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FACTORIZATION IN HAAR SYSTEM HARDY SPACES
RICHARD LECHNER AND THOMAS SPECKHOFER

ABSTRACT. A Haar system Hardy space is the completion of the linear span of the Haar
system (hy), either under a rearrangement-invariant norm || - || or under the associated

square function norm
1/2
arti]| | = | (i) |
520 (2

Apart from LP, 1 < p < 0o, the class of these spaces includes all separable rearrangement-
invariant function spaces on [0, 1] and also the dyadic Hardy space H'. Using a unified
and systematic approach, we prove that a Haar system Hardy space Y with Y # C(A)
(C(A) denotes the continuous functions on the Cantor set) has the following properties,
which are closely related to the primariness of Y: For every bounded linear operator T’
on Y, the identity Iy factors either through 7T or through Iy — T, and if T has large
diagonal with respect to the Haar system, then the identity factors through 7. In
particular, we obtain that

My ={T €B(Y): Iy # ATB for all A,B € B(Y)}
is the unique maximal ideal of the algebra B(Y) of bounded linear operators on Y.

Moreover, we prove similar factorization results for the spaces ¢P(Y), 1 < p < oo, and
use them to show that they are primary.
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1. INTRODUCTION

In 1970, J. Lindenstrauss gave a talk on decompositions of Banach spaces (see [31]
for the abstract), which spurred a research program consisting of the following two main
research directions:

> Constructing infinite-dimensional Banach spaces E which are indecomposable, i.e.,
for any decomposition of E into two complemented subspaces, one of them is finite-
dimensional.

> Identifying the Banach spaces F which are primary, i.e., whenever, £ = F & G,
then either F' or GG is isomorphic to F.

The foundations for creating indecomposable Banach spaces were laid by the works of
B. S. Tsirelson [8] (see also [11, 7]) and Th. Schlumprecht [48]. But it was not until 1993
that the first indecomposable Banach space Xgy was constructed in the seminal work [16]
by W. T. Gowers and B. Maurey—in fact, they even showed that Xq\; is hereditarily
indecomposable. This fruitful line of research led to solutions of long-standing problems,
including the unconditional basic sequence problem and Banach’s hyperplane problem [16]
(see also [15, 36]) as well as the scalar-plus-compact problem solved by S. A. Argyros and
R. G. Haydon [3].

The study of primary Banach spaces, on the other hand, goes back to A. Pelczynski
who proved in his 1960 work [46] that the classical sequence spaces ¢g and 7, 1 < p < o0,
are prime, i.e., every infinite-dimensional complemented subspace is isomorphic to the
whole space (clearly, prime spaces are primary).

We will now give a terse historical overview of developments most relevant to the present
work. The Lebesgue spaces LP, 1 < p < 0o, were shown to be primary in 1975 by P. Enflo
and B. Maurey [34] (the proof for L?, 1 < p < 00, is due to P. Enflo, and it was extended
to L' by B. Maurey, see [1]). Subsequently, D. Alspach, P. Enflo and E. Odell [1] gave
an alternative proof for the primariness of LP, 1 < p < oo, and extended this result to
separable rearrangement-invariant (r.i.) function spaces on [0, 1] with non-trivial Boyd
indices (see [32] or [17] for full proofs). In particular, this constitutes an alternative
proof for L7, 1 < p < oco. Shortly thereafter, P. Enflo and T. W. Starbird [10] obtained
the primariness of L' via E-operators. Later, the dyadic Hardy space H' and its dual
BMO were proved to be primary by P. F. X. Miiller (see [40] and [39], respectively).
M. Capon proved the primariness of the two-parameter spaces LP(L9), 1 < p,q < o0
and LP(E), where E denotes a Banach space with a symmetric Schauder basis (see [5]
and [6]). Capon’s and Alspach-Enflo-Odell’s methods were then successfully adapted by
P. F. X. Miiller in [41] to show that the two-parameter dyadic Hardy space H'(§?) is
primary. The primariness of its dual BMO(d?) was later obtained in [30] by utilizing
Bourgain’s localization method.

The method of P. Enflo and B. Maurey [34] was to construct a pointwise multiplier
My: LP — LP, f — ¢ - f, which approximates a given operator 7': L? — LP on a large
subspace of LP:

E°(xs - (Tf) = Myf, € L"(B,B),

where B is a carefully constructed o-algebra and |B| > 1/2. In a second step, they then
stabilize the function g on another large subspace:

EC(XC'(Tf))%Cf? fELp(C,C),

where C C B and C C B, |C| > 0.

A variant of the approach taken by D. Alspach, P. Enflo and E. Odell [1] for LP,
1 < p < o0, is to construct a block basis (h;); of the Haar system (h;); which almost
diagonalizes a given operator T': LP — LP. More precisely, (h;); is equivalent to (h;);
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and spans a subspace of L” which is complemented by a projection P, and we have
PTh; ~ dihy, I €D,

where D denotes the set of dyadic intervals and (d;); is a suitable family of scalars.
Subsequently, either the Haar multiplier D given by Dh; = dhy or the operator I, — D
can, by virtue of the unconditionality of the Haar system in LP, 1 < p < oo, be inverted
on a large subspace of LP. Finally, primariness follows from Pelczynski’s decomposition
method [46] (see also [54, I11.B.24)).

The approach developed by D. Alspach, P. Enflo and E. Odell [1] turned out to be
the more flexible one, and it was further refined by P. F. X. Miiller [37, 38, 39, 40]
(see also [42, 43]) to be suitable for the dyadic Hardy space H' and its dual BMO.
However, since the Haar system fails to be unconditional in L', the method described
above cannot be applied to L! in the same manner. Only recently, the first named
author, P. Motakis, P. F. X. Miiller and Th. Schlumprecht [27] successfully extended
this technique to the space L': First, they introduced strategically reproducible bases
as part of a general framework which allows one to reduce factorization problems for
general bounded linear operators to the case of diagonal operators (i.e., in L', to the case
of Haar multipliers). Then they proved that the identity on L' factors through every
bounded Haar multiplier whose entries are bounded away from 0, utilizing a result by
E. M. Semenov and S. N. Uksusov [49] (see also [51]), which characterizes the bounded
Haar multipliers on L' (for extensions to the vector-valued case, see [14, 29, 52, 53)).

In this paper, we will prove factorization results for Haar system Hardy spaces, a large
class of Banach spaces in which the Haar system is a Schauder basis. They are constructed
as the completion of the linear span of the Haar system either under a rearrangement-
invariant norm || - || or under the associated square function norm || - ||, given by

Sl - (o)
I * I

This class encompasses all separable r.i. spaces on [0, 1) and their square function versions,
including the classical Lebesgue spaces L? as well as the dyadic Hardy spaces H?, 1 < p <
00. We develop a unified approach, which can deal with all these spaces simultaneously;
in particular, we obtain a unified proof of the classical results that L, 1 < p < oo and H*
are primary. We then extend our factorization results to infinite direct sums of Haar
system Hardy spaces.

We will now give a general outline of our approach, in which we systematically reduce
a given operator 1" on a Haar system Hardy space Y to a constant multiple of the identity
operator: First, we reduce T to a bounded Haar multiplier via the framework of strategi-
cally reproducible bases and strategically supporting systems. If the Haar system (h;); is
unconditional, then every bounded sequence of scalars (d;); determines a bounded Haar
multiplier by Dh; = d;hy, I € D. On the contrary, the result of E. M. Semenov and
S. N. Uksusov [49] shows that there are far fewer bounded Haar multipliers on L'. Thus,
a unified approach must necessarily be able to deal with any Haar multiplier without ex-
ploiting that there are only few bounded Haar multipliers. Indeed, our approach reduces
any bounded Haar multiplier to one with very small variation, i.e., to a stable Haar multi-
plier. This reduction is achieved by using randomized block bases of the Haar system. By
a perturbation argument, we then arrive at a scalar multiple cIy of the identity operator,
completing our reduction procedure. One notable aspect of our method is that we have
a priori knowledge about the constant ¢ as soon as the Haar multiplier D is determined.

Before proceeding, we will introduce some terminology. Let E be a Banach space and
let S,T: E — E be bounded linear operators. We say that S factors through T (with
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constant C' > 0) if there exist bounded linear operators A, B: E — E with S = ATB
(and ||Al|||B|| £ C). The first important property is the primary factorization property.

Definition 1.1. We say that a Banach space E has the primary factorization property if
for every bounded linear operator T: F — E, the identity I either factors through 7" or
through Ip —T.

If a Banach space E has the primary factorization property and satisfies Petczynski’s
accordion property, i.e., E ~ (P(E) for some 1 < p < oo, then E is primary. This follows
from Pelczynski’s decomposition method and the following observation: If P is a bounded
linear projection on E, then the primary factorization property of E implies that either
P(E) or (Ig — P)(E) contains a complemented subspace that is isomorphic to E.

We will now describe how the primary factorization property is related to the theory
of operator ideals. Let F be a Banach space and let B(E) denote the algebra of bounded
linear operators on E. Then we define

Mp={T € B(E):Ip# ATB for all A,B € B(E)}.

The set M is an ideal of B(FE) if and only if it is closed under addition. It was observed by
D. Dosev and W. B. Johnson [9] that if Mg is an ideal of B(E), then it is automatically the
unique maximal ideal of B(E). On the other hand, the assertion that M is closed under
addition is equivalent to the primary factorization property of E (see [9, Proposition 5.1]).
In [20], T. Kania and the first named author introduced strategically supporting systems
in dual pairs of Banach spaces to describe sufficient conditions for Mg to be the unique
maximal ideal of B(FE). Typically, this concept is used to find a large complemented
subspace where a given operator has additional properties, e.g., large diagonal: A bounded
linear operator 7" on a Banach space £/ with a Schauder basis (e;)?2; and biorthogonal
functionals (€})52, has large diagonal if infjen [(e}, T'e;)| > 0. The study of operators with
large diagonal goes back to A. D. Andrew [2], and they were later explicitly investigated
in [4, 21, 23, 22, 25, 24, 26]. The first named author, P. Motakis, P. F. X. Miiller and
Th. Schlumprecht then developed these approaches into a systematic framework in [27,
28, 29]. A part of this framework is the factorization property, which was analyzed using
strategically reproducible Schauder bases.

Definition 1.2. Let £ be a Banach space with a Schauder basis (e;)32; and biorthogonal
functionals (e€3)52,. We say that (e;)32, has the factorization property if the identity I
factors through every bounded linear operator T': EF — E which has large diagonal with
respect to (e;)%2;.

For further development of this framework and some new applications to stopping
time Banach spaces, we refer to [20]. More recently, Kh. V. Navoyan [44] showed that
under mild assumptions, the Haar basis of a Haar system space X has the factorization
property, provided that it is unconditional in X. A Haar system space is the completion
of the linear span of the Haar system under a rearrangement-invariant norm; these spaces
were introduced in [29]. Before presenting our main results in Section 3, we will establish
necessary notation and terminology.

2. NOTATION AND BASIC DEFINITIONS

We denote by D the collection of all dyadic intervals in [0, 1), namely

i—1 1 .
— « o o J
D—{[2j ,—2j>.j€N0,1§z§2}.
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In addition, for each n € Ny, we define

n n—1
D,={l€D:[I|=2"} and De=|JDr Dop=|JDs

k=0 k=0
For each dyadic interval I € D, let I denote the left half of I and I~ its right half,
i.e., I'" is the largest dyadic interval J € D with J C I and inf J = inf I, and we have
I= =T\ I". If we use the symbol + multiple times in an equation, we mean either
always + or always —. Sometimes, instead of I or I~, we will write I, where ¢ € {£1}.
Conversely, for I € D\ {[0,1)}, we denote by 7(I) the dyadic predecessor of I, i.e., the
unique dyadic interval J € D with I = J* or I = J~. Finally, for any subcollection
B cC D, weput B =51

Next, we define the bijective function ¢: D — N by

1 141
[E’ 2

The function ¢ defines a linear order on D, and we will frequently consider sequences

indexed by dyadic intervals, identifying D with N. The Haar system (h;)ep is defined by

)é?+@

hr = xr+ — X1, I €D,

where y 4 denotes the characteristic function of a subset A C [0,1). We additionally define
he = X1y and put D = DU {@}. We also put «(@) = 0. We will usually write I < J
if «(I) < u(J), I,J € D*. Henceforth, whenever we write >, 5+, we will always mean
that the sum is taken with this linear order ¢. Recall that the Haar system (h;)ep+,
in the linear order defined by ¢, is a monotone Schauder basis of L, 1 < p < oo (and
unconditional if 1 < p < 00). For x =, s arhs € L', we define the Haar support of x
to be the set of all I € DF with a; # 0. More generally, if (¢;)52, is a Schauder basis of
a Banach space F, then for x = Z;; aje; € E, we define suppx = {j € N: a; # 0}.

We only consider real Banach spaces. If (x,)2°, is a sequence in a Banach space E,
then we denote its closed linear span in E by [z,],en. If E and F' are Banach spaces

and C' > 1, we say that E and F are C-isomorphic, i.e., F < F, if there exists an
isomorphism 7' from F onto F with ||T||||T7!|| < C. Moreover, if C > 0, we say that
a closed subspace F' of E is C-complemented in E if there exists a linear projection
P: E — E with P(E) = F and ||P|| < C. Finally, we say that two measurable functions
z,y: [0,1) — R are equimeasurable if their absolute values |z| and |y| have the same
distribution.

2.1. Haar system Hardy spaces. The class of Haar system Hardy spaces will be defined
as an extension of the class of Haar system spaces, which was introduced in [29] as follows.

Definition 2.1. A Haar system space X is the completion of H := span{h; : [ € D} =
span{x; : I € D} under a norm || - || x that satisfies the following properties:

(i) If , y are in H and |z|, |y| have the same distribution, then ||z|x = ||y x.
(i) [xponlx =1
We denote the class of Haar system spaces by H(d). Moreover, given X € H(§), we define

the closed subspace X of X as the closure of Hy := span{h; : I € D} in X. We denote
the class of these subspaces by H(6).

Note that if a norm on H satisfies Property (i), then we can always scale it so that it
satisfies Property (ii). One can show that the Haar system (hj);ep+, in the linear order
defined by ¢, is a monotone Schauder basis of any Haar system space X (see Proposi-
tion 4.1).
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Besides the spaces LP, 1 < p < 0o, and the closure of H in L™, the class H(d) includes
all rearrangement-invariant function spaces on [0, 1) (e.g., Orlicz function spaces) in which
the span of the Haar system (hj);ep+ is dense. According to [32, Proposition 2.c.1], this
is true for all separable rearrangement-invariant function spaces.

By (rn)5,, we denote the sequence of standard Rademacher functions, i.e.,

T‘n:Zh[, nENo.

We will now introduce the class of Haar system Hardy spaces. To this end, we first define
the set R as

R = {(run)iep+, (To)1ep+ }-

Hence, if r = (r7);ep+ € R, then r is either an independent sequence of +1-valued
random variables (indexed by dyadic intervals) or a constant sequence. Starting with a
Haar system space X and a sequence r = (r7);ep+ € R, we obtain a Haar system Hardy
space by taking the completion of H under a new norm:

Definition 2.2. Given X € H(0) and r = (r/);ep+ € R, we define the (one-parameter)
Haar system Hardy space X (r) as the completion of H = span{h; : I € D'} under the
norm || - || x(r) given by

1
|3 ] =l [ 130 mmants)
IeD+ ) 0 'rep+

We will denote the class of one-parameter Haar system Hardy spaces by HH(d). Moreover,
given X(r) € HH(5), we define the closed subspace Xo(r) = [hi];jep € X(r). For
notational convenience, we will also refer to the subspaces Xy(r) as Haar system Hardy
spaces. We denote the class of these subspaces by HH(6).

du” .
X

Clearly, if r = (1) ep+ is an independent sequence, then (hy);ep+ is a 1-unconditional
Schauder basis of X (r). If, on the other hand, r; = ry for all I € D, then we have
|- Ix@ = - |x and thus X(r) = X. We already know that in this case, (h;);ep+ is a
monotone Schauder basis of X (r) (but it need not be unconditional). Finally, note that
if x is a finite linear combination of disjointly supported Haar functions, then we always
have |12 xz) = [l x.

Remark 2.3. Let X € H(), suppose that r € R is independent, and let (ar)rep be
a scalar sequence with a; # 0 for at most finitely many I. Then, using Khintchine’s
inequality and the fact that |z| < |y| pointwise implies ||z||x < ||ly||x for all z,y € H (see
Proposition 4.1 (iv)), we obtain

I35 et~ 135 tto?) o

Thus, for X = L! and r € R independent, we see that X(r) is isomorphic to the dyadic
Hardy space H!, and for X = LP, 1 < p < oo, we have X (r) ~ H? ~ LP, where H? denotes
the dyadic Hardy space with parameter p. In fact, || - [[x ~ || - ||x(@) holds whenever X
is a separable r.i. function space with non-trivial Boyd indices (according to the remark
following [32, Proposition 2.d.8]). In all these cases, the identity operator provides an
isomorphism. Finally, if X is the closure of H in L* and r € R is independent, then
by (2.1), the space Xy(r) is isomorphic to the closure of Hy in the non-separable space
SL>® (see [19, 23]).
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2.2. Additional definitions. We begin this subsection by summarizing and extending
the definitions related to factorization of operators that were given in Section 1. First,
we introduce the following additional factorization modes.

Definition 2.4. Let E denote a Banach space. Let S,T: E — E denote bounded linear
operators, and let C,n > 0.

(i) We say that S factors through T with constant C' and error n if there exist linear
operators A, B: E — FE with ||A||||B|| < C such that ||S — ATB|| <.
(ii) If (i) holds and we additionally have AB = Ig, then we say that S projectionally
factors through 7" with constant C' and error 7.
(iii) We say that S (projectionally) factors through 7" with constant C* and error 7 if for
every v > 0, the operator S (projectionally) factors through 7" with constant C' + ~y
and error 7).

If we omit the phrase “with error n” in (i), (ii) or (iii), then we take that to mean that
the error is 0.

Next, we make some elementary observations that will be useful later.

Remark 2.5. Let R,S,T: E — FE denote bounded linear operators and suppose that R
(projectionally) factors through S with constant C; and error 7;, and that S (projec-
tionally) factors through 7" with constant Cy and error n,. In [29, Proposition 2.3|, it
was observed that R (projectionally) factors through 7" with constant C;Cy and error

m + Cina.

Remark 2.6. Let S,T: E — E denote bounded linear operators and suppose that S is
an isomorphism. If S factors through 7" with constant C' > 0 and error > 0 and
n||S~| < 1, then S factors through T with constant % (and error 0). Indeed, let
A, B: E — E be bounded linear operators with ||S— AT B|| < n and [|A||||B|| < C. Then

we have

l1g — STATB| < nllS™H] < 1,
so Q := (ST'ATB)™! exists and satisfies || Q]| < 1/(1 — n||S™'||). The statement follows
since we have S = AT BQ.

Remark 2.7. Let S,T: E — E denote bounded linear operators and suppose that S
projectionally factors through 7" with constant C' > 1 and error n > 0. Then I — 5
projectionally factors through Iy — T with constant C' > 1 and error n > 0.

The next definition includes quantitative and uniform versions of the (primary) factor-
ization property as well as some more variations of these concepts.

Definition 2.8. Let E denote a Banach space with a Schauder basis (e;)52, and biorthog-
onal functionals (e7)22,, and let C' > 0.
(i) Let > 0, and let T: E — E be a bounded linear operator. We say that
> T is diagonal (with respect to (e;)32,) if (ey, Te;) = 0 for all k # j. Diagonal
operators with respect to the Haar system are called Haar multipliers.
> T has d-large diagonal (with respect to (e;)52,) if [(e}, T'e;)| > § for all j € N.
> T has d-large positive diagonal if (e}, T'e;) > 0 for all j € N.
> T has d-large negative diagonal if (e}, Te;) < —¢ for all j € N.
(ii) We say that E has the C-primary (diagonal) factorization property (with respect
to (e)52,) if for any bounded linear operator T: E' — E (which is diagonal with
respect to (e;)%2,), the identity Iy either factors through 7' or through I — T with

constant C'T.
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(iii) Let K: (0,00) — (0,00). We say that (e;)22, has the K(0)-(diagonal) factorization
property if for every bounded linear (diagonal) operator 7': E — E with é-large
diagonal with respect to (ej);?‘;l, the identity I factors through T with constant
K(0)*.

(iv) If (iii) holds with “d-large diagonal” replaced by “d-large positive diagonal”, then we
say that (e;)32, has the K(§)-positive (diagonal) factorization property.

Remark 2.9. Let A > 1 and suppose that for each k € N, E} is a Banach space with
a Schauder basis (ey;)32; whose basis constant is bounded by A. Let 1 < p < co. We
identify each space Ej with the subspace of ¢7((E})?2 ) consisting of those sequences for
which all coordinates, except the kth one, are equal to zero.

Now let (€,,)p,_; be an enumeration of (ex ;)3%=; with the property that whenever we
have e;; = ¢ and e ; = €, for some k,1,7,[,m € N, then the inequality ¢« < j implies
[ < 'm. Then for every 1 < p < 00, (€,)5%°_; is a Schauder basis of 7((E}))%,) with basis
constant at most A. The associated biorthogonal functionals are given by &, = e ; (for
€m = €x;), where e} ; acts on the kth component of ¢F((Ey)72,).

Clearly, for p = 0o, (€,,)5°_, is not a Schauder basis of ¢7((E})2,), but we can still define
the notion of a large diagonal: Let § > 0. A bounded linear operator T': {*°((E})32,) —
(>((Ek)52,) has d-large diagonal with respect to (é,,)50_; if [(€},,T€,,)| > ¢ holds for all
m € N. The K(d)-factorization property of (&,,)5°_, in £*°((Ej)s,) is then defined like
above.

In order to prove the (primary) factorization property for ¢*°-sums of Haar system
Hardy spaces, we need to assume our spaces form a sequence that is uniformly asymptot-
ically curved with respect to the array consisting of their Haar bases. This property was
introduced in [28].

Definition 2.10. Let £ be a Banach space with a Schauder basis (e;)32,. Moreover,
let (Ey)72; be a sequence of Banach spaces, and for each k € N, let (e;;)52, denote a
Schauder basis of Ey. By an array, we mean an indexed family (zy ;)7 with ;. ; € Ej
for all k,j7 € N.

> We say that E is asymptotically curved with respect to (ej);?‘;l if for every bounded

block basis ()22, of (e;)32,, we have

> We say that the sequence (Ey)%2, uniformly asymptotically curved with respect to
the array (e ;)7°;= if the following holds: For every bounded array (zy;)3%,=; with
the property that (z;;)32, is a block basis of (e ;)32 for all k € N, we have

k

We refer to Section Section 6 for a discussion of these concepts.

3. MAIN RESULTS

In order to avoid having to deal with the constant function hg separately in the proofs,
we will state our results for the subspaces Xy(r) instead of X(r). We will explain in
Remark 3.3 how to obtain the corresponding versions of Theorem 3.1 and Theorem 3.2
for the spaces X (r). In the following, we always assume that Y)Yy, € HHo(0), k € N. The
Haar basis of Y is denoted by (h;)ep, and for every k € N, the Haar basis of Y}, is denoted
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by (hi,1)1ep. Given 1 < p < oo, we identify each space Y, with the subspace of 7 ((Y;)2,)
consisting of sequences supported in the kth component, and we enumerate (h r)ien,rep
according to Remark 2.9, thus obtaining a monotone Schauder basis of P((Y)52,) for
1 <p<oo.

Theorem 3.1. Suppose that the sequence of Rademacher functions (r,)52, is weakly null
in'Y, and let E denote one of the following Banach spaces:

(i) E=Y

(i) E = P(Y) for some 1 < p < 0o
(iii) E =(>°(Y) if Y is asymptotically curved with respect to (hr)rep.
Then E has the 4-primary factorization property, and hence, Mg is the unique maximal
ideal of B(E). In particular, the spaces in (ii) and (iii) are primary.

We will prove Theorem 3.1 in Section 11. Next, we state the main results which involve
the factorization property.

Theorem 3.2. Suppose that the sequence of Rademacher functions (1), is weakly null
in'Y and in each Yy, k € N, and let E and (e,,)>_, denote one of the following pairs of
Banach spaces and sequences:
(i) E=Y and (en)n_1 = (hr)rep
(i) E = P((Yy)s2,) for some 1 <p < oo and (en)o_y = (hg1)ken1eD
(117) E = 0°((Yi)2y) and (en)s_; = (hir)kentep of (Yi)i, is uniformly asymptotically
curved with respect to (hi.1)kenren-

Then (e,)59_, has the 4/-factorization property in E.

The proof of Theorem 3.2 can be found in Section 11. We will now discuss the hypothe-
ses of Theorem 3.1 and Theorem 3.2. In Section 6, we will provide sufficient conditions
for (uniform) asymptotic curvedness in Haar system Hardy spaces (see Proposition 6.6,
Remark 6.7 and Remark 6.8).

The requirement that the (standard) sequence of Rademacher functions (r,)0, is
weakly null in a Haar system Hardy space X (r) € HH(0) or, equivalently, in Y = Xy(r) is
not a strong limitation: If r is independent, then this condition is always satisfied because
using (2.1), we see that the sequence (r,,)22 , in X (r) is equivalent to the unit vector basis
of £2. On the other hand, if r is constant, recall that X (r) = X. Then the proof of [32,
Proposition 2.¢.10], which is a result by V. A. Rodin and E. M. Semenov [47], shows that
the following conditions are equivalent:

(i) The sequence of standard Rademacher functions (r,)32, is weakly null in X.
(ii) The sequence (1,)%%, in X is not equivalent to the unit vector basis of ¢'.
(iii) The norm | - ||x is not equivalent to the L>-norm on H (i.e., X # C(A)).
(iv) We have lim,,_,o ||X[0,2-m)||x = 0.

The implication (ii)==(i) also follows from Rosenthal’s /! Theorem (see [29, Remark 2.15]).

Remark 3.3. Later on, we will show that for every X (r) € HH(J), the closed subspace Y =
Xo(r) is isomorphic to X (r) and that there exists an isomorphism S: X (r) — X,(r) with
|S]| <9 and ||S7!|| < 18 which maps (h;)ep+ bijectively onto a permutation of (hr)rep
(see Proposition 4.10 and Remark 4.11). Since the isomorphism S is a rearrangement of
the Haar system, it preserves large diagonals of bounded linear operators, i.e., if § > 0 and
T: X(r) — X(r) has §-large diagonal with respect to (hr);ep+, then STS™! € B(Y') has
d-large diagonal with respect to (hr)rep. We thus see that the results of Theorem 3.1 and
Theorem 3.2 concerning the primary factorization property and the factorization property
respectively, carry over from Y and (h;)ep to X(r) and (hy)rep+, albeit at the price of
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increasing the factorization constant. The same is true for the results in Theorem 3.2 (ii)
and (iii).

We will now introduce the characteristic set of a bounded Haar multiplier, which con-
tains a priori information on the factorization appearing in Theorem 3.6.

Definition 3.4. Given a bounded Haar multiplier D: Y — Y, we define the characteristic
set A(D) by

A(D) :={c € R: cis a cluster point of ((r,, Dr,))o>}-

Remark 3.5. Since for each n € N, the Rademacher function r, has norm 1 both in Y
and in Y* (see Corollary 7.2), the boundedness of D implies that A(D) is non-empty and
bounded: We have |¢| < ||D|| for all ¢ € A(D). Moreover, note that A(Iy — D) ={1—c:
c € A(D)}. Finally, if D has 6-large positive diagonal for some § > 0, i.e., (h;, Dhy) > 0|I|
for all I € D, then we have inf A(D) > 4.

Theorem 3.6. Let D: Y — Y be a bounded Haar multiplier, and let ¢ € A(D). Then
the following assertions are true:

(i) For every n > 0, cly projectionally factors through D with constant 1 and error n.
(it) If ¢ # 0, then the identity Iy factors through D with constant (1/|c|)".
(7ii) The identity Iy either factors through D or through Iy — D with constant 2% ; more
precisely, with constant min(1/|c|,1/|1 — ¢|)*, where we define 1/0 = co.

For the proof of Theorem 3.6, see Section 8. Note that Theorem 3.6 (i) does not simply
state that some multiple of the identity cIy projectionally factors through D (with some
constant and error), but it also provides a priori knowledge about the constant ¢: We
may choose ¢ to be any element of the characteristic set A(D), and we also have some
knowledge about what this set can look like (see Remark 3.5).

4. PROPERTIES OF HAAR SYSTEM HARDY SPACES

Before discussing the properties of Haar system Hardy spaces, we recall the following
basic results on Haar system spaces.

Proposition 4.1. Let X € H(6). Then following assertions are true.

(i) For every f € H = span{x; : I € D}, we have || f||r: < ||fllx < || fllz<. Therefore,
X can be naturally identified with a space of measurable scalar valued functions on
0,1) and "™ ¢ x c L.

(it) The Haar system (hr)iep+, in the usual linear order, is a monotone Schauder basis
of X.

(iii) hj; naturally coincides with a subspace of X*, and its closure H in X* is also a Haar

system space.
(v) For all f,g € H with |f| < |g|, we have ||f]|x < |9l x-

Proof. We refer to [29, Proposition 2.13] for a proof of (i)—(iii); assertion (iv) follows from
the observation that for each n € N, the family (x; : I € D,,) is l-unconditional in X. O

Remark 4.2. In Proposition 4.1 (iii), we identify each g € H with the bounded linear
functional zj € X* defined as the continuous extension of f — fol fg, feH.

Next, we show that if X is a Haar system space, then conditional expectations with
respect to certain finite o-algebras are contractions on X.

Lemma 4.3. Let X € H(0), and let F denote a o-algebra generated by a partition
(A;: 1 <i<m) of [0,1), where each set A; is a finite union of dyadic intervals. Then

IE"2||x < ||lz|lx, z€ H.
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Proof. Let M € N and suppose that x = ZIeD arxr. Pick N > M and sets of pairwise
disjoint dyadic intervals A; = {K;; : 1 < k < n;} C Dy such that |J;", Kix = A,
1 <7< m. Put

Ry = {p: Dy — Dy : p is bijective and p(A4;) = A; for all 1 <i < m}

and let ave,cp, denote the average over all p in Ry. Observe that since the intervals K ,
1 <i<m,1<k<n;are pairwise disjoint, using Definition 2.1 (i), we obtain

I ) 3) S DR NPT ) 35 Sl DRI

i=1 k=1 I€Dy, i=1 k=1 I€Dy,
IDKik IDsz
> H E E g ars ave Xp (K1)
i=1 k=1 I€Dy,
IDI(,L]C

Note that for fixed 1 <i < m, 1 <k <n; we have

Ki,
pehin yR | 2 Xt = Z 2 =) |A| Aj X

ave Xp(Kix) =
PERN KeA; peR KeA;

Inserting this identity in the above inequality yields

2 [ 3 o 3

HZ > ar

X
=1 I€D); 1<k<n =1 I€Dy
’LkCI
F F
=3 @B x|, = 1B,
I€D),
as claimed. O

If X(r) € HH(0) is a Haar system Hardy space, then just like in the case of Haar
system spaces, we can identify H = span{h; : [ € DT} with a subspace of the dual space
of X(r). In the next lemma, we compute the norm of a Haar function h;, viewed as an
element of X (r)*.

Lemma 4.4. Let X (r) € HH(5). Then for every I € D, we have ||hy| xw||hillx@ws = |I]
and ||hrl o) 1hrll o)+ = 11

Proof. We only prove the second equality since the proof of the first one is analogous. Fix
I eDandlet z = ZJGD arh; € Hy. Now observe that

1 1
hillxe < 5 |arhs + Y asha|| 45 arns - |
Hfll IHX()_ 5 arhy JEZDGJ J Xy 2 arhy JEZDGJ J X(r)
J<1I J<I

The two summands on the right-hand side are equal because the two functions inside the
norms are equimeasurable. Thus, we have

> ashs| < lallx:
JED X(x)

J<I

lashulxe < |

Consequently, we obtain that ||| x,w) < |I|/]|hs]lx@)- For the other inequality, note

that ‘ |
hr I
Il > (o ) = . 0
o) hillxw / — hrllxa
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The following lemma provides an upper bound on the norm of a Haar multiplier, in the
spirit of the theorem on Haar multipliers on L! by E. M. Semenov and S. N. Uksusov [49]
(see also [51] and [29]).

Lemma 4.5. Let Xo(r) € HHo(d) and suppose that (dr)rep is a scalar sequence that
satisfies

ldn)enll = ldppl +2 Y ldr = daqn] < 0.
1eD\{[0,1)}

Then the Haar multiplier D: Xo(r) — Xo(r), defined as the linear extension of Dh; =
drhy, I € D, is bounded:

D1 < lli(dr)renll (4.1)

Moreover, if the Rademacher sequence r is independent, then we have

D] < sup |dy. (4.2)
1eD

Remark 4.6. In contrast to [49], our upper bound (4.1) does not only involve the largest
variation of (dj);ep along branches of the dyadic tree, but the sum of all differences
between entries d; and their predecessors dr(r). This larger upper bound is sufficient for
our purposes.

Proof of Lemma 4.5. Firstly, under the condition that the sequence r is independent, es-
timate (4.2) follows immediately from the 1-unconditionality of the Haar system in Xj(r).
Secondly, considering that

;| < |dp,n)| + [dr — djo,1y| < |dpo,1)] + Z |d; — dr()l, I'eD,
JICJIC[0,1)

we only have to show (4.1) in the case where r is a constant sequence, i.e., Xy(r) = Xo.
To this end, let z = ZIeD arhr € Hy and observe that

St dwn] =[S 5 -],

I€D J:IcJC[0,1)

D ldy = deg] - H > thIHX

JC[o,1) L:IcJ

Dz — d1yz||x =

IN

Now, for n € Ny, let E,, denote the conditional expectation with respect to the o-algebra
generated by D,,. Then, using Lemma 4.3 and Proposition 4.1 (iv), we obtain

[ Dz — dj,yz||x = Z > lds— |- Ixs - Ux — En)zx

n=1 JeD,

<2 )

Jc[o,1)

which shows (4.1). O

dy = drpl - 2]l x,

Lemma 4.7. Let Xo(r) € HHo(d), and let (d)rep € {0,1}P be a sequence with the
property that for all I € D with df = 0, we have d;j+ = d;- = 0. Then the operator
D: Xo(r) = Xo(r), defined as the continuous linear extension of Dh; = drhy, I € D, is
a contraction, i.e.,

[Dz[|x@w) < |7]lx @), r € Xo(r).
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Proof. 1f the sequence r is independent, the result follows immediately from the 1-uncondi-
tionality of the Haar system in Xy(r). So we only have to prove the lemma in the case
where r is a constant sequence, i.e., Xo(r) = X,. Moreover, we may assume that djo,y = 1.

First, given I € D, we define M(I) =(\{J €D :J DI, dy =1} € D. Let x € H,
be given by = 3,5, arh; for some natural number n. Put M = {M(I) : I € D,}

and observe that M is a partition of [0, 1) and that for every J € M, the function Dx is
constant on J* and on J~ since d; = 0 for all I € D, with I C J. Now let F be the
o-algebra on [0, 1) generated by the intervals J*, J € M, and note that since

r— Dz = Z Z arhy,

JeM IE'DSH
1cJ

it follows that Dz = EZx. Thus, by Lemma 4.3, we have || Dz||x = |E7z||x < ||z|x. O

Remark 4.8. Note that in the preceding lemma, Dz may be interpreted as a stopped
martingale with respect to the dyadic filtration, where the stopping time at s € [0, 1) is
determined by the index I at which the sequence (d; : I € D, s € I) switches from 1 to 0.

Next, we prove that for every Haar system Hardy space X(r) € HH(0), the closed
subspace Xy(r) is isomorphic to X(r).

Lemma 4.9. Let Xy(r) € HHo(d) and put

E=1h;:1€D, inflI=0],

Eoy=[h;: 1 €D, infl =0, supl < %]
Then the operator W: E — Eq defined by

Z (Z[h[l—> Z CL[h[+

IeD 1€D
inf I=0 inf =0
satisfies the estimates
1
Slelixe < Wallxe < llzllxew, @€ Xolr).

Proof. Let x = ZIGD arh; € E be a finite linear combination of the Haar system and
observe that the two functions

5 /01‘ Z r;(u)a;hf(s)’du,

_I€D
) inf I=0 (43)
s»—>/ ‘ Z ri(u)arhr+(s) + Z r;(u)a]hﬁ(s—l/Q)‘du
RN =

are equimeasurable. Moreover, we note that the two terms of the second function in (4.3)
are disjointly supported. Hence, by Definition 2.1 and Proposition 4.1, we obtain

SH/;‘ S r(warhi () + Y Tj(u)a1h1+(s—1/2)‘duHX > (W x ).

1eD 1eD
inf I=0 inf I=0

2] x @) =

For the other inequality, note that the functions

S /01 Z rf(u)alhﬁ(s)’du and S /01‘ Z rr(w)arhr+(s — 1/2)‘du

1eD IeD
inf I=0 inf I=0
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are equimeasurable, and hence, by Definition 2.1, we obtain

Z rr(w)arhr+(s) + Z rr(w)arhp+ (s — 1/2)‘ duHX
IeD IeD
inf I=0 inf I=0

1 1
Wl > 5]|s > [
0

== - O
e

Proposition 4.10. Let X(r) € HH(5). Then the spaces Xo(r) and X(r) are 162-
isomorphic to each other.

Proof. We are going to prove that Xy(r) contains a complemented subspace that is iso-
morphic to its hyperplanes. By Lemma 4.7, the projection P: Xy(r) — Xo(r), given

by
ZathH Z arhy,

IeD IeD
inf =0

is a well-defined contraction. Put
E=P(Xy(r))=[hr: 1 €D, infI =0],
Ey=[h;:I€D, infl =0, supl < 3].

Then E is a l-complemented subspace of Xo(r), and hence, Xy(r) is 3-isomorphic to
E & F for some F'. We know from Lemma 4.9 that F is 2-isomorphic to its hyperplane Ej.
Moreover, it is clear that X (r) is 3-isomorphic to Xo(r) @ R and E is 3-isomorphic to
Ey ® R. Thus, we obtain

X)X eRLEaFOREEoFORLEDF L Xo(r),  (44)
which completes the proof. 0]

Remark 4.11. It follows from the proof of Proposition 4.10 that an isomorphism S: X (r) —
Xo(r) is given by the continuous linear extension of

h[0,1)7 I = 4,
Shr = hr+, 1 €D, infI =0,
h;, Te€D, infl+0.

In fact, a more detailed analysis of (4.4) shows that we always have ||S|| < 9 and ||S7!|| <
18.

5. FAITHFUL HAAR SYSTEMS

We will now discuss faithful Haar systems, a term which was coined in [29]. A faithful
Haar system is a system of functions on [0,1) which are blocks of the Haar system and
share many structural properties with the original Haar system. These and more general-
ized systems were used extensively throughout the last decades. In particular, we would
like to highlight the classical works of Gamlen-Gaudet [13], Enflo-Maurey [34], Alspach-
Enflo-Odell [1] and Maurey [35]. In order to ensure that the orthogonal projection onto
such a generalized system is bounded on BMO, P. W. Jones [18] found conditions which
are nowadays referred to as Jones’ compatibility conditions (see also [42, p. 105]). For
variants of Jones’ conditions, see e.g. [41, 39, 23].

We will now introduce (s¢7)ep-faithful Haar systems, which, loosely speaking, allow for
small gaps (in contrast to faithful Haar systems).
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Definition 5.1. Let B be a finite subcollection of D for each I € D, and let (¢x)xep €
{£1}? be a sequence of signs. Put h; = ZKEB[ exhri, I € D. Moreover, let (s¢);ep be

a sequence of positive numbers with 0 < s¢; < 1 for all I € D. We say that (71[)161) is a
(5¢1) 1ep-faithful Haar system if the following conditions are satisfied:

(i) Each collection By, I € D, consists of pairwise disjoint dyadic intervals, and we have
BinBy=0forallI #JecD.
(ii) For every I € D, we have By, C {h; = +1} and |Bj.| > 5 - 5|Bj].
If Bj ;) = [0,1) and s = 1 for all I € D, then we simply say that (h;)jep is faithful,

and in this case, we will usually denote the system by (ﬁ[) 1ep- If a (5¢7)ep-faithful Haar
system (hr)rep additionally satisfies By C D,,,, I € D, for a strictly increasing sequence
(ng)rep of non-negative integers, then we say that it is relative to the frequencies (ny)ep.

Remark 5.2. We will summarize elementary yet important properties of faithful Haar
systems (hy);ep. Our first observation is that

IBi| = |I| and Bi. ={h;==+1}, IeD.

Any faithful Haar system (?L[) 1ep and the standard Haar system (h;)jep are distribu-
tionally equivalent, i.e., if (as);ep is a sequence of scalars with ay # 0 for at most finitely

many I € D, then the functions ), . arh; and ), arh; have the same distribution.
Moreover, for each n € Ny, the sets B}, I € D, form a partition of [0,1), and we have

the following equation relating the local and global properties of the system (h;)ep:

KnB;|  |K|

—— = ) KeB;, JCIeD. (5.1)
1551 1|

A general (s¢)ep-faithful Haar system may violate equation (5.1). In some versions of
Jones’ compatibility conditions, this equation is replaced by an inequality.

Next, we introduce some convenient notation for collections of dyadic intervals.
Notation 5.3. Let A C D.

(i) We set

Go(A) = {I € A: I is maximal with respect to inclusion}.

(ii) For n € N, we recursively define the collections

n—1

G.(4) = Go(4\ U G4)).

(iii) We say that A has finite generations if G, (A) is finite for every n € Nj.
(iv) We put limsup(A) = )~ G:(A), where G;:(A) := G, (A)* for all n € N,.

Note that for every n € Ny, the elements of G,,(.A) are pairwise disjoint. Moreover, note
that if n > 1 and I € G,(A), then there exists a unique dyadic interval J € G,,_1(A) such
that I C J* or I C J~. Hence, we have GX(A) C G:_,(A) for all n > 1. Figure 1 shows
the collections Gy(A), G1(A) and Go(.A) for a specific choice of A C D.
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] In G,(A)
L | [ Wl O ol L] e

FIGURE 1. The collections G,(.A)

Remark 5.4. Suppose that A C D has finite generations and that Q':;(./Zl) = [0,1) for all
n € Ny. Moreover, let (ex)xep € {£1}P be a sequence of signs. Then we can construct

a faithful Haar system (h;);ep by putting

where Bjg 1) = Go(A) and
B ={K €Gu(A): K c {hy =+1}}, T1€D,, neN,

Next, we show that every (s¢)ep-faithful Haar system can be extended to a faithful
Haar system by adding additional Haar functions which “fill the gaps”. This is illustrated
in Figure 2. Moreover, we prove that there exists a Haar multiplier with norm 1 which
maps the new system to the original one (see Lemma 5.6, below).

hjoay 1 — E[O,l) 1 —
0 ' 0 Y
—1 | -1+ 0 —_ e

hio) 1 hyo

] A N T
ST AN N L L

“ 1] ISE S N R A R
S L S LILE i

FIGURE 2. The first three functions of a (s¢7);ep-faithful Haar sys-

tem (hr)rep which is extended to a faithful Haar system (h;)ep by adding
the dashed Haar functions with the light blue shading

—_

Lemma 5.5. Let Y € HHo(0) and suppose that A C D has finite generations. Then
there exists another collection A C D which has finite generations such that G (A) = [0, 1)
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and Gn(A) C Gn(A) for all n € Ny. Moreover, there exists a bounded Haar multiplier
R:Y — Y with |R|| <1 such that for every n € Ny and K € G,(A), we have

_ Jhr, KeG,(A),
e = {0, K € Gu(A) \ Gu(A). (5:2)

Proof. Since Gj(.A) is a finite union of dyadic intervals, there exists ny € Ny such that the
complement [0, 1)\ G;(.A) is a disjoint union of finitely many intervals from Dy,. By adding
these intervals to Go(.A), we obtain a finite collection Gy C D with G = [0,1). Next, since
Gi(A) is a finite union of dyadic intervals, we can find ny € Ny such that [0,1) \ Gf(A) is
a disjoint union of finitely many intervals in D,,,. By adding these intervals to G;(.A), we
obtain a collection Ql with Ql = [0, 1), and by choosing n; sufficiently large, we can ensure
that for each K € Gy, there exists L € Gy such that K ¢ L* or L™. By continuing this
process, we obtain a sequence of collections (gn)neNO Then the collectlon A= U2, Gn
has the desired properties since G,,(.A ) G, for all n € Ny.
Now we define the sequence (p;)ep as

{1, if I D K for some K € A,
pr =
0, else

Observe that if p; = 1 for some I € D, then it follows that p; = 1 for all J D I. Hence,
this sequence satisfies the conditions of Lemma 4.7. The corresponding Haar multiplier
R:Y — Y defined by Rh; = psh;, I € D, satisfies ||R|| < 1 and Rhx = hg for all
K € A. Moreover, if L € G,(A)\ G.(A) for some n € Ny, then we have Rh; = 0 because
on the one hand, we cannot have L D K for any K € G,,(A) with m < n, and on the
other hand, K € J,._, G (A) implies that K C G!(A), and so K is disjoint from L. O

Lemma 5.6. Let Y € HH(6) and suppose that (hy)iep is a (3¢1)jep-faithful Haar system
for some sequence (s¢)rep of scalars in (0,1]. Then there exists a faithful Haar system
(hr)rep and a Haar multiplier R:' Y — Y with ||R|| < 1 such that Rhy = hy for all I € D.

Proof. Write h; = ZK€BI exhg, where By C D, I € D, and (eg)gep € {£1}P. Then
the collection A := J;.p Br has finite generations. By Lemma 5.5, there exists another
collection A C D with finite generations such that G*(A) = [0,1) and G,(A) C G,(A) for
all n € Ng. Moreover, there exists a bounded Haar multiplier R: Y — Y with ||R| < 1
such that equation (5.2) is satisfied for all n € Ny and K € G,(A). Now let the faithful
Haar system (i:l_[) rep and the associated collections (l’;’j) 7ep be defined as in Remark 5.4
using the collection A and the signs (ex)kep. Clearly, we have B;n Gn(A) = By for all
I € D,, n € Ny. Thus, it follows from equation (5.2) that Rh; = hy for all I € D. O

6. ASYMPTOTICALLY CURVED BANACH SPACES

In this section, we discuss asymptotically curved Banach spaces and uniformly asymp-
totically curved sequences of Banach spaces (see Definition 2.10). We will need the fol-
lowing additional concepts.

Definition 6.1. Let (z;)52, denote a sequence in a Banach space £ and let 1 < 7 < oo.
We say that (r;)32, satisfies an upper 7-estimate (in E) (with constant C > 0) if

" n 1/7
1> o> i) " new
j=1 j=1
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We say that (7;)32, satisfies an upper oo-estimate (in E) (with constant C' > 0) if

o

Next, we recall the notion of (Rademacher) type for a Banach space (see, e.g., [32,
Definition 1.e.12]).

Definition 6.2. Let E be a Banach space, and let 1 < 7 < 2. We say that E is of
(Rademacher) type 7 if there exists a constant C' > 0 such that for every finite sequence
of vectors (z;)7_, in £, we have

[t e o(Stz)”
! j=1

If this holds, we say that E is of (Rademacher) type 7 with constant C.

< C max ||z||g, n e N.
1<j<n

The proof of the following lemma is both elementary and straightforward, and therefore
omitted.

Lemma 6.3. Let (¢;)2, denote a Schauder basis of a Banach space E and let C' > 0.
Then the following statements are true:

(i) Suppose that (e;)32, is C-unconditional and E has Rademacher type T with con-
stant C' for some 1 < 7 < 2, then every block basis (1;)52, of (e;)52, satisfies an
upper T-estimate with constant C?.

(i3) Suppose that every bounded block basis (x;)52, of (e;)52, satisfies an upper T-estimate
for some 1 <1 < oo, then E is asymptotically curved (with respect to (e;)52,).

The following uniform version of Lemma 6.3 (ii) is taken from [28].

Lemma 6.4. For each k € N, let (e;w-)‘;‘;l denote a Schauder basis of a Banach space
Ey. Moreover, let 1 < 17 < o0 and C > 0, and suppose that for each k € N, every bounded
block basis of (ex ;)32 satisfies an upper T-estimate in Ey with constant C. Then (Ex)72,
s uniformly asymptotically curved with respect to the array (ek,j)z?j:y

Another way to obtain a uniformly asymptotically curved sequence of Banach spaces
is by repeatedly taking the same asymptotically curved space, thus forming a constant
sequence. This is proved in the following lemma.

Lemma 6.5. Let £ be a Banach space with a Schauder basis (e;)32, and suppose that
E is asymptotically curved with respect to (e;)52,. Put ex; = e; for all k € N. Then
(E,E,...) is uniformly asymptotically curved with respect to (ey )kj 1-
(k

)52, is a block basis of

Proof. Let (zy;)7%=, be an array such that for every k € N, 22

(ej)32,, and such that for some C' > 0, we have
|k ille < C, k,jeN.
We have to show that

lim sup—H E a:;w
n—o0 kEN n

Assume for a contradiction that there ex1st e > 0 and sequences (n;)2, and (k;)32, of
natural numbers such that (n;)$°, is strictly increasing and

1|
E Lk;,j E
Jj=1

>e, teN (6.1)
1y
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Put l; = maxsupp zy, ,,, for all i € N. By passing to a subsequence, we may assume that
n; > (14+4C/e)l;—y for all i > 2. We will now construct a bounded block basis (y;)32, of
(e;)22, and a strictly increasing sequence (N;)$2, of natural numbers such that

j=1
N;
>y
i=1

thus contradicting the hypothesis that E is asymptotically curved with respect to (e;)32;.
Put N =n; and

>

€
— A=\ 6.2
g 2 ! ’ (6:2)

S
N

Y1 = Tk 1y -3 Yny = Thyyng -

By (6.1), inequality (6.2) holds for ¢ = 1. Now let ¢ > 2 and assume that we have already
chosen Ny, ..., N;_y and picked y1,...,yn, , € {zk; : k,j € N} such that (y1,...,yn, ;)
is a finite block basis of (e;)?2, and such that yn,_, = @x,_, n,_,. Consider the vectors
T 15+ -+ Thym;- 1f we skip the first [;_; of these vectors, then the supports of the remaining
vectors are clearly subsets of {l;_1 +1,l,_1 +2,...}. Thus, if we define N; = N;_; +n; —
l;_1 > N,_; and

yNi_H—l — xki,li_l-i-l? e 7/yNi - xki,n“

then (y1,...,yy,) is a finite block basis of (e;)52,. Observe that N; 1 < maxsuppyn,_, =
li—1 and hence N; < n;. Using these observations, exploiting that [|y;||z < C for all j,
and using (6.1), we obtain

N;
EZH Z Yj

N; o
ha = | 3 ], — o
=1 J=Ni—1+1 Jj=li—1+
> HZI Lk;,j n Cli_y —CN;_1>en; —2-Cli_4
]:
S 9 40 e
> —N; - —l;_ 1 — 2 i 2 _NZ',
zonity =20k 23
which proves (6.2). -

Next, we provide some conditions under which Haar system Hardy spaces and sequences
of such spaces are (uniformly) asymptotically curved. Clearly, it does not make a difference
whether we consider Haar system Hardy spaces spaces X (r) € HH(0) equipped with the
Haar basis (hr)ep+ or their closed subspaces Xy (r) equipped with the Haar basis (hr) rep.

Proposition 6.6. Let 1 < p < oo, letr € R, and put X = LP if 1 < p < oo and
X = [hr]jep+ C L™ if p=o00. Then the space X(r) is asymptotically curved with respect
to the Haar system (hr)rep+ if and only if

l<p<o or p =00 and r is independent.

Proof. Considering a sequence of disjointly supported functions with norm 1 which are
blocks of the Haar system shows that for X; = L! and r € R, the space X;(r) €
HH(0) is not asymptotically curved with respect to the Haar basis. Moreover, since any
independent sequence of Rademacher functions in L* is equivalent to the unit vector
basis of ¢!, we find that Xy = [hf];ep+ C L™ is also not asymptotically curved.
However, if r is an independent sequence, then Xs(r) is in fact asymptotically curved
with respect to the Haar basis according to Lemma 6.3 (ii), as every bounded block basis

of (hr)rep+ satisfies an upper 2-estimate (cf. [23, Lemma 4.2]). To see this, let ()52,
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denote a bounded block basis of (hr);ep+ and observe that for all n € N

Hz:xj o —Sup/ ‘Z Z h’KI’(TJ>hK(t)‘du

Jj=1 KeD+

ol 5 (i)

j=1 KeD+

(Zsup > ( hf};T”hK(t))Z)m.

=1 KeD+

We conclude this argument by Khintchine’s inequality, which yields

ap (3 (P2 0)") " <l

t KeD+
for some absolute constant C' > 0.
Finally, let 1 < p < oo, r € R, and put X3 = L”. Recall that by Remark 2.3, the
identity operator is an isomorphism between Xj3(r) and Xj3. Since L” has Rademacher
type min(2, p), we record that by Lemma 6.3, X3(r) is asymptotically curved as well. [

Remark 6.7. If X (r) € HH(J) is an arbitrary Haar system Hardy space, then one can use
Lemma 6.3 to check if X (r) is asymptotically curved, either by verifying the condition
in (ii) directly or by applying (i) if it is known that X(r) has Rademacher type 7 >
1 and that the Haar system is an unconditional basis of X (r). Recall that the Haar
basis is always l-unconditional in X(r) if r is an independent sequence of Rademacher
functions. Moreover, according to [32, Theorem 2.c.6], the Haar system is unconditional
in a separable r.i. function space X on [0, 1) if and only if X has non-trivial Boyd indices.

Remark 6.8. Finally, consider a sequence of Haar system Hardy spaces (Z)2,, and for
cach k € N, let (hy 1) ep+ denote the Haar basis of Z;. Suppose that either of the following
conditions is satisfied:

> There exist 1 < 7 < 2 and a uniform constant C' > 0 such that for every k, the
Haar system is C-unconditional in Z; and the space Z; has Rademacher type 7
with constant C.
> We have Z, = Z; for all k£ € N, and Z; is asymptotically curved with respect to
the Haar system.
Then (Zj)32, is uniformly asymptotically curved with respect to (hy)kensep+. This
follows from Lemma 6.3 together with Lemma 6.4 in the first case and from Lemma 6.5
in the second case.

7. EMBEDDINGS AND PROJECTIONS ON HAAR SYSTEM HARDY SPACES

In this section, we will define the fundamental operators A and B associated with a
(5¢1) 1ep-faithful Haar system, and we will prove that they are bounded if the numbers s
are sufficiently small. In doing so, we will lay the foundation for proving our main results.

Proposition 7.1. Let Y € HHo(8). Let (hi)rep be a faithful Haar system and define the
operators A, B:Y Y by

Y <hlal‘>A 1T <iL[,fL‘>
Bzx = Z 7] hy and Az = Z 7] hr. (7.1)
IeD 1eD

Then we have AB = Iy and ||A| = ||B|| = 1.
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Before proving Proposition 7.1, we state the following direct consequence.

Corollary 7.2. Let B C D be a finite collection of pairwise disjoint dyadic intervals, and
let (ex)kep € {£1}P be a sequence of signs. Then we have

Y*
KeB

Proof of Corollary 7.2. The proof follows either by an elementary direct computation or,
alternatively, by exploiting the estimate for ||A|| in Proposition 7.1 and using Lemma 4.7
(see also Lemma 5.6). O

Proof of Proposition 7.1. Write Y = Xy (r) for suitable X € H(J) and r € R. Suppose
that our faithful Haar system (h;);ep is given by

iL[: Z EKhK, [ED,

where ¢ = (ex)kep 18 a sequence of signs and B; is a finite subset of D for each I € D.

In order to prove ||B|| = 1, we fix z = > rep arhy € Hy, where a; # 0 for at most finitely
many [ € D. Then we have

BZE = ZCL[}\L[ = Z Z CL[EKhK

IeD I1eD KeB;
and hence
HBSL’HX(I.) = HS I—>/ ’Z Z TK CL[FEKhK ‘duH (72)
IeD KeB;

Now for fixed s € [0,1), note that by the faithfulness of (h;)rep, for every I € D there
exists at most one interval K € B; with s € hx. Thus, we may replace rg(u) by rr(u)
n (7.2), obtaining

1
Bailxn = b)) du
1 Bx]| x(x) SH/O > ri(uar Y exchi(s)| du .

IeD KeBy
1
- ss—)/ Zr;(u)afhf(s)‘duH
O Iep X

1
_ 5.%/0 Zm(u)mh;(s)‘duHx:Hl’HXm

1€D

Next, we prove that |[A|| = 1. Let 2 € Hy be defined as above and let N € N be
sufficiently large such that for all K' € (J;cp\p_, Br, we have ax = 0 (hence, we have

(hy,z) =0 for all I € D\ D.y). Let F denote the o-algebra generated by the sets B;,
I € Dy. We will show that for every K € D, we have

E]:hK:{O’ KED\UIGDN I

7.3
Km‘hl, K eB;, I €Dy. (7.3)

For every I € Dy, we have the following expansion, which is completely analogous to its
well-known counterpart for the standard Haar system'

XB; =27 X0,1) +Z U’

JeD
J2I
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where h,;(I) is the value that h; assumes on I. Thus, for all K € D\ cp_, By, we have

E”hx = 0. On the other hand, if I € Dy and K € By, for some Jy € Dy with Jy 2 I,
then we have

I I

XBI’ i) Z || | hJ’hK> ||J||hJ0< Jex| K.

JED

JoI

This implies that
K K|
S = 3 b e = 3 R = e

1eDy 1eDy
ICJo ICJO

which completes the proof of (7.3).
Now observe that

S Zam S <h‘f[”x>m:mx.

IeD.ny KeBr IeDcn

We define C =D\ | rep_ Br and split the function z into two parts accordingly:

2| x@) = SH/‘Z ZTK Jaghk(s +ZTK Jarxhg(s ‘du“

IED<NKEB[
= SH//‘Z rr(u ZaKhK +ZTK Jaghk(s ’dude
IeDn KeBr

where we again replaced rx(u) by r7(u) in the first sum. Now we use Lemma 4.3, Jensen’s
inequality for conditional expectations and Proposition 4.1 (iv) to obtain

o= s = [ [ 2 ritw) 3 @ ) 3 reehan B )5 e,

IeD_ N KeBy

According to (7.3), we have E hy = 5Kmﬂ1 in the first sum and EZ hx = 0 in the second
sum. Hence, it follows that

2] x ) > HSH/ ) > rlu Z EKaK |I‘)h1(5)‘duHx

IeD N
m/\zm (hs,2) Zeh
; i 7] rhi
IeD N
Now we swap back r;(u) with rx(u) and obtain

sn—>/ ‘ Z h|117| KeZB ri(u)exhi(s)

By extending both operators continuously from Hy to Y, we obtain AB:Y 5 Y as
defined in (7.1), where both series converge in norm. U

) >

| = 1BAwlxa = I Awlx.

Theorem 7.3. Let Y € HHo(5). Suppose that (hy)iep is a (3¢1)rep-faithful Haar system
for some family (kr)rep of scalars in (0,1] that satisfies

o= Z(l—%;) <1

1eD
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Define the operators A,B: Y —Y by

hr,x) - h
Bx:Z< I’x>h1 and Ax:Z< I’x>h rxcY.

= I,
iep Il i a3
Then we have AB = Iy, and the operators A and B satisfy
1 1430
IBl=1 and  [Af < 5—,
1 —0

where u = ]{5[0,1) # 0}.

Proof. Using Lemma 5.6 and Lemma 4.5, we can find a faithful Haar system (il[) rep and
a Haar multiplier R: Y — Y with ||R|| < 1 such that hy = Rhy, I € D. We know from
Proposition 7.1 that the operators B, A: Y — Y given by

Br = Z <h|II’|$> hy and Ar = Z <h|11’|$> hy
IeD IeD
satisfy AB = Iy and ||A|| = |B|| = 1. For I € D, let B; C D denote the Haar support of
h;, and define M: Y — Y as the linear extension of Mh; = msh;, where m; = |I|/|B%],
I € D. We will show that the operator M is bounded. To this end, let n € Ny and I € D
and observe that repeatedly exploiting Definition 5.1 (ii) yields

B B
i1z (T )22l s (1o S - 20l - oy
JeD

JeD:J2I

Moreover, we clearly have |Bj| < p|l| for all I € D. Hence,
|Bil

o< psl I€D. (7.4)
Note that my1) = 1/p. Now let I € D\ {[0,1)} and consider
i
mi = man| = 18:] ~ m :

Using the inequalities |Bj| < %\B;(I)] and |B; ;)| < %HS’}], we obtain

i 2l 1]
O S PR * = (1 - Xn(1 ) x| "
B;] 1B A

Together with (7.4), this yields

1-— %ﬂ([)

Wi=0) IeD\{[0,1)}.

|mp — mg)| <

Thus, by Lemma 4.5, we have

1 2
M <_(1 . 1— s, )
Y () DRN )

1eD\{[0,1)}
1 4o 1 1+ 30
= —(1 + ) =—- < 0.
L 1—0 uw l—o

Finally, observe that B = RB and A = M AR because we have for all z € H:

MARz = M(Z Mh,) -y Mh, = (1, ) hy = Ar.

el i Bl i Bl
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Thus, we conclude that [B]| < |RII|B] < 1 and [|A] < [MJJAJIR] < L - 152, as

o I
claimed. O

8. STABILIZATION OF HAAR MULTIPLIERS

The key ingredient for proving our main results is the observation that any bounded
Haar multiplier on a Haar system Hardy space Y can be reduced to a stable Haar multi-
plier, i.e., a Haar multiplier whose entries have very small variation (see Proposition 8.4).
Such a stable Haar multiplier is in turn close to cly for some scalar value ¢. The stabi-
lization is achieved by utilizing randomized faithful Haar systems.

Let Y € HHo(d), and let D: Y — Y denote a bounded Haar multiplier. Then its
entries (dj)jep are defined as

<h'17Dh’I>

dy = ,
1|

IeD.

In the following, we denote the product measure on {#1}? of the normalized uniform
measure on {1} by P. Moreover, for fixed € = (g) jep € {£1}? and n € Ny, we define

PL() =P(- [ {(0s)sep : 05 =5, J €D\ Dy})
and denote the corresponding conditional expectation and variance by E; and V7 .

Definition 8.1. Let n € Ny, let I' be a subset of [0, 1), and let ¢ = (ex)xep € {£1}P be
a sequence of signs. Then we define

rl = Z hi and ri(e) = Z exhk.

KeDy, KeDy,
Kcr Kcr

Remark 8.2. Let (n;);ep be a fixed strictly increasing sequence of non-negative integers.
Then, given any sequence of signs § € {£+1}”, we can construct a faithful Haar system
(h1(0))rep relative to the frequencies (ny)rep by putting

hi(0) =7y @©0)= > Oxhg, 1D,
KeDnI
KcI'1(9)

where the sets I';(6) are defined as
Topn(@) =1[0,1) and  Tp(0) = {h(0) = £1}, € D.

Note that for every I € D, the set I';(#) only depends on the signs (0 : K € D,,),
whereas h;() also depends on (0 : K € Dy,,).

The next result is our main probabilistic lemma, which will be essential for proving
our stabilization result. We use the technique from [29, Lemma 5.3]—for convenience, we
provide a detailed proof.

Lemma 8.3. LetY € HHo(0). Given a bounded Haar multiplier D:' Y — 'Y and a strictly
increasing sequence of non-negative integers (ny)rep, we define the random variables

X1(0) = (ri 1. Drl®y T eD, 6 {£1}7,

where the sets T'1(0) are defined as in Remark 8.2 with respect to (ny)rep. Then for every
e € {£1}P and I € D, we have

1 1
E; X+ = —(rL1E) Dyl and V7, Xr= < 12‘”’||D||2|f|-

2 ny+ 7 nr+
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Proof. Let (di)gep denote the entries of the Haar multiplier D, and fix I € D and
0 € {£1}P. Then we have

Xp=(0)= > Y OkOulhk,Dhp) = D dilK|= Y ) dklK|.

KEDnIi LEDnIi KeD,+ JE€Dn; KDy I+
KCT' 1 (0) LCT ;1 (9) KCT ;£ (0) JCTI'1(0) KcJﬂ)J

Taking the conditional expectation yields

BXe= S E (Y deK|> Y dilK|= gf,Dr};ﬁ)),

JEDy, K€Dn 4 KEDn [+
JCT1(e) KCJ*0s KCFI(E)

which proves the first identity.
Next, we calculate the variance. Exploiting the independence of (6; : J € D,,, J C
I';(e)), we obtain

1 2

Vi X = 30 V(30 i) = 3 (X kK- 30 delKI)
JEDn, K€Dy JEDn, K€Dy KeDn
JCTy(e) KcJ*0s JCly(e) KcJ+ KCJ~

By Lemma 4.4, we have
ldi || K| = (hx, Dhi) < |||
for all K € D. Hence, we obtain

SXe< Y (X oK) < X PIDI = 2 D)) O

JEDn, K€Dy JeDn S
JCI1(e) Kt JCT'1(e)

Proposition 8.4. Let Y € HHy (), let D: Y — Y be a bounded Haar multiplier with
entries (dy)rep, and suppose that ¢ € A(D). Given a sequence of positive real numbers
(n1)rep, there exists another bounded Haar multiplier Db Y 5 Y such that D2
projectionally factors through D with constant 1 and error O and such that its entries

(d52P) ep satisfy
|df3:“1b) —c| < Moy and |d552P — a5 P <y, I €D.

Y*

hilly [ DI} = | D[ K]

Moreover, if we additionally assume that there exists a 6 > 0 such that d; > d for all
1 € D, then we also have dﬁtab >0 forall I €D.

Proof. In the following, we will first select a strictly increasing sequence of non-negative
integers (n;)ep and then construct a faithful Haar system (h;);ep relative to the frequen-
cies (ng)rep by choosing a sequence of signs ¢ € {£1}2 and putting h; = h;(¢), I € D,
as defined in Remark 8.2.

Before beginning the construction, we make the following observation. Given a subset
A C D, let F(A) denote the countable set of all finite unions of intervals in A. For
any ' € F(D), the sequence ((rL, Drl)),cn is bounded because [|rL]ly < 1 and, by
Corollary 7.2, ||7Y|ly+ < 1. Thus, by Cantor’s diagonalization argument, we can find an

nl

infinite subset A/ C N such that for each I' € F(D), the sequence ({r, Drl'}),c\r converges
to some real number ap, and since ¢ € A(D), we can ensure that oy 1) = c.
We now begin our inductive construction. First, we can find nj 1) € N such that

[(Pn, Dry) — | <mppyy and 27| D|* < 77[2071), neN, n>npy. (8.1)
This completes the initial step.
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Now let I € D\ {[0,1)} and suppose that we have already constructed the numbers
ny, J < I, such that (ny)s<r is strictly increasing. By the definition of N, we can find
n; € N such that n; > ny for all J < I and

|(rY Drly — ap| < 0y, L€ F(Dy,jy11), n €N, n>ny (8.2)

as well as
27" D||* < n?, n>ny. (8.3)
Next, we construct the sequence of signs ¢ = (ex)gep. Let I € D and suppose that we
have already chosen the signs (¢x : K € D.,,) (or no signs yet, if I = [0,1)). Now let
el € {£1}P be any sequence of signs such that ef, = e for all K € D, and consider
the random variables

Xp=(0) = (mE @, D=y, 6 e (21}
Using Lemma 8.3 together with (8.1) and (8.3) yields
EI 1 &‘I EI EI 1
K, Xr= = 5(7“5;([ ),Drgfi )) and Vi, Xr= < Z?ﬁm
By Chebyshev’s inequality, we conclude that
P (| Xy — ES Xpe| > mror [Xp- —ES X-| > )
is bounded from above by
1 _ 1 1_ 1 1 1 1
Ve X +5Ve X <52 -pfI| <= < 1.
g " " AR
Thus, we can choose signs (¢x : K € D,,,) such that for any 6 € {£1}? with 0x = e,
K € D<,,, we have
1
<7‘5ﬁ(9),Dr5ﬁ(0)) — (1) DTFI(9)> < ny. (8.4)

2< nr+ Y N+

The signs (ex : K € Doy, \ D<y,), where J = 7 (s(I) 4+ 1), can be chosen arbitrarily:
We put e =1 for K € D, \ D<y,,. This concludes the construction of the signs.

Now we proceed to analyze the properties of our construction. For I € D, we write
I'; =T's(e), where £ denotes the sequence of signs that we have just chosen. Observe that
we have ny,ny+= € N and n; < ny+ for all I € D, and moreover, I'; € ]F(Dnﬂmﬂ) for all
I € D\ {[0,1)}. Combining (8.1) with (8.2) yields

[(ral, Dyl ) = (rpt, D] < [

Dryl,) = ar,| + |ar, = (ry, Dryf)| < 2n;

nr? I

for all I € D. Together with (8.4), applied to 6 = ¢, this implies that

1
(ri’f,DrSﬁ) S — Dr};]’) < 2y, I eD.

g

Now observe that
(rii(e), Drii(e)) = > (hg,Dhg) = (rk!, Drity, I €D.

K€Dy, "
KCT;
Thus, the faithful Haar system (i) ep defined by hy = hi(e) = ryl(€), I € D, satisfies
[(hio,1), Dhio,y) = el < moy), (8.5)
(hyt,Dhys) — %(711, Dhp)| <20, IeD. (8.6)

Now we use the operators A, B:Y — Y, defined as in Proposition 7.1 with respect to
our newly constructed faithful Haar system (hj);ep, and we define D5 = ADB. We
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have AB = Iy and ||A|| = ||B|| = 1. Since D is diagonal with respect to (h[)[ep and the

functions (hI) 7ep have pairwise disjoint Haar supports, it follows that <h1, Dh J) =0 for
all I # J. Thus, we have

(hy, Dhy)
| /|

(hy, Dh;)

hy =
7]

D***h; = ADBh; =) h;, [e€D,

JED
and so D***" is also diagonal with respect to (h;);ep. By (8.5) and (8.6), the entries
a5 = (hy, Dhy) /||, I € D, satisfy

gy — el <moyy  and  |dFEY —d7) < 4ng/|I|, 1€ D.

The desired conclusion is obtained by replacing n; by n;|I]/4 for each I € D before the
construction begins.

The additional statement follows since the inequalities (hg, Dhg) > 0|K|, K € D,
imply that

(h1,Dhiy = > (hg,Dhg) >0 >  |K|=6|I|, I€D. O
K€eDy, K€EDn,
KcI'y KCI'y

This stabilization result enables us to prove the main result Theorem 3.6.

Proof of Theorem 3.6. Proof of (i). Fix n > 0 and let (n7);ep be a sequence of positive
real numbers with
>om <y
nr = 3

By applying Proposition 8.4 to D and (n;);ep, we obtain a bounded Haar multiplier
Db Y — Y and operators A, B: Y — Y such that AB = Iy, ||A]|||B]] < 1 and
Db = ADB, and such that the entries (d5%");ep of D%*P satisfy

sta 77 sta sta
- < T and |- E <, T€D\{OD) (87

We will show that ||cIy — Ds*%P|| < 5. Note that dStabI — Db is a Haar multiplier with
entries (dft‘:"b d5¥P) jcp, which satisfy

sta sta sta sta 77
Il = dihenll <2 D 1d* —dl <4 m < 5.
IeD\{[0,1)} 1eD

Thus, by Lemma 4.5, we have ||df8a1bl — D% <n/2, and hence, using (8.7),
eIy — ADB|| <.

Proof of (i)—(iii). The remaining statements follow immediately from (i) combined with
Remark 2.5, Remark 2.6 and Remark 3.5. 0

9. STRATEGICALLY SUPPORTING SYSTEMS AND STRATEGICALLY REPRODUCIBLE
BASES

In this section, we provide an overview of the framework of strategically supporting
systems and strategically reproducible Schauder bases introduced in [20, 27]. We explain
how this framework can be used to diagonalize operators and to reduce operators with
large diagonal to operators with large positive or large negative diagonal. Moreover,
we extend the definitions so that they can be utilized in the context of the primary
factorization property. We need the following definitions.
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Definition 9.1. Suppose that (e;)52, is a Schauder basis for a Banach space £ and let
(e7)32, denote the biorthogonal functlonals. Then we say that (e})32, is a weak™* Schauder
basz's. In this case, for any e* € E*, we have the following unique expansion:

o0

"
=W (e",ej)e
Jj=1

where the above series converges in the weak* topology. From now on, we will always
indicate weak™® convergence as above.

Definition 9.2. Let £/ and F' be Banach spaces. Let (7;)32,, (y;)52,, (¥})52; and (y)32,
be sequences in E, ', E* and F™*, respectively, and let C' > 0.

> We say that (z;)52, and (y;)32, are impartially C-equivalent if for any sequence
of scalars (a;)32; with a; # 0 for at most finitely many j, we have

> We say that (x;)52, is C-norm-dominated by (y;)52, if whenever 3 %, a;y; con-
o0 .
verges in norm for a scalar sequence (a;)52;, then > -2 a;z; converges in norm

and o o
], < ol

> We say that (7)32; is C-weak™-dominated by (y;)52, if whenever w*-3 " a;y;

%Hg%

7j=1
k* f 1
converges wea Or a scalar sequence (a;

and
o0 o0
* * * *
w- E a;x; gCHw - E a;y:
H LI | e A cairy
Jj=1 Jj=1

In [20], T. Kania and the first named author introduced strategically supporting systems
in dual pairs of Banach spaces. We will now provide the definition for the special case of
a Banach space F and its dual £* on the one hand, while also expanding the concept to
accommodate projectional factors on the other hand.

221, then w*- 37 | a;x converges weak™

Definition 9.3. Let (e;)32, denote a Schauder basis for the Banach space E and let

(e7)32; denote the biorthogonal functionals. We say that ((e;,e}))32, is C-strategically

supporting (in E x E*) if for all n > 0 and all partitions Ny, Ny of N there exists i € {1,2}
and

3 finite £y C N; I(A});, (1h); € R V(e)); € {£1}7
3 finite By C N; 3(A3);, (15); € R V(e5); € {1}

3 finite B, € N; (D), (15); € RP v(eh); € {£1}7

such that if we define
Ty = Z 5’“/\"” and 1z = Z Ekuf € keN, (9.1)
JjEEY JEEK

we have that
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(i) (z1)52, is v/C + n-norm-dominated by (ex)2;
(ii) (z3)52, is v/C + n-weak*-dominated by (e})2,
and > 7 (x}, x)e converges in norm for all z € E;
(iti) 1< (af, a0) = D ep, Miph <141, k€EN;
(iv) Nph >0, keN, je E’“.
If additionally (z})2, is biorthogonal to (x4)72;, then we say that ((ej,e}))32, is C-
strategically supporting (in £ x E*) with projectional factors.

Remark 9.4. Note that Definition 9.3 contains a phrase with infinitely many quantifiers.
For a formal definition of this kind of notation, we refer to [45, Section 2]. Moreover, this
condition can be understood to mean that one of two player has a winning strategy in
an infinite game. In fact, we will define strategically reproducible Schauder bases in terms
of such an infinite two-player game in Definition 9.8, which should be interpreted in the
same manner (see [45, 12, 33]).

The following proposition states that if a system consisting of a Schauder basis and
its biorthogonal functionals is strategically supporting, then any bounded linear operator
with large diagonal can be reduced to an operator with large positive or large negative
diagonal.

Proposition 9.5. Let (¢;)%2, denote a Schauder basis for a Banach space E, and let
(€7)32, denote the biorthogonal functionals. Suppose that ((e;,e}))52, is C-strategically
supporting in E x E* (with projectional factors) and let T: E — E denote a bounded
linear operator which has §-large diagonal with respect to (e;)32 Then the following

statements are true:

j=1

> For every v > 0, there exists a bounded linear operator S: E — E with either
d-large positive or d-large negative diagonal with respect to (ej);’il such that S
(projectionally) factors through T with constant C + ~ and error 0.

> If T is diagonal with respect to (ej)] 1, then in the case of projectional factors, S
can also be chosen to be diagonal with respect to (e;)3,.

Proof. Suppose that for some 6 > 0 the bounded linear operator 7: Y — Y has d-large
diagonal with respect to (e;)32,, i.e., [(e,Te;)| > ¢ for all j € N, and let v > 0. Define
Ny ={j € N: (e}, Te;) > 0}, and N = {j € N: (e}, Te;) < —d}. Then, since T has
0-large diagonal, N1, Ny is a partition of N.

Exploiting that ((e;,€}))32, is C-strategically supporting, we first obtain an index i €
{1,2}, determining that our systems ()7, (z})7>,; will be supported in N;. From now
on, we will assume that ¢ = 1 and note that the case ¢ = 2 is obtained by replacing T'
with —7". Next, we obtain a finite set £y C N; and (A});, (1;); € R"* and we are now free
to pick the signs (¢}); € {£1}"". To this end, let (6] : j € E;) be an independent, family
of random varlables taking the values +1, each with probability 1/2, and let E denote the
expectation. Then, since £y C Ny, Deﬁnition 9.3 (iii) and (iv) yield

11 141 141 1
(3 el T30 0e)) = 3 Wbl T > 5 5ot 25
JEEL JEEA JEEN JEEL
and hence, we can find signs (£]); € {£1}”* such that
= Z ejhie; and x} = Z Espse] satisfy (x7,x1) > 0.
JEFL JEEY

Proceeding in this manner, we obtain sequences (zx)52; and (z})%2,, defined according
0 (9.1), which satisfy Definition 9.3 (i)—(iv) as well as the additional condition

(xy, Tayg) >0, ke N. (9.2)
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oo

If we assume that ((ej,€}))32, is C-strategically supporting in E' x E* with projectional
factors, then we get additionally that (z})52; is biorthogonal to (xj)%2 ;.
We will now define the canonical operators A, B: E — FE given by

o0 oo

Bx = Z<6’:’ x)Tp and Ax = Z(x,:, x)ey, r ek, (9.3)

k=1 k=1
and note that they are well-defined since the above series converge in norm. Exploiting
that ()52, is a weak* Schauder basis, together with (ii), we have for all 2* € E* and

x el
|(z*, Az)| = ‘Z(IZ,$><$*7€1«>‘ = ’<W* Z ¥ ep) Ty, x >‘

< WDt enai|llole < VOl

k=1

E* I‘“E

The above estimate together with (i) yields

IAL Bl < v/ C + 7. (9.4)

We now define the bounded linear operator S: E — E by putting S = AT B. Firstly,
note that by (9.4), S factors through T with constant C' 4+ v and error 0. Secondly,
using (9.3) and (9.2), we also obtain that S has d-large positive diagonal with respect to
(63)] 1

(3, Sej) = (€}, ATx;) = (7}, Txj) > 0, jeN. (9.5)
If we assume that ((ej,e}))32, is C-strategically supporting in E' x E* with projectional
factors, then (x)52, and (x})%2, are biorthogonal. Hence, we obtain that AB = Ig, i.e.,
S projectionally factors through 7" with constant C' + v and error 0. Moreover, in this
case, if T is diagonal with respect to (e;)?2, then (9.5) implies that S is also diagonal
with respect to (e;)%2. O

The notion of a strategically reproducible Schauder basis was introduced in [27]. Before
presenting the definition, we establish the following terminology.

Definition 9.6. Let E be a Banach space. By cof(E), we denote the set of cofinite-
dimensional closed subspaces of E, while cof,,«(E*) denotes the set of cofinite-dimensional
weak™ closed subspaces of E*.

Remark 9.7. In fact, we will always use the following characterization of cof(£) and
cofy« (E*): A subspace W C F is in cof (FE) if and only if there are there are N € Ny and
xy,...,Ty € E* such that

W = {‘IT,...,.CL’?V}J_.
Similarly, a subspace G C E* is in cof,«(E*) if and only if there are M € Ny and
Z1,...,xp € F such that

G={x1,...,2m}"
Details can be found in [50, Lemma 5.1.7].

Definition 9.8. Let £ be a Banach space with a normalized Schauder basis (e;)32, and
associated biorthogonal functionals (e7)32,, and fix positive constants C' > 1 and 7 > 0.
Consider the following two-player game between player (I) and player (I1):
Before the first turn player (I) is allowed to choose a partition of N = Ny U N,. For
k € N, turn k is played out in three steps.

Step 1: Player (I) chooses 7, > 0, W), € cof(E), and G}, € cof,«(E*).
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Step 2: Player (II) chooses ix € {1,2}, a finite subset Ej of N;, and sequences of non-
negative real numbers (A\¥);cp,, (1)) cp, satisfying

1—-7n< Z)\fuj<1+77.

JEE
Step 3: Player (I) chooses (¢F)jep, in {£1}7.
We say that player (II) has a winning strategy in the game Repg ), (C,n) if he can

force the following properties on the result:

For all £ € N, we set
Z ei\be; and  xp = Z ehules (9.6)
JEE JEE

and demand:

(i
(ii

the sequences (zx)52; and (ex)72, are impartially (C' + n)-equivalent,
the sequences (z7})72; and (e})32, are impartially (C' + n)-equivalent,
(iii) for all k¥ € N, we have dist(xy, Wi) < ng, and

(iv) for all k € N, we have dist(z}, Gr) < 1.

We say that (ej) °, is C-strategically reproducible in E if for every n > 0, player (II) has
a winning strategy in the game Repz (.., (C,7n). If player (II) can additionally guaran-

tee that (z3)%2, is biorthogonal to (xk)k 1, then we say that (e;)%2, is C-strategically
reproducible in E with projectional factors.

\_/\_/\_/\_/

Jj=

Before proceeding, we make the following observations.

Remark 9.9. Let (e;)32, denote a Schauder basis of a Banach space £ with basis constant
A > 1. In the proof of [27, Theorem 3.12], it is noted that if (e;)52, is C-strategically
reproducible in E, then player (I) can always force the following outcome on the winning
strategy of player (II): For any n > 0, in addition to (i)—(iv) in Definition 9.8, the sequence

(x})52, is summably close to some block sequence (T7)72, of (€})32,, i.e.,

Z [k — Tkl
k=1

In this case, the operator A: F — E given by

Jj=b

Az = Z(:r;z,x}ek, rekl
k=1
is well-defined and satisfies
[A[ < A/ C + 1.
For more details, we refer to Lemma 5.2.1 and the proof of Theorem 5.2.3 in [50].
On the other hand, observe that even without (9.7), condition (i) implies that the
operator B: E — FE given by

Bx = Z<€Z,$>$k, rek

k=1

|IB]| <+C+n

Finally, note that if (z4);2, and ()72, were constructed according to a winning strat-
egy with projectional factors, i.e., (z})32; is biorthogonal to (x)%2, then we additionally
have AB = Ij.

is well-defined and satisfies
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The next proposition states that if a Schauder basis of a Banach space is strategically
reproducible, then any bounded linear operator can be diagonalized with respect to the
given basis, and moreover, it is possible to preserve a large (positive) diagonal when
diagonalizing. This result is is implicitly contained in the proof of [27, Theorem 3.12].
Nonetheless, we state this diagonalzation step as a separate result since we will need it in
the proof of Theorem 11.1.

Proposition 9.10. Let E be a Banach space with a normalized Schauder basis (e;)32,
with basis constant A. Let C' > 1 and suppose that (ej);?‘;l is C'-strategically reproducible in
E (with projectional factors). Moreover, let T: E'— E denote a bounded linear operator

and let n > 0. Then the following assertions are true:

(i) There exists a bounded linear operator D: E — E which is diagonal with respect to
(ej)32, such that D (projectionally) factors through T with constant A(C' +n) and
error 1.

(i3) If we additionally assume that T has d-large (positive) diagonal with respect to (e;)32,
for some § > 0, then the above diagonal operator D can be chosen so that D also
has d-large (positive) diagonal with respect to (e;)52,.

Proof. Proposition 9.10 (i) follows from the proof of [27, Theorem 3.12] together with the
discussion in Remark 9.9. More precisely, at the beginning of the proof of [27, Theo-
rem 3.12], we replace player (I)’s choice of N; and Ny by, say, N; = N and N, = (), since
in (i) we do not assume that 7" has large diagonal. Moreover, in the last step of the nth
turn, instead of using a probabilistic argument to pick the signs (e§"))i€ £, pPlayer (I) sim-
ply chooses 51@) =1 for all i € E,,. Then we follow the proof of [27, Theorem 3.12] until
the conditions of [27, Lemma 3.14] are checked, and we conclude by [27, Lemma 3.14] and
Remark 9.9.

In order to prove Proposition 9.10 (ii), we repeat the argument from [27, Theorem 3.12],
and thereby we directly obtain a diagonal operator D which has (1 — n)d-large (positive)

diagonal. By rescaling with the factor (1—n)~!, we obtain the result as claimed in (ii). O

Remark 9.11. Fix A\, C, > 1 and suppose that for every k € N, E}, is a Banach space with a
normalized Schauder basis (e )32, which is C,-strategically reproducible in £ and whose
basis constant is bounded by A. Then by [27, Proposition 7.5], the sequence (e ;)32,, enu-
merated as (€,)5_; according to Remark 2.9, is a C,-strategically reproducible Schauder
basis of (7((E))%2,) whose basis constant is bounded by A. By inspecting the proof of [27,
Proposition 7.5], it is clear that (€,,)°_, is even C,-strategically reproducible with pro-
jectional factors if the same is true for all bases (ex;)52;, k¥ € N. Thus, Proposition 9.10
can be used to diagonalize any bounded linear operator T': (P((Ey)52,) — P((Er)52,)-
For p = oo, however, we cannot use Proposition 9.10 to diagonalize an operator on
(>*((Er)t2,)- Instead, we have to extract an analogous result from the proof of [28,
Theorem 3.9]. First, we give the definition of a diagonal operator on ¢*°((Ej)2 ;).

Definition 9.12. For each k£ € N, let Ej; be a Banach space with a Schauder basis
(exj)321- Denote Z = (*°((Ep)2;). A bounded linear operator D: Z — Z is called
diagonal (with respect to (ey. ;)7°=1 ) if it is of the form D(z1)32, = (Drar)i2y, (21)32, € Z,
where for each k € N, D;: E;, — E} is a bounded diagonal operator with respect to
<€k7j);?.;1'

Proposition 9.13. For each k € N, let E}, be a Banach space with a normalized Schauder
basis (ex;)521, and denote Z = (>°((Ey)32,). Assume that (Ey)i2, is uniformly asymp-
totically curved with respect to (ex;)5%—, and that there are C;, A > 1 such that

> for every k € N, the basis constant of (ey ;)32 in Ej. is at most \;
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> for every k € N, the basis (ex )32, is C,-strategically reproducible in Ej (with
projectional factors).
Then for every bounded linear operator T: Z — Z and every n > 0, there exists a
bounded linear operator D: Z — Z that is diagonal with respect to (ex;)i%—, such that D
(projectionally) factors through T' with constant \(C, +n) and error n.

Proof. Similarly to Proposition 9.10, this result is contained in the proof of [28, Theo-
rem 3.9]. At the beginning we again replace the choice of Ny and Ny by N; = N and
Ny = (), and in Turn n, Step 3, player (I) chooses the signs 51(-”) =1,7 € FE,. In the end,
from [28, Proposition 4.5 (b)], we obtain a bounded linear operator D: Z — Z that is
diagonal with respect to (ex;);%—; and bounded linear operators A, B: Z — Z such that

D — ATB| < 2A/Cr + 03+ T[)n
IAl <A/ Crtm, Bl <V +1

(see [28, Remark 4.4]). Moreover, for all ()72, € Z, we have A(z)52, = (Arzr)ie,
and B(z)i2, = (Brzk)i>;, where for each k € N, Ay, By: Ey — Ej are bounded linear
operators of the same form as A, B: £ — FE in Remark 9.9. In particular, if all bases are
C,-strategically reproducible with projectional factors, then we have A;B), = Ig, for all
k € N and thus AB = I. O

and

10. STRATEGIC PROPERTIES OF THE HAAR SYSTEM

Next, we are going to prove that for every Haar system Hardy space Y € HHq(9),
the system ((hr/||hs]ly,h}))rep is 2-strategically supporting in Y x Y* and under the
assumption that (7,)5%, is weakly null, the normalized Haar basis of Y is 2-strategically
reproducible. The following lemma will be used in the proofs of both properties.

Lemma 10.1. Let Y € HHo(9) and let n > 0. Then there exist oo, po > 0 such that for
all 0 <o <o and 0 < p < po, the following holds:
Let (hp)1ep be a (3¢1) 1ep-faithful Haar system for some family (s¢)rep of real numbers

in (0,1] that satisfies
Z(l — ) <o.

1eD

Moreover, for every I € D, let By C D denote the Haar support of hy, and suppose that
1By 1y = 1 —p. Put

iLI 1 |I| ill
;= V2— and  x] = . (10.1)
1]y V2B Tl

for every I € D. Then the following assertions are true:

(i) The sequence (x1)ep s impartially (2 + n)-equivalent to (hr/||hilly)rep in Y;
in particular, (x1)1ep s /2 + n-norm-dominated by (hy/||hr||y)rep-
(it) The sequence (x)rep is tmpartially (2 4+ n)-equivalent to (hi/||hlly+)rep tn Y*.
(iii) The sequence (x3)iep i /2 + n-weak*-dominated by (hy/||hlly+)rep,
and for every x € Y, the series Y .p(x7, x)hr/||h1||y converges in norm.

Proof. If o < 1, then by Theorem 7.3, the operators A, B: Y — Y defined by

<h17 > h’I)
Bzr = h and =
2 IIE: v |h1||2

1eD 1eD
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satisfy
1 1 + 30
1Bl =1 —and [lA] <~ o,
M —0

where p = |B[o 1 | > % — p. In particular, by choosing oy and pg small enough, we can
ensure that

IBl=1 —and  [JA] <v2(2+n). (10.2)
Moreover, we know that AB = Iy and hence B*A* = [y, as well as
- ~ - B 1| -
Bh;y=h;, Ah;=h; and  B'h; = ||If||h,, A*h; = ‘|B*||h1 (10.3)
I

for all I € D. Combining our estimates (10.2) with the identities in (10.1) and (10.3)
yields (i) and (ii).
Next, if (ar)rep is a scalar sequence and z* € Y* is such that

hi
= wk —_— 10.4
rEw Zathﬂ ’ (10.4)

then, since A*: Y* — Y™* is weak™-to-weak™ continuous, it follows that

Azt =2 wk Z arxy (10.5)

IeD
is weak™ convergent, and thus, combining (10.4) and (10.5) with (10.2) yields

V2 [ 3o, e

= il

Finally, for every x € Y, usmg (10.1) and (10 3), we see that the series

< 4|y = ||A||Hw

hy 1
(x7, ) < > = —Ax
IEZD ! |h1 3% \/_IEZD 1rl]y [hally V2
converges in norm. O

In the following, we will always identify the index k£ € N from Definition 9.3 with a
dyadic interval I via the bijection ¢|p: D — N. Thus, the partition N = N; U Ny will
correspond to a partition D = A; U A,. Moreover, instead of finite subsets E) of Ny or
Ny, we will construct finite subsets By of A; or As, and the real numbers A?, /L? and signs

e¥, j € Ey, will be denoted as \j, uf, and €}, L € Bj.

Theorem 10.2. Let (h;/||h;|ly)rep denote the normalized Haar basis of Y € HHo(9),
and let (h});ep denote the biorthogonal functionals. Then the system ((hi/||h1lly, h}))1ep
is 2-strategically supporting in'Y X Y™ with projectional factors.

Proof. Let n > 0 and let A;, Ay be a partition of D. Thus, limsup(A;) Ulimsup(Ay) =

[0,1), and hence, we have either

| lim sup(A;)| > or | lim sup(As)| >

N | =
o[\)l»—l

If the former inequality is true, we define ¢ = 1, and we put ¢ = 2 otherwise. In any case,

we obtain

1
| lim sup(A4;)| > 5

By [27, Lemma 4.4], we can find a subset A C A; such that

> G, (A) is finite and G,(A) C G,(A;) for all n € Ny,
> |limsup(A)| > 5 — p,
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where p > 0 is a small number, to be determined later. We will write S = limsup(.A).
Moreover, fix 0 < o < 1 to be determined later, and let (s¢;)ep be a sequence of real
numbers in (0, 1) such that

Y (l-x) <o

1€D
Define »; =1 — s for all I € D.
Now let I € D and assume that we have already picked strictly increasing frequencies
(n) <1 and chosen collections B; C G, ,(A) and positive real numbers (/) e, (141 )res, €
R57 for all J < I. Moreover, suppose that the sequences of signs (¢7)res, € {£1}7,

J < I, are given, thus determining the newly constructed systems (x ;)< and (x%)<s
n (9.1), i.e

Z 6%)\%‘% H and = Z el hy.
LeBy LilY LeB,

In addition, we define the auxiliary L*>°-normalized Haar system (ﬁ J)J<1 by putting
hy=Y elh, JeD, J<L
LeBjy

We now describe the construction of By and (AL)reg,, (111 ) res, € R, which in turn
determine z; and xj. Firstly, we pick B; C A as follows:

Br = G,,(A), it I =1[0,1),
Br={L€ Gy (A): L C {har=*1}}, if I = J* for some J € D,
where n; € Ny is chosen sufficiently large such that n; > n; for all J < I and such that
IB; NS| > (1—5/2)|B;]. (10.6)
Secondly, we define the non-negative real numbers
AV, LT ==,  LEeB.
’ [Porlly YT VRIBI ally f
Now we fix (el)cp, € {1}5" and observe that
h
ISV
rr = ELAL —— and €
I ~ LAL 1zl LZ LiLhy
I eBr

is in accordance with (9.1). Recall that by Lemma 4.4, we have ||hk|y|hx|y+ = | K],
K € D, and thus, we obtain

(7, 21) = Z ALpg, =
LeB;

which shows condition (iii) in Definition 9.3.
We record the following identities relating h; with x; and x7:

V2 P 1 . 1|1 h;
;an T]= —=1m - T
[1Pr]ly V2B kv
We will now discuss essential properties of our construction. First, let I € D\ {[0,1)}.

Exploiting the nestedness of the dyadic intervals, one can show that B; NS = {hy) =
+1} NS, and thus, by (10.6) and [27, Lemma 4.5 (i)], we have

1B 1B
9 = Xx(I) 9 .

Ty =

Bl = B; N S| = [{hry = £1} N S| = (1 = sy —5
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Moreover, by the definition of By, we have supp(h;+) C {h; = £1} for all I € D. Thus,
it follows that (izl) 1ep 18 a (27)ep-faithful Haar system. If p and o are chosen suffi-
ciently small, then by Lemma 10.1, (z;)7ep is v/2 + n-norm-dominated by (h;/||hz]|y)rep
and (27)rep is /2 + n-weak*-dominated by (h})rep, and moreover, Y (@}, 2)hr /|| b1y
converges in norm for all z € Y. Finally, (})ep is clearly biorthogonal to (z;);ep. O

Lemma 10.3. Let Y € HH(d) and assume that the sequence of Rademacher functions
(rn)22 is weakly null in Y. Moreover, suppose that A C D has finite generations. For
every sequence of signs € = (e )xep € {£1}P and every n € Ny, put

7:71(5) = Z 5KhK-

Kegn(A)
Then for every y € Y and y* € Y*, we have
lim sup [(Tn(e),y)|=0 and lim sup [{(y*,7.(g))| = 0. (10.7)

N0 e {+1}D N0 ce{41}D

Proof. Let n > 0. Since Hy is dense in Y, we can find z € Hy such that ||y — z|ly < n.
Then for all sufficiently large n € Ny and all € € {+1}7, we have (7,(¢), z) = 0 and hence

[(Fu(e), )] = [(Fa(e),y = 2)| <
because ||7,(g)|ly+ < 1 by Corollary 7.2.
In order to prove the second equality in (10.7), we first fix y* € Y* and € € {+1}7.

By Lemma 5.5, there exists another collection A C D with finite generations such that
Gi(A) = [0,1) and G,(A) C G,(A) for all n € Ny, and there exists a bounded Haar
multiplier R: Y — Y with ||R|| < 1 such that for every n € Ny and K € G,(A), we have

~ Jhk, KegG,(A),
filre = {0, K € Gu(A) \ G (A).

Now let (ﬁ[) 1ep be the faithful Haar system defined as in Remark 5.4 with respect to
the collection A and the sequence of signs €. Since (hy)ep is faithful, we know from

Proposition 7.1 that the operator B:Y — Y defined as the linear extension of Bh; = izI,
I € D, is bounded. Now we can write

fale) = R( Y exhic) =R(D i) =RBr,,  neN,
KEQn(A) IeDy
and since (r,,)7, is weakly null in Y, it follows that

Tim [{y", 7a(2)] = 0. (10.8)

Clearly, there exists a sequence e € {£1} that satisfies |(y*, 7(¢))| = supge z1y2 [(¥*, 7 (6))]

for all n € Ny. Hence, by applying (10.8) to this sequence, we obtain the second equality
in (10.7). O

Theorem 10.4. Let Y € HHo(0) and suppose that the sequence of Rademacher functions
(rn)22 is weakly null in Y. Then the normalized Haar basis (hr/||hr|ly)rep of Y is 2-
strategically reproducible in 'Y with projectional factors.

Proof. Fix n > 0. In the following, we will describe a winning strategy for player (II)
in the game Repy. s, /a1 (2,7). Before the game starts, player (I) chooses a partition
D = A; U Ay. Thus, limsup(A;) Ulimsup(As) = [0, 1), and hence, we have

1 1
| lim sup(A;)| > ; o | lim sup(As)| > 3
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We may assume without loss of generality that |limsup(A4;)| > 3. By [27, Lemma 4.4],

we can find a subset A C A; such that
> G, (A) is finite and G,(A) C G,(A,) for all n € Ny,
> |limsup(A)| > 5 - p,
where p > 0 is a small number, to be determined later. We will write S = limsup(.A).
Moreover, fix 0 < o < 1 to be determined later, and let (3¢7);ep be a family of real
numbers in (0, 1) such that
d (1-x) <o

1eD
Define »; =1 — 3 for all [ € D.

Now consider turn I € D. Let (ny);<; denote a strictly increasing sequence of natural
numbers and suppose that for each J < I, player (II) has already chosen a finite set
B; C G,,(A) and non-negative real numbers (A{)zeg,, (1417 )res,. Moreover, suppose that
player (I) has chosen sequences of signs (7 )res, € {jzl}BJ , J < I, thus determining the
systems () <y and (2%) < defined in (9.6), i.e

h
_ e\ L
xy = E AL Hh I and E el ] —=—

LeB; LeB;

In addition, we define the auxiliary L*>°-normalized Haar system (ﬁ J)J<1 by putting
hy=>» elh,, JeD, J<I.
LeB;

At the beginning of turn I, player (I) chooses n; > 0 and spaces W; € cof(Y) and
G1 € cof,«(Y*). Then player (II) may choose a subset B; of either A; or A, and finite se-
quences of non-negative real numbers (M) cp,, (1) Les, € RPI. In this winning strategy,
player (II) picks B; C A as follows:

Br =G, (A), if [ =1[0,1),
={L €G,,(A) : L C {ha) = £1}}, if I = J* for some J € D,
where n; € Ny is chosen sufficiently large such that n; > n; for all J < I and such that
the following two conditions are satisfied:

(i) [By N S| > (1 —5/2)|Bj|.
(ii) For every e € {£1}7, the following two inequalities hold for h =37, s erhy:

diSty(h, W[) S 77][ and diSty*(h, G]) S 77], (109)
where

- 1 . Vi |B* |
Mo,1) = Mo,1) * E’S‘ and i)y =1 - 3 i 1, sn(1) 2|]|
forall I € D\ {[0,1)}.

We have to show that such a number n; exists. According to [27, Lemma 4.5 (ii)],
condition (i) is satisfied for all sufficiently large n;. In order to prove that (ii) is also
satisfied for all large enough n;, first recall that by Remark 9.7, there are N, M € Ny and
yi, ..,y € YT as well as yq,...,yym € Y such that

Wi ={vy],...,un}. and GI:{yl,...,yM}L.

Given h € Hy, the inequalities (10.9) are certainly satisfied if |(y;, h)| is sufficiently small
for all j € {1,..., N} and [(h,y;)| is sufficiently small for all j € {1,..., M}. Thus, it
suffices to prove the following assertion: Put I' = {h.;) = £1} if I = J* for some J € D
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(and T' = [0,1) if I = [0,1)) and, in addition, for n € Ny, put G, = {L € Gy +14n(A)
L cT} and
Fo(e) = Y exhi,  e€{£1}".
KeGn

Then for every y* € Y* and y € Y, we claim that
lim sup [{y*,7.(¢))| =0 and lim sup [{(7.(¢),y)| = 0.

N0 e f 411D N0 ce{41}P

But this follows by applying Lemma 10.3 to A := [ J°°, G, since (r,)3, is weakly null in
Y. Thus, (i) and (ii) are satisfied if n; is chosen sufficiently large.
After the set By is selected, player (II) chooses the non-negative real numbers

hilly 1 [I] Al
M =12 H# and I —— )
t [hzlly BV21B |l

Recall that by Lemma 4.4, we have ||hk||y||hk]||y- = | K| for all K € D, so we obtain

Y*
. LeB.
Y*

Next, player (I) chooses signs (¢])res, € {#1}P7. Observe that

hi
Tr = E 5£/\£W and ] = E et b by
LeB; Ly LeB;

is in accordance with (9.6). Then the next turn begins.
Now we assume that the game is completed, and we record the following identities
relating h; to x; and x7:

V2 - 1|1 h;
r; = —hg and Tp = —=mo - T 1 €D.
[[Pr]ly V2B Ry
Like in the proof of Theorem 10.2, it follows from the above condition (i) that
, Bl
Bl > ey, TeD\{0,1)}, (10.10)

and since supp(h;=) C {h; = £1} for all I € D, this implies that (h;)sep is a (5¢)1ep-
faithful Haar system. If p and o are chosen sufficiently small, then by Lemma 10.1, (x;)ep
is impartially (24 n)-equivalent to (h;/||hrlly)rep in Y and (x7)rep is impartially (2+n)-
equivalent to (h;/||hrlly+<)iep = (h})iep in Y*. Furthermore, the inequalities (10.9),
Lemma 4.4 and Proposition 4.1 (i) imply that disty (z;, W;) < n; for all I € D, and
together with |S| < |Bj, ;)| and (10.10), we also have disty-(z7,Gr) < ny for all I € D.
Finally, it is obvious that (z%);ep is biorthogonal to (x)ep. O

11. PROOFS OF THEOREM 3.1 AND THEOREM 3.2

Our proof of Theorem 3.1 is based on the following result, which adds to the framework
of strategically reproducible bases developed in [27]. More precisely, the result transfers
[27, Theorem 3.12 and Theorem 7.6] to the setting of the primary factorization property:
It allows us to reduce the primary factorization property to the primary diagonal factor-
ization property with respect to a Schauder bases which is strategically reproducible with
projectional factors.
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Theorem 11.1. Let E be a Banach space with a normalized Schauder basis (e;)32, with
basis constant A > 1. Let C\,,C > 1 and suppose that (e;)52, is C,-strategically repro-
ducible in E with projectional factors and that E has the C-primary diagonal factorization
property with respect to (ej);‘il. Let Z be one of the following spaces:

(i) Z=FE

(i) Z = (P(E) for some 1 < p < o0

(i) Z = {>(E) if E is asymptotically curved with respect to (e;)52,.
Then Z has the AC.C-primary factorization property, and hence, Mz is the unique mazx-
imal ideal of B(Z). In particular, the spaces in (ii) and (iii) are primary.

Proof. Case (i). Let T: E — E be a bounded linear operator, and let n > 0. By
Proposition 9.10 (i), there exists a bounded linear operator D: E — E, which is diagonal
with respect to (e;)52;, such that D projectionally factors through 7" with constant A(C; +
n) and error 7. Recall that by Remark 2.7, we also have that Iy — D projectionally factors
through I — T with constant A(C, + n) and error . Moreover, by the hypothesis, we
know that the identity Iy factors either through D or through Iy — D with constant C'+n
(and error 0). Thus, using Remark 2.5 and Remark 2.6, we conclude that for sufficiently
small 7, the identity [y either factors through 7" or through I — T with constant

A(Cr +n)(C +n)
1—(C+nn
and this converges to A\C,.C as n — 0.

Case (ii). For each k € N, let (e ;)32; be a copy of (e;)32, in the kth component of
(P(E). We know from Remark 9.11 that the sequence (e )55, enumerated as (&, )pr—;
according to Remark 2.9, is a Schauder basis of ¢?(F) whose basis constant is bounded
by A, and it is C,-strategically reproducible in ¢?(FE) with projectional factors. Thus,
by (i), it suffices to show that ¢?(F) has the C-primary diagonal factorization property
with respect to (€,,)5_;.

Let D: (?(E) — (P(E) be a bounded linear operator that is diagonal with respect to
(€m)°_;. Then for each k € N, by restricting D to the kth component of /P(E), we obtain
a bounded linear operator Dy: E' — E that is diagonal with respect to (e;)32,. By the
hypothesis, the sets

N = {k € N: I, factors through Dj, with constant C*},
N, = {k € N: I, factors through Iz — D;, with constant C*}

satisfy Ni UN5 = N, so at least one of these sets is infinite. We assume without loss
of generality that A is infinite. For each k € N}, there exist bounded linear operators
Ay, Bi: E — E such that

By rescaling, we may assume that || Ag|| < +/C +nand || Bi|| < /C+n. For k € N\ N,
we put Ay = By = 0. Now write N7 = {n; < ny < ng < ...} and define the operators
Q,R: (P(E) — (P(E) by Q(z)2, = (Tn, )52, as well as R(zg)72, = (yx)i>, where y,, =
zy for all k € N and gy, = 0 if & ¢ N;. Note that ||Q]],||R|| < 1. Finally, define
A,B: (*(E) — (P(E) by

Alw)p, = (Apre)i,  and  B(ar)ps, = (Brar)pey

and observe that [|Al],||B]| < +/C +n and Ipry = QADBR, so I factors through D
with constant C' + n (and error 0).
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Case (iii). Let T': £*(E) — (>°(E) be a bounded linear operator, and let n > 0. Like in
the proof for case (i), we first diagonalize the operator T'. Here, however, instead of using
Proposition 9.10 (i), we apply Lemma 6.5 and then Proposition 9.13 to obtain a bounded
linear operator D: (*°(E) — (*°(FE) which is diagonal with respect to (ex ;)5%—, such that
D projectionally factors through 7" with constant A(C,. + n) and error 1. Next, like in the
proof of (ii), we see that ¢*°(F) has the C-primary diagonal factorization property with
respect to (e ;)7%—;- The rest of the proof is the same as for (i). O

Proof of Theorem 3.1. Since the sequence (r,)>2; is weakly null in Y, we know from
Theorem 10.4 that the normalized Haar basis (hy/||hr|]y)rep of Y is 2-strategically re-
producible in Y with projectional factors. Moreover, Theorem 3.6 (iii) implies that Y has
the 2-primary diagonal factorization property with respect to the Haar basis. Thus, the
statements in Theorem 3.1 follow from Theorem 11.1. U

Proof of Theorem 3.2. First, we show that the Haar basis of Y (or, analogously, of any
space Yy, k € N) has the 2/d-diagonal factorization property. Let § > 0, and let
D:Y — Y be a bounded Haar multiplier with d-large diagonal. Let v > 0. Since
by Theorem 10.2, the system ((hr/[|hs]]y,h}))1ep is strategically supporting in Y x Y™,
we can apply Proposition 9.5, which yields a bounded Haar multiplier D:Y — Y with
either d-large positive or d-large negative diagonal such that D factors through D with
constant 2+ (and error 0). Hence, we have |¢| > ¢ for all ¢ € A(D). Now Theorem 3.6 (ii)
implies that the identity Iy factors through D with constant (1/6)* (and error 0). Thus,
we have proved that Iy factors through D with constant (2/0)%.

Case (i). Since the sequence (r,)>, is weakly null in Y, & € N, we know from The-
orem 10.4 that the normalized Haar basis 2-strategically reproducible in Y. Hence, if
0>0and T:Y — Y is a bounded linear operator with d-large diagonal with respect to
the Haar basis, then by Proposition 9.10, for every n > 0, there exists a bounded Haar
multiplier D: Y — Y with d-large diagonal such that D factors through 7" with constant
2 + n and error 1. Thus, the 4/d-factorization property of the Haar basis of Y follows
from 2/§-diagonal factorization property together with Remark 2.5 and Remark 2.6. Al-
ternatively, it also fallows from the strategic reproducibility and the diagonal factorization
property using [27, Theorem 3.12].

Case (ii). We know that the Haar basis is 2-strategically reproducible and has the
2/4-diagonal factorization property in each space Yy, k& € N. By [27, Lemma 7.3|, it
follows that (hgr)ken rep has the 2/0-diagonal factorization property in P((Yy)52,) for
1 < p < oo. Thus, the 4/-factorization property follows like in Case (i), again using
Proposition 9.10 for diagonalization (see Remark 9.11). Alternatively, it follows from [27,
Theorem 7.6].

Case (iii). In this case, the 4/d-factorization property follows from [28, Theorem 3.9]. O

Acknowledgments. The authors would like to thank Paul F.X. Miiller and Thomas
Schlumprecht for helpful discussions. This article is part of the second author’s PhD thesis,
which is being prepared at the Institute of Analysis, Johannes Kepler University Linz.

REFERENCES

[1] D. Alspach, P. Enflo, and E. Odell. On the structure of separable £, spaces (1 < p < 00). Studia
Math., 60(1):79-90, 1977.

[2] A. D. Andrew. Perturbations of Schauder bases in the spaces C(K) and LP, p > 1. Studia Math.,
65(3):287-298, 1979.



3]

[28]
[29]

[30]

FACTORIZATION IN HAAR SYSTEM HARDY SPACES 41

S. A. Argyros and R. G. Haydon. A hereditarily indecomposable .Z,,-space that solves the scalar-
plus-compact problem. Acta Math., 206(1):1-54, 2011.

J. Bourgain and L. Tzafriri. Invertibility of “large” submatrices with applications to the geometry of
Banach spaces and harmonic analysis. Israel J. Math., 57(2):137-224, 1987.

M. Capon. Primarité de LP(L"), 1 < p, r < oo. Israel J. Math., 42(1-2):87-98, 1982.

M. Capon. Primarité de LP(X). Trans. Amer. Math. Soc., 276(2):431-487, 1983.

P. G. Casazza and T. J. Shura. Tsirel’son’s space, volume 1363 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 1989. With an appendix by J. Baker, O. Slotterbeck and R. Aron.

B. S. Cirel’son. It is impossible to imbed £, or ¢y into an arbitrary Banach space. Funkcional. Anal.
i PriloZen., 8(2):57-60, 1974.

D. Dosev and W. B. Johnson. Commutators on £o. Bull. Lond. Math. Soc., 42(1):155-169, 2010.
P. Enflo and T. W. Starbird. Subspaces of L! containing L'. Studia Math., 65(2):203-225, 1979.

T. Figiel and W. B. Johnson. A uniformly convex Banach space which contains no [,,. Compositio
Math., 29:179-190, 1974.

D. Gale and F. M. Stewart. Infinite games with perfect information. In Contributions to the theory
of games, wvol. 2, volume no. 28 of Ann. of Math. Stud., pages 245-266. Princeton Univ. Press,
Princeton, NJ, 1953.

J. L. B. Gamlen and R. J. Gaudet. On subsequences of the Haar system in Ly[0, 1], (1 < p < o0).
Israel J. Math., 15:404-413, 1973.

M. Girardi. Operator-valued Fourier Haar multipliers. J. Math. Anal. Appl., 325(2):1314-1326, 2007
W. T. Gowers. A solution to Banach’s hyperplane problem. Bull. London Math. Soc., 26(6):523-530,
1994.

W. T. Gowers and B. Maurey. The unconditional basic sequence problem. J. Amer. Math. Soc.,
6(4):851-874, 1993.

W. B. Johnson, B. Maurey, G. Schechtman, and L. Tzafriri. Symmetric structures in Banach spaces.
Mem. Amer. Math. Soc., 19(217):v+298, 1979.

P. W. Jones. BMO and the Banach space approximation problem. Amer. J. Math., 107(4):853-893,
1985.

P. W. Jones and P. F. X. Miiller. Conditioned Brownian motion and multipliers into SL*°. Geom.
Funct. Anal., 14(2):319-379, 2004.

T. Kania and R. Lechner. Factorisation in stopping-time Banach spaces: identifying unique maximal
ideals. Adv. Math., 409(part B):Paper No. 108643, 35, 2022.

N. J. Laustsen, R. Lechner, and P. F. X. Miiller. Factorization of the identity through operators with
large diagonal. J. Funct. Anal., 275(11):3169-3207, 2018.

R. Lechner. Factorization in mixed norm Hardy and BMO spaces. Studia Math., 242(3):231-265,
2018.

R. Lechner. Factorization in SL*. Israel J. Math., 226(2):957-991, 2018.

R. Lechner. Dimension dependence of factorization problems: biparameter Hardy spaces. Proc.
Amer. Math. Soc., 147(4):1639-1652, 2019.

R. Lechner. Dimension dependence of factorization problems: Hardy spaces and SL°. Israel J.
Math., 232(2):677-693, 2019.

R. Lechner. Subsymmetric bases have the factorization property. Collog. Math., 170(1):91-113, 2022.
R. Lechner, P. Motakis, P. F. X. Miiller, and Th. Schlumprecht. Strategically reproducible bases and
the factorization property. Israel J. Math., 238(1):13—-60, 2020.

R. Lechner, P. Motakis, P. F. X. Miller, and Th. Schlumprecht. The factorisation property of
£>2(X}). Math. Proc. Cambridge Philos. Soc., 171(2):421-448, 2021.

R. Lechner, P. Motakis, P. F. X. Miiller, and Th. Schlumprecht. The space Li(L,) is primary for
1 < p < oo. Forum Math. Sigma, 10:e32, 1-36, 2022.

R. Lechner and P. F. X. Miiller. Localization and projections on bi-parameter BMO. Q. J. Math.,
66(4):1069-1101, 2015.

J. Lindenstrauss. Decomposition of Banach spaces. Indiana Univ. Math. J., 20(10):917-919, 1971.
J. Lindenstrauss and L. Tzafriri. Classical Banach spaces. II: Function spaces, volume 97 of Ergeb-
nisse der Mathematik und ihrer Grenzgebiete [Results in Mathematics and Related Areas]. Springer-
Verlag, Berlin-New York, 1979.

D. A. Martin. Borel determinacy. Ann. of Math. (2), 102(2):363-371, 1975.

B. Maurey. Sous-espaces complémentés de L?, d’apres P. Enflo. In Séminaire Maurey-Schwartz 197/—
1975: Espaces LP, applications radonifiantes et géométrie des espaces de Banach, pages Exp. No.
ITI, 15 pp. (erratum, p. 1). Ecole Polytech., Paris, 1975.



FACTORIZATION IN HAAR SYSTEM HARDY SPACES 42

[35] B. Maurey. Isomorphismes entre espaces Hy. Acta Math., 145(1-2):79-120, 1980.

[36] B. Maurey. Banach spaces with few operators. In Handbook of the geometry of Banach spaces, Vol.
2, pages 1247-1297. North-Holland, Amsterdam, 2003.

[37] P. F. X. Miiller. On subsequences of the Haar basis in H!(§) and isomorphism between H!-spaces.
Studia Math., 85(1):73-90, 1986.

[38] P. F. X. Miiller. Classification of the isomorphic types of martingale-H' spaces. Israel J. Math.,

59(2):195-212, 1987.

9] P. F. X. Miiller. On projections in H* and BMO. Studia Math., 89(2):145-158, 1988.

0] P. F. X. Miiller. On subspaces of H! isomorphic to H'. Studia Math., 88(2):121-127, 1988.

1] P. F. X. Miiller. Orthogonal projections on martingale H' spaces of two parameters. Illinois J.

Math., 38(4):554-573, 1994.

[42] P. F. X. Miiller. Isomorphisms between H' spaces, volume 66 of Instytut Matematyczny Polskiej
Akademii Nauk. Monografie Matematyczne (New Series) [Mathematics Institute of the Polish Acad-
emy of Sciences. Mathematical Monographs (New Series)]. Birkhduser Verlag, Basel, 2005.

[43] P. F. X. Miiller. Hardy martingales—stochastic holomorphy, L*-embeddings, and isomorphic invari-
ants, volume 43 of New Mathematical Monographs. Cambridge University Press, Cambridge, 2022.

[44] K. V. Navoyan. Factorization property in rearrangement invariant spaces. Adv. Oper. Theory,
8(4):Paper No. 63, 2023.

[45] E. Odell and T. Schlumprecht. Trees and branches in Banach spaces. Trans. Amer. Math. Soc.,
354(10):4085-4108, 2002.

[46] A. Pelczynski. Projections in certain Banach spaces. Studia Math., 19:209-228, 1960.

[47] V. A. Rodin and E. M. Semyonov. Rademacher series in symmetric spaces. Anal. Math., 1(3):207—
222, 1975.

[48] Th. Schlumprecht. An arbitrarily distortable Banach space. Israel J. Math., 76(1-2):81-95, 1991.

[49] E. M. Semenov and S. N. Uksusov. Multipliers of series in the Haar system. Sibirsk. Mat. Zh.,
53(2):388-395, 2012.

[50] T. Speckhofer. Schauder bases and the factorization property. Master’s thesis, Johannes Kepler
University Linz, https: //digital. obusg. at/urn/urn: nbn: at: at-ubl: 1-54880, 2022.

[51] H. M. Wark. A remark on the multipliers of the Haar basis of L[0, 1]. Studia Math., 227(2):141-148,
2015.

[52] H. M. Wark. Operator-valued Fourier Haar multipliers on vector-valued L' spaces. J. Math. Anal.
Appl., 450(2):1148-1156, 2017.

[53] H. M. Wark. Operator-valued Fourier-Haar multipliers on vector-valued L' spaces II: a characteri-
sation of finite dimensionality. Positivity, 25(3):987-996, 2021.

[54] P. Wojtaszczyk. Banach spaces for analysts, volume 25 of Cambridge Studies in Advanced Mathe-
matics. Cambridge University Press, Cambridge, 1991.

RICHARD LECHNER, INSTITUTE OF ANALYSIS, JOHANNES KEPLER UNIVERSITY LINZ, ALTENBERGER
STRASSE 69, A-4040 LINZ, AUSTRIA
Email address: Richard.Lechner@jku.at

THOMAS SPECKHOFER, INSTITUTE OF ANALYSIS, JOHANNES KEPLER UNIVERSITY LINZ, ALTENBERGER
STRASSE 69, A-4040 LINZ, AUSTRIA
Email address: Thomas .Speckhofer@jku.at


https://digital.obvsg.at/urn/urn:nbn:at:at-ubl:1-54880

	1. Introduction
	2. Notation and basic definitions
	2.1. Haar system Hardy spaces
	2.2. Additional definitions

	3. Main results
	4. Properties of Haar system Hardy spaces
	5. Faithful Haar systems
	6. Asymptotically curved Banach spaces
	7. Embeddings and projections on Haar system Hardy spaces
	8. Stabilization of Haar multipliers
	9. Strategically supporting systems and strategically reproducible bases
	10. Strategic properties of the Haar system
	11. Proofs of thm:main-result:A and thm:main-result:B
	References

