utility of Geometric
Algebra for studying Wigner little groups [10]. Since the CSM deals directly
with Wigner little groups, it is therefore reasonable to presume a similar
utility of Geometric Algebra for studying the CSM. Indeed, this paper will
demonstrate exactly this. The CSM approach will be presented using the
geometric Algebra of Physical Space (APS), G3, as it most directly translates
to the traditional approaches in CSM. However, this paper will not directly
deal with Wigner little groups. That is a subject deserving of its own pa-
per. Rather, this paper will connect the spinor formalism of the APS to the
massive amplitudes of the CSM. It will be seen that the central (scalar plus
pseudoscalar) projection of the APS replaces the matrix-trace to simplify
squared amplitudes, and that the geometric perspective gives new insights
into the CSM. The power of the Geometric Algebra approach is manifest
throughout the paper: The structures of matrices and indices can be wholly
explored with geometric, representation-free methods.

The layout of this paper will be as follows: The APS and its conventions
will be presented. Thereafter a spinor formalism will be presented, clarify-
ing the geometry, terminology, and relationships between relevant concepts
within the subject. Then the Scattering Algebra (SA) will be introduced as an
express equivalency between the traditional CSM methods and those of the
APS. Finally, example calculations using this SA will be given by squaring
the hff (Higgs and two massive fermions) amplitude, the Wqq (W-boson
and two massive fermions) amplitude, the T-channel photon contribution to
the f1f1f2f2 (two pairs of massive fermions) scattering amplitude, and also
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evaluating the S-channel Higgs-photon crossterm for the f1f1f2f2 scattering
amplitude. In the appendix a short discussion on chirality will be given, as
well as a table of correspondence for the traditional and APS formalisms.
Also in the appendix will be direct translations of all massive 2-body decay
amplitudes, all contributions to f1f1f2f2, and all contributions to ffhh. Ev-
ery amplitude presented in this paper has been confirmed to square to the
correct value as given by both the CSM and FSM, and the authors of this
paper believe the given examples are a sufficiently representative set such
that the squaring of amplitudes not presented in this paper could be done
following these rules.

2. Essential Conventions

The Algebra of Physical Space (APS) is the real geometric algebra G3 gener-
ated by the unipotent (+1-squaring) orthonormal vector basis

σx, σy, σz, (2.1)

which satisfies the inner product

σj · σk =
1
2
(σjσk + σkσj) = δjk, (2.2)

where δjk is the Kronecker delta [2,11,15]. Note that the basis vectors are
written with the same notation as the Pauli matrices. This choice brings
attention to the fact that those matrices act as a representation basis in
M2(C) (algebra of 2 × 2 complex-entry matrices) for the APS:

1 ≡
[
1 0
0 1

]
, σx ≡

[
0 1
1 0

]
, σy ≡

[
0 −i
i 0

]
, σz ≡

[
1 0
0 −1

]
. (2.3)

Any spatial vector a ∈ G3 can be written as a real linear combination of the
vector basis,

a =
∑

j

ajσj = axσx + ayσy + azσz. (2.4)

The geometric product of any two vectors a and b is given by

ab = a · b + a ∧ b, (2.5)

and the inner and outer products are respectively given by

a · b =
1
2
(ab + ba) = |a||b| cos θab =

∑
j

ajbj , (2.6)

and

a ∧ b =
1
2
(ab − ba) = |a||b| sin θab â ∧ b̂ =

1
2

∑
j �=k

(ajbk − akbj)σjk, (2.7)

where θab is the angle between the two vectors in the plane that joins them,
|a| and |b| are the magnitudes of the vectors as defined by Eq. 2.18, â = a/|a|
and b̂ = b/|b|, and σjk = σjσk = σj ∧ σk are the unit bivectors for j �= k.
These unit bivectors form an anti-unipotent orthonormal basis,

σxy = σxσy, σyz = σyσz, σzx = σzσx. (2.8)
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The APS also has a unit trivector, called the space’s pseudoscalar,

σxyz = σxσyσz = σx ∧ σy ∧ σz. (2.9)

It can be easily shown that this pseudoscalar commutes with all elements
of the APS, and is anti-unipotent. Therefore it is rewritten as i = σxyz and
identified with the unit imaginary. Through this, it is possible to interpret,
and rewrite, bivectors as imaginary vectors,

iσx = σyz, iσy = σzx, iσz = σxy. (2.10)

Moreover, the unit scalar 1 and pseudoscalar i form the basis for the algebra’s
center, which is the subset whose elements commute with all elements of the
APS, Center[G3] ≈ C, and is isomorphic to the algebra of complex numbers.

A general element g ∈ G3 is called a multivector. It is a real linear
combination of all bases, including 1 and i, and the bases in Eqs. 2.1 and 2.8.
If J is the multivector index for this complete algebraic basis, then

g =
∑
J

gJσJ = g0 + gxσx + gyσy + gzσz

+ gxyσxy + gyzσyz + gzxσzx + gxyzσxyz.

(2.11)

The number of real degrees of freedom for a multivector is eight, the same as
a general 2 × 2 complex matrix. The relation between a multivector and its
Pauli matrix representation in M2(C) is generated by the elements of Eq. 2.3.

Geometric algebras are Z2-graded, meaning they can be decomposed
into two subspaces: A subspace where elements are even multiples of vectors,
and a subspace where elements are odd multipes of vectors. Symbolically,
these two subspaces are respectively written as G+

3 and G
−
3 . Scalars are grade-

0, vectors are grade-1, bivectors are grade-2, and pseudoscalars (trivectors)
are grade-3. The algebra can be written as the direct sum of its graded-
subspaces,

G3 =
3⊕

j=0

G
j
3 = G

0⊕···⊕3
3 , (2.12)

where G
j
3 is the set of grade-j elements. From this concept of grade, the grade

projection can be defined as
〈g〉j ∈ G

j
3, (2.13)

satisfying
〈g〉j⊕k = 〈g〉j + 〈g〉k . (2.14)

It is often convenient to express multivectors as the sum of their graded sub-
components, and indeed it is necessary for the Scattering Algebra of Sect. 4.

There are three involutory (self-inverse) grade-selecting conjugations
inherent to the APS. The first is grade involution (in the APS, called parity
conjugation),

g− = 〈g〉0 − 〈g〉1 + 〈g〉2 − 〈g〉3 , (2.15)

which negates the odd-grade terms. Geometrically, this corresponds to negat-
ing all basis directions, which is why this is called parity conjugation in the
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APS. The second is called reversion (in the APS, called Hermitian conjuga-
tion),

g† = 〈g〉0 + 〈g〉1 − 〈g〉2 − 〈g〉3 , (2.16)

which negates bivectors and pseudoscalars. Additionally, for another mul-
tivector h ∈ G3, (gh)† = h†g†. The third is Clifford conjugation, and is a
composition of both parity and Hermitian conjugation,

g̃ = (g−)† = (g†)− = 〈g〉0 − 〈g〉1 − 〈g〉2 + 〈g〉3 , (2.17)

which negates vectors and bivectors. Using reversion on a grade-j element,
A ∈ G

j
3,

|A| =
√

AA† (2.18)

is the definition of the element’s magnitude.

2.1. Spin(3) in G3

The group Spin(3) ≈ SU(2) decsribes rotations within 3-dimensional (Eu-
clidean) space. So there should be no surprise that this spin group is natural
to the APS,

Spin(3) = {R ∈ G
+
3 |RR† = R†R = 1}, (2.19)

where R ∈ Spin(3) is called a rotor. This group exists within the algebra due
to the basis bivectors of Eq. 2.8, which form the Lie algebra spin(3) ≈ su(2).
In general, rotors are exponentials of an arbitrary bivector Ω = |Ω|Ω̂ ∈ G

2
3,

R = e− 1
2Ω = e− 1

2 |Ω|Ω̂. (2.20)

Then, using the sandwich product,

g �→ RgR†, (2.21)

any multivector can be rotated.

2.2. Spacetime in G3

The APS is able to describe (1 + 3)-spacetime geometry. This is because
the APS is isomorphic to the even subalgebra of the Spacetime Algebra,
G3 ≈ G

+
1,3. Multivectors which are the sum of scalars and vectors, called

paravectors, fill the role of the spacetime vector,

a = 〈a〉0 + 〈a〉1 = at + a, (2.22)

and are called spacetime-paravectors. The product of this spacetime-paravector
with its Clifford conjugate ã is

aã = ãa = aa− = a−a = (at + a)(at − a) = a2
t − a2

= a2
t − a2

x − a2
y − a2

z,
(2.23)

where the fact that a† = a was used. This product is the Lorentz-invariant
magnitude of the spacetime-paravector a. Given another spacetime-paravector
b ∈ G

0⊕1
3 , the spacetime product is

ab̃ = a :b + a ∧· b. (2.24)
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The first term is the spacetime inner product,

a :b =
1
2
(ab̃ + bã) = atbt − a · b, (2.25)

while the second term is the spacetime outer product,

a ∧· b =
1
2
(ab̃ − bã) = bta − atb − a ∧ b. (2.26)

There is an opposite parity definition for each spacetime product, obtained
by taking the parity conjugation of Eq. 2.24.

2.3. Spin(1, 3) in G3

As the APS is able to describe spacetime geometry, the Lorentz spin group
exists within the algebra, Spin(1, 3) ≈ SL(2,C):

Spin(1, 3) = {Λ ∈ G3 |ΛΛ̃ = Λ̃Λ = 1}, (2.27)

where Λ ∈ Spin(1, 3) is called a Lorentz rotor. The existence of the Lorentz
spin group within the APS is due to the basis vectors of Eq. 2.1 and the basis
bivectors of Eq. 2.8 together forming the Lie algebra spin(1, 3) ≈ sl(2,C). In
general, Lorentz rotors can be decomposed as

Λ = RL, (2.28)

where R is a rotor given by Eq. 2.20 and L ∈ G
0⊕1
3 is a Lorentz boost.

Explicitly, for a unit direction v̂ ∈ G
1
3 and rapidity (hyperbolic angle) η,

L = e
1
2ηv̂ (2.29)

is a Lorentz boost. Any spacetime-paravector is then Lorentz transformed
via the sandwich product,

a �→ ΛaΛ†. (2.30)
Note that this transformation only applies to spacetime-paravectors.

3. Spinor Formalism

If a particle’s spin orientation is given by the unit spin vector ŝ ∈ G
1
3, then for

every possible reference axis â ∈ G
1
3, there exists a rotor Rs ∈ Spin(3) ⊂ G

+
3

such that
ŝ = RsâR†

s. (3.1)
This rotor encodes the spin with respect to â, and is the operatorial Pauli
spinor of [11,16]. The spin of a particle can be determined using the inner
product between the spin vector and the reference axis, ŝ · â. If the product
returns +1, ŝ · â = +1, then Rs = 1 is called spin-up with respect to â.
Of course, there is a family of Rs which satisfy this condition by leaving â
invariant. But since such rotors, by definition of invariance, cancel themselves,
only Rs = 1 remains and is therefore the logical choice for spin-up (with
respect to â). If the product returns −1, ŝ · â = −1, then by equivalent logic
there exists a unit bivector B̂ ∈ G

2
3 such that Rs = B̂ is called spin-down

with respect to â. A general (operatorial) Pauli spinor will be a normalized
linear combination of these spin-up and spin-down components. Lastly, if
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Figure 1. The lightrays �± = (1± â)/2 shown on the light-
cone, partitioning time

p̂ ∈ G
1
3 is the unit vector in the direction of spatial momentum, and if the

inner product ŝ · p̂ = ±1 is considered, then Rs can be called the right/left
helicity with respect to â. A similar decomposition of this helicity rotor with
respect to p̂ is possible, and is analogously determined by the afore-written
inner product between the spin vector and the unit spatial-momentum.

It is possible, and indeed relevant for what comes, to introduce the
idempotents (projectors)

�± =
1
2
(1 ± â). (3.2)

Geometrically, these describe lightlike trajectories, earning �± the title of
lightrays, in the ±â direction. This is motivated by the fact that within the
APS methods for relativity, the unit scalar represents the unit timelike di-
rection, while the unit vector represents the unit spacelike direction [2,15].
Thus Eq. 3.2 tells one that time and space are in lockstep, meaning lightlike.
The lightrays border the lightcone and partition the timelike direction,

1 = �+ + �−. (3.3)

This is seen in Fig. 1. The lightrays �± are further called complementary
because of this partitioning. By this, any multivector g ∈ G3 can be lightray-
partitioned, g = g�+ + g�−. These two terms are called forward-oriented and
backward-oriented (light)ray spinors,

αF = g�+ and βB = g�−. (3.4)

For simplicity, and if differentiating between the two is needed, the first kind
will be called an F-ray spinor and the second kind a B-ray spinor. Like the
lightrays which form them, these ray spinors are called complementary since
they add to the multivector g. The F-ray spinor lives in the minimal left ideal
G3�+, while its complementary B-ray spinor lives in the mutually independent
minimal left ideal G3�−. The structure of these ray spinors, to be given near
this section’s end, is equivalent to the Vaz-da Rocha formalism in [19], to
the Penrose-Rindler formalism in [18], and to the two-spinor calculus in [11].
In general, for each reference axis â there exists a perpendicular unit vector



   17 Page 8 of 28 M. Croft and N. Christensen Adv. Appl. Clifford Algebras

b̂ ∈ G
1
3 satisfying â · b̂ = 0. It arises in the expansion of the ray spinors,

g�+ + g�− = αF + βB

= α↑�+ + α↓b̂�+ + β↑�− + β↓b̂�−,
(3.5)

for spin-components α↑/↓, β↑/↓ ∈ Center[G3] = G
0⊕3
3 ≈ C with respect to â.

However, this b̂ is not wholly new. It it related to the spin-down rotor (with
respect to â) through

B̂�± = ±b̂�±. (3.6)
This implies that, from Eq. 3.5 and invoking g = Rs, the α↑�+ and β↑�−
terms are the spin-up components of the Pauli spinor Rs (with respect to
â) projected onto each of the lightrays, �±. Likewise, the α↓b̂�+ and β↓b̂�−
terms are the spin-down components of this Pauli spinor Rs projected onto
each of the lightrays, �±.

Thus far, all equations have been presented in general forms based upon
the spin-measurement direction â. In physics it is standard practice to set
â = σz. This means that one makes reference along the z-direction. Doing
so implies that the spin-down component with respect to σz is σxz, and
that Eq. 3.6 becomes σxz�± = ±σx�±. In this case, it is easier to connect
with traditional matrix formalisms by mapping to the Pauli representation
in M2(C), the algebra of 2× 2 complex-entry matrices, as detailed in Sect. 2.
However, aside from the dictionary in Sect. 4, this paper will continue to
work coordinate-free with â.

3.1. Lorentz Spinors

The spacetime-paravector (scalar plus vector) p = E/c + p ∈ G
0⊕1
3 is called

the spacetime momentum (for energy E and speed of light c), and can be
constructed from the Lorentz transformation of a rest momentum,

p = ΛmcΛ†, (3.7)

where generally Λ = RL ∈ Spin(1, 3) is a composition of a rotor R ∈ Spin(3)
and a Lorentz boost L ∈ G

0⊕1
3 satisfying LL̃ = L̃L = 1. This implies

ΛΛ̃ = Λ̃Λ = 1. As will be shown near the end of Sect. 4, the method of
the Constructive Standard Model (CSM) conventionally1 uses Λ = RpLa,
where La is a boost in the â direction and Rp is the rotor rotating â into p̂,
the unit spatial-momentum direction. However, it is possible to simply boost
directly into the spatial-momentum direction with rapidity η = tanh−1 βrv

(where βrv = |v|/c is relative velocity),

Lp = e
1
2ηp̂ = cosh

η

2
+ p̂ sinh

η

2
, (3.8)

as this boost satisfies
p = LpmcL†

p. (3.9)
The proof of equality between Eqs. 3.7 and 3.9 is simple:

RpLaL†
aR†

p = RpLaR†
pRpL

†
aR†

p

= LpL
†
p,

1The conventional method of the CSM actually corresponds to â = σz .
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where both R†
pRp = 1 and RpLaR†

p = Lp were used. Because Rp by definition
satisfies p̂ = RpâR†

p, one might think this rotor can be called the right-
helicity with respect to â. But, it is important to realize that the rotors
within a Lorentz transformation are not the rotors involved in the definitions
of spin in Eq. 3.1. Mathematically, Rp �= Rs. This means that Rp is not
actually describing the spin-orientation of the particle, so calling it right-
helicity should be avoided.

It will be convenient to rewrite the spacetime momentum as either

p = λλ† or p = λpλ
†
p, (3.10)

where λ =
√

mcRpLa and λp =
√

mcLp are respectively called chiral and
achiral Lorentz spinors. A discussion on chirality is given in Sect. A. These
Lorentz spinors satisfy the mass condition,

λλ̃ = λ̃λ = λ−λ† = λ†λ− = λpλ̃p = λ̃pλp = mc, (3.11)

which is a logical consequence of the earlier normalization condition ΛΛ̃ =
Λ̃Λ = 1. When lightray-partitioned using the lightrays from Eq. 3.2, the
chiral Lorentz spinor gives

λ�+ + λ�− = e
η
2
√

mcRp�+ + e− η
2
√

mcRp�−

=

√
1
c
E + |p|(ξ+,↑�+ + ξ+,↓b̂�+)

+

√
1
c
E − |p|(ξ−,↑�− + ξ−,↓b̂�−).

(3.12)

The positive square-root eigenvalue states that the spatial-momentum (be-
fore Rp rotates it to p̂) is positively-aligned with the lightray �+, while the
negative square-root eigenvalue states that the spatial-momentum (before
Rp rotates it to p̂) is negatively-aligned with the lightray �−. Meanwhile, the
factors in parentheses are simply the rotor Rp projected on each lightray.
While the coefficients ξ±,↑/↓ have arrows indicating that the rotor has been
decomposed into its spin-components with respect to the reference axis â,
they do not give the spin of the particle with spacetime momentum p. It is
just a basis decomposition, stating what components are aligned with the
spin-up and spin-down elements of the spin defined by Eq. 3.1. For consis-
tency, these coefficients are related to Eq. 3.5 by α↑/↓ =

√
E/c + |p|ξ+,↑/↓

and β↑/↓ =
√

E/c − |p|ξ−,↑/↓. Continuing to apply the lightray-partitioning
to the achiral Lorentz spinor λp using the lightrays �± gives only

λp�+ + λp�− =
√

mc(ζ+,↑�+ + ζ+,↓b̂�+) +
√

mc(ζ−,↑�− + ζ−,↓b̂�−), (3.13)

which is arguably uninteresting since it only projects the spinor upon the
lightrays �±, as has already been demonstrated many times. Moreover, the
square-root eigenvalues hold no information regarding lightray-alignment. It
is more insightful to instead define another pair of lightrays,

p± =
1
2
(1 ± p̂). (3.14)
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Applying these gives

λpp+ + λpp− =

√
1
c
E + |p|p+ +

√
1
c
E − |p|p−. (3.15)

As with �± and λ, the positive square-root eigenvalue states that the spatial-
momentum is positively-aligned with the lightray p+, while the negative
square-root eigenvalue states that the spatial-momentum is negatively-aligned
with the lightray p−. Setting â = p̂ would imply that Rp = 1 in λ, thereby
equating Eqs. 3.12 and 3.15. Thus, for any achiral Lorentz spinor, the ligh-
trays p± are used to obtain the alignment eigenvalues.

It might seem like an unnecessary tangent to explain the lightray-
partitioned geometry of these Lorentz spinors. But this section will be a
helpful tool for Geometric Algebraists trying to learn the standard approach
to the Constructive Standard Model (CSM) which uses matrices with entries
equivalent to the alignment-eigenvalues and spin-components of this subsec-
tion. This section will also be a helpful tool for traditional physicists trying
to learn the Geometric Algebra approach to the CSM. The information of
this section will be of further relevance in the discussions near the end of
Sect. 4.

3.2. Ray Spinor Structure

The product which forms the foundation of the Scattering Algebra introduced
in Sect. 4 will be seen to satisfy the ray spinor structure. As such, it is
important to describe it. Here, the lightrays �± are used. But there would be
an identical structure for any complementary pair of lightrays.

Left/right ideals are subsets of an algebra wherein an element of the
ideal, whenever multiplied on the left/right by an element of the algebra, stays
inside the ideal. Minimal ideals contain no further ideals. As mentioned in the
section introducing the lightray-partitioning of a multivector, the Algebra of
Physical Space can be partitioned into two mutually-independent minimal left
ideals, G3�+ and G3�−. At the risk of a redundant statement, any multivector
g ∈ G3 can be lightray-partitioned into two complementary ray spinors,

g = g�+ + g�− = αF + βB. (3.16)

F-ray and B-ray spinors swap lightray-orientation via parity conjugation,

αB = α−
F = g−�− ∈ G3�− (3.17)

and
βF = β−

B = g−�+ ∈ G3�+, (3.18)
which also leads to swapping ideals. Now, ray spinor structure also involves
the minimal right ideals, �+G3 and �−G3, which are algebraically dual to the
left ideals. Ray spinors are then mapped to these right ideals via

αF = b̂α̃F = �+b̂g̃ ∈ �+G3 (3.19)

and
βB = b̂β̃B = �−b̂g̃ ∈ �−G3, (3.20)

which are each called a dual ray spinor. Dual ray spinors are just ray spinors,
first Clifford conjugated, then left-multiplied by b̂ (the vector relating to
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Figure 2. A directed-graph summary of the (light)ray
spinor structure in the Algebra of Physical Space

spin-down, from Eq. 3.6). As a whole, this swaps spin-components, inserts
a relative minus sign on one of the spin-components, and maps from the
original ray spinor’s ideal to its dual:

ψF/B = ψ±,↑�± + ψ±,↓b̂�± �→ ψF/B = �±b̂ψ±,↑ − �±ψ±,↓, (3.21)

where again ψ±,↑/↓ ∈ Center[G3] = G
0⊕3
3 ≈ C.

This structure is summarized by the directed graph in Fig. 2. The nota-
tion was defined in such a way as to encode for a symplectic Lorentz-invariant
ray spinor product. Supposing ψF/B and φF/B are non-complementary ray
spinors, then the ray spinor product is

ψF/BφF/B = b̂ψ̃F/BφF/B. (3.22)

It can be easily verified that if the spinors are equal, ψF/B = φF/B, then the
product vanishes, which is equivalent to ψF/BφF/B = −φF/BψF/B. A Lorentz-
invariant ray spinor product also exists in a non-symplectic form between an
F-ray spinor and B-ray spinor. Using αF/B and βB/F:

αF/BβB/F or βB/FαF/B. (3.23)

It can be easily proven that
〈
b̂αF/BβB/F

〉
0⊕3

=
〈
βB/FαF/Bb̂

〉
0⊕3

, which

precludes this product from being symplectic.
In summary, ray spinors exist as the partitioning, or projecting, of mul-

tivectors onto both, or one, of a pair of lightrays. Complementary F-ray and
B-ray spinors swap lightray-orientation under parity conjugation, which is
identical to saying that F-ray and B-ray spinors swap complementary ideals
under parity conjugation. Dual ray spinors are formed via the Clifford conju-
gate followed by a left-multiplication by b̂. Together, ray spinors and their du-
als with identical lightray-orientation form a (symplectic) Lorentz-invariant
product. And there is a (non-symplectic) Lorentz-invariant product between
ray spinors and dual ray spinors which don’t share lightray-orientation.
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4. Scattering Algebra

The Scattering Algebra (SA) is a tool2 within the Algebra of Physical Space
(APS) that allows for the calculation of constructive scattering amplitudes—
and moreover connects helicity methods to the APS—and it is built upon
Lorentz spinors. It is important to note that while there exist chiral and
achiral Lorentz spinors, the results for amplitude squares and interaction
terms are the same regardless of which is used. Therefore, without loss of
generality, this section will take λ to be a chirality-agnostic Lorentz spinor
satisfying Eq. 3.10. Furthermore, the natural-unit convention will be adopted
(c = 1). The SA is based off the Lorentz-invariant product, herein called the
Lorentz product,

B̂λ̃jλk, (4.1)

where j and k are particle labels, and B̂ is the spin-down rotor with respect
to the reference axis â. Using the lightrays �± defined by Eq. 3.2, the Lorentz
product decomposes into the symplectic and non-symplectic ray spinor prod-
ucts,

B̂λ̃jλk = βB
j βk

B − αF
j αk

F + βB
j αk

F − αF
j βk

B. (4.2)

Here j and k, both superscript and subscript, continue to serve as particle
labels. Regardless of the chirality of the Lorentz spinors, the above Lorentz
products describe left-chiral interactions. There is also a Lorentz product
describing right-chiral interactions, obtained using the ray spinor structure,3

−
(
B̂λ̃jλk

)−
= B̂†λ†

jλ
−
k

= βF
j βk

F − αB
j αk

B + βF
j αk

B − αB
j βk

F.
(4.3)

Of course, if the particles are the same (j = k), then the symplectic contri-
butions to both Eqs. 4.2 and 4.3 vanish. Likewise, the non-symplectic terms
remain and return

B̂λ̃jλj = −B̂†λ†
jλ

−
j = βB

j αj
F − αF

j βj
B

= αB
j βj

F − βF
j αj

B = B̂mj ,
(4.4)

which is equivalent to the mass identities4 in the appendix of [8]. While this
is indeed a trivial calculation given the fact it is a restatement of the mass
condition in Eq. 3.11, the non-symplectic ray spinor products show another
way of looking at the mass identity of Eq. 4.4: The cross-interaction of F-ray
and B-ray spinors which exist on the lightcone.

However, each Lorentz product is not yet in the SA. The Scattering
Algebra is taken to be an abstract space wherein Lorentz products are each
placed in their own subspace [8]. This is conceptually compatible with the

2The Scattering Algebra does not satisfy the definitions of an algebra and the use of

“algebra” is purely nominal.
3Using λk �→ λ−

k and B̂λ̃j �→ −(B̂λ̃j)
−, which is the structure summarized in Fig. 2.

4Equations A27 and A28.
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APS approach, but it turns out that the SA exists fully inside the APS. If
g ∈ G3 is some multivector, then its SA bracket is given by

[g]JK = �Jg�K + b̂�Jg�Kb̂, (4.5)

where J,K ∈ {+,−} are indices over lightray-orientation. The Hermitian
conjugate of the SA bracket is then(

[g]JK
)†

=
[
g†]

KJ
= �Kg†�J + b̂�Kg†�Jb̂. (4.6)

The raising and lowering of indices for SA brackets is simply a visual con-
vention to indicate summation. Clearly, the form of the two above equations
demonstrates there is no algebraic difference between upper and lower. Geo-
metrically, the indices select out magnitudes of components of the multivector
which have different lightray-alignments. The rightmost index K selects out
a specific ray spinor from the multivector, while the leftmost index J selects
the component of this ray spinor that is either parallel or perpendicular to
the lightray �K. Algebraically, the indices select out values corresponding to
the elements of the matrix representation induced by â. The construction of
Eq. 4.5 ensures equivalence between the traditional CSM approach and the
APS approach. It can be easily proven that for multivectors gj ∈ G3, using
the Einstein summation convention,

[g1]
AB [g2]BC [g3]

CD · · · = 2 〈g1g2g3 . . . 〉0⊕3 , (4.7)

where 〈·〉0⊕3 is the projection to the grade-0 and grade-3 subspaces, called
the central projection, and the final index of summation is a lowered A. This
use of the central projection to simplify squared amplitudes is identical to
the standard trace methods of [5–7,9]. To obtain the SA of the traditional
CSM, the Lorentz products are placed into their own SA brackets:

B̂λ̃jλk �−→
[
B̂λ̃jλk

]JK

B̂†λ†
jλ

−
k �−→

[
B̂†λ†

jλ
−
k

]JK

.

(4.8)

This is a map from the APS to the SA (also within the APS). While a
meaningful tool, it will be seen that the indices are redundant. The brackets
of Lorentz products have indices (and particle labels) that are antisymmetric
under particle-exchange,[

B̂λ̃jλk

]JK

= −
[
B̂λ̃kλj

]KJ

[
B̂†λ†

jλ
−
k

]JK

= −
[
B̂†λ†

kλ−
j

]KJ

.

(4.9)

These identities are crucial for correctly simplifying more complicated squared
scattering amplitudes. The Hermitian conjugate of both brackets are([

B̂λ̃jλk

]JK
)†

=
[
λ†

kλ−
j B̂†

]
KJ([

B̂†λ†
jλ

−
k

]JK
)†

=
[
λ̃kλjB̂

]
KJ

.

(4.10)
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Squared constructive amplitudes deal with the sum over indices of an am-
plitude times its Hermitian conjugate. Successfully completing such a square
returns twice the central projection, seen in Eq. 4.7, which can be easily sim-
plified using the well-known properties covered in the fourth chapter of [11].
An example, the square of the left-chiral Lorentz product, is then calculated
to be [

B̂λ̃jλk

]JK [
λ†

kλ−
j B̂†

]
KJ

= 2
〈
B̂λ̃jλkλ†

kλ−
j B̂†

〉
0⊕3

= 2
〈
p−

j pk

〉
0⊕3

= 2pj :pk,
(4.11)

where λ−
j λ̃j = p−

j and λkλ†
k = pk were invoked using Eq. 3.10, and the final

term pj :pk is the (paravector) spacetime inner product defined in Eq. 2.25.
Before continuing on, there is one last bracket in the SA that needs

discussing: That of momentum-insertion. A momentum-insertion product is
given by [

B̂λ†
jp

−
l λk

]JK

or
[
B̂†λ̃jplλ

−
k

]JK

. (4.12)

The indices (and particle labels) are antisymmetric under particle-exchange,[
B̂λ†

jp
−
l λk

]JK

= −
[
B̂λ̃kplλ

−
j

]KJ

=
[
B̂†λ̃kplλ

−
j

]KJ

, (4.13)

however it is not as straightforward. Indeed there was a negative sign as a
result of particle-exchange, but there was also5 an overall parity conjugation.
Thus the two different momentum-insertion products are equal within the SA.
Like the antisymmetric identity of Eq. 4.9, the above identity will likewise be
necessary in the simplification of certain squared amplitudes.

4.1. Initial Dictionary Between Traditional and Geometric Formalism

The chiral Lorentz spinors of the APS correspond directly with the spin
spinors of the Constructive Standard Model (CSM). The chiral Lorentz
spinor λ corresponds to the right-angle (spin) spinor, |j〉 J

α , where J ∈ {1, 2}
is a spin-index (row-index) and α ∈ {1, 2} is a Lorentz-index (column-index).
Specifically, when the reference axis â is chosen to be σz, the latter is the
matrix representation of the former:

λ =
√

mRpLz ≡
[ √

E + |p| cos θ
2 −√

E − |p| sin θ
2e−iω√

E + |p| sin θ
2eiω

√
E − |p| cos θ

2

]
↔ |j〉 J

α . (4.14)

Here, θ is the polar angle and ω is the azimuthal angle determined by Rp,
which in this case rotates from σz to the spatial-momentum direction p̂.
Notice that the traditional CSM notation for an angle spinor6 is not a ket,
despite having similar notation. The above correspondence is fully equivalent
to the lightray-partitioning of Eq. 3.12, so the geometric interpretation of
the matrix elements is the same. The Hermitian conjugate (reverse) of this

5This implies the involvement of the ray spinor structure.
6All spin spinors take on scalar values for specific index choices, but are represented by a

matrix–as seen in Eq. 4.14 and Eq. 4.15. These matrices are the representations of their
corresponding Lorentz spinors.
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Lorentz spinor, λ†, corresponds to the left-square (spin) spinor, [j|β̇J. The
latter is the transpose of the matrix representation of the former:

λ† =
√

mLzR
†
p ≡

[ √
E + |p| cos θ

2

√
E + |p| sin θ

2e−iω

−√
E − |p| sin θ

2eiω
√

E − |p| cos θ
2

]

↔
(
[j|β̇J

)T

.

(4.15)

It is seen that,
λλ† = p ↔ |j〉 J

α [j|β̇J = pαβ̇ , (4.16)

which is the momentum product of [4,8], where pαβ̇ is the matrix represen-
tation of the spacetime momentum p. The further correspondences between
the standard CSM spin spinors and APS-CSM Lorentz spinors are: That the
left-angle (spin) spinor 〈j|αJ is the transpose of the matrix representation of
σxzλ̃, and the right-square (spin) spinor |j]β̇J is the matrix representation of
λ−σzx. Therefore,

λ−λ̃ = p− ↔ |j]β̇J〈j|αJ = pβ̇α (4.17)

is the second momentum product of [4,8], where pβ̇α is the matrix represen-
tation of the (parity conjugated) spacetime momentum p−. The left-chiral
spinor product of the standard CSM (with raised spin-indices) is fully equiv-
alent to the left-chiral Lorentz product,

σxzλ̃jλk ↔ 〈j|αJ|k〉 K
α . (4.18)

The right-chiral spinor product of the standard CSM naturally has lowered
spin-indices. In the standard method for the CSM, all components of an
amplitude must have identically-positioned spin-indices, which means that
the right-chiral spinor product must have its spin-indices raised by an object
called the epsilon tensor, εJK. This object is simply the matrix representation
for σxz. Therefore the right-chiral spinor product of the standard CSM (with
raised spin-indices) is fully equivalent to the right-chiral Lorentz product,

σzxλ†
jλ

−
k ↔ [j|β̇MεMJ|k]β̇NεNK = −εJM[j|β̇M|k]β̇NεNK = [j| J

β̇
|k]β̇K.

(4.19)
Finally, the momentum-insertions of Eq. 4.12 likewise have their counterparts
in the standard CSM,

σxzλ
†
jp

−
l λk ↔ [j| J

β̇
pβ̇α

l |k〉 K
α (4.20)

and
σzxλ̃jplλ

−
k ↔ 〈j|αJpl,αβ̇ |k]β̇K. (4.21)

The power of the APS, and moreso of the Geometric Algebra approach to
physics, is manifest in this subsection: The methods of indices and matrix
representations can be replaced with geometric, representation-free methods.
This dictionary thereby serves as a first step toward a complete understanding
of the CSM through Geometric Algebra.
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4.2. Example Calculations

To demonstrate the SA in squaring constructive scattering amplitudes, three
examples will be given. First, the hff (Higgs and two massive fermions) scat-
tering amplitude will be squared, then the Wqq (W-boson and two quarks)
scattering amplitude, followed by the square of the T-channel photon con-
tribution to the f1f1f2f2 scattering amplitude. Lastly, the S-channel Higgs-
photon crossterm for f1f1f2f2 will be calculated. As aforementioned, the
particle-indices of the SA are redundant, so the first two example calcula-
tions will be shown with and without indices, while the latter two will only
be performed without indices.

4.2.1. hff with Indices. The coordinate-free form (using B̂ rather than σxz)
of the established dictionary is used for a direct translation of the hff scat-
tering amplitude from [9], giving

Mhff = −mf

V
([

B̂λ̃2λ1

]KJ

+
[
B̂†λ†

2λ
−
1

]KJ
)

, (4.22)

where mf is the fermions’ mass and V is the Higgs VEV. Both λ1 and λ2 are
for massive fermions. It is the convention of this paper to write amplitudes
like Mhff without indices. This shortens formulas in the CSM. Its Hermitian
conjugate is

M†
hff

= −mf

V
([

λ†
1λ

−
2 B̂†

]
JK

+
[
λ̃1λ2B̂

]
JK

)
. (4.23)

The square and sum (using the Einstein convention) over indices has four
terms,

∑
J,K

|Mhff |2 =
m2

f

V2

([
B̂λ̃2λ1

]KJ [
λ†
1λ

−
2 B̂†

]
JK

+
[
B̂λ̃2λ1

]KJ [
λ̃1λ2B̂

]
JK

)

+
m2

f

V2

([
B̂†λ†

2λ
−
1

]KJ [
λ†
1λ

−
2 B̂†

]
JK

+
[
B̂†λ†

2λ
−
1

]KJ [
λ̃1λ2B̂

]
JK

)
,

which further simplify due to the scalar projection:

=
m2

f

V2

(
2
〈
B̂λ̃2λ1λ

†
1λ

−
2 B̂†

〉
0⊕3

+ 2
〈
B̂λ̃2λ1λ̃1λ2B̂

〉
0⊕3

)

+
m2

f

V2

(
2
〈
B̂†λ†

2λ
−
1 λ†

1λ
−
2 B̂†

〉
0⊕3

+ 2
〈
B̂†λ†

2λ
−
1 λ̃1λ2B̂

〉
0⊕3

)

= 2
m2

f

V2

(
2p1 :p2 − 2m2

f

)

= 2
m2

f

V2

(
m2

h − 4m2
f

)
.

The last line was achieved by applying conservation of momentum. This result
is in agreement with the standard CSM calculation in [9], as is expected.
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4.2.2. hff Without Indices. The index-free version of Eq. 4.22 is

Mhff = −mf

V
([

B̂λ̃2λ1

]
+

[
B̂†λ†

2λ
−
1

])
, (4.24)

and its Hermitian conjugate is

M†
hff

= −mf

V
([

λ†
1λ

−
2 B̂†

]
+

[
λ̃1λ2B̂

])
. (4.25)

The (summed) sqaure is obtained directly by multiplication of the amplitude
with its conjugate:

∑
|Mhff |2 =

m2
f

V2

([
B̂λ̃2λ1

] [
λ†

1λ
−
2 B̂†

]
+

[
B̂λ̃2λ1

] [
λ̃1λ2B̂

])

+
m2

f

V2

([
B̂†λ†

2λ
−
1

] [
λ†

1λ
−
2 B̂†

]
+

[
B̂†λ†

2λ
−
1

] [
λ̃1λ2B̂

])

=
m2

f

V2

(
2
〈
B̂λ̃2λ1λ

†
1λ

−
2 B̂†

〉
0⊕3

+ 2
〈
B̂λ̃2λ1λ̃1λ2B̂

〉
0⊕3

)

+
m2

f

V2

(
2
〈
B̂†λ†

2λ
−
1 λ†

1λ
−
2 B̂†

〉
0⊕3

+ 2
〈
B̂†λ†

2λ
−
1 λ̃1λ2B̂

〉
0⊕3

)

= 2
m2

f

V2

(
m2

h − 4m2
f

)
.

The results are identical.

4.2.3. Wqq with Indices. The unsymmetrized coordinate-free Wqq scatter-
ing amplitude translated from [9] is

MWqq unsym =
gW

mW

[
B̂λ̃1λ3

]JL [
B̂†λ†

2λ
−
3

]KM

, (4.26)

where gW is a coupling constant, and mW is the mass of the W-boson. Both
λ1 and λ2 are quarks, with λ3 being the W-boson. The W-boson is a spin-1
particle, and therefore must be symmetrized in its index. Only one of either
the amplitude or its conjugate must be symmetrized. For this example, the
symmetrized scattering amplitude is used,

MWqq =
1
2

gW

mW

[
B̂λ̃1λ3

]JL [
B̂†λ†

2λ
−
3

]KM

+
1
2

gW

mW

[
B̂λ̃1λ3

]JM [
B̂†λ†

2λ
−
3

]KL

.

(4.27)

Now the amplitude is symmetric in L and M. This amplitude’s Hermitian
conjugate is

M†
Wqq =

gW

mW

[
λ†

3λ
−
1 B̂†

]
LJ

[
λ̃3λ2B̂

]
MK

. (4.28)

The following square and sum over indices has two terms,
∑

J,K,L,M

|MWqq|2 =
1

2

g2
W

m2
W

[
B̂λ̃1λ3

]JL [
λ†
3λ

−
1 B̂†

]
LJ

[
B̂†λ†

2λ
−
3

]KM [
λ̃3λ2B̂

]
MK

+
1

2

g2
W

m2
W

[
B̂λ̃1λ3

]JM [
λ̃3λ2B̂

]
MK

[
B̂†λ†

2λ
−
3

]KL [
λ†
3λ

−
1 B̂†

]
LJ

,
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which map to, and simplify due to, the scalar projections:

= 2
g2

W

m2
W

〈
B̂λ̃1λ3λ

†
3λ

−
1 B̂†

〉
0⊕3

〈
B̂†λ†

2λ
−
3 λ̃3λ2B̂

〉
0⊕3

+
g2

W

m2
W

〈
B̂λ̃1λ3λ̃3λ2B̂B̂†λ†

2λ
−
3 λ†

3λ1B̂
†
〉

0⊕3

=
g2

W

m2
W

(
2p1 :p3 p2 :p3 + m2

W p1 :p2

)

= g2
W

(
m2

W − 1
2
(m2

u + m2
d) − 1

2m2
W

(m2
u + m2

d)
2

)
.

As with the hff case, the last line was achieved by applying conservation of
momentum. This result is likewise in agreement with [9].

4.2.4. Wqq without Indices. The index-free version of Eq. 4.26 is

MWqq unsym =
gW

mW

[
B̂λ̃1λ3

] [
B̂†λ†

2λ
−
3

]
. (4.29)

Its index-free Hermitian conjugate is

M†
Wqq =

gW

mW

[
λ†

3λ
−
1 B̂†

] [
λ̃3λ2B̂

]
. (4.30)

The index-free symmetrized scattering amplitude is then

MWqq =
1
2

gW

mW

[
B̂λ̃1λ3

] [
B̂†λ†

2λ
−
3

]

+
1
2

gW

mW

[
B̂†λ†

2λ
−
3

] [
B̂λ̃1λ3

]
.

(4.31)

This symmetrized amplitude appears to be strictly equal to the non-
symmetrized amplitude. But there is a difference: The reversed second term
of Eq. 4.31 creates a new term in the square, one that creates a longer chain
of Lorentz spinors, like what was seen in the square of the indexed amplitudes
in the previous subsection. The reversal of this second term in Eq. 4.31, in or-
der to obtain the longer chain, is mnemonic. This implies that the term could
have been another

[
B̂λ̃1λ3

] [
B̂†λ†

2λ
−
3

]
/2, as long as the longer chain were

to be constructed anyway. Therefore symmetrization is about introducing a
factor of 1/2 per spin-1 particle, and accounting for the new chains formed.
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Now, calculating the index-free squared amplitude:

∑
|MWqq|2 =

1
2

g2
W

m2
W

[
B̂λ̃1λ3

] [
λ†

3λ
−
1 B̂†

] [
B̂†λ†

2λ
−
3

] [
λ̃3λ2B̂

]

+
1
2

g2
W

m2
W

[
B̂†λ†

2λ
−
3

] [
λ†

3λ
−
1 B̂†

] [
B̂λ̃1λ3

] [
λ̃3λ2B̂

]

=
1
2

g2
W

m2
W

4
〈
B̂λ̃1λ3λ

†
3λ

−
1 B̂†

〉
0⊕3

〈
B̂†λ†

2λ
−
3 λ̃3λ2B̂

〉
0⊕3

+
1
2

g2
W

m2
W

2
〈
B̂†λ†

2λ
−
3 λ†

3λ
−
1 B̂†B̂λ̃1λ3λ̃3λ2B̂

〉
0⊕3

= g2
W

(
m2

W − 1
2
(m2

u + m2
d) − 1

2m2
W

(m2
u + m2

d)
2

)
.

The results are once more identical. But clearly, there is a new and longer
chain, λ2 → λ3 → λ1 → λ3, that would not have been obtained without
symmetrization.

4.2.5. T-Channel Photon Contribution to f1f1f2f2. Translating from [6],
the T-channel photon contribution to the f1f1f2f2 scattering amplitude is

MγT = −κγT

[
B̂†λ†

1λ
−
4

]JM [
B̂λ̃2λ3

]KL

+ κγT

[
B̂†λ†

1λ
−
2

]JK [
B̂λ̃3λ4

]LM

− κγT

[
B̂λ̃1λ4

]JM [
B̂†λ†

2λ
−
3

]KL

+ κγT

[
B̂λ̃1λ2

]JK [
B̂†λ†

3λ
−
4

]LM

,

(4.32)

for κγT = 2Q1Q2e
2/t, where Qj is the charge of fj in units of e, and t is a

T-channel Mandelstahm variable. The index-free version is

MγT = −κγT

[
B̂†λ†

1λ
−
4

] [
B̂λ̃2λ3

]
+ κγT

[
B̂†λ†

1λ
−
2

] [
B̂λ̃3λ4

]

− κγT

[
B̂λ̃1λ4

] [
B̂†λ†

2λ
−
3

]
+ κγT

[
B̂λ̃1λ2

] [
B̂†λ†

3λ
−
4

]
,

(4.33)

and the index-free Hermitian conjugate is

M†
γT = −κγT

[
λ̃4λ1B̂

] [
λ†

3λ
−
2 B̂†

]
+ κγT

[
λ̃2λ1B̂

] [
λ†

4λ
−
3 B̂†

]

− κγT

[
λ†

4λ
−
1 B̂†

] [
λ̃3λ2B̂

]
+ κγT

[
λ†

2λ
−
1 B̂†

] [
λ̃4λ3B̂

]
.

(4.34)

All particles are spin-1
2 , with λ1 and λ2 corresponding to f1 and f1, and

with λ3 and λ4 corresponding to f2 and f2. The (summed) square of the
amplitude is once more obtained via direct multiplication of the amplitude
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and its conjugate. The first four terms of the squared amplitude are

κ2
γT

[
B̂†λ†

1λ
−
4

] [
λ̃4λ1B̂

] [
B̂λ̃2λ3

] [
λ†

3λ
−
2 B̂†

]

− κ2
γT

[
B̂†λ†

1λ
−
4

] [
λ̃2λ1B̂

] [
B̂λ̃2λ3

] [
λ†

4λ
−
3 B̂†

]

+ κ2
γT

[
B̂†λ†

1λ
−
4

] [
λ†

4λ
−
1 B̂†

] [
B̂λ̃2λ3

] [
λ̃3λ2B̂

]

− κ2
γT

[
B̂†λ†

1λ
−
4

] [
λ†

2λ
−
1 B̂†

] [
B̂λ̃2λ3

] [
λ̃4λ3B̂

]
.

Notice that the second and fourth lines do not have properly ordered particle-
labels. To remedy this, the antisymmetry of particle exchange in Eq. 4.9 is
applied. This results in the four terms simplifying to scalar projections:

= 4κ2
γT

〈
B̂†λ†

1λ
−
4 λ̃4λ1B̂

〉
0⊕3

〈
B̂λ̃2λ3λ

†
3λ

−
2 B̂†

〉
0⊕3

+ 2κ2
γT

〈
B̂†λ†

4λ
−
1 λ̃1λ2B̂

2λ̃2λ3λ
†
3λ

−
4 B̂†

〉
0⊕3

+ 4κ2
γT

〈
B̂†λ†

1λ
−
4 λ†

4λ
−
1 B̂†

〉
0⊕3

〈
B̂λ̃2λ3λ̃3λ2B̂

〉
0⊕3

+ 2κ2
γT

〈
B̂†λ†

4λ
−
1 λ†

1λ
−
2 B̂†B̂λ̃2λ3λ̃3λ4B̂

〉
0⊕3

= 2κ2
γT (2p1 :p4 p2 :p3 + p1 :p3m2m4 + 3m1m2m3m4 + p2 :p4m1m3).

The remaining twelve terms in the squared amplitude are obtained identically,
and the final result is

∑
|M(γ/g)T |2 = 8κ2

γT (p1 :p4 p2 :p3 + p1 :p2 p3 :p4)

+ 8κ2
γT (p1 :p3m2m4 + p2 :p4m1m3 + 2m1m2m3m4).

This has been further simplified and verified by the authors.

4.2.6. S-Channel Higgs-Photon Crossterm for f1f1f2f2. Translating from
[6], the S-channel Higgs contribution to the f1f1f2f2 scattering amplitude is

MhS = κhS

([
B̂λ̃1λ2

]JK

+
[
B̂†λ†

1λ
−
2

]JK
)

([
B̂λ̃3λ4

]LM

+
[
B̂†λ†

3λ
−
4

]LM
) (4.35)

for the coefficient κhS = e2m1m2/4m2
W s2

W (s − m2
h). Here e is the unit of

charge, mj is the mass of fj , mW is the mass of the W-boson, mh is the mass
of the Higgs boson, sW = sin θW is the sine of the Weinberg angle, and s
is an S-channel Mandelstahm variable. The S-channel photon contribution is



The Scattering Algebra of Physical Space Page 21 of 28    17 

likewise

MγS = κγS

[
B̂†λ†

1λ
−
4

]JM [
B̂λ̃2λ3

]KL

+ κγS

[
B̂†λ†

1λ
−
3

]JL [
B̂λ̃2λ4

]KM

+ κγS

[
B̂λ̃1λ4

]JM [
B̂†λ†

2λ
−
3

]KL

+ κγS

[
B̂λ̃1λ3

]JL [
B̂†λ†

2λ
−
4

]KM

,

(4.36)

for κγS = −2Q1Q2e
2/s. The index-free amplitudes for both the Higgs and

photon contributions are respectively

MhS = κhS

([
B̂λ̃1λ2

]
+

[
B̂†λ†

1λ
−
2

]) ([
B̂λ̃3λ4

]
+

[
B̂†λ†

3λ
−
4

])
(4.37)

and

MγS = κγS

[
B̂†λ†

1λ
−
4

] [
B̂λ̃2λ3

]
+ κγS

[
B̂†λ†

1λ
−
3

] [
B̂λ̃2λ4

]

+ κγS

[
B̂λ̃1λ4

] [
B̂†λ†

2λ
−
3

]
+ κγS

[
B̂λ̃1λ3

] [
B̂†λ†

2λ
−
4

]
,

(4.38)

with

M†
hS = κhS

([
λ†

2λ
−
1 B̂†

]
+

[
λ̃2λ1B̂

]) ([
λ†

4λ
−
3 B̂†

]
+

[
λ̃4λ3B̂

])
(4.39)

being the Hermitian conjugate of Eq. 4.37. There are sixteen terms in total
within the crossterm

∑MγSM†
hS . The first term is

κγSκhS

[
B̂†λ†

1λ
−
4

] [
λ†

4λ
−
3 B̂†

] [
B̂λ̃2λ3

] [
λ†

2λ
−
1 B̂†

]
.

The particle-labels are once more not properly ordered, so the antisymmetry
in Eq. 4.9 is again used to obtain

κγSκhS

[
B̂†λ†

1λ
−
4

] [
λ†

4λ
−
3 B̂†

] [
B̂†λ̃3λ2

] [
λ†

2λ
−
1 B̂†

]

= 2κγSκhS

〈
B̂†λ†

1λ
−
4 λ†

4λ
−
3 B̂†B̂†λ̃3λ2λ

†
2λ

−
1 B̂†

〉
0⊕3

= 2κγSκhSm1m4p2 :p3.

The remaining fifteen terms are found in the same manner, with∑
MγSM†

hS = 8κγSκhS(m1m4p2 :p3 − m2m4p1 :p3 − m1m3p2 :p4 + m2m3p1 :p4)

as the resulting crossterm. This has been further simplified and verified by
the authors.

5. Discussion

Compared to the traditional methods of the Constructive Standard Model
(CSM), the Geometric Algebra approach within the Algebra of Physical Space
(APS) has manifest power. The structure and methods involving indices and
matrices can be analyzed with geometric, representation-free methods. As an
unintended side-effect of such an analysis, the geometry of the APS has given
two new insights into the CSM. The first is the fact that the spin spinors



   17 Page 22 of 28 M. Croft and N. Christensen Adv. Appl. Clifford Algebras

of the CSM, discussed in Sect. 4, are simply Lorentz spinors (scaled Lorentz
rotors) and therefore cannot hold any particle-spin information. Included in
this first insight is the identification of a new type of spin spinor not dis-
cussed previously within the traditional CSM, but well-known within the
APS: The Hermitian λp of Eq. 3.9, in this paper called an achiral Lorentz
spinor. The second insight is the discovery that the CSM adheres to the ray
spinor structure, presented in Sect. 3. Algebraically, this connects the CSM
to other formalisms like the Vaz-da Rocha formalism in [19], to the Penrose-
Rindler formalism in [18], and to the two-spinor calculus in [11]. Geometri-
cally, this insight demonstrates a way to view the CSM through the geometry
of forward-oriented and backward-oriented lightrays on the lightcone.

On top of these insights, the results of the CSM were replicated in the
massive cases. This was made possible by the introduction of the Scattering
Algebra (SA) in Sect. 4, which is a novel tool within the APS that establishes
isomorphism between the traditional CSM and the APS approach. However,
this paper only explored massive cases. A line of further research is the repli-
cation of the CSM’s massless cases using the APS and the SA. Closely related
to this is the exploration of Wigner little group methods inside the APS, and
the development of a method for amplitude-construction within the APS and
SA.
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Appendix A. Chirality of Lorentz Spinors

Consider a Lorentz transformation which boosts in the ĉ ∈ G
1
3 direction and

rotates about the axis, iĉ ∈ G
2
3, parallel to the boost:

Λc = e
1
2 (ζ1−iζ2)ĉ. (A.1)

Here ζj ∈ Center[G3] = G
0⊕3
3 ≈ C is allowed by the fact that ĉ and iĉ are

dual to one another (through multiplication by ±i). This is a completely
general way of parameterizing a Lorentz transformation which rotates about
the boost direction.

A left-chiral transformation involves Λc, and choosing ζ2 = iζ1. Under
a left-chiral transformation, it is seen that of the Lorentz spinors λ, λ̃, λ†,
and λ−, which are determined by λ =

√
mcRpLa in Eq. 3.7, only the first

two spinors transform whereas the latter two remain the same:

λ �→ eζ1ĉλ, λ̃ �→ λ̃e−ζ1ĉ, λ† �→ λ†, λ− �→ λ−. (A.2)

Likewise, a right-chiral transformation involves Λc with ζ2 = −iζ1. Under a
right-chiral transformation, the former two spinors stay the same while the
latter two transform:

λ �→ λ, λ̃ �→ λ̃, λ† �→ λ†eζ1ĉ, λ− �→ e−ζ1ĉλ−. (A.3)

Therefore λ and λ̃ are said to transform left-chirally, while λ† and λ− are
said to transform right-chirally. These transformations are necessary but not
sufficient to declare the spinors’ chiralities, however. For example, consider
the Lorentz spinor λp =

√
mcLp of Eq. 3.9. This spinor and its conjugates

obey Eqs. A.2 and A.3. This spinor is also Hermitian, meaning λp = λ†
p.

A Lorentz spinor which transforms left-chirally is equal to a Lorentz spinor
which transforms right-chirally. In this case, it is implied that λp is achiral.
Thus the additional condition for sufficiency when determining a Lorentz
spinor’s chirality is that, without loss of generality, λ �= λ†. In short, λ and
λ† are respectively left-chiral and right-chiral if and only if λ transforms left-
chirally while λ† transforms right-chirally, and λ �= λ†. An identical statement
can be made for λ̃ and λ−. It is for this reason that λ =

√
mcRpLa (and its

conjugates) are called chiral Lorentz spinors.
It should be noted that the Lorentz product of Eq. 4.1 is called left-chiral

because the product remains invariant non-trivially under left-chiral trans-
formations. Likewise, the Lorentz product of Eq. 4.3 is called right-chiral
because the product remains invariant non-trivially under right-chiral trans-
formations. Under right-chiral transformations, the left-chiral Lorentz prod-
uct remains trivially invariant. The same is true for the right-chiral Lorentz
product under left-chiral transformations. It is for these reasons that a dis-
tinction between left-chirality and right-chirality can be made for the Lorentz
products.

It was noted in Sect. 4 that the left-chiral and right-chiral Lorentz prod-
ucts are related to one another via the (light)ray spinor structure of Sect. 3.
Specifically, using λk �→ λ−

k and B̂λ̃j �→ −(B̂λ̃j)−. This demonstrates that
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the difference between the chiral Lorentz products is held by the ray spinor
structure, independent of the chirality of the spinors themselves.

Appendix B. Table of Concurrence

Object Traditional Relation SA/APS

Right-angle spinor |j〉 J
α ≡ λ =

√
mcRpLa

Left-angle spinor (transpose)
(〈j|αJ

)T ≡ B̂λ̃

Right-square spinor |j]β̇J ≡ λ−B̂†

Left-square spinor (transpose)
(
[j|β̇J

)T

≡ λ†

(Raising) epsilon tensor εJK =
[
B̂†

]JK

(Lowering) epsilon tensor εJK =
[
B̂

]
JK

(Left) Lorentz product 〈j|αJ|k〉 K
α =

[
B̂λ̃jλk

]JK

(Right) Lorentz product [j| J
β̇

|k]β̇K =
[
B̂†λ†

jλ
−
k

]JK

(First) momentum insertion [j| J
β̇

pβ̇α
l |k〉 K

α =
[
B̂λ†

jp
−
l λk

]JK

(Second) momentum insertion 〈j|αJpl,αβ̇ |k]β̇K =
[
B̂†λ̃jplλ

−
k

]JK

Appendix C. Translated Constructive Amplitudes

C.1. 2-Body Decay Amplitudes

There are three massive fermionic 2-body decay amplitudes in the Stan-
dard Model, hff (Higgs and two massive fermions), Wqq (W-boson and two
quarks), and Zff (Z-boson and two massive fermions).

C.1.1. hff . The constructive scattering amplitude for a Higgs and two mas-
sive fermions is given by Eq. 4.22.

C.1.2. Wqq. The constructive scattering amplitude for a W-boson and two
quarks is given by Eq. 4.26.

C.1.3. Zff . Translating from [9], the constructive scattering amplitude for
a Z-boson and two massive fermions is

MZff =
gL

mZ

[
B̂λ̃1λ3

]JK [
B̂†λ†

2λ
−
3

]LM

+
gR

mZ

[
B̂†λ†

1λ
−
3

]JK [
B̂λ̃2λ3

]LM

,

(C.1)

where the gL/R are left-chirality and right-chirality coupling constants, and
mZ is the mass of the Z-boson. Both λ1 and λ2 are massive fermions, and λ3
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is the Z-boson. Since the Z-boson is spin-1, the symmetrization techniques
shown in Sect. 4 for the Wqq amplitude must be employed when squaring.
The Zff amplitude has been confirmed to square to the value calculated in
both the Constructive Standard Model (CSM) and the SM.

C.2. f1f1f2f2 Scattering Amplitudes

For two pairs of massive fermions there are contributions to the scattering
amplitude from photons, Higgs-bosons, Z-bosons, and W-bosons. These come
in S-channels and T-channels for a total of seven terms. When squaring the
full amplitude,

Mf1f1f2f2
= MγS + MγT + MhS + MhT

+MZS + MZT + MWT
(C.2)

there are squared terms and crossterms. Both squared terms and crossterms
have been confirmed to agree with the values calculated in both the CSM
and the FSM.

For the upcoming constructive amplitude contributions, the Lorentz
spinors λ1 and λ2 correspond to f1 and f1, while the Lorentz spinors λ3 and
λ4 correspond to f2 and f2.

C.2.1. S-Channel Photon Contribution. The constructive scattering ampli-
tude for the S-channel photon contribution is given by Eq. 4.36.

C.2.2. T-Channel Photon Contribution. The constructive scattering ampli-
tude for the T-channel photon contribution is given by Eq. 4.32.

C.2.3. S-Channel Higgs Contribution. The constructive scattering amplitude
for the S-channel Higgs contribution is given by Eq. 4.35.

C.2.4. T-Channel Higgs Contribution. The T-channel Higgs contribution only
appears when f2 = f1. Translating from [6], the T-channel Higgs contribution
is

MhT = κhT

([
B̂λ̃1λ3

]JK

+
[
B̂†λ†

1λ
−
3

]JK
)[

B̂λ̃2λ4

]LM

+ κhT

([
B̂λ̃1λ3

]JK

+
[
B̂†λ†

1λ
−
3

]JK
)[

B̂†λ†
2λ

−
4

]LM

,

(C.3)

where κhT = −κhS(s−m2
h)/(t−m2

h), with t being a T-channel Mandelstahm
variable.
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C.2.5. S-Channel Z-Boson Contribution. From [6], the S-channel Z-boson
contribution is

MZS = κZS1

([
B̂λ̃1λ2

]JK

−
[
B̂†λ†

1λ2

]JK
)[

B̂λ̃3λ4

]LM

− κZS1

([
B̂λ̃1λ2

]JK

−
[
B̂†λ†

1λ
−
2

]JK
) [

B̂†λ†
3λ

−
4

]LM

+ κZS2gR1gR2

[
B̂†λ†

1λ
−
4

]JM [
B̂λ̃2λ3

]KL

+ κZS2gL2gR1

[
B̂†λ†

1λ
−
3

]JL [
B̂λ̃2λ4

]KM

+ κZS2gL1gR2

[
B̂λ̃1λ3

]JL [
B̂†λ†

2λ
−
4

]KM

+ κZS2gL1gL2

[
B̂λ̃1λ4

]JM [
B̂†λ†

2λ
−
3

]KL

,

(C.4)

where κZS1 = −e2m1m2(gL1−gR1)(gL2−gR2)/4m2
W s2

W (s−m2
Z) and κZS2 =

−e2/2c2
W s2

W (s − m2
Z). Here g(L/R)j are left and right-chirality coupling con-

stants for fj , mZ is the mass of the Z-boson, and cW = cos θW .

C.2.6. T-Channel Z-Boson Contribution. The T-channel Z-boson contribu-
tion looks almost identical to Eq. C.4. From [6],

MZT = κZT1

([
B̂λ̃1λ3

]JL

−
[
B̂†λ†

1λ3

]JL
)[

B̂λ̃2λ4

]KM

− κZT1

([
B̂λ̃1λ3

]JL

−
[
B̂†λ†

1λ
−
3

]JL
) [

B̂†λ†
2λ

−
4

]KM

− κZT2g
2
R1

[
B̂†λ†

1λ
−
4

]JM [
B̂λ̃2λ3

]KL

+ κZT2gL1gR1

[
B̂†λ†

1λ
−
2

]JK [
B̂λ̃3λ4

]LM

+ κZT2gL1gR1

[
B̂λ̃1λ2

]JK [
B̂†λ†

3λ
−
4

]LM

− κZT2g
2
L1

[
B̂λ̃1λ4

]JM [
B̂†λ†

2λ
−
3

]KL

,

(C.5)

where κZT1 = −κZS1(s − m2
Z)(gL1 − gR1)/(t − m2

Z)(gL2 − gR2) and κZT2 =
−κZS2(s − m2

Z)/(t − m2
Z).

C.2.7. T-Channel W-Boson Contribution. When f2 and f1 are isospin part-
ners, then there is a T-channel W-boson contribution. Translating from [6],

MWT = κWT 2m2
W

[
B̂λ̃1λ4

]JM [
B̂†λ†

2λ
−
3

]KL

+ κWT

(
m2

2

[
B̂λ̃1λ3

]JL

− m1m2

[
B̂†λ†

1λ
−
3

]JL
)[

B̂†λ†
2λ

−
4

]KM

− κWT

(
m1m2

[
B̂λ̃1λ3

]JL

− m2
1

[
B̂†λ†

1λ
−
3

]JL
)[

B̂λ̃2λ4

]KM

,

(C.6)
where κWT = e2/2m2

W s2
W (t − m2

W ).
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C.3. ffhh Scattering Amplitudes

For two massive fermions and two Higgs-bosons, there are contributions in
the S-channel, T-channel, and U-channel for a total of three terms. The full
amplitude is

Mffhh = MhS + MfT + MfU , (C.7)

and when squared there are squared terms and crossterms. Both squared
terms and crossterms have been confirmed to agree with the values calculated
in both the CSM and the FSM.

For the upcoming constructive amplitude contributions, the Lorentz
spinors λ1 and λ2 correspond to f and f , and the spacetime momenta p3 and
p4 correspond to the Higgs-bosons.

C.3.1. S-Channel Higgs Contribution. Translating from [6], the S-channel
Higgs contribution is

MhS = τhS

([
B̂λ̃1λ2

]JK

+
[
B̂†λ†

1λ
−
2

]JK
)

, (C.8)

for τhS = −3e2m2
fm2

h/4m2
W s2

W (s − m2
h).

C.3.2. T-Channel Fermion Contribution. Translating from [6], the T-channel
fermion contribution is

MfT = 2mfτfT

([
B̂λ̃1λ2

]JK

+
[
B̂†λ†

1λ
−
2

]JK
)

+ τfT

([
B̂λ†

1p
−
3 λ2

]JK

+
[
B̂†λ̃1p3λ

−
2

]JK
)

,

(C.9)

for τfT = τhS(s − m2
h)/3m2

h(t − m2
f ).

C.3.3. U-Channel Fermion Contribution. Translating from [6], the U-channel
fermion contribution is

MfU = 2mfτfU

([
B̂λ̃1λ2

]JK

+
[
B̂†λ†

1λ
−
2

]JK
)

+ τfU

([
B̂λ†

1p
−
4 λ2

]JK

+
[
B̂†λ̃1p4λ

−
2

]JK
)

,

(C.10)

for τfU = τfT (t − m2
h)/(u − m2

h), with u being a U-channel Mandelstahm
variable.
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