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Abstract

The Schmiidgen Positivstellensatz gives a certificate to verify positivity of a strictly positive polynomial f on
a compact, basic, semi-algebraic set K C R™. A Positivstellensatz of this type is called effective if one may
bound the degrees of the polynomials appearing in the certificate in terms of properties of f. If K = [—1, 1]"
and 0 < fmin := mingek f(z), then the degrees of the polynomials appearing in the certificate may be
bounded by O (1 / W), where fmax := maxzek f(x), as was recently shown by Laurent and Slot
[Optimization Letters 17:515-530, 2023]. The big-O notation suppresses dependence on n and the degree d of
f- In this paper we show a similar result, but with a better dependence on n and d. In particular, our bounds
depend on the 1-norm of the coefficients of f, that may readily be calculated.

Keywords Polynomial kernel method - semidefinite programming - Positivstellensatz

1 Introduction

We first recall a Positivstellensatz of Schmiidgen [26]], which gives representations for positive polynomials on a basic,
closed, semi-algebraic set; see also, e.g., [21]],[16, Theorem 3.16], [18].

Theorem 1 (Schmiidgen [26]). Consider the set K = {x € R™ | g1(x) > 0,...,gm(x) > 0} with g1,...,9m €
R[x], where R[x] denotes the ring of real polynomials with variables x = (x1, . .., xy). Assume that K is compact. If
p € R[z] is positive on K, then p can be written as

p=>Y_ o] e)
IC[m] i€l
where [m] := {1,...,m}, and each o1 (I C [m]) belongs to the cone of sums-of-squares of polynomials, denoted by
Y[x].
A polynomial that allows a representation of the type (1)) is said to lie in the pre-ordering associated with the (generat-
ing) polynomials g1, . . ., gm, denoted by T (g1, - - - , Gm)-

We denote the real polynomials of degree at most d by R[x],4, and define the truncated pre-ordering of degree r € N
by

T(g1,--gm)r =< PER[X] : p= Z or Hgi, deg <01 ng) <r,oreXzlVIem]l,;. (2
IC[m] i€l i€l
For the hypercube K = [—1, 1], described by the polynomial inequalities 1 — 22 > 0,...,1 — 22 > 0, we consider

polynomials that allow a Schmiidgen-type representation of bounded degree 7:

px)= Y o) [[a-2)eT-2,...,1-2), 3)

IC[n) i€l
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where the polynomials 7 are sum-of-squares polynomials with degree at most » — 2|I| (to ensure that the degree of
each term in the sum in is at most 7).

We call a Positivstellensatz effective if one may bound the degree 7 in terms of properties of p. The best bound of this
type is due to Slot and Laurent [17] (with an alternative proof by Bach and Rudi [3])).
Theorem 2 (Laurent and Slot [17]). Assume f € R[z]g and fmin := minge[—1,1p» f(x) > 0. Then
f S T(l - I%, ey 1-— Ii)(r-i—l)n
provided that

1
r max | wd N, —=—=—=+/C(n, d)(fmax — fmin )
> s { w20, e /O ) s — Jo) |

where C(n,d) > 0 depends only on n and d, and may be chosen to be polynomial in n for fixed d, or polynomial in d
for fixed n. In particular

C(n,d) < 2n2d*n2"/2(d + 1)" and C(n, d) < 2rn2d*n29/%(n + 1)<
One may formulate this result in a different way after introducing the following semidefinite programming (SDP)
approximation of fi, 1= minge(—1,1j» f(x):
oy =swp N[ f=AeTA—af,.. ;1= 27)r} < fnin @
In particular, one has the following result.
Theorem 3 (Laurent and Slot [17]). One has

1
fmin - f((r-i—l)n) S T_Qc(na d)(fmax - ,fmin) vr Z 7Td\/ 2”,
where C(n,d) is as in Theorem[Z]

Contributions

In this paper we prove similar results to Theorems[2]and[8l We will consider a stronger SDP relaxation than @), by
considering the truncated pre-ordering

TA+ay,...,1xz,), =TA+21,1—21,..., 1+ 2pn,1 — ),
instead of 7 (1 — x%, o1 =22 )r. As noted by, e.g. Powers and Reznick [20, p. 4682] and Baldi and Slot [4] §6],

n
these two truncated pre-orderings are closely related through the identities:

1
1j::vi:§((1j:xi)2+1—:vf)
1—2? = (1 —a)(1 + ;).

3

In particular, the identities imply
TA—22,...,1—22), CTA£a,....,1£x,), CTA—22,...,1—22)a,. (5)

Of course, without truncation, the two pre-orderings coincide,i.e. T(1+ zy,...,1+x,) =T (1 —2%,...,1 —22).

Thus we consider the SDP lower bound on f,;,, given by
foy=sup{A | f=AeT(A£a,...,1xz,)} > f. (6)
Due to the relation (3) between the two truncated pre-orderings, one has Joy < f(T) < fer-

We will show (see Theorem[9]and Proposition[2)) that
R 71-2 d2

Jmin = frn) < ||f||1,Tm Vr > md, @)
where || f|l1,7 is the sum of the absolute values of the coefficients of f in the Chebyshev basis, i.e. the 1-norm of
the coefficients in this basis. This result is clearly of the same flavor as Theorem [3] but the right-hand-side may be
computed in an elementary way, and does not explicitly depend on n. Moreover, the norm || f||1,7 can be of the same
order as (fimax — fmin) for some classes of polynomials. In particular, as discussed in Section 23] this is the case
for the standard polynomial optimization reformulation of the maximum cut problem in graphs. Furthermore, by
comparing different norms of polynomials of bounded degrees, one may use our result to derive a result very similar
to Theorem[3l

We will also show an upper bound of the form fmin — f(ry < ©7, 4l f[[1,7, that is valid for all r (not only multiples
of n), where the quantity ©7 , depends on (r,n, d) only, and may be upper bounded by solving an SDP problem; see
Theorem[d] Thus an upper bound on O}, 4l fll1,r may readily be computed if tables of SDP upper bounds on O], , are
given. We give such (partial) tables in an appendix to this paper for small values of n.



Outline

Our paper is structured as follows. Section [2] contains notation and background material, including a review of some
properties of Chebyshev polynomials (§2.2)), and an overview of relations between some (equivalent) norms on spaces
of polynomials of fixed degree (§2.3). We derive a key technical lemma in Section [3] that relates the SDP hierarchy
errors fmin — f(r) to the 1-norm distance of the objective function to the truncated pre-ordering 7 (1 £+ 1,...,1 +
Zn)r. After we established the link with 1-norm approximation, we explore the implications from the literature on
projections of polynomials onto sum-of-squares polynomials in the 1-norm in Section[ In particular, we show there
how results by Lasserre and Netzer [14]], and Lasserre [[12], can be combined with our approach to yield insights into
the convergence rate of the SDP hierarchies and (@). Our main results are presented in Sections [3 and [6] where
we show how to obtain convergence rates by using suitable kernels of the Jackson type. In particular, we prove the
error bound (@) there in Theorem [9] and Proposition 2l In the penultimate Section [l we show how to bound the
aforementioned quantity ©7, ; numerically via the solution of an SDP problem. We conclude with some discussion on
future research directions and related problems in Section 8

2 Notation and preliminaries

2.1 Further notation

We will denote Ng = N U {0}, and

Z:z{ae No)™ | |e|:= Zazgd}

and x* = z{*...2%". We will be considering polynomials of different types of variables, and will need to keep
track of the degree of these polynomials with respect to only some of the variables. To do this, given a multivariate
polynomial p and a subset of the variables .S, we define degg p as the degree of p with respect to the variables in S.
That is, when all the variables not in S are considered to be constants (or more correctly parameters). For instance let
p(u,x,y) = u*x"y?, then deg p = |a[+|B|+|y| while deg, p = || and degyx p = |a|+[B].

If we consider functions of two distinct types of variables on the hypercube, say (x,y) € [—1,1]™ x [—1, 1]", then we
define an associated truncated pre-ordering as

TAtay,..., 1tz 12y, o, L EYn)rm

= Z Or 1t 1y 1y (X0 ¥) H (1—x) H (14 ;) H (1 —y;) H (1+wi)p,

I, I, Iy Iy C[n) icly ielf iely iely
+ + —|4|TF
where, forall I, 1T, I, I C [n], onehas 0~ -+ ;- 1+ € X[x,y], as well as [I7[+|I] |+deg, 0 13 1= 1+ < 71,

and |1 |—i—|I;,r |+degya e I Iy 0 < 7y. In other words, in this special truncated pre-ordering, the degree of each
term is at most 7 in the x variables, and at most - in the y variables.

2.2 Chebyshev polynomials

In this section we review known results on Chebyshev polynomials for later use. The interested reader may find more
information in the classic text by Rivlin [235].

Let K = [—1,1] and fix the measure x on K defined by du(z) = (7v/1—22)"!'dz, € K. The Chebyshev
polynomials of the first kind form a system of orthogonal polynomials for . We will refer to the k-th Chebyshev
polynomial of first kind as T (x). We have, for k € Ny,

Ti.(z) = cos(k arccos x). 8)

Define for f,g: [-1,1] = R
' @)

(f.9)u =
to obtain the following orthogonality relations for the Chebyshev polynomials of the first kind
14 g
(Th, T =~ Ohm- ©)



We will denote the normalized Chebyshev polynomials by
To = To, T = V2T (k € N).

It is straightforward to generalize the Chebyshev polynomials to the multivariate case by taking products of univariate
Chebyshev polynomials. Let K = [—1, 1] and define

(10)

11;[177\/1—17

Then, for « € (Np)™ the corresponding (normalized) multivariate Chebyshev polynomial of the first kind is defined as
= H e
i=1

The orthogonality relations extend in the following way

TonTo = [ Ta0)T; H / AL T‘* o) Hsal,ﬂl

On has the following formula to convert from the umvarlate monom1al ba51s to the Chebyshev basis:
k

ot 3 () wem, "

k—j even

where the prime at the sum symbol means the first term (at ;7 = 0 for even n) should be halved.
2.3 Norms of polynomials

The n-variate polynomials of degree at most d, denoted by R[x]4, may be associated with R("Y) via the polynomial
coefficients in a given basis.

Using the standard monomial basis, any f € R[x]|4 may be written as f(x) = > cyn faX®, with associated 1-norm:
d

Ifll= > [ fal-

aeNY
Since the 1-norm depends on the basis, we will use the notation ||-||;,7 (resp. ||-||; ) for the Chebyshev (resp. nor-
[#]a and | f|ly 3=z llf 7 if £ is
homogeneous of degree d.
Lemma 1. One has
Iflhr<Iflli ¥V feRX. (12)

Proof. Since T;(1) = 1 forall j € Ny, all the coefficients on the right-hand-side of are positive and sum to one.
This implies that, for any (multivariate) monomial f(x) = x® with « € N, one has || f||1,7= ||f||1= 1. Thus, if
f(x)=>, enn fax® is a general degree d polynomial, one has (with slight abuse of notation):

Flh= D" lfal= D Ifaxlir= | Y fax*|| = Iflr

aEN? a€EN? aENT T
where the inequality is the triangle inequality. O
We will only be concerned with the 1-norm for different bases, but in general one may define the p-norm for any

p>0:
1/p

1= | D 1fal?

aeNy



To avoid confusion with the usual £, norm, we will use the notation, for any p € N,

I£1l= ( [ 1s6orax) "

where we only consider the case K = [—1, 1]", and the sup-norm:

[[f[lew := sup| f (x)]-
K

The relations between the (equivalent) norms ||-||,, and ||-||¢, on R[z]4 is a classical problem that is still a topic of active
research; see, e.g. [2]] for a recent overview. Perhaps the best-known result along these lines is the Bohnenblust-Hille
inequality:
17155 Call e des(f) = d, p= -
p> Ld oo g =a, p= d + 1 )
2d

where the constant Cy depends on d but not on n. For values of p < 77, the corresponding constant does depend on
n. One may obtain a bound for the 1-norm instead by using the known inequalities between p-norms: if 0 < ¢ < p
one has

13)

%)< [1x]l,< Y717 x|, Vvx € RE.

Setting g =1,p = d2—4‘_11, and k = (";d), (L3 implies

d+1 d—1 1
n+d\'" T n+d\ 27 n+d\?
s (") = ("3 T el (U3 0) Culf e (14)

where Cy is the same constant as in (13]).
Some stronger results are known in special cases, e.g, when n = 2 and d = 2, one has

[ llew < 1A (L4 V) Fllew-

As another example, if f(x) = ixTL:v where L is the Laplacian matrix of a graph, then || f||_. is the maximum cut
size in the graph, while || f||1 equals the number of edges in the graph. Thus, in this case one has || f|l¢e.. < || fl1<
2||fle..» i-e. the constant in the upper bound (2 in this case) need not depend on n.

3 A key lemma

As before, let T}, denote the univariate Chebyshev polynomials of the first kind. Then one has the well-known recursive
relation Ty(¢t) = 1, T1(t) = ¢ and Ty11(t) = 2tTy(t) — Tk—1(t). Recall that we define the multivariate version by
To(x) = [1i—; Ta,(x;). Recall that 14T, is nonnegativeon [—1,1]™. Our first goal is to prove the stronger result that
1+ T, belongs to the truncated pre-ordering of order ||, namely 1+ 7%, (x) € T(1— 21,1421, ..., 1 =2y, 1420 ) o)
In the proof, we will need the a classical result of this type for the special case of univariate polynomials.
Theorem 4 (Fekete, Markov-Lukacz (see, e.g., [20])). Let p be a univariate polynomial of degree 2m. Then p is
nonnegative on the interval [a, b] if and only if

p(t) = G (t) + (t — a)(t — 2)g5 (1),
for some polynomials q, of degree m and q2 of degree m — 1. If the degree of p is 2m + 1 then p is nonnegative on
[a, b] if and only if

p(t) = (t —a)gi(t) + (b~ t)a3(t),
for some polynomials q; and qz of degree m.

We now give a multivariate generalization of this result.
Lemma 2. Forany a € (No)" we have 1 £ T, (x) € T(1 £ 21,...,1 £ 2p)|q.

Proof. By applying the identities,
I1+ab=[1-a)1+0)+(14+a)l-0b)]/2andl —ab=[1+a)(1+b)+(1—a)(l—-10)]/2

repeatedly as necessary, we obtain that 1 &+ 77, (x) = 1 £ [[_, T, (2;) can be expressed as sums of products of terms
of the form 1 + T, (z;).

Thus, it is enough to show that 1 + Ty (t) € T(1 —¢,1 + ¢),. But this follows from the fact that every p € R[t]
non-negativeon [—1, 1] is in 7 (1 —¢,1+¢), by Theorem[d] and the fact that and 1+ T}, is nonnegativeon [—1,1].

The main result of this section now follows as an immediate consequence of the last lemma.



Theorem 5. Forall p € R[x], one has ||p|li,r—p € T(1 £ 21, ..., 1 £ Zp)deg p-

Proof. Letting p(x) = ZQGNEL PaTu(x), we get ||pll1,0—p = ZaeNg |pa| (1 —sign(pa)Ta(x)) and thus the statement
follows by the last lemma. O

Corollary 1. If f, p € R[x|g, andp € T(1 £ x1,...,1 £ x,)q, then
fHlp=flire TA £z, ..., 1+ z0)a
In particular, replacing f by f — fmin, one has

f(r) > fmin - min ||p - (f - fmin)

(15)
pET(1£x1,....1%20),

forr > deg f, where f(r) is the SDP bound defined in (@).

Remark: these results remain true if the Chebyshev basis is replaced by the standard monomial basis, with our prior
convention that, if f(x) = ZaeNg fax®, then f has 1-norm || f||1= ZaeNg |fal-

4 A quantitatative Schmiidgen-type theorem for the hypercube via sums-of-squares
approximations

We can use Corollary[{lto derive a quantitative version of Schmiidgen-type theorem for the [—1, 1]™ hypercube. We
will need the following result from Lasserre and Netzer [[14].

Theorem 6 (Lasserre and Netzer [14]]). If f € R[x] is nonnegative on [—1,1]", then, for any € > 0, there exists an
re € N such that

fe(x) = f(x) + € (1 + fo’”) € X[x]2r. - (16)
i=1
We now have the following Schmiidgen-type theorem.
Theorem 7. If f € R[x] is nonnegative on [—1,1]", then, for any € > 0, there exists an r € N such that
fHn+D)eeTA -2, 1421, 1 —2p, 1+ 2,)2
The value 7 is upper bounded by the smallest integer r. such that (I6) holds.

Proof. Note that || f — f|[1= (n + 1)e in the standard monomial basis. The result now follows from Corollary[l [
Lasserre [12] characterized the best sums-of-squares approximation in 1-norm.

Theorem 8 (Lasserre [12]). Let f € R[x], and d € N such that deg f < 2d. Then there exist nonnegative Xy, . .., \%,
such that

x = f(x +AO+ZA* Qdeargprg[m If = plh-

Moreover, the values Xj, . .., Ay, are given by the opnmal solution of the SDP

_ . 2d
Pd—IAH%I{Z/\ sx = f( )‘F)\o-l-Z/\zﬂUZ GE[X]zd},

=1

ie.

pd—ZA o IS = pll. (17)

By Corollary[Il we have the following immediate implication of the last theorem.
Corollary 2. If f has deg f < 2d, then

fHpaeTA—z1,1+x1,...,1 —xpn, 1 + )24,
where pq is defined in (T7).



The corollary implies that, if deg f < 2d and r > d, one has f(gr) > —pr.

Example 1 (Lasserre [12]]). Consider the Motzkin-type polynomial x + f(x) = x223(2? + 23 — 1) +1/27 of degree
6, which is nonnegative but not a sum of squares, and with a global minimum fy;, = 0 on [—1,1]2, attained at four
global minimizers x* = (£(1/3)Y/2,4(1/3)'/2). The values pq are displayed in Table [l for d = 3,4,5. For this

IEARS | pa |
3| ~ 103 (5.445,5.367,5.367) | ~ 1.610 2
4| ~1074(2.4,9.36,9.36) ~2.1073
5 | A~ 1075(0.04,4.34,4.34) ~8.1075

Table 1: Best 1-norm approximation for the Motzkin polynomial.

example one has f € T(1 —x1,1+ x1,1 — 22,1 4 22)g so that the lower bounds —pg on fiin = 0 via Corollary[2]
are not tight for d = 3,4, 5.

S 1-norm appoximation by kernels

Corollary [I] showed that one may bound the errors in the Schmiidgen SDP hierarchy (@) in terms of suitable 1-norm
approximations of the objective function. In this section we therefore discuss a systematic approach to 1-norm ap-
proximation of polynomials via positive kernels. This is a classical approach in approximation theory, see e.g. [[L], and
the survey [29].

We now consider a kernel K. : R” x R” — R given by
K. (x,y) := Z )‘aTa(X)Ta(Y)v
aeNP

for given constants A, € [0, 1] for & € N”. The convolution operator:

KO = [ PR 9 duly) 18)
maps any integrable function f to a polynomial of degree at most . More precisely,
KO(F)(x) = Y baTu(x), where by = (Tu, f)y Xa-
aeN?

The coefficients ), of the kernel K, determine the approximation. In particular, if f(x) = ZQGNEL foTu(x) is a
polynomial of degree d < r, then

’C(T)(f)(x) = Z /\afaTa(X)a

a€eNy

so that the operator (") is a projection if all A, = 1 (the so-called Dirichlet or Christoffel-Darboux kernel, see e.g.
[L5]). If A¢ = 1, then the convolution operator preserves constant functions. We will assume this property throughout.

Also note that, if f(x) = ZQGNEL faTa(x),and r > d,

I F) = Fllr= D 11 = Aal[fal € max|1 = Aal-[|fl|1,2-
aenn a€NYG
We are interested in positive kernels that map nonnegative functions on K = [—1, 1]™ to nonnegative functions, i.e.

positive linear approximation operators in the sense of Korovkin; see e.g. [1]. More precisely, for given degree d € N,
we are interested in kernels where the coefficients )\, are such that

KM(f)(x) := /K FY)K(x,y)duly) e TQl £ z1,...,1+2,), Vf€R[x]qnonnegativeon K.  (19)

Note that the Dirichlet kernel is not positive; see e.g. [29]. However, we would like the coefficients A, as close to
1 as possible, to approximate the Dirichlet kernel, since this kernel gives a spectral rate of convergence for analytic
functions; see e.g. [28]].



This leads us naturally to the following abstract optimization problem, that aims to construct the best kernel that meets
our requirements.

0, 4 := inf 12?\%” — Aol Kr(x,y) =1+ Z AaTo ()T, (y) satisfies . (20)
e aeN;\{0}

One may bound the optimal value f(r) of the problem (@) in terms of 0}, 4 as follows.

Theorem 9. Let [ € R[x|q and fiin = minkek f(X). One has, for eachr € Nwithr > d,
f = (fmin — @:z,dHle-,T) €Tl £x,...,1£xp),
which implies i — f(r) <0 4l f vz, where f(r) is the SDP bound from (6).

Proof. If )\, (o € N?) denotes a feasible solution of problem (20), one has
(r) _ — _ _
IKO () = Fllir= D 11 = Aallfal< ggﬁgll Aol [l fll1,2-
aeNy
Also, with reference to (13, one has:
KO (f = fanin) = (f = funin) = KO(F) = funin = (F = fin) = KO (f) = 1,

since K(") preserves constant functions. Finally, by assumption one has (") (f — fom) € TA £ 21,..., 1 £ 20)0,
so that the required result follows from (I3). O

Some comments on the theorem:

* The values ©], ; do not depend on f, and may be upper-bounded a priori via SDP, as we will show later. Thus

the right-hand-side of the inequality fi,i, — f(r) < 07, 4llf|l1,r may readily be upper bounded, given a table
of SDP upper bounds on the values O ;.

* We will show in the next section that ©} ; = O(1/r?) by considering a specific kernel that is feasible for

problem 20). This is essentially the same argument used by Laurent and Slot [17]]. In particular, it suffices
to use products of so-called univariate Jackson kernels.

6 Kernels of the Jackson type

For r € N, consider the univariate kernel K} : R x R — R given by:

K (a,y) == 14y NTu(@)Ti(y), @D
k=1
where the coefficients )}, are given by

N 5 (42— E) cos(kp,) + Snkor)

. D) W COS(HT)) (1 S k S T), (22)

with 6, = %

This kernel is called the univariate Jackson kernel in [29]] and [17]. In the approximation theory literature there is
another object which is known by that name, that corresponds to a kernel in the original analysis of Jackson [} 9],
where he showed that the famous approximation bounds by Bernstein [6] were tight. In [10], the kernel 1) is called
the minimum resolution kernel, since it minimizes the resolution over all positive univariate kernels of a given degree,
where the resolution is defined by

1/2
oy = </[1 N (x — y) K. (, y)du(:v)du(y)> :

In this paper we will also speak about the univariate Jackson kernel, with the caveat that the term is ambiguous. The
interested reader may consult [[10] for more details on the history and terminology.

The following properties of the univariate Jackson kernel were shown in [[L7]; see also [29] and the references therein.



Proposition 1 (Proposition 6 in Laurent and Slot [[17]). For every r € N we have:

(i) Ki*(x,y) > 0forall z,y € [-1,1],

(ii)) 1> A, >0foralll <k <, and

(iii) 1= AI|=1— AT < (;ﬁ—’;;foralllg kE<r.

One may obtain a multivariate kernel by multiplying univariate Jackson kernels in the obvious way:

n

Kor(x,y) = [ [ Ki* (i v0), (23)
=1

where KJ? is the univariate Jackson kernel from (21)). The coefficients of this kernel are given by
A=A, (@eNp).
i=1

The following is a refinement of a lemma by Laurent and Slot [[17, Lemma 12].
m2d?
(r+2)%

Lemma 3. Let 7d < r + 2. For any o € N} we have |1 — \[,|<

Proof. From Proposition [T part (iii), we know that 1 > AL >1— % > (. Then,

" 72 (a;)? 2 " 5 n2d?
>\ > SRS ) e — N>1-—
1_AQ_H<1 (T+2)2>_1 (r+2)2;(0‘1) e

where the third inequality is the generalised Bernoulli inequality:

H(l—yi)Zl—Zyi ify, <1Vie [n].

i=1 i=1

Note that the condition y; < 1 for all ¢ in the Bernoulli inequality corresponds to the condition 7d < 7 + 2 in the
statement of the lemma, since @ € NJj. O

We obtain the following upper bound on ©;.

Proposition 2. 7", < (:_T_—‘;; Sfor all r and d such that 7d < r + 2.

Proof. The result follows from the definition of ©7 ; in 20D and Lemma 3] provided that the multivariate Jackson
kernel satisfies the property (19). This indeed holds, as is shown in [17, Lemma 9]. O

We will need the argument from [[17, Lemma 9] once more in the next section in a more general context, and there we
will give a self-contained proof for the sake of completeness; see Proposition[3]

7 SDP bounds on Oy ,

In this section we will prove that the following inequality hods.

Theorem 10. The value ©;, , as defined in @0) is upper bounded as follows:

0,4 < inf ¢ max{[l — p,: [a|< d} :x— 1+ Z 2 To(x) e TAtay,..., 12z, v, (24
aeN7\{0}

where w(c) denotes the number of nonzero elements of .
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Figure 1: The SDP upper bound on O], ,ford =2,3.

The right-hand-side of the inequality (24) may readily be computed via SDP for given (small) values of n, 7, d; we list
the resulting numerical bounds for various values of n, 7, d in an appendix to this paper. In Figure [Tl we plot some of
the values of the SDP bound, for illustrative purposes.

To prove Theorem[IQ, we will show that the following two statements are equivalent:
L p(x) = Yaens 20 To(x) € T(1 £ 21,..., 1+ 2,),
2. Kr(xuy) = ZaeNg paTa(x)Ta(y) € T(l Ty, 1Ez; 1Ly, 1L yn)r,r-

Note that item 1 appears in the statement of problem 24)). Also, item 2 is a sufficient condition for to hold, again
by a similar argument as in [17, Lemma 9]; we give a proof of this fact in Proposition 3 below.

Also note that proving the equivalence of the two conditions is the same as proving the equivalence of the following
two statements (after re-scaling):

1. p(x) := ZaeNg PaTa(x) € T(1x21,...,1 £ 2,),

2. Kr(xuy) = ZaeNg paTa(X)Ta(y) € T(l ixla'-'71ixn;liyla'-'aliyn)r,r-

For the sake of completeness, we give a proof in Proposition [3] below that item 2 is a sufficient condition for
to hold, using a similar argument as in [17, Lemma 9]. The proof relies on a celebrated theorem by Tchakaloff
[27] concerning the existence of cubature rules for numerical integration. (Modern expositions and generalizations
of Tchakaloff’s theorem are given in [23|] and [7].) Recall that a positive cubature rule of degree d for numerical
integration with respect to a measure x over a compact set K is defined by a set of N nodes y*) € K and weights
wy > 0 (¢ € [N]) with the property that

N
/K F@)duly) =S wef(y®), Vf € Riyla.
(=1

Theorem 11 (Tchakaloff [27]). For any compact set K C R", and finite, positive Borel measure supported on K,

there exists a positive cubature rule of degree d with N = ("jl'd) nodes.

One may use the Tchakaloff theorem to show the following.
Proposition 3. Assume K : [-1,1]" x [-1,1]" — R and
xy)—» Kxy) eTQLtz,. ..., 1tz 1xy1,..., 1 £ yp)rs

3The same result was obtained independently at the same time by Richter [24].
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Then, for any [ € R[x]q4 that is nonnegative on [—1,1]", one has
xo [ R € T £ a1 m,),,
[_171]n
where p is defined in (10).

Proof. By Tchakaloff’s theorem there exist y(*) € [—1,1]" and the weights w, > 0 (¢ € [N]) with N = (";d) such
that

N
/[1 . FOEK &, y)du(y) =Y wK (x,y) f(y").

=1
Using f(y©) > 0 forall £ € [N], as well as

x—= K(x,yD)eT(A+a,...,1+z,), YLe[N],

yields the required result. o

For clarity of exposition, we will first prove the equivalence of the two statements in the univariate case, before
proceeding to the multivariate case.

7.1 Univariate case

First, we work out the univariate case.

Lemma 4. Foranyk > 0, and x,y € [—1,1], one has

T(e)Tily) = 5 (Teley + VT =00~ 52) + Teloy — VT~ 20— 52))

Proof. Let x1,x2 € [—1,1]. Then there are 61,02 € [0, ] such that z; = cos(f;). Then sin(f;) > 0 and thus
sin(0;) = /1 — cos(#;)2 = \/1 — x2. Thus

122 £ 4/ (1 — 22)(1 — 23) = cos b1 cos Oz £ sin by sin fy = cos(f; F 02).

Using T} (cos(f)) = cos(kf) we have

Ty <x1:102 +4/(1—2H)(1 - x%)) + T (wlxg —y/(1—22)(1 - x%)) = Ty(cos(0 — 62)) + Ti(cos(61 + 02))

cos(kf1 — k) + cos(kby + ko)
cos(kf1) cos(kfs)
Tk(Il)Tk(xg)

Now given p € R[t] define

Ky(,) 1= 5 (plaey + VT~ 200~ 52) +ploy — VT~ 20— 52))

From Lemma @ we obtain that if p(t) = 350 piTk(t) then Ky(z,y) = >, 5o pkTk()Tk(y). Moreover, every
kernel is of this form as given a kernel K (x,y) = >~ cxTk(x)Tk(y), defining px(t) = K(t,1) we have that
Pr(t) =D 4> ckTk(t), since Ty, (1) = 1 for all £.

We have that |zy + /(1 — 22)(1 — y2)|< 1 when ||, |y|< 1. Thus, p is nonnegative on [—1, 1] if and only if K, is
non-negative on [—1, 1]%. Now, p is non-negative on [—1, 1] if, and only if, p € 7 (1 %) deg p, by Theorem[dl Next, we
show that we also have K, € T (1 & ;1 £ ¥)deg p,deg p When p nonnegative. To this end, we first prove the following
lemma.

Lemma 5. Letd > 0. Let g € R[t]4.

11



1. Kq(t)z S T(l +ax 1+ y)2d72d.
2. Katoygyr € TA £ 31 £y)2ar1,2d41-
3. Ka—eyqew2 € T(I £ 231+ y)2ar2,2da 12

Proof. First notice that by expanding and collecting terms, we can write

q(zy + (1 =22)(1 = y?)) = qo(z,y) + V(1 —22)(1 - y?*)aq(z,y)
and

q(zy — /(1 =22)(1 = y?)) = q(z,y) — V(1 —22)(1 -y} a1 (z,y)
with go € R[z,y]q,q and ¢1 € Rlz, yla—1,4-1.

We then have
g(ry £ /(1 —22)(1 —y?)? = g5 + (1 = 2*)(1 = y*)gi £2v/(1 = 22)(1 = y?)q0q1- (25)
From 23) K2 = ¢} + (1 — 2?)(1 — y*)qi follows, proving 1. Now, to prove 2, we write
2K (1pq(ye = (1 —ay — /(1 = 2?) (1 = y))q(zy + v/ (1 — 2?)(1 - y?))?
+ (1 -2y + /(12?1 —y?))alzy — (1 —2?)(1 - y?))?
=1 —ay = V(1 -22)(1 = y2)(g5 + (1 = 2*)(1 = y*)ai +2/(1 = 22)(1 — y2)q0q1)

+ (1 —ay+ /(1 =21 = y?)) (g + (1 —2) A = y*)at = 2¢/ (1 = 2)(1 = y*)qa),
where the second equality follows from 23).
Using (a — b)(c+d) + (a + b)(c — d) = 2ac — 2bd we obtain,

2K (1-pyge2 = 2(1 — 2y) (g5 + (1 — 2*)(1 — y*)ai) — 4(1 — 2°)(1 — ¥*)qoqr.

Let A= (1-2)(1+y)and B = (1+2)(1 —y). We have then A + B = 2(1 — xy) and AB = (1 — 22)(1 — ¢?).
Therefore,

2K (1_t)qt2 = (A + B)(q§ + ABq?) — 4ABqoq1 = A(qo — Bq1)” + B(qo — Aq1)*
=(1-2)1+y)(g—-1+2)(1—y)a)’+ A +2)(1—y)(g— 1 —2)(1+y)q)*
Similarly,

2K (10qn2 = 1+ 2)(1+9)(go + (1 = 2)(1 = y)ar)* + (1 = 2)(1 = y) (a0 + (1 +2)(1 +y)q1)*.

To prove 3, we write,
2K g = (1= (o + VI =21 = 12)?) alay + VT = 22) (1 - ?)?
+ (1= ay = VA=) T =2)?) qloy — /T =221 = ?)?
= (1= @)? - 1 =21 - y?) = 209/ [T =) (1 = 7))
(@ + =21 = y)a} + 2T =)0~ )0 )
+ (1= @) = (1= 2?1 —y?) + 205/ (T = 2)(1 - 7))
(@ + =21 = y)ef — 2T =)0 =)o )

where we have used (23)) to obtain the last equality.
Using (a — b)(c+ d) + (a + b)(c — d) = 2ac — 2bd again, we obtain,

2K(1—i2yq2 =2 (1= (z9)* — (1 —2?)(1 = *)) (g5 + (1 — 2*)(1 — v*)qF) — 8zy(1 — 2*)(1 — ¥*)qoqu.-
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Now, let A = (1 — z?) and B = (1 — y?) we have then (1 — 2?)(1 — y?) = ABand 1 — (zy)?> = AB + 2°B + y*A.
Therefore,

Ka—iygw2 = (#*B+y*A)(¢5 + ABq}) — 4ayABqoq
= B(zq0 — yAq1)* + A(yqo — Bq1)?
= 1=y (g —y(1 —2*)q)* + (1 — 2*)(yqo — =(1 — y*)q)*.

Now we are ready to prove our main result in this section.

Theorem 12. Letp € T(1£t),. Then K, € T(1 £ z;1+y),,

Proof. Wehave p = 0o + (1 —t)o1 + (1 +t)os + (1 — t?)o3 where o; € X[t] and deg(oo), deg(o1) + 1,deg(o2) +
1,deg(o3) + 2 < r. By the linearity of the operator p — K, and Lemma[3 we obtain K, € T(1 £ z,1 £y),,. O
Corollary 3. Let K(x,y) = > _o cxTk(2)Tk(y) be a nonnegative kernel. Then K € T(1 £+ x,1 £ ).

Proof. Let p(t) = K(t,1). We have then K = K, and p is nonnegative on [—1,1]. By Theorem ] we have
p € T(1 £t),, and by Theorem[I2] the statement follows. O

7.2 Multivariate case

The natural question is whether the results from the previous section translate to the general case. Given an n-variate
polynomial p € R[ul, it is natural to define

(6 9) = g Sy /(1 =) (1 =), 7y + /T~ 2)0 —52)
where the summation is over all the possible 2" sign combinations.

As in the univariate case, from Lemma[]we obtain thatif p(u) = > paTw(u) then K,(x,y) = >, PaLa(X)Ta(y).
Moreover, every kernel is of this form, as, given a kernel K(x,y) = > caTa(x)To(y), we have K = K, for
p(u) = K(u, 1), where 1 denotes the all-ones vector.

We have then, p nonnegative on [—1,1]™ if and only if K, non-negative on [—1,1]?". Next we prove p € T(1 £
Uty ..., 1 £ uy), implies K, € T(1 £ z1,...,1 £ 2,;1 £ 91,...,1 £ yp)r,. The proof is basically the same as in
the univariate case but requires induction. To do this, for each i = 1,...,n we define the operator ' : R[u,x,y] —
R[u, x, y] by

p(“’la sy Uy ey Uny X, y) = Ki(p)(uuxa y)

1
= 5 <p(u17"'7u’ilax’iyi+ (1 - Ty )(1 _yz) u’i+17"'7unaX7Y)

+p(u15"'aui*17xiy’i_ (1_17 )(1_7]1) ui+17"'7unaX7Y)) .

Now, given p € R[u] define P* € R[u,x,y] fori = 0,...,nby P® = p, and P* = *(P""!) fori = 1,...,n
Notice that in the ¢-th step the variable u; is eliminated and the variables x; and y; introduced. Moreover, we obtain
that K,(x,y) = P". Now we rewrite the statement of Lemma[3in a bit more general form.

Lemma 6. Let g € R[u, x,y|. Then, there are qo € R[u,x,y] and ¢1 € R[u,x,y] such that
q(ulw"aui—luxiyi:t (1—1' )(1_3/1) ui+1,...,un,x,y)=q0(u,x,y):|: (1_‘T )(1_ )Q1(u7X7y)7

(26)
with degux (qo) < degux(q)’ deguy(qo) < deguy(q)’ degux(ql) < degux(q) — 1 and deguy (ql) < deguy (q) -1

Moreover, we have
K'(q%) = a5 + (1 —27)(1 - y7)ad,
R = ui)g®) = (1= 2)(1+ i) (g0 — (1L + @) (1 = yi)an)? + (1 + @) (1 = i) (g0 — (1 — 2:) (1 + yi)an)?,
R+ ui)g®) = (L) (14 ) (g0 + (1= 2) (L= yi)ar)? + (1= 2:) (1= i) (g0 + (1 +z3) (1 + y:)ar)?,
((1 —u7)g?) = (1= y) (@igo — yi(1 — 27)q1)* + (1 — ) (yiqo — 2 (1 — y7)an)*.
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Proof. First notice that by expanding and collecting terms, we obtain gg and ¢; satisfying all the degree requirements.
The rest of the statement is proven following the proof of Lemma[3] line by line after equation (23), but only using
equation (26) instead of (23). O

Now we can prove the main result of this section.

Proposition 4. Let p € Rlu] be given. Then, p € T(1 £ uq,...,1 £ uy), ifandonly if K, € T(1 £ 21,...,1 £
Tns = Y1, 14 yn)r,r-

Proof. Assume K, € T(1%x1,...,1+x,; 1+y1, 14y, ), -, thenasp(u) = K(u, 1) weobtainp € 7 (1+uy,...,1+
uy,)r. Now, we prove the other direction. Assume p € 7(1 + u1,...,1 £ uy,), is given. Define P* € R[u,x,y] for
i=0,...,nby P° =p,and P* = '(P"!) fori = 1,...,n. We obtain then that K,,(x,y) = P". Write

P(u,x,y) = p(u) = Z os- g+(u) H (1—wuy) H (1 +uy),
J=,J+Cn] JET- jeJ+
where, forall J=,J" C [n], 0~ j+ € X[u], and |J ™ |+|J T |+dego ;- s+ <1

Notice that for all i € [n] and ¢1, g2 € R[u, x,y] such that u; does not appear in g2 (that is deg,,. (g2) = 0), we have
from the definition of x¢, that x*(g1¢2) = g2k°(q1). Thus by linearity of x* and Lemmal[6l we obtain by induction,

Pi= > oy ey 11 0-w) IT Otw), TT O-ap) TT Oty TT A-w) TT (4w,

J~,JTCln)\[4] JEJ~ JEJT jely jelF JEI; JEIS
I, ,IFCli]
1,15 Cli]

where, for all J~,J* C [n] \ [i], all I/, ) < [i] and all I, ,I7 < [i] we have

Oy grar oty € Swxyl and [T [HL |+ deguy 0y o o gt gy < 7 and
T LT T 1T 1+ deguy 05 e e g1 ST

Yo

In particular, K, = P* € T(1 £ x1,..., 1t xn; 1 £ y1, 1 £ yn)r . O

We now conclude the section with a proof of Theorem[10l

Proof of Theorem [10]

Proof. Assume that we have a feasible solution of problem @24), i.e. we have a polynomial in the truncated pre-
ordering, say

x> 1+ Y 2@p To(x) € T(L+ay, .., 1 £z,
aeNm\{0}

By Proposition[] we then have that

xy) =1+ > pda®Taly) €T £, 1@ 1+ yn,. o Ty,
aeNT\{0}

By Proposition[3l we have that this kernel satisfies property (I9). Thus this kernel is feasible for the problem @])
The required result follows.
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8 Concluding remarks

Our main results may best be framed in terms of error bounds for the SDP hierarchy (6). In particular, we have shown
the following sequence of inequalities:

fmin_f(r) < 0O, 4llfllir  (by Theorem[9)

m2d?n?
< s—IIfllL,z  (by Proposition2if n|r and r > mdn)
r
20202
< 5 lIfl by @
2422 d 3
< i zn_ (n 2 > Cyllflle.. (by Bohnenblust-Hille ineq. (I3))
r
m2d*n? m+d 3 .
= r2 ( d ) Cd(fmax - fmin) (WlOg if f(O) = 0)

We may readily compare the outermost inequality to the result by Laurent and Slot [17], as reproduced in Theorem
[l to see that we obtain a very similar result. The added value of our analysis is therefore in the first inequality,
since, for special classes of polynomials, || f||1, 7 may relate more favorably to || f||¢.. than in the general case. We
should mention that this is not the first time where changing or comparing norms gives new insights in polynomial
optimization. For example, in [3]] the authors improve the known dependence of the general Putinar’s theorem [22] on
the number of variables, by switching from the supremum norm to the 1-norm in the Bernstein basis.

The object O}, , is of independent interest, as it corresponds to families of positive approximation operators, and may
be upper bounded by an SDP as in Theorem[I0l A key question is if one could find an analytical expression for (an
upper bound on) 6:17 4 in terms of 7, n, d in a way that does not involve the product of univariate (Jackson) kernels.

Our research links two, seemingly different, topics:

1. Deriving error bounds for SDP hierarchies for polynomial optimization, in the spirit of [17] and [3].

2. Constructing optimal multivariate approximation kernels using SDP, in the spirit of [[10].

In particular, we showed how kernels that are optimized for 1-norm polynomial approximation on the hypercube yield
error bounds for SDP hierarchies of the Schmiidgen type.

A natural question is if our analysis may be extended to SDP hierarchies that use the Putinar Positivstellensatz [22]
instead of the one by Schmiidgen. This is of theoretical as well as computational interest, since the famous Lasserre
SDP hierachy [[11] for polynomial optimization is based on the Putinar Positivstensatz. In particular, Baldi and Slot [4]
have recently extended the results by Laurent and Slot [17] to obtain the best-known effective version of the Putinar
Positivstennsatz. It would be interesting to investigate if our approach allows a similar extension. The main obstacle
is that our key technical result, namely Corollary[I] only applies to pre-orderings, and not to quadratic modules.
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Appendix: numerical SDP bounds

In this appendix we present the SDP upper bound (24) on O}, 4 for different values of (n,r,d), as indicated in the
tables. We may mention that, when r is a multiple of n in the tables, the SDP upper bound on ©7 , is strictly lower
than the value obtained from products of univariate Jackson kernels. In particular, for the appropriafe values the tables
where 7 is a multiple of n, the inequality in Proposition[2lis strict. The values in the tables were computed using the
SDP solver MOSEK [[19]] under Matlab.
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=1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0.5000

-
—

2 02929 0.5556
301910 05001 0.6001
401340 03320 05284 06214
500991 02929 0.5001 0.5556 0.6405
6 00762 02159 03585 05177 0.5783 0.6527
700604 0.1910 03140 0.5001 0.5374 0.6001 0.6641
8 0.0490 0.1502 02929 03723 05123 05556 0.6108 0.6723
9 00406 0.1340 02309 03320 0.5001 05284 05707 0.6214 0.6802
10 00341 01101 02050 03066 0.3834 05090 05418 0.5848 0.6310 0.6862
1100291 0.0991 01910 02929 03461 05001 0.5217 0.5556 0.6001 0.6405 0.6921
1200251 00839 0.1592 02389 03202 03909 05070 0.5336 0.5668 0.6070 0.6467 0.6968
1300219 00762 0.1434 02160 03027 03587 05001 05177 05447 05793 06152 0.6542 07015
14 00193 00660 0.1342 02012 02930 03341 04169 0.5056 05311 05606 0.6041 0.6271 0.6960 0.7603
15 00171 00604 0.1179 0.1925 02570 03188 03933 0.5001 05159 05409 05772 06120 0.6311 0.6904 0.9302
16 00153 00552 0.1128 0.1830 02544 03114 03764 04940 05147 05434 05781 06136 0.6471 08190 0.9657
17 00137 00539 0.1124 0.1804 02549 03061 03706 04850 05072 05323 0.5644 05944 0.6284 07332 0.8572
18 00137 0.0508 0.1059 0.1712 02273 02978 0.3590 04652 0.5030 05282 0.5776 0.5872 0.6259 0.6649 0.8315
Table 2: The SDP upper bound 24) on O], , forn = 1
d=1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
=T 0.7500
2 05001 0.7648
303455 07501 0.8278
402501 05295 07575 0.8338
501883 05001 07501 0.8025 0.8620
6 0.1465 03720 05798 07566 0.8212 0.8640
70170 03455 05263 07501 07859 0.8401 0.8805
8 00955 02706 0.5001 0.5920 0.7557 0.7968 0.8459 0.8800
9 00794 02501 04051 05537 07501 07776 08142 0.8566 0.8918

10 0.0670 0.2038 0.3668 0.5167 0.6166 0.7549 0.7882 0.8219 0.8633 0.8912

11 0.0573 0.1883 0.3455 0.5001 0.5722 0.7501 0.7712 0.8025 0.8359 0.8708 0.8999

12 0.0496 0.1581 0.2917 0.4140 0.5378 0.6191 0.7542 0.7801 0.8123 0.8413 0.8747 0.8989

13 0.0433 0.1465 0.2657 0.3852 0.5132 0.5884 0.7501 0.7674 0.7925 0.8222 0.8503 0.8795 0.9063

14 0.0381 0.1259 0.2501 0.3592 0.5001 0.5501 0.6340 0.7547 0.7761 0.8018 0.8304 0.8581 0.8833 0.9058

15 0.0338 0.1170 0.2175 0.3455 0.4288 0.5294 0.5986 0.7501 0.7645 0.7865 0.8104 0.8403 0.8606 0.8902 0.9283
16 0.0302 0.1025 0.1997 0.3039 0.4001 05114 0.5678 0.6644 0.7544 0.7720 0.7983 0.8213 0.8535 0.8728 0.9043
17 0.0271 0.0955 0.1890 0.2810 0.3759 0.5007 0.5440 0.6154 0.7502 0.7646 0.7917 0.8089 0.8388 0.8604 0.8881
18 0.0245 0.0877 0.1678 0.2659 0.3600 0.4742 0.5336 0.6081 0.6705 0.7560 0.7771 0.8029 0.8307 0.8489 0.8624

Table 3: The SDP upper bound on O, ,forn =2

d=1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0.8333

0.5918 0.8401

0.4727 0.8334 0.9026

0.3546  0.6331 0.8500 0.9048

0.2787 0.6092 0.8334 0.8889 0.9319

02197 0.4952 0.6967 0.8408 0.9016 0.9322

0.1785 0.4727 0.6532 0.8334 0.8795 0.9201 0.9464

0.1467 0.3804 0.6132 0.7150 0.8410 0.8847 0.9246 0.9455

0.1230 0.3582 0.5456 0.6925 0.8334 0.8732 0.9039 0.9343 0.9547

10 0.1042 0.2961 0.4996 0.6374 0.7380 0.8402 0.8797 0.9073 0.9378 0.9537

11 0.0895 0.2788 0.4751 0.6189 0.7097 0.8334 0.8661 0.8959 0.9197 0.9439 0.9602

12 0.0776 0.2348 0.4129 0.5523 0.6682 0.7461 0.8410 0.8716 0.9027 0.9221 0.9462 0.9591

13 0.0679 0.2207 0.3823 0.5289 0.6421 0.7260 0.8335 0.8621 0.8887 0.9118 0.9305 0.9503 0.9642

14 0.0599 0.1897 0.3598 0.4921 0.6181 0.6826 0.7598 0.8402 0.8686 0.8927 0.9161 0.9316 0.9536 0.9634

15 0.0533 0.1786 0.3201 0.4759 0.5752 0.6643 0.7374 0.8340 0.8585 0.8838 0.9029 0.9228 0.9385 0.9555 0.9677
16 0.0477 0.1560 0.2968 0.4278 0.5470 0.6348 0.7039 0.7671 0.8479 0.8647 0.8911 0.9069 0.9282 0.9444 0.9591

Table 4: The SDP upper bound on O ,forn =3

-
—

O oo Al
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