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ABSTRACT

Imaging at range for the purposes of biometric, scientific, or militaristic applications often

suffer due to degradations by the atmosphere. These degradations, due to the non-uniformity

of the atmospheric medium, can be modeled as being caused by turbulence. Dating back

to the days of Kolmogorov in the 1940s, the field has had many successes in modeling and

some in mitigating the effects of turbulence in images. Today, modern restoration methods

are often in the form of learning-based solutions which require a large amount of training

data. This places atmospheric turbulence mitigation at an interesting point in its history;

simulators which accurately capture the effects of the atmosphere were developed without

any consideration of deep learning methods and are often missing critical requirements for

todays solutions.

In this work, we describe a simulator which is not only fast and accurate but has the

additional property of being end-to-end differentiable, allowing for end-to-end training with

a reconstruction network. This simulation, which we refer to as Zernike-based simulation,

performs at a similar level of accuracy as its purely optics-based simulation counterparts while

being up to 1000x faster. To achieve this we combine theoretical developments, engineering

efforts, and learning-based solutions. Our Zernike-based simulation not only aids in the

application of modern solutions to this classical problem but also opens the field to new

possibilities with what we refer to as computational image formation.
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1. INTRODUCTION

The world is a dynamic place filled with nearly constant motion. Many of these motions that

we observe in our day to day life have been suitably described by the many great physicists

before us. There is, however, one type of motion that continues to evade our mathematical

capabilities despite our best efforts. This is the motion of turbulent fluid.

This is not a dissertation about just turbulence. It is about imaging through atmospheric

turbulence. In modern life we may have some familiarity with these concepts through the

look of a car on the road far ahead of us on a hot day, but outside of these extreme cases, it is

not something we often think about. This means that this thesis describes modeling images

which are taken through a phenomena which is both unfamiliar to us and not captured by

the classical laws of physics. What, then, could possibly be said in this dissertation?

1.1 Context of this dissertation

I have been talking about turbulence for a while now and the more people I speak

with, the more I realize that this word “turbulence” carries many different meanings to

many different people. In fact, when people are shown images taken through atmospheric

turbulence their intuition sometimes goes out the window: am I taking pictures through

a tornado, during a hurricane, while falling off my chair? Therefore, it is important for me

to tell you exactly what it is I mean when talking about turbulence, why it applies to the

atmosphere, and why it affects images the way it does.

Figure 1.1. Images where we can observe degradation by the atmosphere.
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In Figure  1.1 , three images taken back-to-back are shown which I would describe as being

degraded by atmospheric turbulence. What has happened to these images? You may wonder,

under what conditions were these images taken? Were you in a desert when you took them?

What was wrong with the camera?

The images in Figure  1.1 were taken on a regular weekday in West Lafayette, Indiana at

a distance of approximately 500 meters. There are no tricks in the camera, this is truly what

we observe when imaging over a long distance. The appearance of these images may remind

you of looking at a heat vent releasing air into the cold winter or maybe just above the road

on a hot day while driving. That is because, in essence, it is the same thing!

When air moves around on Earth, how do we think about its movement? Does it have a

smooth motion with the wind moving in a constant direction or is it more swirly? If it were

moving in a consistent direction we would say it exhibits laminar motion, otherwise, we would

say it is turbulent motion. Van Gogh certainly had an opinion of this in his painting The

Starry Night (Figure  1.2 ) in which he visualizes the calm night sky as having this swirling

pattern to it. Looking at Van Gogh’s painting, we can “feel” the air swirling around us,

however, it is not chaotic or rapid or aggressive. This is because turbulence can be calm and

slow-moving. Therefore, when I speak of turbulence, I only mean that the air dances in a

somewhat swirling pattern; the speed and intensity at which it happens is of little concern.  

1
 

The air is in a near-constant state of turbulent mixing, therefore, we can say the atmosphere

is turbulent.

Even if we can accept the motion of the air between the object and camera which produced

Figure  1.1 as turbulent, this still does not answer why the images look so unusual. The

mathematical reason is well beyond the reach of this introduction, so how can we understand

it more simply? In Figure  1.3 , we can see an example of refraction. Refraction bends light

according to a change in the index of refraction, with glass having an index of refraction

n ≈ 1.33 and air as approximately n ≈ 1. However, the air’s index of refraction isn’t exactly

1 and it isn’t exactly uniform. For a short distance we can ignore these details perfectly fine

as an approximation. However, when a long distance is involved, it begins to matter much

more than the case shown in Figure  1.3 .
1

 ↑ Of course, later I’ll be more mathematically precise, but this line of thinking will still be useful!
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Figure 1.2. Van Gogh, The Starry Night. [ Source ]

Figure 1.3. Refraction of light through glass. [ Source ]
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Figure 1.4. Heat chamber for turbulent imaging at close range.

Because of this turbulent mixing of the atmosphere, there will be collisions of particles in

some places and particles moving away from other locations. There will also be temperature

fluctuations, differences in the types of molecules which make up the air, and so on. All of

these properties contribute to the index of refraction (of the air!) being non-uniform. The

scale of these fluctuations in the atmosphere’s index of refraction is so small, however, that

they effectively don’t bend the light at all. They instead act as roadblocks that make the

light from a single point arrive at our camera at different times across the camera aperture.

Believe it or not, this difference in arrival time is all it takes to mess the image up and give

us Figure  1.1 .

So why don’t we see these effects all the time? If the air between you and the words of

this text are in a state of turbulent mixing, why doesn’t it appear distorted? These small

differences in the index of refraction are simply not large enough to seriously impact the light

emerging from an object. However, if we were to turn up the heat and really make the air

turbulent, we’ll increase these fluctuations in the index of refraction and thus these words

would be distorted. This is why we see these effects near a heat vent or just above the road.

In fact, we can exploit this to image turbulence at close range using a heat chamber as shown

in Figure  1.4 .
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1.2 The Goal of This Thesis

The aim of this thesis is to make images like Figure  1.1 look better. This means we wish

to reconstruct what they were supposed to look like. Of the many subdomains of Electrical

Engineering, computational imaging uses models to describe the forward process, that is,

how can we represent the process through which the image came to look as it does? To solve

this problem, we must understand some of the physics involved. As it turns out, there is a lot

to do for representing this forward process in a convenient manner for today’s reconstruction

tools.

In the last decade, data-driven machine learning algorithms have made great strides in

solving problems old and new. The advantage of these models is that there are many tools

to help develop and deploy them quickly as well as their effectiveness. A typical operating

principle is to train them using a pair of data: the input is the degraded observation, the

output is what it is supposed to look like. Once we learn this mapping from degraded input

to corrected output, we can apply it to data which is similar but has not been included in

our training process. At this point, the machine learning algorithm performs inference to

estimate the correct output image, in other words it makes an educated guess.

However, data-driven implies exactly what these methods require: data. When faced

with something like imaging through the atmosphere, we face a challenging problem. We

almost can never have ground truth data – we cannot “turn off” the turbulence to see what

the image was supposed to look like, it is a fact of nature we cannot avoid. Therefore, in

order to teach the algorithm, we have to generate accurate data by means of simulation.

This work is focusing on simulating imaging through the atmosphere. There has been

plenty of work done in this direction, too, therefore we may wonder what is left to be done?

These previous efforts have largely been driven to understand new physical properties, or to

verify certain mathematical assumptions often used to simplify analysis. These goals are very

different than making images look good. Therefore, the type of simulation we are focused

on in this work has a few significant properties which differ from typical physics-minded

simulation:
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1. Fast. In order to generate a large amount of data to feed our data-hungry algorithms,

we need to have speed to generate gigabytes of data in a reasonable amount of time.

2. Accurate. If our data is inaccurate, we will have taught our algorithm how to invert a

process which does not reflect nature, therefore, our simulation must mimick nature as

accurately as possible.

3. Differentiable. Data-driven deep learning models use gradients to optimize their

behavior, thus they are differentiable. If we want to truly integrate our physical model

into our deep learning model it, too, will require this property.

1.2.1 Summarized Contributions

The contributions of this dissertation is what we refer to as Zernike-based simulation of

atmospheric turbulent imaging. In certain situations, which we shall quantify in this thesis,

the simulation is 1000× faster than its traditional optical counterpart.

The way that this type of simulation has been enabled required a number of tricks;

theoretical, engineering, learning-based concepts have gone into developing a simulator which

meets the three qualities of fast, accurate, and differentiable. Learning-based reconstruction

methods trained with data from our Zernike-based simulation perform better than those

trained on cheaper alternatives. This suggests a more close match with nature, not to mention

the other benefit of differentiability which allows one to use perform simulation-in-the-loop

training.

We present an overview of the simulation method described in this thesis in Figure  1.5 .

While the details are beyond our current discussion, we wish to highlight a few key details.

First, the Zernike space, the main theoretical contribution of our simulator. The Zernike

space allows us to describe the atmospheric effects using a random vector field. We can

pull samples from the Zernike space using standard sampling techniques combined with an

approximation we have proposed.

The image is formed through spatially varying convolution, which we approximate as a

sum of weighted invariant convolutions. Our learning-based solution, known as the Phase-
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Figure 1.5. An overview of Zernike-based simulation.
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to-Space (P2S) transform converts from the Zernike space to the spatial convolution

weights.

At a high level, the computational complexity boils down to: Generating a collection of

random fields at the size of the image, sending the coefficients through the P2S transform,

and performing multiple convolutions of the image with different kernels which are then added

together. We believe this to be near the optimum in simulating imaging through turbulence.

Finally, we would note that reconstruction methods trained with our data perform better

than data from other, cheaper methods which use a less sophisticated physics approach in

simulation. This suggests to us that (i) the generalization gap between our data and real

data is minimal and (ii) our simulator can be applied to real world turbulence problems.
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2. MODELING IMAGE FORMATION

At the core of imaging is the exploitation of the transmission of light from one point to another.

Light carries energy, and its distribution can be purely chaotic such as the background light

that is not within the visible band (such as the WiFi signal probably bouncing around

wherever you are right now) or it may instead be organized such that it’s your favorite movie

when decoded by your eye and brain  

1
 . Light and its movement is a major factor in how we

perceive the world around us and, more importantly for this thesis, how we take images.

Light is a physical phenomenon, and nature is quite content carrying on with knowing

its secrets while we are left to guess as to how it operates. The way we “guess” is through

mathematical models. In this Chapter, we consider different mathematical models for

modeling light and imaging. For this thesis, I do not wish to simply repeat the great efforts by

Goodman [ 1 ], Born and Wolf [  2 ], Hecht [  3 ], or many others before my time. I instead would

like to speak a bit more directly to folks concerned with an interest in inverse problems.

That being said, I will not dispense with these great efforts. Therefore, I will present them as

background material and interject my own experience and viewpoints when I feel it adds to

the discussion.

For this thesis, we need a model which can easily incorporate atmospheric turbulence in

a way that does not cause us too much grief. Therefore, we must consider which model is

correct, of which many exist. I am particularly partial to the approach by Joseph Goodman

[ 1 ], however, I’d like to show you some alternatives and options. We eventually will land on

the model chosen for this thesis.

This chapter will progress in stages. First, we must consider how light can be modeled.

There will be two models of particular use to us here. Next, how should we model an imaging

system? Should we do ray tracing or a simplification which captures a majority of the effects

we need? Finally, how should we extend this model in anticipation of the turbulence model

we adopt in this work? These questions will be answered in this Chapter, with the later

Chapters making full use of the chosen model.
1

 ↑ The great irony in this, however, is that the “chaotic” WiFi signal is being decoded by your streaming
device, converted, and emitted from a display in such a way that it you recognize it as your favorite movie.
Therefore, there is a great deal of order in what we would directly observe as chaos.
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2.1 Modeling light

We first consider the model for light. Throughout history, the debate between light as a

particle/ray or a wave was energetically sustained. The answer as it seems today is not so

simple – it appears to be both! We will not concern ourselves with this quantum reality in

this thesis, and we will stop our consideration of light modeling right before this advancement

in thinking.

2.1.1 A history of understanding light

Though the history of studying of light dates back to the B.C. era, I will pick up around

the time of Isaac Newton (i.e., the 1600’s). At this time, there are two predominant models

of light supported by two figures: The model that light is a particle/ray by Newton and

the model that light is a wave by Christiaan Huygens. I’d like to discuss some of their

experimental procedures and writings to detail how each one came to their conclusions.

Interestingly, they both have their place!

Newton’s experiments led him to believe that light acted as particles. A famous experiment

of his is the splitting of white light into different colors. A famous example of this is through a

dispersive prism which separates light into its constituent colors. We show this in Figure  2.1 (a).

Newton attributed this effect to the poor quality of refractive lenses (i.e., lenses that bend

light). Because each color bent differently, you would have a blurring now known as chromatic

aberration. Newton instead proposed the first reflective telescope of which Figure  2.1 (b)

presents a replica of.

Huygens championed a different model for light – that light acts as a wave. Huygens

imagined that light acted as a repeated emission of spherical waves and that light traveled

slower in “denser” media. This captured Newton’s refractive concepts in a totally different

manner. Huygens’ model came to be more in favor than Newton’s model, a trend which

would only increase over the next century.

Thomas Young demonstrated the wavelike behavior of light in the early 1800’s when he

had two nearby pinholes in what is know known as the double slit experiment Figure  2.2 .

The double slit experiment proves that light does indeed interfere with itself. Young noticed
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(a) Dispersive Prism Replica of Newton’s telescope

Figure 2.1. (a) A view of the chromatic nature of light [  Source ] and (b) a
replica of Newton’s reflective telescope [  Source ]
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Figure 2.2. Young’s double slit experiment in which interference patterns arise [  Source ]

if he covered the right pinhole, the pattern that arose would be the same as if the left pinhole

was covered, just with a difference of a small shift. When both were open, however, the

pattern was different than the sum of the two. Therefore, he concluded that light intereferes

in a process which can only be described by wave motion.

In the mid 1800’s James Clerk Maxwell then mathematically proved the existence of

electromagnetic waves which propagated at the known speed of light. He concluded that

light itself must be an electromagnetic wave. In fact, Maxwell’s equations were so good,

that it drove many to wonder why they seemed incompatible with Newton’s equations. Of

the many physicists at this time, Albert Einstein reconciled this conflict through special

relativity – a modification of Newton’s equations to live “in the same universe” as Maxwell’s

equations. This speaks to the power of Maxwell’s equations and how light has influenced our

development of the laws of nature (even in places where it seems it shouldn’t – such as in the

case of Newton’s mechanics).

This may seem as if the final word had been said and thus light is a wave. If Maxwell

can mathematically prove it and this proof was so influential to modify Newton’s equations,

what more could come to change our minds? Einstein and his study of the photoelectric

effect and Planck with black body radiation and its incompatibility with Maxwell’s equations

suggested the reality we are still living in today: quantum mechanics. This loops us back to

the time of Newton; light seems to be a particle, but interestingly enough, one that acts like
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Figure 2.3. A demonstration of refraction where we can see the image of the
straw is bent when viewed through water. [  Source ]

a wave! While this resulting duality is interesting and strange, it is not a point which will be

discussed further in this thesis.

With a brief history presented, we now move to a model which still has its place today:

light as a ray. Although the ultimate model we will choose in this thesis will be the wave

model, this will introduce many important concepts along the way and prove useful for some

points later in this Chapter.

2.1.2 Light as a ray

Ray optics or geometrical optics, two ways of referring to this classification of the ray

model for light, views light as “arrows” which propagate through space. The behavior of

light in this model includes the assumption that light travels in straight lens and bends at a

change in medium. By a medium, we mean the thing that the light moves through. This

bending of light is known as refraction. We present a visualization of this bending in Figure

 2.3 .
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To quantify the amount of bending which light undergoes at the interface between two

media we can define the index of refraction n1 and n2. These If we additionally define the

angle at which it enters as θ1 and exits at θ2, we may write Snell’s law,

n1 sin θ1 = n2 sin θ2. (2.1)

The interpretation of the index of refraction is the attenuation in speed by the ray. That is,

if light travels at a speed c in a vacuum, it travels at a speed c/n1 in a medium with index of

refraction n1.

Thus, the relationship between the input angle and the output angle is non-linear. We

often encounter this equation in something like an undergraduate physics course. This

non-linearity is the main reason for the complications that come from this model. To remedy

this, there are two primary solutions: (i) to numerically perform ray tracing (ii) to use the

paraxial approximation.

Ray tracing

Suppose a ray at position p0 emits with a directional vector v. For a few types of surfaces,

a closed form solution exists (a plane being one such surface). However, in optical devices

our surfaces will be more complex that just a simple plane. Therefore, we often must employ

ray tracing in order to find the points of intersection. Ray tracing follows a simple procedure:

1. Find points of intersection. A ray at position p0 is propagated along its directional

vector v until it reaches a surface S. This is often found through methods such as

Newton’s method – an iterative approach to finding roots of a function. Therefore,

the intersections we find are through iterative, computational processes.

2. Compute Snell’s law. With the point of intersection found, we know the direction

the ray is traveling and compute the normal vector of S at the point of intersection.

From this, we can apply Snell’s law to find where the ray should travel on the other

side of the surface (or if it should reflect).
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This simple algorithmic approach can be parallelized and made incredibly fast, therefore it is

perfect for computational analysis and rendering.

Paraxial ray tracing

The adoption of the paraxial approximation is more related to mathematical analysis.

The paraxial approximation assumes the following:

sin θ ≈ θ, tan θ ≈ θ, cos θ ≈ 1. (2.2)

Put simply, we are assuming that we are primarily working with small angles! Amazingly,

through this approximation, a moderate amount of surfaces can be analyzed purely analytically.

This means we do not need to find points of intersection through computation, but through

simple geometry. In this context, a lens can be described suitably by a 2× 2 matrix known

as the ray transfer matrix (sometimes called ABCD matrix analysis,

x2
θ2

 =

A B

C D

x1
θ1

 (2.3)

with

A =
x2
x1

∣∣∣
θ1=0

B =
x2
θ1

∣∣∣
x1=0

C =
θ2
x1

∣∣∣
θ1=0

D =
θ2
θ1

∣∣∣
x1=0

Furthermore, an array of lenses can be analyzed by subsequent applications of the corre-

sponding ray transfer matrices.

Having a fair bit of familiarity with computer vision (CV) people through experience and

the more optics ways of thinking through reading, I would like to make a particular distinction

here which I will later reinforce when discussing camera models. It is in my opinion that two

people, each from one of the fields mentioned, can be talking to each other about the same

thing using the same language but mean completely different things. They will only realize it
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Figure 2.4. Some notational definitions for the ray transfer matrix analysis [  Source ]
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once they get deeper into the problem. To cut to the core of this difference, I would ask them

when they imagine an object emitting light, is it emitting one ray per point, or multiple?

The physicist will envision an object which emits multiple rays emitting from each point

on the object. While they may not all hit the camera, the fact that it is observed by our

camera or not is of little difference. Nature emits multiple rays, therefore the physicist thinks

of it as such. The CV person will instead visualize a single ray emitting from each point on

the object (they may even regard them as pixel locations!). This clearly is very different

from the physicist, we are working with infinitely less rays! I will describe why I believe this

difference exists between the two communities when discussing camera models.

Finally, light as a ray will not be the primary model adopted in this thesis. However,

many ideas that arise from it will be useful for getting concepts across. One such place will

be for the modeling of cameras. But, in general, it will be used sparingly.

2.1.3 Light as an electromagnetic wave

In the late 1800’s James Clerk Maxwell developed a set of equations now known as

Maxwell’s equations. These equations captured the known behavior of electricity and

magnetism. Maxwell made an additional interesting discovery through these equations:

manipulating them suggested the presence of electromagnetic waves. However, he did not

stop with mathematics but instead continued with physical reasoning, ultimately suggesting

that light is one such electromagnetic (EM) wave. As it turns out, for the most part, he was

suitably correct!

Maxwell’s equations describe vector calculus relationships between different components

of the electric field E and the magnetic field B. I would like to make the distinction here

that, very briefly, I am considering the fields to be vector fields – that is, fields which for

every point x

E(x) = [Ex(x), Ey(x), Ez(x)]
T , (2.4)

where Ea(x) is the a-component of the vector field at x. Each of these components constitute

a scalar field, a concept we will return to shortly. Typically, this dependence on location is

dropped for a bit of simplicity in notation, therefore I will follow suit.
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Maxwell’s equations in differential form can be written as:

∇× E = −∂B
∂t
, ∇×B = µ0

(
ε0
∂E

∂t
+ J

)
,

∇ · E = ρ/ε0, ∇ ·B = 0.

(2.5)

It would be useful at this point to develop the EM wave equation. As a first step, we restrict

our analysis to a vacuum. Combining this with the fact ε0µ0 = 1/c2 allows our equations

( 2.5 ) to take the form

∇× E = −∂B
∂t
, ∇×B =

1

c2
∂E

∂t
,

∇ · E = 0, ∇ ·B = 0,

(2.6)

where c is the speed of light. Through some vector calculus tricks (triple scalar product and

BAC-CAB [  4 ] rule), we can obtain the wave equation. Starting with taking the curl of the

first equation in (  2.6 ),

∇× (∇× E) = ∇×
(
−∂B
∂t

)
(2.7)

∇ (∇ · E)−∇ ·∇E = − ∂

∂t
(∇×B) (2.8)

∇2E =
1

c2
∂2E

∂t2
. (2.9)

By symmetry, we could say the same for magnetic field B. This motivates to write the

following:

Theorem 2.1.1 (Electromagnetic Wave Equation). The homogeneous, 3-dimensional

form of the electromagnetic wave equation is given by

∇2E− 1

c2
∂2E

∂t2
= 0. (2.10)

This equation predicts an electromagnetic wave that travels at the speed of light c.
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The reason for presenting this derivation is that light undeniably acts as a wave in the

framework of Maxwell’s equations. As highlighted by quantum mechanics, this isn’t exactly

true but we will not require any of those considerations for this thesis. We will now make

some simplifications to gain us some traction in making use of this result.

The scalar wave equation

The EM wave equation ( 2.10 ) is a major result of physics and optics. It further serves

as the starting place for our chosen model for light. At this point, however, we would like

to make the assumption that the components of the vector field E were independent of one

another. This assumes that there is no coupling between the EM field components. Because

of this, we can analyze each component independently [ 1 ,  2 ].

Because each component can be analyzed independently, we need only work with scalar

fields and not vector fields. This leads us to define f as such a scalar field which satisfies

∇2f(x, t)− n2

c2
∂2f(x, t)

∂t2
= 0, (2.11)

which is known as the scalar wave equation. Here I have defined v to be the speed of the

wave which, in the case of optics, may be written as v = c/n where c is the speed of light

and n is the index of refraction. This gives us a bit more insight on the index of refraction,

it is the dimensionless constant that attenuates the speed of light when a wave is traveling

through a non-vacuum medium. Furthermore, I would again emphasize the fact that we are

working with a scalar field f and no longer the vector field E.

In the study of differential equations, it is common to use a set of elementary solutions to

either (i) build insights into the equation or (ii) build more complicated solutions by virtue

of linearity. Perhaps it is not a surprise that an elementary solution is a sinusoidal wave,

f(x, t) = A(x) cos(2πνt+ θ(x)), (2.12)
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with spatially varying amplitude A(x) and phase θ(x). Although this is valid, we will typically

consider a complex wave function:

u(x, t) = U(x)e−j2πνt. (2.13)

The function U(x) represents the complex envelope, or phasor [ 1 ,  3 ], which is then modulated

by the time-evolving term e−j2πνt. This form in Equation ( 2.13 ) is particularly useful because

it separates the spatial and time components. As a result, most problems of interest to us

will involve finding the proper U(x), then adding in the time behavior through multiplication

with the modulation term e−j2πνt.

We now wish to investigate a few important properties of our complex envelope. The

first is the concept of a wavefronts. A wavefront can be mathematically described by the

set {x | ∠U(x) = ϕ} where ϕ is some constant ϕ ∈ [0, 2π). The distance from one wavefront

to another (along the normal direction of the wavefront) is referred to as the wavelength,

denoted as λ [m]. With this we can also define the optical frequency ν [s−1] to be

ν =
v

λ
, (2.14)

where v is the velocity of the wave [m/s]. The optical frequency describes the rate at which

the wave oscillates as it arrives.

A mathematical description of wavefronts is perhaps precise, but it does not capture the

visual that comes along with it. We therefore present Figure  2.5 , where we show the following

field:

V (x) =

∣∣∣∣∣
N∑
i=1

U(x;xi)

∣∣∣∣∣ =
∣∣∣∣∣
N∑
i=1

exp{−j(2π/λ)|x− xi|}
|x− xi|

∣∣∣∣∣,
where we have chosen the amplitude function A(x;xi) = 1/|x− xi| and phase function

φ(x;xi) = (2π/λ)|x− xi|. In other words, there are sources of waves at locations xi known

as point sources, whose amplitude and phase vary as a function of distance from the point xi.

In addition to this magnitude, we also show the wavefronts. We can see that with more point

sources and the more closely they are packed together, the wavefronts become increasingly

complicated.
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(a) One point (b) Two points (c) Three points

Figure 2.5. The amplitudes and wavefronts created by point sources.
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With the intent of using our form of the complex wave function u(x, t) within the scalar

wave equation of Equation (  2.11 ), we present the following pair of derivatives:

∇2u(x, t) =
{
∇2U(x)

}
e−j2πνt, (2.15)

∂2u(x, t)

∂t2
= (j2πν)2U(x)e−j2πνt. (2.16)

Substituting Equation ( 2.15 ) and Equation (  2.16 ) into Equation (  2.11 ), we can write the

scalar wave equation in terms of the phasor,

∇2U(x) = − (2πν)2
n2

c2
U(x).

Letting k = 2πνn/c = 2π/λν be the wave number (where λν = c/(νn) is the wavelength),

we arrive at the Helmholtz equation.

Definition 2.1.1 (Helmholtz Equation). With u(x, t) = U(x)e−j2πνt where x =

[x, z]T ∈ R3 and ν , the Helmholtz equation of the scalar field U(x) is given by

∇2U(x) + k2U(x) = 0, (2.17)

where ∇2 = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
is the Laplacian operator, and k = 2π/λ is the wave number.

Types of Waves

With the Helmholtz equation Equation (  2.17 ) presented, we now wish to show a few

elementary solutions of this equation. The first is the planar wave

U(x) = A0e
−jkTx = A0e

−j(kxx+kyy+kzz), (2.18)

where k = [kx, ky, kz]
T is the wave vector such that k2x + k2y + k2z = k2 and k = 2π/λ is the

wave number and A0 is the amplitude. The plane wave is at the core of Fourier optics in

which a complex wave distribution is decomposed by a basis of plane waves (in the very same
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manner as the Fourier transform). Since the rules of propagating plane waves are so simply

(i.e, follow the wave vector!) this method is particularly useful for computing propagations.

We will present this method when we are dealing with simulating wave propagation.

The next example is a spherical wave which is given as

U(r) =
A0

r
e−jkr, (2.19)

where r = |x| =
√
x2 + y2 + z2 is the radius between x and the origin. The spherical wave

has a specified origin point which we refer to as a point source. The final wave we will

introduce is the paraboloidal wave given by

U(x) =
A0e

−jkz

z
e
−jk

(
|x|2
2z

)
. (2.20)

All three of the forms we have presented here (spherical, paraboloidal, or planar) satisfy the

Helmholtz equation.

Suppose that we have a spherical wave emitting energy as shown in Figure  2.7 . As the

wave propagates out further and further, we can justify a particular approximation. At

a certain distance, we may state that the wave is well approximated by a parabolic wave.

Further away we may even claim that it is approximated well by a single planar wave. This

conceptualization of a spherical wave turning into a parabolic then planar wave is an extremely

important tool that we will use in analyzing light propagation in the next Section.

2.1.4 The Huygens-Fresnel principle

With the model of light presented, I now wish to present a particularly interesting way of

thinking about wave propagation that I find useful when imagining how these things work in

my own mind. This is the Huygens-Fresnel principle (HFP). The HFP states the following:

• Every point on a wavefront is a source of secondary spherical wavelets;

• These secondary wavelets interfere;

• The sum of these wavelets produce a new wavefront.
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Figure 2.6. A visualization of the HFP through a change in medium [ Source ]

Although the principle is simply stated, it may be challenging to appreciate the beauty and

elegance of such a summation. I would encourage the reader to seek out visualizations of the

Huygens-Fresnel principle (of which there exists many videos and GIFs online) to get a real

sense as to what it implies.

Huygens proposed his model for the wave-like behavior of light in a fashion to the set of

rules as above. However, they have been tweaked over time to match what we now know.

It is interesting to know that in the following Section, we shall introduce a model for light

propagation that, for all intents and purposes, mirrors the rules described here. There will be

some mathematical details which our above rules don’t tell us, but we will feel the similarity.

Therefore, when solving problems of this variety, the HFP is a fantastic guiding concept that

can help us visually interpret the problem.

For an example of its utility, the HFP, when combined with the fact that the speed of

light is attenuated in a different medium, can even explain why light refracts! To this end, I

present Figure  2.6 in which it is shown why light bends. One thing I have not mentioned

yet, to tie this explanation together, is that there is a connection between the wave model

and the ray model for light. The rays travel in a direction that is normal to the wavefront.

Therefore, in Figure  2.6 also shows arrows which correspond to the direction of rays.
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2.1.5 The model of light for this thesis

With a great deal of effort dedicated to the wave model, it likely does not come as a great

surprise that in this thesis I will consider light to be wave. We will make more simplifications

as necessary to simplify our analysis when necessary, but we will indeed treat light as a

wave. For example, one such simplification is that we will never truly need to solve a wave

equation to model an imaging system with the simplifications we will outline in this Chapter.

Furthermore, when describing turbulence, the route we will take will again not use any wave

propagation.

It may be unclear why then we would adopt the wave model. If I say light is a wave,

then why wouldn’t we ever do wave propagation? The answer is subtle, and will be made

more obvious over the course of this thesis, but I do wish to give some insight as to why.

The answer is that we will primarily think of light as a wave which has a phase φ(ξ) and

amplitude A(ξ) which vary across its ξ. The model for turbulence can be placed into both

the phase and amplitude, though we shall primarily focus on the phase. Therefore, with ray

optics it will be somewhat unclear where to put the turbulence model. Therefore, we must

take light as a wave if we are to model turbulence properly.

Figure 2.7. As a spherical propagates outwards, at a sufficient distance it
becomes suitably paraboloidal (or parabolic), and further yet planar. We note
that one can approximate a planar wave with a parabolic one. These ranges
are not mutually exclusive, but rather the most appropriate approximation (in
most cases) for the associated wave at a distance. Image inspired by Hecht [ 3 ].

2.2 Diffraction

Adopting the wave model comes with a few particular difficulties. One is the fundamental

limit that is placed on resolution of our images by his model. This limit is caused by the
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(a) (b)

Figure 2.8. (a) Visualizations of the “leaking” of light around the edges and
(b) a diffraction pattern by a red laser [  Source ]

effect known as diffraction. Diffraction comes from the fact that light acts as a wave. In

Figure  2.8 (a) we show that a planar wave which is incident upon a non-transmitting screen

with a hole has a sort of “leaking” effect in which the wave extends beyond the shadow of

the screen. This leaking we will mathematically describe in this Section. The result may be

a pattern as in Figure  2.8 (b) which we refer to as a diffraction pattern.

Throughout modern history, a great deal of effort has been spent in analyzing the

deceptively simple situation in Figure  2.8 (a). One of the more prevailing models was the

Fresnel-Kirchhoff diffraction integral, which primarily solves the problem through some

assumptions which were later found to be inconsistent (to a moderate degree). The most

accurate approach, which is in accordance with Maxwell’s equations is known as Rayleigh-

Sommerfeld diffraction. The Rayleigh-Sommerfeld equation utilizes a great deal of insight

and mathematical rigor to properly analyze a diffracting screen. The problem is easily stated,

yet the details involved are beyond the scope of this thesis. We would suggest the interested

reader to Goodman [  1 ] for an easy-to-follow treatment, and those who are interested in the

rigorous development to Born and Wolf [ 2 ].

Seeing as this derivation takes a number of pages and concepts which we have not

introduced to present, We instead will provide the theorem directly without proof:
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Theorem 2.2.1 (Rayleigh-Sommerfeld diffraction). The wave observed at a point x

after diffracting through a surface Σ is described by

U(x) =
1

jλ

∫∫
Σ

U(ξ)
exp {jkr}

r
cos θ dξ, (2.21)

where Σ is the source surface (which we will call the aperture) and θ as the angle between

the surface normal and the vector r pointing from ξ to x (with r = |r|), and k = 2π/λ

as the wavenumber.

This theorem can be understood by Figure  2.9 . Each point on the opening of the diffracting

screen will contribute to the phasor at a location x. The way in which they will contribute

will be through secondary spherical wavelets, which propagate starting from Σ. In other

words – it as a mathematical formulation of the HFP!

Figure 2.9. When there are more than two points in the object plane, the
observed field at position x will be the superposition of the fields emitting from
the source plane Σ.

The trouble with Rayleigh-Sommerfield diffraction

Now that we have the equation, it may seem as if we are done and can finally start solving

problems. However, there is an issue with the Rayleigh-Sommerfeld diffraction theorem – it
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is challenging to get closed form solutions for nearly any problem of interest [ 1 ]. The reason

for this is that it is so accurate, that the cost to be paid for accuracy is difficulty.

If we recall Figure  2.5 , we can see that with multiple point sources, the behavior of the

wavefront will take on more dramatic and complicated forms. The Rayleigh-Sommerfeld

equation will capture this behavior no matter how complicated the field distribution on

the aperture is. I would liken this situation to the problem facing Newton’s F = ma. Just

because we have the equation does not mean that we can solve every problem in the world

with it (to which I would suggest the three-body problem as an example). Therefore, in order

to solve some problems with it, we will need to make a few approximations.

2.2.1 Fresnel and Fraunhofer Diffraction

A crucial concept to grasp in the previous discussion is that the complex wave on the

opposite side of a diffracting screen is a superposition of secondary spherical wavelets. This,

in fact, was more or less the theory proposed by Huygens (and refined by Fresnel), thus

we will often refer to the Rayleigh-Sommerfeld equation as the Huygens-Fresnel equation.

Huygens, of course, was not even aware of Maxwell’s equations, coming roughly 200 years

earlier. This speaks to the insight of Huygens’ formulation.

Because the secondary wavelets emit as spherical waves, we can use our idea of approxi-

mating spherical waves as parabolic or planar waves at suitable distances. It may not appear

clear as to why we would want to do so, but this will become very apparent once we introduce

lenses. The approximation by parabolic waves was done by Fresnel, thus leading us to present

the following theorem:

Theorem 2.2.2. The Fresnel diffraction integral is defined as

U(x) =
ejkz

jλz
ej

k
2z

|x|2
∫∫ ∞

−∞

{
UΣ(ξ)e

j k
2z

|ξ|2
}
e−j

2π
λz

xT ξdξ, (2.22)
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where UΣ(ξ) is the incident field passing through a finite aperture Σ. This may also be

written as

U(x) =
ejkz

jλz
ej

k
2z

|x|2Fourier
{
UΣ(ξ)e

j k
2z

|ξ|2
} ∣∣∣∣

f= x
λz

, (2.23)

where the Fourier frequencies are evaluated at f = x/(λz).

This means that within a suitable distance away from the screen, the effects are related to

a modified Fourier transform. If we go even further away to where planar waves suitably

approximate the wavelets, we arrive at the following theorem:

Theorem 2.2.3. The Fraunhofer diffraction integral is defined as

U(x) =
ejkzej

k
2z

|x|2

jλz

∫∫ ∞

−∞
UΣ(ξ)e

−j 2π
λz

xT ξdξ, (2.24)

or equivalently, in terms of Fourier transform:

U(x) =
ejkzej

k
2z

|x|2

jλz
Fourier

{
UΣ(ξ)

}∣∣∣∣
f= x

λz

. (2.25)

Both of these theorems have their places in this thesis. The Fresnel diffraction integral

will be critical in propagating waves from plane-to-plane without lenses, while the Fraunhofer

diffraction integral will be particularly useful when lenses are in the mix.

Why make these approximations?

We can now describe waves which propagate through an aperture at some distance away

from the screen. In the case of the Fraunhofer pattern, the waves need to be far away for the

results to apply. This may beg the question: Why would we want this? If we are modeling

an imaging system, the length of the camera body is short, so why would be want these

approximations?

The answer to this is that we have not yet introduced a lens into the mix. When we

do, we will see that whatever was going to happen at infinity will now happen at a finite

distance. A computer vision concept known as homogeneous coordinates [ 5 ] can shed some
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light onto this property. Let us consider where two rays which are traveling in parallel would

intersect. According to this theory, it would be at the line at infinity. In our light example,

this is equivalent to rays passing through the aperture with no lens.

When we add a lens into the mix, something interesting happens. The rays which would

have intersected at infinity now are intersecting somewhere at a finite distance. Therefore, a

lens can be viewed as a transformation which forces an intersection at the line at infinity

to happen at a finite distance. This is significant for Fraunhofer diffraction, which we know

happens infinitely far away. The ultimate conclusion, we shall see, is that the Fraunhofer

pattern occurs at the focal plane of the imaging system.

2.2.2 Diffraction Patterns

At this point we have already shown what are known as diffraction patterns, however,

we have not precisely defined them. A diffraction pattern, to me, is what we would observe if

we had a sensor to view the wave. We wouldn’t see the complex wave, instead, we would see

the power per unit area.

Because the waves are sinusoidal in nature, the power at a position x can be written as

P (x) ∝ E[|A(x) cos(2πνt+ θ(x))|2],

∝ |A(x)|2/2,

where the proportionality comes from a variety of properties of the camera such as quantum

efficiency and E[·] denotes probabilistic expectation. We can define a function known as the

intensity of a wave to be proportional to the power [  1 ]. The intensity is given as

I(x) = E[|U(x) exp{−j2πνt}|2],

= |U(x)|2. (2.26)

Instead of referring to the power directly, we typically prefer intensity for its simplicity.

Furthermore, we drop the expectation in (  2.26 ) due to the time invariance of the phasor.
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To an optical engineer, it may appear as a glaring error that I have used the term intensity

instead of irradiance. In this thesis, I will refer to the intesnity as power per unit area, thus

being identical to the irradiance. This is done to be in coordination with Goodman as well

as the bulk of the computer vision and image processing literature.

2.2.3 Diffraction Limit

Earlier it was mentioned that diffraction imposes a limit on the resolution of an imaging

system. We can analyze this by Fraunhofer diffraction. If we consider the intensity of the

field emerging from a circular aperture, we can show that

I(r) = |U(r)|2 =
(
2πD2

λz

)2
[
2
J1
(
2πDr
λz

)
2πDr
λz

]2
. (2.27)

This intensity distribution I(r) is called the Airy disc. The shape of the Airy disc is shown

in Figure  2.10 . The width of the central lobe is measured as

d = 1.22
λz

D
. (2.28)

Figure 2.10. The width of the central lobe of the Airy disc is given by d = 1.22λz/D.

This brings us to introduce the Rayleigh criteria. With two pinholes in an imaging

system, the emergent diffraction patterns (in this case, the Airy discs) may overlap. Because
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of this, there is a minimum separation we must reach in order for the two to be resolvable.

Mathematically, the minimum resolvable separation is defined at the point of half of the main

lobe width,

δ = 0.61
λz

D
. (2.29)

We show the three cases in Figure  2.11 . Finally, these concepts are related to the numerical

aperture (NA) as NA = D/z. The Rayleigh criteria may be written in terms of the numerical

aperture through

δ = 0.61
λ

NA . (2.30)

(a) Rayleigh criteria (b) Unresolvable (c) Resolvable

Figure 2.11. Visualizing two diffraction patterns relative to the Rayleigh criteria.

2.3 Modeling a camera

A modern camera is a complicated device comprised of multiple lenses, carefully designed

sensor(s), mirrors, beam splitters, and so on. In Figure  2.12 we can see a Sony camera cut in

half. To design this lens, experts in lens design use software to help them optimize the lens

relay. This is because they cannot design this complicated relay by hand. By the same token,

we cannot design a model to completely describe this lens system by hand. Therefore, we

will need a simplification.

There are many ways we can model this system. One of the more sophisticated ways

we may model it is by ray tracing, which is, in fact, the way the camera shown in Figure

 2.12 is most likely designed. Commercial software such as Zemax or Code V  

2
 can be used to

optimize certain criteria which are based around ray optics. This model, however, will be a
2

 ↑ Pronounced “Code Five” – don’t be like me and think it’s “Code vee”.

46



Figure 2.12. A camera cut in half showing its elaborate lens design [  Source ]
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(a) (b)

Figure 2.13. (a) A camera obscura diagram. (b) A result of a camera obscura
imaging the New Royal Palace at Prague Castle, projected onto a stone wall.
[ Sources ]

bit overkill for our purposes and will miss a crucial detail which we want to include in our

formulation. To begin, I will start with the simplest model of an imaging system and our

first potential candidate for our model – the pinhole camera.

2.3.1 The pinhole camera

The pinhole camera is the simplest choice in modeling an imaging system. A scene goes

in and comes out at a certain magnification. Although there are some extensions of this

idea which say otherwise 

3
 , the pinhole camera is largely accepted to be a simple geometric

transformation of the scene consisting of magnification and rotation.

The origin for the model of the pinhole camera comes from historical developments: the

very first camera actually was a pinhole camera! Known as camera obscura, this particular

concept for designing a “camera” is by putting a very small hole in a wall and allowing the

otherwise dark room to be illuminated by it. The result is that an image is projected on the

wall opposite the pinhole. In Figure  2.13 the geometry and result is shown. As you can see,

an image is indeed produced, therefore it is entirely reasonable to suppose that imaging can

be written as a simple geometric transformation of the scene to be imaged.
3

 ↑ For an example I would suggest from Prof. Avinash Kak’s lecture note “Modeling the Camera”  https:
//engineering.purdue.edu/kak/computervision/ . He describes in excellent detail how to extend the rigid
pinhole camera model to an extended model which can describe geometric distortions.
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Mathematically, this model implies that the object coordinate û may be transformed to

the image plane coordinate x̂ through

x̂ = Cû. (2.31)

There are two important distinctions to make in the case of this model which we will only

introduce here as it is relevant to the pinhole camera. The first is that by the hat notation

û, I am implying homogeneous coordinate representation of the “real word” coordinate u.

The second is that my choice in using equality for ( 2.31 ) is slightly incorrect as it is typically

written to be within a scalar constant as this is a property of the homogeneous representation.

More details can be found in [ 5 ], although for this thesis I will not focus on them too much

as they will not arise again.

There is a significant issue regarding this model within the context of our problem of

computational imaging through atmospheric turbulence. The very first, and most significant,

is that there will be nowhere to put the turbulence model! Of course, you will have to trust

me on that for now, however, in due time we shall see that this is true. Simply put, this

model is an oversimplification of the imaging process. It has many useful applications, even

in the case of camera calibration for stereo camera design [  6 ], however, it will serve us very

little in our case.

Regarding the interpretation of ray optics from a CV researcher vs. a physicist, I would

claim it is related to the camera model most often assumed by each community. The CV

person often assumes a pinhole camera model for their camera model. This means that the

one ray which they assume is emitting from the object is the exact ray which passes through

this pinhole. The physicist/optical engineer assumes a far more sophisticated model for a

camera. This model needs more than one ray per point to make sense!

The interesting thing is that in one case, the case of a pinhole camera, the two will be

the nearly the same when it comes to describing the behavior on the other side of the pinhole.

To me, this is the reason for the difference. The CV community has realized that with the

pinhole model, we can visualize one ray per point while the physics community often goes
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Figure 2.14. A screenshot of Zemax rendering rays passing through a lens relay.

beyond the pinhole camera, requiring multiple rays per point. In this thesis I will consider

the physicist’s view of multiple rays per point on the object unless mentioned otherwise.

2.3.2 Ray tracing for camera modeling

Ray tracing is the choice for modeling a system of lenses and other optical devices for

the purposes of design. In Figure  2.14 I show an optimized lens system in Zemax where the

target function is the spot size error; in other words, minimize the distance that the rays

land from the points where they are supposed to land. These errors can be captured by the

analysis of aberrations.

To truly understand aberrations, we must first present the notion of the entrance pupil

and exit pupil of the camera. Hecht’s book [  3 ] great many illustrations of the entrance and

exit pupil. The entrance and exit pupil are the same physical object imaged from different

perspectives. They are the “maximum width” of the imaging device as seen from object

and the detector side. There are far more details as to where they go and how to find them

(based on rays which receive important names such as chief or marginal arrays), but for our

purposes we will just need to know that they exist.
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Figure 2.15. Visualization of different spot diagrams through errors in focusing. [  Source ]

The entrance and exit pupils, in many cases are virtual, meaning that they do not

physically exist but are images of something which does. For us, it is important to know

that the quality of an imaging system can be measured by the aberrations at the exit pupil.

Therefore, the exit pupil represents, at least to me, the plane which we can imagine the light

came from. If we can quantify the errors there, it is equivalent to describing the errors in

focusing.

A common way of measuring the aberrations in a system are through a basis representa-

tion, one of which are the Seidel polynomials (which quantify the Seidel aberrations). This

means that we can represent the aberration at the exit pupil as a sum of Seidel aberrations

Si,

φ(ξ) =
∑
i

biSi(ξ), (2.32)

where ξ is defined over the exit pupil. Different Seidel polynomials capture different types

of effects, which we show some of in Figure  2.15 . Here, the patterns shown are where the

numerically computed rays land and do not capture diffractive effects.

So, why do cameras have multiple lenses? With more lenses, we have more flexibility

to control higher and higher orders of aberrations! A real camera system, in even optimal
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conditions, is limited by aberrations or diffraction 

4
 , the latter which we will discuss shortly.

Aberrations limit the camera due to these non-linearities in the process of the rays propagating

through the lens system. The chromatic effects are exactly what drove Newton to invent the

reflective telescope.

Discussing these aberrations offers us a great time to introduce they key difference

between what I call the ray tracing model of an imaging system with the pinhole camera.

For simplicity, let us assume we are imaging a flat scene which exists in a plane which u is

defined in. Furthermore, our image will be defined on a separate plane with coordinate x.

The pinhole model would suggest that the output point x is related to the input point by

x = u/f (2.33)

where f is some constant (which may be negative) which quantifies the magnification of the

system. The pinhole camera has a simple philosophy for describing the way a scene is imaged:

a single ray, which emits from u, lands on a single point x. Note this is very different from

the case of diffraction.

The ray tracing model says something very different. An equation for the ray tracing

model would instead be far more challenging to define, therefore we represent the lens relay

as a function h(·) which operates in the following way.

xθ = h(u, θ). (2.34)

This equation instead says that a point u which emits a ray at angle θ will arrive at the point

xθ on the imaging plane. Note that for every angle θ, we do not require that the points xθ

are the same. This is one of the fundamental differences from the pinhole camera and an

important step in moving towards a more realistic view of the camera system as a whole.
4

 ↑ One could say that it is limited by aberrations and diffraction, however, here I am taking this perspective
that one is the limiting factor. That is, one is more significant than the other.
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I would like to offer up my main gripe with this model: h is very irritating, or even

impossible, to write out.  

5
 For a great example of how complicated and tedious this analysis

can become, I recommend taking a peek at a few papers by Feder [ 7 – 9 ], a lens designer

at Kodak. Note that these papers are only modeling parabolic surfaces of lenses – more

complicated lenses would require even more equations!

I will close this discussion with a following thought which may begin to arise in your

mind. Ray tracing works for the camera and ray tracing works for the scene; why can’t we

just use ray tracing? In truth, we could use a modified version of ray tracing, however, this

modification would practically invoke the wave behavior of light. Therefore, it is ray tracing

which is modified to mimic wave behavior – then why not just use the wave model? This is

the goal of the next model. This will require the introduction to the wave model of light.

2.3.3 The thin lens model

The thin lens model, combined with the wave model of light, is the model taken for the

imaging system model as described in this work. It is an idealization of the true lens model.

It can be stated rather simply, after which we will provide more details. The thin lens model

consists of only a simple rule for how the ray changes: the change in ray direction is related

to the inverse of the thickness at the point in space of intersection. We will give a much more

precise mathematical rule that determines the direction of ray propagation once we have

introduced the wave model. In Figure  2.16 we show a visualization of the rays going through

a true refractive system versus the thin lens model.

The thin lens model is equivalent to stating that (i) the lens transformation takes place on

a 2D plane. This has many important implications. This is in contrast with a true refractive

lens model, with bigger angles contributing to bigger errors. This is not true for the lens

model because the transformation occurs on this 2D plane. Whether or not the ray enters in

at two different angles, the change in direction will be the same.
5

 ↑ To quote Richard Feynman, “Geometrical optics is either very simple or else it is very complicated.” I
completely agree with this sentiment. To me, the former is the pinhole camera – easy! The latter is when
you really try to put lenses in the mix.
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If one were designing a lens relay, beyond a first guess, this model will undeniably not

give optimal performance in a lens optimized according to these rules. In fact, the thin lens

model suggests that one can design a one lens system that has no aberrations, a point we

saw could not be true in previous discussions. While this model does not capture refractive

effects, it captures diffractive effects very well. This is one of the main reasons we will choose

this model.

The thin lens model can be stated simply: the thicker the lens, the more the wave is

delayed in phase. Continuing with our usage of the complex representation, we present the

lens transformation:

t`(ξ) = exp {jφ(ξ)} = exp {jk∆0} exp {jk(n− 1)∆(ξ)} , (2.35)

where φ(ξ) represents the phase delay by the lens. I would refer the reader to [  1 , Chapter 5]

for details on this transformation. When an incident field U`(ξ) reaches the lens, the lens

changes its phase by multiplying U`(ξ) with t`(ξ):

U ′
`(ξ) = U`(ξ)P (ξ)t`(ξ), (2.36)

where P (ξ) is the pupil function such that

P (ξ) =

1, ξ is inside the aperture,

0, otherwise.
(2.37)

The resulting field U ′
`(ξ) is located immediately behind the lens, as shown in Figure  2.16 .

As in the case of our analysis of diffraction, we are additionally interested in how the wave

behaves as it moves away from the lens. For this particular problem, we are concerned with

54



Figure 2.16. Geometry of the thin lens model. Inspired by [  1 ]
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Figure 2.17. Visualization of the black box model for optics with entrance
and exit pupils. [  Source ].

the distribution of the field at the plane of distance z = f . Application of Fresnel integral

results in

Uf (u) =
ejkf

jλf
ej

k
2f

|u|2
∫∫ ∞

−∞

{
U ′
`(ξ)e

j k
2f

|ξ|2
}
e−j

2π
λf

ξTu dξ

=
ejkf

jλf
ej

k
2f

|u|2
∫∫ ∞

−∞
U`(ξ)P (ξ)e

−j 2π
λf

ξTu dξ. (2.38)

Comparing with Equation (  2.24 ), we realize that Equation ( 2.38 ) is the Fraunhofer diffraction

pattern of the windowed field incident on the lens. This is exactly the behavior we alluded

to previously: with the thin lens model, we can mathematically show that the Fraunhofer

pattern appears at the focal plane.

2.4 The model of image formation for this thesis

2.4.1 Imaging as a black box

Goodman describes the black box model for imaging as presented in Figure  2.17 . The

black box model introduces what is, to me, a nuanced point in modeling light that can likely

only be appreciated with experience and exposure to the different ways of thinking about

light.

First, the black box model assumes that whatever happens between the entrance and exit

pupil can be described by ray optics. Everything else can be described by wave optics. This
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means that the optical process can be split into three parts: (i) propagation from the object

to the entrance pupil (ii) rays moving through the optical system (iii) propagation from the

exit pupil to the focal plane. This means that if the Fraunhofer pattern arises at the focal

plane, it has to do with whatever is happening at the exit pupil.

Why is this significant? (i) Our turbulence model will be described at the entrance pupil –

because it has to do with whatever is between the object and camera. (ii) The thin lens model

causes entrance and exit pupil to coincide – they are one the same plane. Therefore, the

black box model combined with the thin lens approximation allows the rest of this thesis to

exit. If we wish to use a more realistic camera model in place of the thin lens approximation,

we will need to come up with some sort of new mapping.

2.4.2 Coherent and incoherent imaging

If we recall our discussion of intensity, we do not observe U(x), but instead its corre-

sponding intensity. This brings us to discuss the two polar opposite ends of forms of light:

coherent and incoherent light. Our discussions thus far apply to both types of light, but

when forming images (which are related to intensities) they will begin to diverge from one

another.

When we discussed the pinhole camera, we introduced the concept of magnification. It

is likely that when you imagine the image of the object, you are picturing its intensity – a

magnified version of the true object’s intensity at the focal plane. We will refer to this as Ig,

which is the geometric image predicted by purely geometric optics (a point-to-point process).

We will correspondingly define a phasor Ug such that

|Ug(x)|2 = Ig(x). (2.39)

The concept of Ug is harder to conceptualize, but hopefully we can accept its existence.

The thin lens effectively tells us that the impulse response of a point will be the Fraunhofer

pattern at the focal plane (assuming the lens system is in focus – for more details refer to [  1 ,

Chapter 5]). Because of the thin lens model, this impulse response will be spatially invariant.

This leads us to define the amplitude spread function (ASF):
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Theorem 2.4.1 (Amplitude spread function). The amplitude spread function of the

system is

h(x) =
A

λz2

∫∫ ∞

−∞
P (ξ) exp

{
−j 2π

λz2
xTξ

}
dξ, (2.40)

which is the Fourier transform of P (ξ) evaluated at frequencies ( x
λz2
, y
λz2

) and with

A = 1/(λz1), though often for notational convenience, we can set the constant A
λz2

to

unity. The resulting field formed at the focal plane is

Ui(x) = h(x)~ Ug(x), (2.41)

where ~ denotes the 2D convolution.

I have removed a few scaling constants here, though in practise we can often assume the ASF

integrates to 1. Furthermore, it is essential that h is applied to Ug with the proper sampling,

so we would emphasize that Ug is a magnified version of the object’s “true” phasor U0. See

Goodman [  1 ] for more details regarding this. We will often write (  2.40 ) as

h(x) =
A

λz2
Fourier

{
P (ξ)

}∣∣∣∣
f= x

λz2

. (2.42)

Later on in this thesis, we will typically drop this scaling as it should be understood the ASF

is applied to the geometric phasor with proper sampling.

Now we must consider how to evaluate the intensity. Although it seems straightforward,

the study of coherence makes things a bit more interesting. First, we summarize the

differences in coherent and incoherent imaging as follows:

Theorem 2.4.2 (Coherent Image Formation). If the light source is coherent, then

the observed image Ii(x) is

Ii(x) =
∣∣∣h̃(x)~ Ug(x)

∣∣∣2 . (2.43)
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Theorem 2.4.3 (Incoherent Image Formation). If the light source is incoherent, then

the observed image Ii(x) is

Ii(x) =
∣∣∣h̃(x)∣∣∣2 ~ Ig(x). (2.44)

The reason for these differences leads us down a very interesting path in the study of optics,

however, one we shall not take in this thesis. I would only like to highlight a few things.

In Figure  2.18 the difference between coherent light and incoherent light is shown.

Incoherent light is random in nature while coherent light is largely deterministic. Incoherent

light often emerges from thermal sources whereas coherent light is from lasers. Recall that in

our discussion of intensity, the statistical expectation was involved. Although we do not show

it here, this randomness (and lack thereof for coherent light) is the reason for the difference

in expressions for the two varieties of light.

Next I would like to comment that we will refer to |h|2 as the point spread function (PSF).

The PSF will be at the center of this thesis as this thesis primarily focuses on incoherent

light and simulation. The PSF, as currently defined, represents our impulse response of the

system which is convolved with the magnified image intensity Ig.

Figure 2.18. Visualizing coherent and incoherent light. [  Source ]

Finally, I would like to comment on a few interesting details regarding coherence. The

study of coherence has been in optics for a long while, but it was often regarded as boring!

That is until the publication of the van Cittert-Zernike theorem [  10 ] which states that at

a suitable distance, incoherent light will be imaged as coherent light. We have no need for

this theorem in this thesis, but I do find it interesting to note that the community largely

dispensed with the subject until a very interesting result was published. Also, Fritz Zernike,
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who the theorem is partially named after, will influence a great deal of this entire thesis and

will show up in a few places.

2.4.3 Putting it all together

We now have a few pieces of information to collect and apply: light is wave, the Fraunhofer

pattern appears at the focal plane, and we convolve our geometric image with the point

spread function. Now, it is time to put it all together:

Definition 2.4.1 (Image formation model). The observed image Ii for an imaging

system with aperture P (ξ) and phase error φ(ξ) is related to its geometric image Ig by

Ii(x) =
(
|Fourier{P (ξ)ejφ(ξ)}|2 ~ Ig

)
(x), (2.45)

where we’ve dropped the scaling of the PSF for simplicity.

This model captures the effects we will need for the rest of this thesis in a concise, accurate,

and suitably simple way. The phase function φ(ξ) is where we will eventually place the

turbulence model.

2.4.4 Fourier analysis of imaging systems

Now we turn to doing a bit of a Fourier analysis for imaging systems. We’ll start with

coherent imaging systems and will relate them to incoherent systems. This will give us some

insight into their connection as well as an alternative perspective on the diffraction limit

imposed by a finite aperture. First, we define the pair of Fourier transforms

Gg(f)
def
= Fourier{Ug(x)}, (geometric phasor)

Gi(f)
def
= Fourier{Ui(x)}, (observed phasor)
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which denote the Fourier transform of the geometric (i.e., no distortions other than magnifi-

cation) and the observed phasor, though we again emphasize that we do not directly observe

the phasor.

The Fourier transform of the ASF we give a special name known as

Definition 2.4.2 (Amplitude transfer function (ATF)). The amplitude transfer func-

tion (ATF) is

H(f)
def
= Fourier{h(x)}.

which is the Fourier transform of the amplitude spread function (ASF).

Because of the coherent image formation equation, we may write

Gi(f) = H(f)Gg(f). (2.46)

However, recall that the ASF is related to the Fourier transform of the pupil (assuming no

distortions). Due to repeated application of the Fourier transforming, and the appropriate

scaling, the ATF can be written as

H(f) = P (−λz2f) = P (λz2f),

where I’ve left off some constants for simplicity and utilized symmetry by a circular pupil

function, i.e., P (ξ) = P (−ξ). This means the Fourier-space behavior of a coherent imaging

system can be easily understood by the shape of the pupil P (ξ).

We define two related quantities for incoherent imaging systems,

Gg(f) = Fourier{Ig(x)},

Gi(f) = Fourier{Ii(x)}.

We similarly define the Fourier transform of the PSF in the following definition:
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Definition 2.4.3 (Optical transfer function). The optical transfer function is

H(f) = Fourier{|h(x)|2} =

∫∞
−∞ |h(x)|2 exp{−j2πfTx}dx∫∞

−∞ |h(x)|2dx
.

The incoherent image formation equation Equation ( 2.44 ) can then be written in the Fourier

domain as

Gi(f) = H(f)Gg(f). (2.47)

This leads us to now make a connection between the OTF and the ATF. For a circular

aperture, the amplitude transfer function is

H(f) = P (λz2f). (2.48)

Through the relationship shown in  2.4.3 , as elaborated by Goodman, the following relationship

can be shown:

H(f) =
P (λz2f)~ P (λz2f)

P (0, 0)~ P (0, 0)
, (2.49)

which we can recognize as simply an autocorrelation of the scaled pupil. The overlapping

region can be computed by referring to Figure  2.19 . The details for the evaluation of the

circular OTF may be found in Goodman [  1 ]. Using geometry, it can be shown that

H(f) =


2
π

[
arccos

(
f
2f0

)
− f

2f0

√
1−

(
f
2f0

)2]
, f ≤ 2f0,

0, otherwise,
(2.50)

where we defined the cutoff frequency

f0 =
w

λzi
, (2.51)

where here f0 corresponds to the cutoff frequency of the coherent system of the same aperture,

meaning the incoherent version of the same system will have a frequency cutoff that is twice
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the size. The OTF obtained in Equation (  2.50 ) is important, as it is the OTF of an incoherent

diffraction-limited system. Assuming a perfect lens without distortions such as defocus, the

system has a fundamental limit due to diffraction.

Figure 2.19. The optical transfer function H(f) is the autocorrelation function
of H(f) evaluated at position given by the two circles. This translates to
computing the ratio between the overlapping area and the total area.

We wish to add a bit more discussion here and comment on an imaging system which

images an object first in a coherent fashion, then in an incoherent fashion. Because of the

autocorrelation property in the frequency domain, the incoherent image will have a higher

resolution – this is because the pass band of the system is wider. Goodman [ 1 ] further

elaborates on the properties of the ATF and OTF which we suggest to the interested reader

for more details.

2.5 Spatially varying imaging systems

The imaging systems described by ( 2.45 ) are spatially invariant. For each point that emits

light, the point spread function |h|2 is identical. This is a nice equation to work with, all

of the typical Fourier relationships and tricks we use to model linear systems of this variety

apply here. For the sake of notational simplicity, in this Section I will use only h instead of

|h|2.
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We now wish to extend to spatially varying imaging systems for two primary reasons:

(i) to highlight the off-axis effects of real camera models, (ii) to build a foundation to describe

turbulence. Regarding (i), as indicated by our camera modeling discussion, there will almost

always be some sort of aberration in the imaging system, and it will almost certainly change

as a function of angle. Furthermore, (ii) is important because, after all, we are interesting

in computational imaging through atmospheric turbulence. The types of images which are

produced after propagation through the atmosphere are almost always spatially varying in

nature, therefore, we will undeniably need this capability in modeling.

2.5.1 Spatially varying convolution

We often assume that the systems we are working with are spatially invariant. This is

often because they either are or they are so close that they can be suitably approximated

as such. In some way, as opposed to viewing the extra lens in a camera to correct for

aberrations, we can think of more lenses in the camera giving us more justification in making

this approximation of spatial invariance.

Let’s now introduce the possibility of the impulse response (PSF) to vary spatially. In

this case, I will write the more general superposition integral

I(x) =

∫
h(u,x)J(u)du. (2.52)

We note that the standard convolution integral is a special case of the superposition integral.

Now, we wish to restrict ourselves to a particular subset of kernels that satisfy

h(u,x) = h(u,x− u)︸ ︷︷ ︸
Scattering

h(u,x) = h(x,x− u)︸ ︷︷ ︸
Gathering

. (2.53)

You may be wondering why these two particular kernels. One reason will be apparent a bit

later, but for now we note that they are so close to convolution. This is because it depends

on the difference vector x− u, however, it also depends on the absolute position u or x. For

this reason, we cannot say that it is exactly convolution, but pretty close!
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We have provided labels to ( 2.53 ) of scattering and gathering, although they cannot be

appreciated fully at this point. My goal is to convince you of something that may hurt your

brain if you ever learned from Oppenheim’s Signals & Systems textbook [  11 ]. Granted, there

is nothing wrong in his textbook, however, applying the often accepted mentality towards

convolution will lead you astray in the case of spatially varying convolution. Specifically, I

wish to convince you of the following: Scattering is correct for modeling imaging and gathering

is wrong! This is not to say that gathering is always wrong, rather that just for this situation

it is incorrect.

2.5.2 Explaining scattering vs. gathering

Let us summarize the main difference in scattering versus gathering:

Proposition 2.5.1. Scattering convolution is parameterized by the source location

while gathering is parameterized by the receiver location.

We can think of it this way, the difference vector x− u acts as the standard translational

behavior of the impulse response, while the first parameter (either u or x) will dictate whether

or not it depends on the input location u or output location x. Since the shifting acts the

same in both cases, the main difference is the parameterization based on location.

To illustrate this, let’s first write out the scattering equation,

I(x) =

∫
h(u,x− u)J(u)du. (2.54)

Let’s consider the case of a single point source in the input, J(u) = δ(u). In this case

equation, our output will become

I(x) =

∫
h(u,x− u)δ(u)du, (2.55)

= h(0,x). (2.56)
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We can compare this to the gathering equation under the same conditions,

I(x) =

∫
h(x,x− u)J(u)du, (2.57)

which leads to

Ii(x) =

∫
h(x,x− u)δ(u)du, (2.58)

= h(x,x). (2.59)

Therefore, for a point in the source plane at 0 will have the corresponding output h(0,x)

or h(x,x). Recall that the first position parameterizes the kernel while the latter position

dictates the position. For the scattering output, the point spread function is one point spread

function (i.e., a single parameterized PSF). Compare this to the gathering output which is

the value of the x’s PSF’s x position (a bit of a tongue-twister).

2.5.3 Basis representations and spatially varying convolution

First, let’s consider the spatially invariant convolution integral,

I(x) =

∫
h(x− u)J(u)du. (2.60)

In many engineering applications, we often represent h through a basis representation, with

each component of the basis set capturing a characteristic of h. Let us suppose that h lends

itself to such a basis representation,

h(x) =
∑
i

aiϕi(x). (2.61)
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Let’s assume that the set of basis kernels {ϕi} captures h exactly. In this case, we may

substitute our basis representation into the convolution kernel,

I(x) =
∑
i

ai

∫
ϕi(x− u)J(u)du, (2.62)

=
∑
i

ai(ϕi ~ J)(x). (2.63)

In words, we may convolve the input J by our chosen basis and perform a weighted sum to

get the desired output I.

A spatially varying convolutional kernel may also be decomposed by such a basis repre-

sentation. In the case of a kernel parameterized by the source position, it is reasonable to

state that the basis coefficients will depend on u,

h(u,x− u) =
∑
i

au,iϕi(x− u). (2.64)

If we substitute this into our superposition integral, we can derive the following result:

I(x) =
∑
i

∫
au,iϕi(x− u)J(u)du, (2.65)

=
∑
i

(ϕi ~ au,iJ)(x). (2.66)

Holding off on commenting on this for now, let’s do the same with gathering convolution in

which the basis coefficients dependon x,

h(x,x− u) =
∑
i

ax,iϕi(x− u). (2.67)

Through substitution, we find

I(x) =
∑
i

ax,i

∫
ϕi(x− u)J(u)du, (2.68)

=
∑
i

ax,i(ϕi ~ J)(x). (2.69)
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This is another way of viewing the parameterization by source or receiver.

Scattering vs. gathering at a high level

Let’s now present a bit of an overview as to the differences in scattering in gathering. The

first is to note that choice in model results in the order of operations changing – scattering

implies basis coefficient multiplication followed by convolution and sum whereas gathering

performs convolution first then a weighted sum. We can visualize this with filter banks as in

Figure  2.20 .

(a) Igather(x) (b) Iscatter(x)

Figure 2.20. Block diagram visualization of the different approximations to
scattering and gathering.

Let us look at the equations more carefully through the lens of matrices and vectors. Let

H ∈ RN×N be the matrix representation of the spatially varying blur kernel h(x,u). We

assume that there is a set of circulant matrices H1,H2, . . . ,HM representing the set of M

spatially invariant basis functions {ϕ1, ϕ2, . . . , ϕM}.

We consider two sets of diagonal matrices. For every index m, we define

Dx
m = diag



ax1,m

...

axN ,m


 , Du

m = diag



au1,m

...

auN ,m



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Then, the gathering and scattering equations are

(Gathering) : Hx =
M∑
m=1

Dx
mHm (2.70)

(Scattering) : Hu =
M∑
m=1

HmD
u
m (2.71)

In other words, the difference lies in how we order the diagonal matrices and the spatially

invariant convolution matrices.

It is not difficult to show that the two constructions can never be the same unless Dx
m

and Du
m are identity matrices up to a scalar multiple. To see this, we consider the case where

M = 1.

Theorem 2.5.1. Let H ∈ RN×N be a square matrix. Let A = diag[a1, . . . , aN ] and B =

diag[b1, . . . , bN ] be two diagonal matrices. Then, AH = HB if and only if A = B = λI for

some constant λ where I is the identity matrix.

Proof. We just need to write out the terms. For AH, we can show that

AH =


a1h11 a1h12 . . . a1h1N

a2h21 a2h22 . . . a2h2N
... ... . . . ...

aNhN1 aNhN2 . . . aNhNN

 ,

and for HB, we can show that

HB =


b1h11 b2h12 . . . bNh1N

b1h21 b2h22 . . . bNh2N
... ... . . . ...

b1hN1 b2hN2 . . . bNhNN

 ,

By comparing terms, we can see that the only possibility for AH = HB is to require

A = B = λI.
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The result of the previous theorem implies that if we have a convolution matrix Hm

(which is circulant), for the scattering and gathering operations to be equivalent, we need

Dx
mHm = HmD

u
m, for all m.

Theorem  2.5.1 asserts that we need Dx
m = Du

m = λI. But if Dx
m = Du

m = λI, then the

underlying blur must be spatially invariant.

Another observation of Theorem  2.5.1 is that in general,

M∑
m=1

Dx
mHm 6=

M∑
m=1

HmD
u
m. (2.72)

Therefore, the gathering and scattering equations are mutually exclusive. If we say that h(x,u)

can be exactly represented by the gathering equation, then there will be an approximation

error when representing h(x,u) using the scattering equation, and vice versa.

2.5.4 Do these actually matter?

The question to ask now is: Given the gathering equation and the scattering equation,

does it really matter if we choose the “wrong” one? The goal of this section is to answer the

question through a few examples.

Scattering Works for Optical Simulation

In the first example, we consider the problem of simulating the resulting image given a

specific light source. The light source J(u) we consider here consists of two delta functions:

J(u) = δ(u+∆) + δ(u−∆),

where ∆ is a small displacement from u. For convenience, we consider a plane with two

halves. The separation is located at the origin; any pixel that is on the left is denoted as

“u < 0” (this notation means that the horizontal component of u is less than zero). Similarly,
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any pixel that is on the right is denoted as “u ≥ 0”. Therefore, δ(u+∆) is on the left, and

δ(u−∆) is on the right.

Imagine that in front of the light source, we put two transparent sheets with different

phase profiles (which can be engineered using a meta-material.) This will give us a spatially

varying blur kernel h(x,u), and for simplicity, if light is emitted on the left hand side, then

the blur uses a smaller radius; if the light is emitted on the right hand side, then the blur

uses a larger radius. Thus, we write

h(x,u) =


1

2πσ2
1
exp

{
−‖x−u‖2

2σ2
1

}
def
= ϕ1(x− u), u < 0,

1
2πσ2

2
exp

{
−‖x−u‖2

2σ2
2

}
def
= ϕ2(x− u), u ≥ 0,

(2.73)

where σ1 < σ2. Figure  2.21 (b) illustrates these spatially varying blur kernels. For visualization

purposes, we show only the PSFs at a grid of points. In reality, the PSFs is defined continuously

over u.

(a) Input J(u) (b) Blurs h(x,u)

(illustrated over a grid of points)

Figure 2.21. Visualization of an example with (a) J(u) and (b) a grid of
spatially varying blur kernels.

Before we do any calculus, we can perform a thought experiment. Figure  2.22 illustrates

a hypothetical experimental setup. On the object plane there are two points emitting light

through a meta surface with two different phase profiles. As the light propagates outward

from the source through diffraction, the electromagnetic fields superimpose over each other.

When the light reaches the aperture, the two diffraction patterns overlap. Therefore, the
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resulting image I(x), without any calculation, should be one big diffraction pattern. It is

impossible to obtain a sharp cutoff and two diffraction patterns.

Figure 2.22. Thought experiment with two points on the object plane,
diffracting through two different metasurfaces. The resulting image should, in
principle, be one superimposed diffraction pattern.

With this thought experiment in mind, we can now talk about the gathering and the

scattering equations. For the gathering equation, since the PSF has a simple binary structure,

we can define it as

hgather(x,u) = I{x ∈ left}︸ ︷︷ ︸
=ax,1

× ϕ1(x− u)

I{x ∈ right}︸ ︷︷ ︸
=ax,2

× ϕ2(x− u), (2.74)

where I{·} is an indicator function For scattering, the equation takes a similar form

hscatter(x,u) = I{u ∈ left}︸ ︷︷ ︸
=au,1

× ϕ1(x− u)

I{u ∈ right}︸ ︷︷ ︸
=au,2

× ϕ2(x− u), (2.75)

where we replaced ax,m by au,m.
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By comparing the gathering equation Equation ( 2.74 ) and the scattering equation Equa-

tion (  2.75 ) with the original spatially varying h(x,u) in Equation ( 2.73 ), it is clear that only

the scattering equation will match with the original h(x,u) because they are both indexed

by u. However, to confirm that this is indeed the case, it would be helpful to look at the

resulting image, as illustrated in Figure  2.23 . Let us explain how these figures are obtained.

(a) Igather(x) (b) Iscatter(x)

Figure 2.23. Comparison between gathering and scattering for the setup
in Figure  2.22 . Notice that for this optical experiment, we should expect
the resulting image to contain one big diffraction pattern. However, only the
scattering equation demonstrates this.

The resulting image of the gathering equation can be shown as follows:

Igather(x) =

∫
(ax,1ϕ1(x− u) + ax,2ϕ2(x− u)) J(u) du.
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Since ax,1 = 1 if x ≥ 0 and ax,1 = 0 if x < 0 (similarly for ax,2), the coefficients ax,1 and ax,2
will create two cases as

Igather(x)

=


∫∞
−∞ ϕ1(x− u)J(u) du, x < 0,∫∞
−∞ ϕ2(x− u)J(u) du, x ≥ 0.

=


∫∞
−∞ ϕ1(x− u)(δ(u+∆) + δ(u−∆)) du, x < 0,∫∞
−∞ ϕ2(x− u)(δ(u+∆) + δ(u−∆)) du, x ≥ 0.

=

ϕ1(x+∆) + ϕ1(x−∆), x < 0,

ϕ2(x+∆) + ϕ2(x−∆), x ≥ 0.

(2.76)

If we draw Igather(x), we will obtain the figure shown in Figure  2.23 (a).

For scattering, we can carry out the same derivation and show that

Iscatter(x) =

∫ ∞

−∞
(au,1ϕ1(x− u) + au,2ϕ2(x− u)) J(u) du

=

∫ ∞

−∞
ϕ1(x− u)[au,1J(u)] du

+

∫ ∞

−∞
ϕ2(x− u)[au,2J(u)] du

=

∫ ∞

−∞
ϕ1(x− u)δ(u+∆) du

+

∫ ∞

−∞
ϕ2(x− u)δ(u−∆) du

= ϕ1(x+∆) + ϕ2(x−∆), (2.77)

where we used the fact that au,1 = I{u ∈ left} and so au,1δ(u + ∆) = δ(u + ∆) whereas

au,2δ(u) = 0. Similarly we have au,1δ(u−∆) = 0 and au,2δ(u−∆) = δ(u−∆).

If we draw the resulting image, we will obtain the figure shown in Figure  2.23 (b). This is

consistent with what we expect in Figure  2.22 and the theoretical derivation in Section III.
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Gathering Works for Image Filtering

In the second example, we consider the problem of image filtering. The scenario is that

we are given a noisy image J(u) that contains two regions:

J(u) =

θ1 + Gauss(0, σ2
1), u < 0,

θ2 + Gauss(0, σ2
2), u ≥ 0.

= (θ1 +W1(u))× (1− Step(u))

+ (θ2 +W2(u))× Step(u) (2.78)

with two signal levels θ1 and θ2, and two noise standard deviations σ1 and σ2 such that

σ1 > σ2. In this equation, W1(u) ∼ Gauss(0, σ2
1) and W2(u) ∼ Gauss(0, σ2

2) denote the

Gaussian noise. The function Step(u) denotes the horizontal step function where Step(u) = 1

for any u ≥ 0, i.e., residing on the right, and Step(u) = 0 for any u < 0. For illustration, we

show in Figure  2.24 (a) the case where θ1 = 0.8, θ2 = 0.2, σ1 = 0.1 and σ2 = 0.02.

(a) Input J(u) (b) Denoising filter h(x,u)

(illustrated over a grid of points)

Figure 2.24. Thought experiment of two noisy regions in an image. To denoise
this image, ideally we would want to apply to different filters with a sharp
boundary at the transition.

To denoise this image, we consider the simplest approach assuming that we knew the

partition of the two regions. Suppose that we want to denoise the left side. Since we know

that the noise is stronger, we shall apply a stronger filter. As illustrated in Figure  2.25 , for
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this filter to be effective along the boundary, we should apply a mask after the filtering is

done.

Figure 2.25. Thought experiment with two noisy half-planes. As we perform
the denoising step, we would hope that the sharp boundary is preserved.

The spatially varying filter we propose here takes the form

h(x,u) =


1√
2πs21

exp
{
−‖x−u‖2

2s21

}
def
= ϕ1(x− u), x < 0,

1√
2πs22

exp
{
−‖x−u‖2

2s22

}
def
= ϕ2(x− u), x ≥ 0,

where we assume that s1 > s2. We are careful about the index in this equation, remarking

that the conditions are applied to x instead of u. We will illustrate what will happen if the

conditions are applied to u.

The gathering and the scattering equation for this example are identical to those in

Equation ( 2.74 ) and Equation (  2.75 ). Most importantly, the coefficients ax,m and au,m are

binary masks indicating whether the pixel x (or u) is on the left / right hand side.
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The resulting images Igather(x) and Iscatter(x) follow a similar derivation as in Equa-

tion (  2.76 ) and Equation ( 2.77 ). For the gathering equation, we recognize that

Igather(x) =

∫ ∞

−∞
(ax,1ϕ1(x− u) + ax,2ϕ2(x− u)) J(u) du

= ax,1

∫ ∞

−∞
ϕ1(x− u)

{
[θ1 +W1(u)] (1− Step(u))

+ [θ2 +W2(u)] Step(u)
}
du

+ ax,2

∫ ∞

−∞
ϕ2(x− u)

{
[θ1 +W1(u)] (1− Step(u))

+ [θ2 +W2(u)] Step(u)
}
du

=



[((θ1 +W1(u))(1− Step(u))

+(θ2 +W2(u))Step(u))~ ϕ1(u)](x), x < 0,

[((θ1 +W1(u))(1− Step(u))

+(θ2 +W2(u))Step(u))~ ϕ2(u)](x), x ≥ 0,

(2.79)

where the last equality holds because ax,1 and ax,2 are indicator functions.

For the scattering equation, we recognize that

Iscatter(x) =

∫ ∞

−∞
(au,1ϕ1(x− u) + au,2ϕ2(x− u)) J(u) du

=

∫ ∞

−∞
au,1ϕ1(x− u)[θ1 +W1(u)](1− Step(u)) du

+

∫ ∞

−∞
au,2ϕ2(x− u)[θ2 +W2(u)]Step(u) du,

where we used the facts au,1 = (1− Step(u)) and au,2 = Step(u), and hence au,1Step(u) = 0

and au,2(1− Step(u)) = 0. As a result, we can simplify the above equations as

Iscatter(x) = [((θ1 +W1(u))(1− Step(u)))~ ϕ1(u)](x)

+ [((θ2 +W2(u))Step(u))~ ϕ2(u)](x). (2.80)

So, the result is the sum of two convolutions with the input image J(u).
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We visualize the results in Figure  2.26 . As we can see here, while both of them can

offer denoising to some extent, the gathering approach handles the boundary much better

because the masking is performed after the filtering. If the masking is performed before the

filtering, then Equation (  2.80 ) tells us that we are summing two convolutions of the same

image. Therefore, the edge is blurred.

(a) Igather(x) (b) Iscatter(x)

Figure 2.26. Comparison between gathering and scattering for the setup
in Figure  2.24 . Notice that for this denoising experiment, the better method
should produce a sharp transition along the boundary.

2.5.5 Spatially varying phase errors

To close this discussion on spatially varying convolution, we wish to tie it back to image

formation. To do so, we will consider a particular class (of which a few exist) of spatially

varing PSFs:

Ii(x) =
(
|Fourier{P (ξ)ejφu(ξ)}|2

u
~ Ig

)
(x). (2.81)

where we’ve introduced
u
~ to represent scattering convolution where u is the coordinate over

which we’re allowing to parameterize the PSF. Note that ( 2.81 ) allows only the phase to vary

spatially.

A great example of this spatially-dependent phase distortion is the case of depth-dependent

camera response. In this case, φu varies for every single point, with the distance of position u

in the object having a distance L(u). Through a proportionality constant the phase distortion

can be written as

φu(ξ) = α|ξ|2(f − L(u)). (2.82)
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Figure 2.27. A visualization (through rendering) of defocus by depth where
we can see the balls at different depths are varying in their blur. [ Source ]

We show an example of this depth-based defocus in Figure  2.27 .

2.6 Summary

In this Chapter we have primarily discussed optics. This included ray and wave optics,

with us ultimately landing on the wave model for our chosen model for the image formation

process. The reasons for this have to do with turbulence – we will need the wave model

to insert the turbulence into the forward model. Furthermore, we have discussed spatially

varying systems, which will be of utmost importance for the case of turbulent imaging, with

nearly every PSF in a wide field of view image being different.
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Our model of light

Our model of light for this thesis will be the wave model of light. That being said, the

focus will not be on solving partial differential equations but instead utilizing the phasor form

U(ξ) = A(ξ) exp(jφ(ξ)). (2.83)

For our purposes, we will place the model for turbulence into φ(ξ) and often assume A(ξ) = 1.

The way we will derive the turbulent phase statistics will be through a similar trick as the

thin lens approach.

The imaging model

Our imaging model for this thesis will be the following:

Ii(x) =
(
|Fourier{P (ξ)ejφu(ξ)}|2

u
~ Ig

)
(x). (2.84)

where the term

|hu(x)|2 = |Fourier{P (ξ)ejφu(ξ)}|2 (2.85)

is the spatially varying point spread function. Therefore, many of the tricks we have mentioned

in the spatially varying section will come into play for modeling turbulence efficiently.
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3. WAVE PROPAGATION THROUGH THE ATMOSPHERE

We have now presented some main results in optics and imaging, we now wish to discuss

some details concerning how waves behave in the atmosphere. The approach taken in this

Chapter does not represent the cutting edge of the field, but rather presents an older result

which captures the effects we will focus on in this thesis. I will quantify some of these

differences when we have enough background to appreciate the more modern developments

and appreciate what our approach manages to explain regardless of its relative simplicity.

3.1 Random variables and processes

At the core of modeling stochastic phenomena are random variables and random processes.

For example, when rolling a die, it may take on the values 1 through 6. The result of the

experiment, however, cannot be considered to be deterministic but instead random. To model

these types of experiments, we need probabilistic analysis. There are many excellent resources

on probability, random variables, and random processes [  12 – 14 ], though I will only briefly

detail the key things that we will need for this thesis.

3.1.1 Random variables

In this thesis, we will only consider continuous random variables (and, perhaps, sets of

them). To this end, let us define X to be a real valued random variable with cumulative

distribution function (CDF)

F (t) = P{X ≤ t}. (3.1)

The expression P{X ≤ t} is the probability that X is less than or equal to t. The function

F (t) is then said to satisfy three properties: (i) monotonically increasing, (ii) be right

hand continuous, (iii) have the limits limt→∞ F (t) = 1 and limt→−∞ F (t) = 0. In almost all

situations of interest (and certainly the ones in this thesis) there is a corresponding probability

density function (PDF) which is related to the CDF through

p(t) =
dF (t)

dt
. (3.2)
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For us, a commonly used distribution will be the Gaussian distribution, which is written

as

p(x) =
1√
2πσ2

exp

{
−(x− µ)2

2σ2

}
(3.3)

where

E[X] = µ (3.4)

E[(X − µ)2] = σ2. (3.5)

I will refer to the operation E[·] as the statistical expectation, or simply just expectation

defined as

E[X] =

∫ ∞

−∞
xp(x)dx, (3.6)

though one may prefer the Lebesgue-Stieltjes integral for a more formal definition. We

may also extend this to the case where X is a vector, therefore, the multivariant Gaussian

distribution is

p(x) =
1

(2π)p/2
|R|−1/2 exp

{
−1

2
(x− µ)TR−1(x− µ)

}
(3.7)

where

E[X] = µ (3.8)

E[(X − µ)(X − µ)T ] = R. (3.9)

R is called the covariance matrix which is positive definite and symmetric.

3.1.2 Random processes

A random process is a generalization of random variables where for every t in a set T ,

X(t) is a random variable. Therefore, we refer to X as a continuous random process if each

entry (for every given location t) corresponds to a random variable. In particular, we will
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focus on Gaussian processes which satisfy that for every t, X(t) is a Gaussian. More precisely,

for any finite set of indices t1, . . . , tk,

X(t1, . . . , tk) = (X(t1), . . . , X(tk)) (3.10)

is a multivariate Gaussian.

For random processes, there are similar properties such as mean and autocorrelation. The

autocorrelation is defined as the correlation between two points

Γn(r1, r2) = E[X(r1)X(r2)]. (3.11)

There are indeed requirements on the types of functions that are allowed to be Γn, which

largely is the study of positive definite kernels. If we further assume homogeneity, then the

following holds:

Γn(r) = E[n1(r1)n1(r1 − r)] (3.12)

where r = r1 − r2. Further still we may assume isotropy,

Γn(r) = E[n1(r1)n1(r1 − r)] (3.13)

where r = |r1 − r2|. In other words, the distance of the separation between r1 and r2 is

enough to describe their correlation.

3.1.3 Wiener-Khinchin theorem

When modeling physical processes, it is often that we can visualize a random field as

a complicated function which is random in nature. For example, the distribution of heat

in a room. This distribution lends itself to a Fourier expansion. Interestingly, it was found
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that the autocorrelation function is related to the power spectral density (PSD) of a random

process. Thus the pair of equations summarize the Wiener-Khinchin theorem

ΦX(f) =

∫ ∞

−∞
ΓX(r)e

j2πfτdτ, (3.14)

ΓX(τ) =

∫ ∞

−∞
ΦX(f)e

−j2πfτdf. (3.15)

We note that to arrive at this result we must assume wide-sense stationarity, which is

equivalent to stating homogeneity (along with non spatially varying mean and that the second

“moments” are finite).

3.2 Modeling turbulence in the atmosphere

Turbulence has been studied for a great deal of modern human history and even as of

today does not have what many would refer to as a satisfactory answer. The situation with

turbulence can be compared to the situation with knowing the equation F = ma. Just

because we can write F = ma does not mean that we can solve for all applications of the

equation, a famous example being the three-body problem.

To the extent of my knowledge, it is generally accepted that turbulent motion is captured

by the Navier-Stokes equations which describe fluid motion through application of Newton’s

equation to fluid motion (and combined with viscosity). However, just because we can write

these equations does not mean that we can analyze any situation to predict what will happen.

Turbulence is one of these phenomena that escapes suitable description by the Navier-Stokes

equations. Therefore, a more common approach is to model the dynamic motion of turbulence

as a stochastic process.

In 1941, in a series of papers [  15 ,  16 ], Kolmogorov produced what essentially represents

the foundations of turbulence as stochastic model. Statistical models for turbulence often

fall into the categories of Kolmogorov and non-Kolmogorov turbulence, clearly suggesting

his influence to the field. A fantastic detail of his life and contributions to turbulence and a

discussion on the advancements is offered by [  17 ].
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Kolmogorov’s model describes the velocity fluctuations of turbulence. A student of his by

the name of Obhukov described the temperature fluctuations of a turbulent process. This is

an essential step in the development of the model we will adopt because of the temperatures

proportionality to the index of refraction. The statistical model for the index of refraction was

then fully introduced by Tatarskii [ 18 ]. Before introducing his model and the developments

from it, we first wish to provide a bit of an overview of the model for the index of refraction.

As described by Goodman [ 19 ], we break the statistical model of the index of refraction

into two components:

n(r, t, λ) = n0(r, λ)︸ ︷︷ ︸
deterministic

+ n1(r, t)︸ ︷︷ ︸
random fluctuations

. (3.16)

n0 (neglecting the dependent variables) is the mean value or the deterministic component

of the index of refraction of the atmosphere. Roughly speaking n0 ≈ 1. The term n1 will

contain the fluctuations, which in this thesis we will classify as the turbulent fluctuations.

3.2.1 Power spectral density of the index of refraction

Tatarskii showed that for the index of refraction, the Kolmogorov model for turbulence

can be written as

Φ(k) = 0.033C2
n|k|−11/3. (3.17)

In this equation C2
n is known as the structure function parameter which can be approximately

thought of as the variance of the fluctuations. The Kolmogorov model was then extended to

two additional models which we will utilize in this work. The first was proposed by Tatarskii

Φ(k) = 0.033C2
n|k|−11/3 exp

(
−|k|2/k2i

)
(3.18)

which incorporates the inner scale through ki = 2π/`0. Furthermore, the von Kármán PSD

can be written as

Φ(k) =
0.033C2

n

(|k|2 + k20)
−11/3

exp
(
−|k|2/k2i

)
. (3.19)

In Figure  3.1 , we show the Kolmogorov and von Kármán PSDs plotted in the log domain.
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Figure 3.1. Kolmogorov and von Kármán PSDs visualized in the log space
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There are more PSDs that one may choose and the way to derive them involves some

fluid mechanics and other physical considerations. I have not presented them here as they do

not pertain to the topics of this thesis in a direction fashion. For more details, I would refer

the reader to many sources such as [ 20 – 22 ] for more details.

3.2.2 The structure function

The structure function is defined as [  23 ]

DX(r1, r2) = E
[
(X(r1)−X(r2))

2
]
. (3.20)

Recall that a homogeneous autocorrelation function is

ΓX(r) = [X(r1)X(r1 − r)] . (3.21)

Therefore, under the assumption of homogeneity,

DX(r1, r2) = E
[
(X(r1)−X(r2))

2
]

(3.22)

= E
[
X2(r1) +X2(r2)− 2X(r1)X(r2)

]
(3.23)

= 2 (ΓX(0)− ΓX(r)) , (3.24)

where we’ve defined r = r1 − r2 as before.

Recall the WK theorem which relates the PSD of a random process with its autocorrelation

function via the Fourier transform. This leads us to come to understand why we would want

to use the structure function in the first place. First, inserting the Kolmogorov PSD into the

WK theorem,

Γn =

∫∫∫
0.033C2

n|k|−11/3e−jk·rdk (3.25)
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we’ll notice a particular difficulty – the singularity at 0. Fortunately, the structure function

is defined precisely to solve this issue. We can see this by

Dn = 2

∫∫∫
[1− e−jk·r]Φn(k)dk (3.26)

= 2

∫∫∫
[1− cos(k · r)]Φn(k)dk, (3.27)

with the final step coming from the evenness of the Kolmogorov PSD. Here we can see that the

PSD is attenuated near |k| = 0. Tatarskii [  18 ] comments that this attenuation satisfactorily

controls the divergence of the Kolmogorov PSD.

This concept is even more significant when we will extend our results to a specific type of

non-homogeneous and non-isotropic turbulence. Turbulence can often fluctuate in its mean

value slowly over a large volume – this corresponds to the low frequency components. Due to

the attenuation behavior of the PSD by the structure function, turbulence of this variety will

still have a homogeneous and isotropic structure function. Therefore, for our problem, the

structure function is absolutely essential.

If we combine the assumptions of isotropy (at least for a local region) and a constant C2
n,

the structure function for a Kolmogorov PSD becomes

Dn(r) = C2
nr

2/3. (3.28)

This result will be used repeatedly to develop how the structure function of the phase behaves.

In short, the phase of a wave propagated through turbulence will be very much related to

the statistical behavior of the index of refraction.

3.3 Waves propagated through turbulence

Truth be told, I don’t often follow this approach in deriving the phase statistics. However,

I do think it’s important to show it in this thesis so we can appreciate a few tricks which go

into solving the equations, specifically the approximations we make to reduce the complexity

of the solutions. These approximations will highlight the limitations of not only this analysis
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but the ones we shall take in the next Section. The reasons for such limitations, however,

will be far more clear as a result of this Section.

3.3.1 The scalar inhomogeneous wave equation

Recall the standard scalar wave equation

∇2U(x) +
w2n2

c2
U(x) = 0, (3.29)

where we’ve introduce (wn/c)2 for a reason that will be clear in a moment. Through a series

of simplifications (which are not significant to the understanding we wish to present in this

thesis) the inhomogeneous scalar wave equation can be written as

∇2U(x) +
w2n(x)2

c2
U(x) = 0. (3.30)

It should be clear that the difference is due to the positional dependence of n in the

inhomogeneous wave equation.

3.3.2 The Rytov and Born approximations

We now make an interesting and extremely important simplification. First, we will utilize

the model for the index of refraction, n = n0 + n1, where we are notationally the dependence

on wavelength, position, etc. for some simplicity. Inserting this into the inhomogeneous wave

equation, we get

∇2U(x) +
w2(n0 + n1)

2

c2
U(x) = 0. (3.31)

Because of the size of the fluctuations (think of how small we mentioned C2
n is!) we will

discard n2
1 where applicable.

We now introduce what is known as the Born approximation. The Born approximation

follows in spirit with the splitting of n into n0 and n1. We will also split the phasor U into

U0 and U1. As expected, U0 is associated with n0 while U1 is associated with n1. Since n0 is
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deterministic, then U0 represents a wave which propagates through a completely deterministic

medium, while U1 captures the randomness. This produces two equations:

∇2U0(x) +
w2n2

0

c2
U0(x) = 0 (3.32)

∇2U1(x) +
w2n2

0

c2
U1(x) =

−2w2n0n1

c2
U0(x). (3.33)

From here, we may solve the two respective equations and obtain expressions for their

amplitude and phase. This was done primarily by Tatarskii [ 18 ]. However, his approach

utilized a slightly different approximation.

The Born approximation has some issues such as ignoring the case of multiple scattering

[ 18 ,  23 ]. To remedy this, and to find a more general solution, Tatarskii used the Rytov

approximation

ψ(x) = lnU(x). (3.34)

Here we follow the approach of Goodman [ 23 ] and do it at the end, rather than at the

beginning as in the case of Tatarskii [ 18 ]. If we assume that

U = exp(ψ0(x) + ψ1(x)) (3.35)

U0 = exp(ψ0(x)) (3.36)

then we may write the following

U/U0 = eψ1 . (3.37)

Note that U1 6= eψ1 , therefore we will have to do some extra work to get the fluctuations to

come out of the analysis. Specifically, we will have to do the following:

ψ1 = ln

(
1 +

U1

U0

)
≈ U1

U0

(3.38)

where we’ve utilized the fact that the magnitude of the mean value phasor dominates that of

the fluctuations, i.e., |U1| � |U0|.
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From this analysis, it can be shown that the phasors are equal to

U = A exp(jS) (3.39)

U0 = A0 exp(jS0) (3.40)

where A and S are the amplitude and phase of the actual wave while A0 and S0 are the same

of the non-turbulent solution. With this, we may write

ψ1 = ψ − ψ0 = ln
A

A0

+ j(S − S0) (3.41)

and subsequently define

χ = ln
A

A0

, Sδ = S − S0. (3.42)

The following result then constitutes the conclusion of this analysis,

ψ1 = χ+ jSδ, (3.43)

where the exact expressions can be found in Tatarskii or Goodman [  18 ,  23 ].

It is worthwhile to mention that the statistical behavior when using the Born and Rytov

approximations are different. Since we typically accept the Rytov approximation to be more

physically valid, we indeed will assert that the Rytov-based solution is preferred. This tends

to be justified by the empirical evidence [  23 ]. To conclude, I would mention that the statistics

for the phase are Gaussian, while the amplitude is log-Gaussian.

3.4 Structure Function of the Phase

The previous Section presented the way in which Tatarskii [ 18 ] derived the statistics for

the phase and amplitude. However, since his book is a bit hard to find I would suggest

Goodman’s Statistical Optics [ 23 ] for the details (unless you want to buy Tatarskii’s book!).

At this point, we have two options: (i) start at the result of last Section and derive various

expressions (ii) re-do the previous results in a far easier way that will give us some results

91



almost for free. It has been found that the same results can be obtained through the simpler

analysis, therefore, we will go with option (ii).

This derivation is a two step process, we will first derive the statistics for a wave

propagating through a single layer of turbulence, then we will extend it to multiple layers.

We will use the same trick as the thin lens equation. This is a dramatic simplification over

the previous Section’s approach and will make things far easier for us. With a single layer,

we will assume homogeneity and isotropy; extending it to multiple layers will allow us to

describe a (slow-moving) inhomogeneous turbulence profile.

3.4.1 A Single Turbulence Layer

Assume a turbulent medium with thickness L to be homogeneous and isotropic Kolmogorov

turbulence. A position in 3D space r we decompose into r = [ξ, z] where ξ = [x, y]. We write

the phase as the accumulation of the fluctuations,

φ(ξ, L) = k

∫ L

0

n1(ξ, z) dz. (3.44)

Note that we are not integrating over n, but rather n1. We don’t care about the mean

value n0 as this will delay each phase component equally, we instead wish to measure their

difference which is produced by the fluctuations n1. Assuming a thin-lens-type relationship,

we may write Accordingly, the input-output relationship is given by

U ′(ξ) = tφ(ξ), (3.45)

tφ(ξ) = ejφ(ξ). In general, the distortions will have phase and amplitude, but we shall

primarily focus on the phase.
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As we are interested in the wave’s phase structure function, we begin with consideration

of the autocorrelation function:

ΓU ′(ξ, ξ′) = E[tφ(ξ)t∗φ(ξ
′)] (3.46)

= E
[
exp

{
jk

(∫ L

0

[n1(ξ, z)− n1(ξ
′, z)] dz

)}]
, (3.47)

Here we assume (along with Tatarskii [  18 ]) that n1 is a zero-mean Gaussian random process.

Through application of the moment generating function definition, we can show that

Γtφ(ξ, ξ
′) = exp

{
− 1

2
k2E

[(∫ L

0

[n1(ξ, z)− n1(ξ
′, z)] dz

)2
]

︸ ︷︷ ︸
Dφ(ξ,ξ

′)
def
=E[(φ(ξ)−φ(ξ′))2]

}
.

This gives us an interesting result: the structure function of the index of refraction appears

in the exponential function! This term represents the structure function of the accumulation

of the phase distortion and is referred to as the phase structure function.

Definition 3.4.1 (Phase Structure Function). The structure function of the phase is

defined as

Dφ(ξ, ξ
′)

def
= k2E

[(∫ L

0

[n1(ξ, z)− n1(ξ
′, z)] dz

)2
]
, (3.48)

with n1 as a Gaussian random process.

This serves as a useful result, however, there is a fair amount of simplification possible.

As expertly done by Fried (and with some great exposition by Roggemann and Welsh) we

know that this may be simplified to

Dφ(ξ, ξ
′) = −k2LC2

n

∫ L

−L

[
z2/3 − (|ξ − ξ′|2 + z2)1/3

](
1− |z|

L

)
dz

= 2.91k2LC2
n|ξ − ξ′|5/3. (3.49)

Now we have a nice, compact expression that tells us the structure function of the phase in

closed form for the case of a single turbulence layer.
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3.4.2 Multiple Phase Screens

Now suppose that the structure parameter C2
n changes considerably along the propagation

path. This may happen in astronomical viewing or over ground-to-ground imaging with differ-

ent surfaces on the ground (road, grass, etc.). For this type of distribution, inhomogeneities

may exist in the distribution. The approach by [  24 ] that will result in the same solutions

as more complex methods, leading us to introduce the concept of the layered model for

turbulence to model the atmosphere, which requires us to introduce an assumption:

Assumption. Turbulent layers are statistically independent of one another.

We first define our resultant phase as

φ(ξ) = k

∫ L

0

n1(ξ, z) dz,

= k
M−1∑
i=1

∫ Li

Li−1

n1(ξ, z) dz. (3.50)

As previously, we are interested in the structure function of this phase realization. As a result

of our assumption of phase screen independence, we may write

Dφ(ξ, ξ
′) = k2E

(M−1∑
i=1

∫ Li

Li−1

[n1(ξ, z)− n1(ξ
′, z)] dz

)2
 ,

(a)
= k2E

[
M−1∑
i=1

(∫ Li

Li−1

[n1(ξ, z)− n1(ξ
′, z)] dz

)2
]
,

= k22.91k2|ξ − ξ′|5/3
M−1∑
i=1

C2
n[i]∆Li, (3.51)

where ∆Li = Li+1 − Li and (a) utilizes the independence of the atmospheric slices, thus

dropping the cross terms in the squared summation. We have simply used our previous result

to describe a summation of independent turbulence layers – thus we now have the structure

function for the phase which arises in the presence of inhomogeneities.

94



Two extensions of Equation (  3.51 ) to continuous cases will be of importance to us which

we will now present without proof. The first is the structure function of the phase for plane

waves,

Dφ(ξ, ξ
′) = 2.91k2|ξ − ξ′|5/3

∫ L

0

C2
n(z)dz. (3.52)

A second extension of our result will be to spherical waves,

Dφ(ξ, ξ
′) = 2.91k2|ξ − ξ′|5/3

∫ L

0

C2
n(z)

(
L− z

L

)5/3

dz. (3.53)

At this point I’d wish to remind the reader that z = L occurs in the object plane. This

convention absolutely will affect the form of ( 3.53 ), therefore when reading papers on

turbulence it is important to know the convention adopted by the author.

3.4.3 Wave Structure Function

Earlier we saw Tatarskii’s approach to deriving the phase and amplitude statistics, though

we did not put as much work into simplifying them the way that we have here. I’d like to give

a bit of insight into what happens when you use his results “the full way”. Doing this leads

to the wave structure function which combines both phase and amplitude distortions,

Definition 3.4.2 (Wave Structure Function). The wave structure function is defined

as [ 25 ]

D(ξ, ξ′) = Dl(ξ, ξ
′) +Dφ(ξ, ξ

′), (3.54)

where Dl(ξ, ξ
′) and Dφ(ξ, ξ

′) are the structure functions of the log-amplitude and phase,

respectively.

The log-amplitude captures the logarithm of the variation in the amplitude of the incident

wave. A paper by Fried proves a useful description which is a bit more mathematically direct

[ 25 ]

l(ξ) = ln
(
A(ξ)/A

)
(3.55)
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where A(ξ) is the amplitude and A is the root mean square (RMS) of A. Tatarskii does

indeed discuss this term, but I cite Fried’s paper here because of his additional comments

can be useful in understanding it (see the paper for details).

In this thesis I am only concerned with the phase structure function and not the wave

structure function. You may be wondering if that hurts us? Are we missing a wide range of

cases because of this assumption? Fried [  26 ] provides another paper in which he presents the

two following approximations:

Dφ(ξ, ξ
′) ≈ D(ξ, ξ′) D � (Lλ)1/2, (3.56)

Dφ(ξ, ξ
′) ≈ 1

2
D(ξ, ξ′) D � (Lλ)1/2. (3.57)

The first case ( 3.56 ) is referred to as the near field whereas ( 3.57 ) is the far field. This can

give us some insight as to how to interpret the different approximations. My argument is that

we are interested in reconstruction – in the far field we will likely have a severely degraded

image and be ill-posed for reconstruction. I would like to include difficutl cases, but not

impossible ones. Therefore, the phase structure function is suitable (or at least useful as a

starting place for now).

We do wish to talk about one final topic before moving on to applications. In all that has

been discussed we have effectively used the Rytov approximation. The Rytov approximation

is said to be valid for weak fluctuations (that is – the amplitude is not too distorted). This

amplitude fluctuation is sometimes referred to as scintillation. For further details, we would

refer the reader to Goodman [ 19 ] as a starting point, though Tatarskii discusses these directly

in his manuscript [  18 ] along with Ishimaru [  27 ].

Is there an approach which captures strong fluctuations? Yes, and interestingly, Tatarskii

had to do with this development as well roughly 5-10 years after his original manuscript. This

approach utilizes the path integral formulation (alternatively known as a Feynman path

integral) [  28 ] from quantum mechanics to solve the inhomogeneous wave equation. These

methods were applied to the case of turbulence in works from Tatarskii and collaborators

[ 29 – 32 ] along with others such as Dashen [  33 ]. To my knowledge, this framework represents

the most general approach solving the inhomogeneous wave equation. We can capture high
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order moments of the field using this approach and account for multiple scattering. Therefore,

this method can describe the regime in which strong fluctuations exist. This approach,

however, will not be a focus of this thesis.

3.5 Important Applications of the Model

The previous results are the foundations of the field. We now wish to produce a few simple

measures which we can use a bit more simply which capture a large chunk of the equations

previously written. One such measure will be the Fried parameter r0. This parameter pops

up in probably every paper that I have written (with one exception – I think) in the form of

D/r0. So what is this ratio all about?

3.5.1 Fried Parameter and Isoplanatic Angle

The atmospheric coherence diameter r0 (or what I refer to as the Fried parameter) can

be thought of the virtual aperture imposed by the atmosphere. However, the atmosphere is

stochastic in nature. Therefore, it is an average virtual aperture.

Definition 3.5.1 (Fried Parameter). Consider a turbulent medium with a structure

constant of the index of refraction C2
n, and propagation distance L. For a plane wave

incident upon turbulence, the Fried parameter is defined as [ 34 ]

r0 = 0.185

[
4π2

k2
∫ L
0
C2
n(z)dz

]3/5
, (3.58)

and for a spherical wave:

r0 = 0.185

[
4π2

k2
∫ L
0

(
L−z
L

)
C2
n(z)dz

]3/5
(3.59)

Some books may write the planar wave of the Fried parameter as r0 and leave the spherical

wave to be r0,sw or something similar. Others will use slightly different notation or no notation

at all! I will actually follow this case of no notation at all as it is truly the most common.
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Therefore, when interpreting the equations you must keep in mind whether or not we are

working with spherical or planar waves (of course, the fact they share notation often is for

the reason that equations can usually be written in the same way – planar or spherical).

The Fried parameter captures the integrated effects of the atmosphere in a concise way.

As mentioned previously, this ratio of aperture size D to r0 often comes up. If D/r0 > 1, then

the atmosphere is the limiting factor. If instead D/r0 < 1, then the camera is the limiting

factor. We present some visualizations of this turbulence ratio in Figure  3.2 .

Figure 3.2. Visualizing the impact of different values of D/r0. [ Source ]

The Fried parameter has another useful application. It is very carefully defined to make

the structure function easier to write! The structure function of Equation ( 3.51 ) may be

written with the Fried parameter as follows:

Definition 3.5.2 (Kolmogorov Structure Function of the Phase). The structure

function of the phase propagated through Kolmogorov turbulence is

Dφ(ξ, ξ
′) = 6.88

(
|ξ − ξ′|
r0

)5/3

, (3.60)

where r0 is the Fried parameter.

We would note that this equation is the same for both spherical and planar waves because of

the varying definition of the Fried parameter.

In addition to capturing the observed strength of turbulence, we can also have some

sense as to the similarity of effects. One way of quantifying these effects is the through the
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isoplanatic angle. The definition comes from the adaptive optics community where it is often

useful to calibrate a system using a nearby star. Therefore, how big of a range around our

desired point can we look around to find an ideal guide star? The isoplanatic angle describes

this through the following definition [  24 ]:

Definition 3.5.3 (Isoplanatic Angle). The isoplanatic angle is

θ0 = 58.1× 10−3λ6/5

[
1∫ L

0
z5/3C2

n(z)dz

]3/5
, (3.61)

which denotes an angle by which adaptive optics will perform well.

Note that the definition is slightly vague. We can make it more precise, but it would invoke

a bit too much detail than we are willing to say. I would suggest the interested reader to [  35 ]

for details on this.

3.5.2 Instantaneous OTF

If we recall the results of the previous Chapter, we now that a spatially invariant imaging

system obeys the equation:

Ii(x) = |h(x)|2 ~ Ig(x). (3.62)

In the Fourier domain with Ĩi(f) = Fourier[Ii(x)], it follows that

Ĩi(f) = H(f)Ĩg(f). (3.63)

Thus, the resolution and quality of the observed image are determined by H(f).
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With turbulence present in the scene, there is now a new factor. First, let’s use the

concept of the complex pupil [  1 ] to write the OTF of the entire system

H(f) = H(f)~H∗(f)

=
(
P (λzf)e−jφ(λzf)

)
~
(
P (λzf)ejφ(λzf)

)
,

We refer to this OTF as the instantaneous OTF. Note that this is random because of its

dependence on the random function φ. Recall that the PSF is related to the OTF by

|h(x)|2︸ ︷︷ ︸
PSF

= Fourier−1{H(f)}. (3.64)

Since φ(ξ) is random, |h(x)|2 is also random. Figure  3.3 shows a few snapshots of the PSFs

generated from Kolmogorov statistics. These PSFs come from the distribution which will

distort our images.

Figure 3.3. Instantaneous point spread functions generated from propagation
through Kolmogorov phase statistics.

The phase function can be broke up into effectively two components:

• Tilt: The random pixel displacement by the plane of best fit of φ is said to be the

tilt. This will cause objects to shift their position from their ideal location and cause

geometric distortions.
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• Blur: We refer to the blur effects as high-order effects in the phase and contain

aberrations such as spherical, trefoil, and coma. These will make neighboring pixels

mix and cause sharp edges to become blurry.

It is common to separate the phase into its two components which we summarize as follows:

φ(ξ)︸︷︷︸
overall distortion

= ϕ(ξ)︸︷︷︸
aberration

+αTξ︸︷︷︸
tilt

, (3.65)

where α is a vector defining the best-fitted first-order plane to the phase function. In what

follows, we shall discuss the long exposure (LE) OTF and short exposure (SE) OTF. The

LE OTF will keep the term αξ while the SE OTF will discard it. Thus, the LE OTF will

include the tilt of the system while the SE OTF will focus only on the blur.

3.5.3 Long and short exposure OTFs

The long exposure function can be seen as the OTF that will arise from leaving the

camera exposure open infinitely long. This motivates to take the expectation as follows:

Eφ[H(f)] = Eφ
[(
W (λzf)e−jφ(λzf)

)
~
(
W (λzf)ejφ(λzf)

)]
= Eφ

[∫
W (ξ)e−jφ(ξ) · W (ξ − λzf)ejφ(ξ−λzf)dξ

]
=

∫
W (ξ)W (ξ − λzf)Eφ[e−jφ(ξ)ejφ(ξ−λzf)]dξ, (3.66)

where the subscript Eφ[·] emphasizes that the expectation is taken with respect to the random

phase φ.

We can again use the trick of the moment generating function to produce the result

Eφ[e−jφ(ξ)ejφ(ξ−λzf)] = exp

{
−1

2
6.88

(
λz|f |
r0

)}
, (3.67)
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where we have used the homogeneous property of the phase structure function. This means

that we can split the total OTF into two components,

Eφ[H(f)] =

∫
W (ξ)W (ξ − λzf)dξ︸ ︷︷ ︸

Hdiff(f)

× exp

{
−1

2
6.88

(
λz|f |
r0

)5/3
}

︸ ︷︷ ︸
HLE(f)

,

which is a product of Hdiff(f) and HLE(f):

Theorem 3.5.1 (Decomposition of Average OTF). The average OTF of a system

degraded by turbulence can be written as

Eφ[H(f)] = Hdiff(f)×HLE(f), (3.68)

where Hdiff(f) is the diffraction-limited OTF and HLE(f) is the LE OTF.

The atmospheric term HLE(f) is known as the long exposure OTF, which is what we would

observe if we turn on the shutter of the camera for a prolonged period of time.

Definition 3.5.4 (Long Exposure OTF). The long exposure optical transfer function

HLE(f) is defined as

HLE(f) = exp

{
−3.44

(
λz|f |
r0

)5/3
}
, (3.69)

where z is the path length, and r0 is the Fried parameter.

The LE OTF therefore captures the effects by just the turbulence and when multiplied by the

diffraction OTF quantifies the average pass band of the system (in terms of frequency). We

present Figure  3.4 in which we draw samples which converge to the expected long exposure

PSFs (which are the inverse FFT of the LE OTF). Figure  3.5 shows a similar visual in a

different way. Here we can see the LE PSFs as an image, which we note again converges to

the expected value with more PSFs.
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C2
n = 2.5× 10−16m−2/3 C2

n = 1× 10−15m−2/3

Figure 3.4. The theoretical long-exposure PSF compared with the empirical
averaged instantaneous PSFs for low and high turbulence. In each figure we
show groups of averages for 10, 100, and 5000 PSFs. The more PSFs, the closer
it approaches the average.

(a) 50-avg (b) 500-avg (c) 5000-avg (d) Theoretical

Figure 3.5. Instantaneous PSFs for C2
n = 1 × 10−15m−2/3. (a) 50-frame

average. (b) 500-frame average. (c) 5000-frame average. (d) Theoretical LE
PSF.

We now wish to introduce the SE OTF which removes the tilt from the phase. This leads

us to define

ϕ(ξ)
def
= φ(ξ)−αTξ, (3.70)

where αTξ is the best linear fit to φ(ξ). Through a very similar analysis, though now with ϕ

in place of φ, we can find the expression of the SE OTF. Removing the tilt will allow us to

focus on the blur of the system which is useful for adaptive optics systems which may have

tilt-compensation systems.
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We define tϕ in accordance with the previous approach

tϕ(ξ) = exp {jϕ(ξ)} = exp
{
j(φ(ξ)−αTξ)

}
. (3.71)

The autocorrelation of the tilt-correct wavefront is

Γtϕ(ξ, ξ
′) = E

[
tϕ(ξ)t

∗
ϕ(ξ

′)
]

= E
[
exp

{
j(φ(ξ)− φ(ξ′)−αT (ξ − ξ′))

}]
. (3.72)

Using the same trick of the moment generating function of a zero-mean Gaussian, we can

show that

Γtϕ(ξ, ξ
′) = exp

{
− 1

2
E
[
(φ(ξ)− φ(ξ′))2

]
(3.73)

+ E
[
(φ(ξ)− φ(ξ′))αT (ξ − ξ′)

]
− 1

2
E
[
(αT (ξ − ξ′))2

]}
.

At this point, a great deal of approximations or assumptions must take place. I would suggest

the reader to [ 35 ] for a textbook which covers these details or the papers by Fried [  26 ] and

Heidbreder [ 36 ] for more details. Through some simplifications which are beyond the intent

of this thesis, we find that

Eϕ[H(f)] =

∫
W (ξ)W (ξ − λzf)dξ︸ ︷︷ ︸

Hdiff(f)

× exp

{
− 3.44

(
λz|f |
r0

)5/3
(
1−

(
λz|f |
D

)1/3
)}

︸ ︷︷ ︸
HSE(f)

,

leading us to present the following definition:

104



Definition 3.5.5 (Short Exposure OTF). The SE OTF HSE(f) of a system degraded

by turbulence is defined as

HSE(f) = exp

{
− 3.44

(
λd|f |
r0

)5/3
(
1−

(
λd|f |
D

)1/3
)}

, (3.74)

where D is the aperture diameter, d is the focal length, and r0 is the Fried parameter.

With this, we can show a similar figure as before now with the SE PSFs. Figure  3.6 

presents the 10, 100, and 5000 averages of slices of PSFs which eventually converge to the SE

PSF. We note that the turbulence strength here is the same as previously. The SE PSF is

notably thinner than the LE PSF, this is because the tilting has been removed. The shifting

adds a great deal of extra blur, therefore we can see that a system which compensates for

such shifting will perform far better.

C2
n = 2.5× 10−16m−2/3 C2

n = 1× 10−15m−2/3

Figure 3.6. The theoretical short-exposure PSF compared with the em-
pirical averaged instantaneous PSFs for C2

n = 2.5 × 10−16m−2/3 and C2
n =

1× 10−15m−2/3. Shown in each sub-figure are the 10-frame average, 100-frame
average and 5000-frame average PSFs, all in black. The red curve is the the-
oretically predicted result. The x-axis denotes the Nyquist pixel, where one
pixel corresponds to λz/D with D being the aperture diameter.

3.6 Summary

In this Chapter we have discussed the model for atmospheric turbulence and its effects on

waves. This included the more rigorous approach by Tatarskii and the simpler approach by
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Roggemann and Welsh which I find particularly useful. We introduced the structure function

and why we need it for turbulence modeling as well as some applications of the model.

Two key equations

With a brief survey of the major equations which dictate various processes in imaging

through turbulence I would like to highlight two key equations which will be essential to this

thesis. One is that the phase is the accumulation of the fluctuations in the atmosphere’s

index of refrction We first define our resultant phase as

φ(ξ) = k

∫ L

0

n1(ξ, z)dz (3.75)

This equation will be our way of conceptualizing how the phase is affected by the atmosphere.

The next is the structure function of the phase, where I will almost almost prefer to write in

terms of the Fried parameter,

Dφ(ξ, ξ
′) = 6.88

(
|ξ − ξ′|
r0

)5/3

. (3.76)

These two equations will capture the majority of the turbulent statistics relevant to this

thesis. However, in my opinion, without presenting the surrounding material the insight of

these equations would be lost.
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4. ZERNIKE-BASED SIMULATION OF IMAGING THROUGH

TURBULENCE

In Chapters 2 and 3 the optical and atmospheric turbulence models were discussed. For

simplicity, and not to cloud your vision by what others have done, I have neglected tying

the two together in any real way. This Chapter, in part, will work towards unifying the two

discussed concepts thus far. However, this Chapter has a bigger goal as well: to present the

way which we think of and simulate imaging through atmospheric turbulence.

The main contributions of this dissertation is primarily contained within this Chapter in

the form of our simulator which we refer to as Zernike-based simulation. It is fair to say

that people have used some of the techniques we outline here but only in pieces and arguably

no where near to the degree of speed and accuracy we are talking about here.

At the core of this method are theoretical developments, engineering tricks, and learning-

based solutions which give us a differentiable, fast, and accurate atmospheric imaging

simulator. We can simulate an incredibly wide variety of scenarios that capture the weak

fluctuations discussed in the previous chapter. To me, this is the achievement. There will

always be a debate as to “Can it be extended to strong fluctuations?”. For now, the answer

is no. However, we have personally observed a great deal of success from using this method

for training reconstruction networks and have no plan on abandoning it because of its lack of

strong fluctuations.

4.1 Preliminaries

I now wish to present a few ideas which will help us to combine the previously introduced

concepts as well as give a preview as to the developments in this Chapter. This will be

like priming you to think of atmospheric imaging in a specific way. To this end, I have

intentionally left off how people simulate these effects in the optics community. Although I

do not comment on them in this thesis, I will mention some great sources where you may

learn about them.

107



4.1.1 The model of imaging through atmospheric turbulence

The imaging model that is relevant to this thesis is that the geometrically predicted image

Ig is related to the observed image Ii through

Ii(x) = (|h|2 ~ Ig)(x), (4.1)

where

|h(x)|2 = |Fourier{P (ξ)ejφ(ξ)}|2. (4.2)

Now, given the last Chapter, you likely have a sense as to why the turbulence is inserted into

φ. That being said, there is still a particular difficulty. The effects of the turbulent forward

process is spatially varying. Therefore, we must inject this spatially varying nature into the

model.

Because of the effort in the first Chapter, it is easy to extend this to the case of spatially

varying phase functions as follows

Ii(x) = (|hu|2
u
~ Ig)(x) (4.3)

with

|hu(x)|2 = |Fourier{P (ξ)ejφu(ξ)}|2. (4.4)

This gives us a few new things to think about when considering imaging through atmospheric

turbulence. Namely, each PSF will come from (in general) a different random phase component.

As you may expect, neighboring points will accumulate similar distortions, and therefore

there will be a spatial correlation present in the images.

However, as an electrical engineer, when I look at the image formation equation through

turbulence, I’d still like something to be a bit simpler. Specifically, I’m partial to a basis

representation. Because of the effort of Chapter 1, I can safely say that a spatially varying

convolution can be approximated as a sum of invariant ones (with weights injected into the

process). This leads me to preview what is to be described in the rest of this Chapter.
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4.1.2 A preview of what is to come

Through working on the simulator, we have eventually come to the conclusion that the

spatially varying phase and PSFs should be represented by the following pair of equations:

φu(Rρ) =
∑
i

au,iZi(ρ), (4.5)

|hu(x)|2 =
∑
j

βu,jϕi(x). (4.6)

The consideration of the phase effects decomposed by the functions Zi(ρ) will introduce

an interesting problem regarding E[au,iau′,j]. Furthermore, although the spatially vary-

ing blur approximation is not necessarily novel, we will consider a mapping from au =

[au,1, au,2, . . . , au,M ]T to βu = [βu,1, βu,2, . . . , βu,N ]
T , f(au) = βu.

The main insights of our approach are solving these two problems: the phase coefficient

correlations and the mapping from the phase coefficients to the PSF coefficients f(·). The

rest will be tricks or speed-ups here and there that we employ to achieve the speed we are

looking for.

4.1.3 Plan of development

The simulator has evolved over the course of my Ph.D, from nothing to where it is today.

As one may expect, plenty of erasing, looping back, discarding, and so on have taken place

with various approaches and concepts during its development. I will not describe every

approach or thought that we have considered for the simulator, but rather a collection of

them which make sense. I now outline the plan of this Chapter:

1. The Zernike polynomials. At the core of representing the atmospheric effects in

φ(ξ) through a basis representation is the introduction of the Zernike polynomials.

We will introduce these and discuss their application to atmospheric turbulence.

2. Our first attempt at phase correlations. First we will detail our first approach (i.e.,

from Chimitt and Chan [ 37 ]) towards describing the correlations of E[au,iau′,j]. This
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approach was useful, and was in the simulator from the beginning, only recently being

replaced. This approach provides an approximate way of describing the correlations.

3. The current phase correlations. Returning to the goal of the first paper [  37 ], we

revisit the problem E[au,iau′,j] and find, what we consider to be, an exact solution [  38 ].

Interestingly, the impact to the downstream steps in the simulator is negligible.

4. The Zernike space. The Zernike space is how we conceptualize modeling images

observed through atmospheric turbulence. It is a concept which can be extended to

any set of phase distortions.

5. The mapping between basis coefficients and spatially varying convolution.

Finally, we consider the mapping between the two sets of coefficients a and β and

performing the spatially varying convolution as a sum of invariant convolution with a

weighted input image.

We then tie together the ideas and present an overview of the simulation approach. We

additionally comment on validating the simulator.

4.1.4 Related work

I now wish to only briefly discuss the related work in simulating imaging through turbulence.

The first and primary topic is split-step simulation, which is excellently described in the

book by Schmidt [  22 ]. I will then make a few comments on papers which do not fall within

the boundaries of split-step but still are from the optics community.

Split-step propagation

Split-step is a process that virtually mimicks nature and our analysis of the previous

Chapter by breaking up the propagation into two steps: phase screens and free space

propagation. The phase screen is where the Kolmogorov turbulence statistics are injected. I

would recommend the books by Schmidt [  22 ] and Voelz [  39 ] for learning exactly how one

should simulate these things, which largely involves Fourier optics and angular spectrum

propagation.
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This idea of splitting the path up, as we did in theory and computationally for split-step,

can also be done in real life. A great example of this is in a work by Pellizzari et al. [  40 ]

involving coherent imaging. Other ways of doing this include tunable phase modulators

[ 41 – 43 ], heat sources [  44 ,  45 ], or plastic screens [ 46 ]. Split-step itself can also be extended

beyond turbulence, such as in works which consider sound propagation [  47 ].

Sampling the phase screens properly is a big challenge for this method, with many

methods attmpted to do so [  48 – 55 ]. The prevailing approach appears to me subharmonic

generation, which generates the phase screens in two major stages – capturing the high

frequency information then the low frequency information.

I personally came to learn of split-step through the following papers: [  35 ,  56 ,  57 ] and I

would regard them as a good starting place along with [ 58 ], the most recent version of the

approach by Hardie et al. However, it is undeniable that the book by Schimdt [ 22 ] is likely

the place to learn split-step.

Beyond split-step

There are other methods which consider alternative ways of generating the effects, of

which our approach is one such method. However, beyond our approach are the methods such

as the brightness function method [  59 – 61 ] which effectively blend ray tracing with simulating

through phase screens. To me, it is very split-step in nature, but they derive some useful

expressions for speeding up the evaluation of split-step which is notoriously slow.

In addition to this, a set of empirically-motivated methods by Repasi and Weiss [ 62 ,  63 ],

Leonard et al. [  64 ], or Potvin et al. [  65 ] which use a blend of analytic and empirical properties

(the empirical aspects partially based on the NATO RTG-40 dataset [  66 ,  67 ]) to simulate

PSFs and the subsequent images directly. The NATO dataset used various measurement

devices, with one example being scintillometers to measure the effective turbulence level

by providing an estimate for C2
n. These simulation methodologies have been revisited more

recently by Miller et al. [  68 ,  69 ]. We would point the interested reader to Figure 1 of Miller

et al. [  68 ] for a clear and concise visual description of their processing pipeline. In essence,
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these methods skip modeling in the phase domain and do image effects directly. Because of

the careful collection of the NATO dataset, these methods can use it to great benefit.

4.2 The Zernike polynomials and atmospheric turbulence

The effects of the atmosphere as captured by φ(ξ) can be represented through a basis

representation. Let’s think of the requirements that such a basis would require. For one,

orthogonality over a unit disc would be desirable – this is because we are concerned with

optics, which typically has a circular (or, near circular) pupil. They should capture the

atmospheric effects without needing 100’s of polynomials – it should be an efficient basis. As

is it turns out, someone by the name of Robert Noll has given us a great starting point with

his study of modeling atmospheric turbulence with the Zernike polynomials [  70 ].

4.2.1 The Zernike polynomials

The Zernike polynomials are named after Fritz Zernike, the Nobel laureate and inventor

of phase-contrast microscopy. Interestingly, there are many different orderings or indexing

schemes of the Zernike polynomials as well as somewhat varying definitions. In this thesis,

we follow the conventions set by Noll [ 70 ].

The Zernike polynomials are a product of two functions: an angular (azimuthal) component

and a radial component. We will denote its angular degree as m and its radial degree as n.

Noll proposed an indexing scheme which maps the pair (m,n) → j. With ρ = [ρ, θ] defined

over the unit circle, then

Zeven j(ρ) =
√

2(n+ 1)Rm
n (ρ) cos(mθ), m 6= 0,

Zodd j(ρ) =
√

2(n+ 1)Rm
n (ρ) sin(mθ), m 6= 0,

Zj(ρ) =
√
n+ 1Rm

n (ρ) sin(mθ), m = 0,
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where Rm
n (ρ) is

Rm
n (ρ) =

(n−m)/2∑
s=0

(−1)s(n− s)!

s![(n+m)/2− s]![(n−m)/2− s]!
ρn−2s.

While the form of these equations indeed looks formidable, we will see that upon expanding

them that they are rather mundane. The first Zernike polynomial Z0 is known as the constant

or piston term. We will almost always ignore this term as for incoherent imaging a DC shift

in phase doesn’t affect the PSF. Z2 and Z3 represent the x-tilt and y-tilt, respectively. Some

higher order terms represent things such as astigmatism, coma, and so on. In Figure  4.1 , we

present a visual of the Zernike polynomials along with a table of the various forms they take.

Figure 4.1. The shape of the Zernike basis functions, and their corresponding
equations. [ Source ].
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4.2.2 Noll and the Zernike polynomials

The Zernike polynomials are defined over the unit circle, therefore, the inner product

must also be defined on the unit circle. If we are given a phase function φu(ρ), we can define

the jth Zernike coefficient at location u as

au,j = 〈φu(Rρ), Zj(ρ)〉P
def
=

∫ 2π

0

∫ 1

0

P (ρ)φu(Rρ)Zj(ρ)dρdθ, (4.7)

where 〈·, ·〉P denotes the inner product using P (ρ) as a weight. We would remind the reader

that since Tatarskii argued that φu is a zero-mean Gaussian [  18 ], then the coefficients are

also zero-mean Gaussians because they are obtained through linear projections.

Our accepted model of the phase from the previous Chapter was

φ(ξ) = k

∫ L

0

n1(ξ, z)dz, (4.8)

in words, proportional to the fluctuations in the atmosphere. We further know that the

structure function captured the two-point statistics of the phase function,

Dφ(|ξ − ξ′|) = 6.88

(
|ξ − ξ′|
r0

)5/3

. (4.9)

In addition to this, we have stated that φ(ξ) is a Gaussian random process.

This starting point was the same starting point considered by Robert Noll. Noll set out

to describe the phase through a basis decomposition by the Zernike polynomials [ 70 ]

φ(ξ) =
N∑
j=1

ajZj(ξ). (4.10)

Note that I have removed the dependence on source location u. This is because Noll did not

consider this possibility. Therefore, Noll’s work is a great starting place, but we will need

more. But first, let’s appreciate the result which he derived.
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Considering the vector of Zernike coefficients au = [au,1, au,2, . . . , au,M ]T to be the same of

the basis representation, the problem of Noll was to find the autocovariance E[aaT ]. Through

a very careful application of the theory in which the expression

E[ai aj] =
1

π2

∫∫
P (ρ)P (ρ′)Zi(ρ)Zj(ρ

′)

× E[φ(Rρ)φ(Rρ′)] dρdρ′. (4.11)

was considered, the answer was found to be

E[ai aj] = 2.2698(−1)(ni+nj−2m)/2
√
(ni + 1)(nj + 1)Imimj

× (D/r0)
5/3

Γ[(ni + nj + 23/3)/2]

× Γ[(ni + nj − 5/3)/2]

Γ[(nj − ni + 17/3)/2]Γ[(ni − nj + 17/3)/2]
, (4.12)

if i− j = even and E[ai aj] = 0 if i− j = odd. Imimj
is the indicator function with Imimj

= 1

if mi = mj and Imimj
= 0 if mi 6= mj . The normalized correlation matrix, which we will refer

to as the Noll matrix, is shown in Figure  4.2 , where we note most of the other entries are

sparse.

Noll’s result is excellent and is one of my personal favorite papers on atmospheric

turbulence. However, we will need more than Noll has offered us. If we add back in our

indexing of source position, Noll effectively found the expression for E[au,iau,j] whereas we

will instead need E[au,iau′,j] – the position will also need to vary! The difference here is subtle

but hopefully it can be appreciated by the following reasoning: Noll’s result will only tell

us how one point in an image behaves through a basis decomposition, it will not describe

an image’s distortions. Therefore, to simulate an image, we will need to extend to multiple

points (in fact, we will need the correlation for every pair of pixels in an image).

4.3 A first attempt at Zernike correlations

In 2020, we attempted to first solve the problem of E[au,iau′,j] with an approximation [ 37 ,

 71 ]. I originally had not intended to detail this in my thesis, however, I decided to instead
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Figure 4.2. Inter-modal correlation of the Zernike coefficients
E[aiaj]/

√
E[a2i ]E[a2j ] for a fixed spatial location u.

put it in this thesis because of the interesting implication which arises from our later analysis

(which generalized this one). As we will see, we were actually pretty right the first time! But

later, we did it in a more elegant and general fashion.

4.3.1 Problem setup

To begin, let us recall the structure function of the phase

Dφ(ξ, ξ
′) = E[(φ(ξ)− φ(ξ′)]. (4.13)

This tells us the structure function of one phase realization and how its points correlate in

their distortions by the atmosphere. This can be written as

Dφ(ξ, ξ
′) = 6.88(|ξ − ξ′|/r0)5/3 (4.14)
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where r0 is the Fried parameter defined as

r0 = 0.185

[
4π2

k2
∫ L
0
dzC2

n(z)

]3/5
. (4.15)

We consider a very similar decomposition of the phase by the Zernike polynomials as

Noll, i.e.,

φu(Rρ) =
∑
i

au,iZi(ρ), (4.16)

however, note that we have introduced a dependence of the basis coefficients on position u.

This led us to find an expression for the structure function which included geometry.

D(Rρ−Rρ′,u− u′) = 2.91k2
∫ L

0

dzC2
n(z)

∣∣∣∣R(ρ− ρ′) +

(
z

L− z

)
(u− u′)

∣∣∣∣5/3 . (4.17)

We then make an approximation of this function with the assumption that C2
n is constant.

Ignoring C2
n for the time being (which is aided by our assumption of it being a constant) we

may write:

I =

∫ L

0

∣∣∣(Rρ−Rρ′)
(
1− z

L

)
+ z(θ − θ′)

∣∣∣5/3 dz. (4.18)

Let u = z
L

, and define

f(u) = |(Rρ−Rρ′) (1− u) + Lu(θ − θ′)|5/3 . (4.19)

The first order Taylor approximation of f(u) at u = 1/2 is

f(u) ∼= f

(
1

2

)
+ f ′

(
1

2

)(
u− 1

2

)
. (4.20)

Integrating f(u) from 0 to 1, and recognizing that
∫ 1

0
(u− 1/2)du = 0, we have

I = L

∫ 1

0

f(u)du = L

∣∣∣∣(Rρ−Rρ′)

2
+
L(θ − θ′)

2

∣∣∣∣5/3 . (4.21)
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Substituting into Equation (  4.17 ) yields Equation ( 4.22 ).

Dφ(Rρ−Rρ′,θ − θ′)

∼= 2.91k2C2
nL

∣∣∣∣(Rρ−Rρ′)

2
+
L(θ − θ′)

2

∣∣∣∣5/3 . (4.22)

Note here that we have introduced Lθ = u.

4.3.2 Utilizing multi-aperture correlations

The previous result gives us a starting point to incorporate some new statistics. Previously,

the structure function was “trapped” in an integration which we have approximated our way

out of. This leads us to present a result by Takato et al. [ 72 ]

E[ax,i(0)ax,j(s)] =
1

π2

∫∫
dρdρ′P (ρ)P (ρ′)Zi(ρ)Zj(ρ

′)E[φx(Rρ)φx(Rρ
′ +Ds)], (4.23)

which I will note comes from the problem of having two cameras looking at the same star

through turbulence and asking of their correlation. In other words – a different but vaguely

similar problem! Factoring out 2−5/3, we can write

Ds = L(θ − θ′) (4.24)

where D is the aperture diameter, the structure function in Equation (  4.22 ) can be written as

Dφ(Rρ−Rρ′ +Dξ)

=
2.91k2C2

nL

25/3
|Rρ−Rρ′ +Dξ|5/3 . (4.25)

Without loss of generality we may assume θ = 0. Thus, the correlation becomes

E[a∗jaj′(Dξ)] = −
∫ ∫

W (ρ)W (ρ′)Zj(ρ)Zj′(ρ
′)

×Dφ(Rρ−Rρ′ +Dξ) dρdρ′, (4.26)
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which is the same expression as [  72 ]. In other words, our approximation allows us to build a

connection between our problem and the problem of Takato and Yamaguchi.

I will not present much more regarding this result other than the final result, which we

found to be

E[au,iau′,j] = Ai,j

(
1

2

)5/3

LC2
nfij

(
(u− u′)

D
, k0

)
. (4.27)

This result I have re-written to accomodate the next discussion properly, but it is the same

as found in [ 37 ] just with a different appears. The expression for fij comes from Takato et

al., therefore, we have used their results for a different problem for our problem.

4.4 The Zernike space

This trick of using multi-aperture correlations to describe correlations in the Zernike

coefficients was and is still used by our simulator. However, in 2023, we made a change to

this correlation expression. This removed the Taylor approximation and allowed to be exact

(to the degree that the Rytov theory can be considered exact!). Along the way, we also came

to understand what we now refer to as the Zernike space. Therefore, this Section will be

dedicated to how we understanding imaging through atmospheric turbulence and how we’ve

decided to define the forward model.

4.4.1 Overview

The previous discussion highlighted that we had tried the problem before, but there were

some issues. In fact, in that paper there were a few more that we could not solve. At this

point, we have solved a majority of those either exactly or by approximation. This leads me

to present the Zernike space, the main theoretical concept that this thesis has produced.

The Zernike space is the collection of {au} for all points in an image. It is not even

contained to describing atmospheric turbulence, but it can describe camera aberrations by

position-dependent defocus or other aberrations such as chromatic and so on. If the aberrations

that effect a camera are captured by the phase and can be decomposed appropriately by the

Zernike polynomials, then the Zernike space is sufficient in describing the distortions. In our
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case, because of the randomness of the coefficients, the Zernike space is a random vector

field.

4.4.2 Derivation of the correlations

There are a great many similarities of our 2023 approach [ 73 ] to the 2020 approach [ 37 ].

However, we do not utilize a Taylor approximation nor do we assume a constant C2
n. This,

of course, opens up our simulator to a far wider variety of situations and only boosts the

accuracy greater.

We begin with stating the problem at hand as

E[ax,iax′,j] =
1

π2

∫∫
dρdρ′P (ρ)P (ρ′)Zi(ρ)Zj(ρ

′)E[φx(Rρ)φx′(Rρ′)]. (4.28)

This differs from ( 4.23 ) by consideration of two point sources located at points x,x′. As

before, this may be written using the phase structure function as

E[ax,iax′,j] =
−1

2π2

∫∫
dρdρ′P (ρ)P (ρ′)Zi(ρ)Zj(ρ

′)D(Rρ−Rρ′,x− x′). (4.29)

The formulation of our problem is then most in accordance with Fried’s approach, though

notably we have changed from the case of the tilt vector to any arbitrary Zernike polynomial.

This section begins with presenting the main theoretical result of this work: the correlation

of the Zernike coefficients for the case of a continuous turbulence profile. This will consist of

the usage of [ 72 ]’s work to solve ( 4.28 ). We will then move to discretize the main continuous

results, causing us to define a C2
n-slice, which will draw some analogy to a phase screen from

split-step. This second perspective will be the one taken for the sake of numerical evaluation.

We finish with how the approximation of Chimitt and Chan [  37 ] fits into this framework and

discuss its limitations.

4.4.3 Continuous Case: Varying C2
n

Before carrying out the main derivation, we must mention that our approach will be

applied to the case of spherical waves. However, the results of Takato and Yamaguchi are
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developed for planar waves. This creates a potential conflict, applying results from planar

waves to spherical ones. To remedy this, we facilitate the general nature of their results which

has no restriction on the C2
n profile. As shown in Takato et al. [ 72 ], the turbulence profile is

a non-closed expression in their final result. We may therefore choose to write the turbulence

profile to satisfy our requirements via

C2
n(z) =

(
L− z

L

)5/3

C̃2
n(z)[u(z)− u(z − L)], (4.30)

where u(z − a) is the unit step function which is unity for z > a and 0 otherwise and C̃2
n(z)

is the original, unmodified turbulence profile in the planar case (of course, the two are the

same). Substitution of this turbulence profile into Takato’s main result [  72 ] then satisfies

our requirement for spherical waves. Our later comparisons will be done for spherical wave

statistics, which lends credence to this approach.

With our approach to using Takato and Yamaguchi’s results for spherical waves in mind,

we first begin with rewriting (  4.17 ) as

D(Rρ−Rρ′,x− x′) = 2.91k2
∫ L

0

dz

(
L− z

L

)5/3

C2
n(z)

∣∣∣∣R(ρ− ρ′) +

(
z

L− z

)
(x− x′)

∣∣∣∣5/3 .
(4.31)

This allows us to write (  4.29 ) as

E[ax,iax′,j] =
−2.91k2

2π2

∫
dz

(
L− z

L

)5/3

C2
n(z)

∫∫
dρdρ′

×P (ρ)P (ρ′)Zi(ρ)Zj(ρ′)

∣∣∣∣R(ρ− ρ′) +

(
z

L− z

)
(x− x′)

∣∣∣∣5/3 . (4.32)

If we seek to leverage the results of the two-aperture statistics, we must relate the magnitude

term to some two-aperture separation in accordance with Takato and Yamaguchi. We

therefore define

s(z) =

(
z

D(L− z)

)
(x− x′), (4.33)
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to be a displacement that is changing with distance along the path of propagation. With this

substitution, we can write

E[ax,iax′,j] =
−2.91k2

2π2

∫
dz

(
L− z

L

)5/3

C2
n(z)

∫∫
dρdρ′

×P (ρ)P (ρ′)Zi(ρ)Zj(ρ′) |R(ρ− ρ′) +Ds(z)|5/3 . (4.34)

We then recognize the inner double integral to be of the same form as [  72 ,  74 ]. Defining

A = 0.00969k2214/3π2/3R5/3, this allows us to simply leverage the results of Takato and

Yamaguchi using a weighted integration of their solutions, resulting in

E[ax,iax′,j] = Ai,j

∫ L

0

(
L− z

L

)5/3

C2
n(z)fij (s(z), k0) dz, (4.35)

where Ai,j = A
√

(ni + 1)(nj + 1). This result, however, has an additional visual interpreta-

tion. Turning to ( 4.33 ), we can write this in terms of a “virtual” aperture which varies with

distance, which we define to be

D̂(z) = D

(
L− z

z

)
. (4.36)

We may then write the displacement as s(z) = (x − x′)/D̂(z). We provide a visualization

of this virtual aperture in Figure  4.3 which illustrates two points in an object forming two

cones with diverging radii. The overlap of the cross sections at each individual infinitesimal

slice is the problem analyzed by Takato and Yamaguchi. However, our result differs by being

a sum of these solutions; each infinitesimal slice contributes a correlation which is dictated

by the results of [  72 ]. Intuitively, the slice closest against the aperture will contribute global

correlation. Physically this is due to the fact that every point source on an object will pass

through this slice. Mathematically, the case of this final slice will result in D̂(z) → ∞, which
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(a) Virtual aperture (b) Diameter of virtual aperture

Figure 4.3. Visualization of the virtual aperture. In (a) we show in 3D space
how the virtual aperture changes with position along the length of propagation.
In (b) we show the increase in the virtual aperture diameter as a function of
propagation distance.

will cause s(z) → 0 for all finite x− x′, implying perfect global correlation. To present the

main result completely, we substitute (  4.33 ) into (  4.35 ), giving us

E[ax,iax′,j] = Ai,j

∫ L

0

(
L− z

L

)5/3

C2
n(z)fij

((
z

D(L− z)

)
(x− x′), k0

)
dz. (4.37)

4.4.4 Discrete Case: C2
n-slices

The expression for the correlation of two points in the object plane ( 4.37 ) is desirable

for the sake of simulation. These results can be directly used in previous multi-aperture

simulations [  37 ,  75 ] with only minor modification. In addition to this, ( 4.37 ) is preferable to

the results of Whiteley et al. [  76 ] for numerical evaluation of the integral. This is due to

the fact that their derivation used a particular Riemann summation rule as a component of

their derivation. Equation ( 4.37 ) assumes no such rule. The result is an expression which can

be adapted to suit the needs of the application without needing to re-derive for a separate

integration rule. In particular, the way in which one performs a summation over C2
n(z) is the

primary knob one may tune to utilize the results of (  4.37 ).
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Since one may choose the way in which the integral is represented as a Riemann sum,

one possibility would be to average the turbulence profile along the interval of propagation.

There is some analogy here to the phase screens used in split-step propagation, though they

are not directly equivalent. The main difference is that within this framework, one does not

have to actually generate phase screens, rather, just evaluate the statistical expression. To

differentiate the two, we denote them as C2
n-slices. We begin with defining a collection of

C2
n-slices to be

C2
n(z;M) =

M∑
m=1

δ

(
z − Lm

M + 1

)∫ Lm/M

L(m−1)/M

C2
n(v)dv, (4.38)

where we are integrating along the path of propagation using v as a dummy variable. For

some simplicity in notation, we define the locally collapsed mth C2
n-slice to be

C2
n(zm) =

∫ Lm/M

L(m−1)/M

C2
n(v)dv. (4.39)

Using the representation of C2
n-slices in place of the turbulence profile in ( 4.37 ), we can

arrive at

E[ax,iax′,j;M ] = Ai,j

M∑
m=1

(
M + 1−m

M + 1

)5/3

C2
n(zm)fij

(
m(x− x′)

D(M + 1−m)
, k0

)
. (4.40)

We use ( 4.40 ) as a basis for our numerical testing. Due to the generality of the expression

provided in ( 4.37 ), one may use an alternative integration rule in order to decide each C2
n

value as previously stated. Furthermore, instead of focusing on numerical integration, one

may instead optimize the discrete C2
n values for objective functions which optimize quantities

such as the Fried parameter, isoplanatic angle, and log amplitude variance as in Hardie

et al. [ 56 ]. In this case, individual C2
n values which describe the phase screen parameters

were optimized in a fashion similar to that by Schmidt [  22 ]. Thus ( 4.40 ) can also be used

to evaluate the impact of simulation parameters on the various Zernike correlations if one

replaces C2
n with other values.
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4.4.5 Comparison to Earlier Multi-Aperture Methods

The fundamental work that enabled the first iteration of the multi-aperture simulation

[ 37 ] imposed two main restrictions to achieve their results. The first is the assumption of

a constant C2
n profile. However, the more limiting restriction is an approximation upon

the structure function, which they use a first order Taylor series to simplify. The following

consideration achieves the same results, shedding some light on the limitations of these

previous results.

To arrive at these same results, we first choose to define a single C2
n-slice along the entire

path of propagation,

C2
n(z; 1) =

∫ L

0

δ

(
z − L

2

)
C2
n(v)dv. (4.41)

With the additional assumption of a constant C2
n profile, then

C2
n(z; 1) = LC2

nδ

(
z − L

2

)
. (4.42)

The resulting substitution of this C2
n profile results in the same correlation function as in [  37 ],

E[ax,iax′,j; 1] = Ai,j

(
1

2

)5/3

LC2
nfij

(
(x− x′)

D
, k0

)
. (4.43)

This demonstrates the limiting assumption inherent to previous multi-aperture simulators

more clearly. Specifically, these simulation methodologies assume a single C2
n-slice at the

halfway point of the propagation path. Beyond previously discussed limitations, even the case

of constant C2
n profiles will experience moderate deviations given certain camera configurations,

which has been observed [  37 ]. To comment more directly on the usage of our results within

theirs, the more general results in this work only requires the replacement of ( 4.43 ) with

( 4.40 ), keeping the rest of the simulation the same. This offers a considerable increase in

accuracy with only an initial small loss in speed – after the generation of the theoretical

spatial correlation, the generation method (and therefore the speed) is identical.
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4.4.6 Comparison to Existing Zernike Correlations

The work most closely aligned with ours is that of Whiteley et al. [  76 ]. Whiteley et al.

provides an expression for spatial and temporal Zernike correlations, and similarly utilize

Takato and Yamaguchi. The core difference is notably in approach taken and result. On

the approach side, [ 76 ] uses an assumption on the independence of neighboring atmospheric

slices. Ours additionally uses such a fundamental assumption, as this underlies the standard

Markov approximation, however our inclusion of this independence is “built into” the result

of Takato et al. [  72 ]. Therefore, it is useful to make the comment that both works ultimately

rely on this same layered atmospheric property – though Whiteley et al. [  76 ] assumes this

earlier in their derivation. The result is that if one wishes to change a Riemann sum approach

(such as max/min vs. Simpson’s rule) one must carry the derivation out again. With ours,

one may start at the result of ( 4.37 ), and discretize as desired following Section  4.4.4 directly.

Furthermore, the visual interpretation of the integration process via the virtual aperture

along with the subjectively more convenient form of ( 4.37 ) are two added benefits of our

approach.

It is important to note that Whiteley et al. [  76 ] does offer a more general framework with

regards to aperture motion and temporal correlations. This is done primarily through use of

Taylor’s frozen flow hypothesis. To illustrate how these concepts may be incorporated into

our framework, the temporal effects can be modeled in a similar fashion via

s(z) =

(
z

D(L− z)

)
(x− x′) +

v(z)τ

D
, (4.44)

where v(z) is the mean transverse wind velocity at position z along the path of integration.

We note the division by D is a requirement to match the form of Takato and Yamaguchi’s

expression [  72 ]. We may substitute ( 4.44 ) into ( 4.35 ), along with potential modifications of

( 4.44 ) as outlined in Sasiela’s book [  21 ].
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4.4.7 The function fij

Here we detail the function fij which characterizes the correlations of the Zernike polyno-

mials. The form of their equation is rather cumbersome and somewhat difficult to interpret

for certain values of Noll indices. The purpose of this discussion is to simplify the resulting

equation for the ease of interpretation and further study of these results. Following Takato

and Yamaguchi [  72 ], we first define the function

Ia,b,c(s, k0) =

∫
dx
Ja(sx)Jb(x)Jc(x)

x(x2 + k0)2
, (4.45)

with Jk as the kth order Bessel function of the first kind. With Noll indices (ni,mi) → i, we

then define

n+ = ni + nj, (4.46)

n− = ni − nj, (4.47)

m+ = mi +mj, (4.48)

m− = mi −mj. (4.49)

We also define an indicator function,

h(i, j) =



1 mi 6= 0;mj 6= 0; i+ j even

2 mi 6= 0;mj 6= 0; i+ j odd

3 mi = 0; j even ⊕mj = 0; i even

4 mi = 0; j odd ⊕mj = 0; i odd

5 mi = 0;mj = 0

, (4.50)

with ⊕ denoting the XOR function. First, we will present a form in line with that of [ 72 ],

though using some of this notation and the appropriate simplifications. For a displacement

s = (s, ϕ) written in polar form, we can write the expression in [ 72 ] as in (  4.51 )
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fij(s, k0) =



±(−1)(n
+−m+)/2 cos(m+ϕ)Im+,ni+1,nj+1(2s, 2πRk0)

+(−1)(n
++2mi+|m−|)/2 cos(m−ϕ)I|m−|,ni+1,nj+1(2s, 2πRk0) h(i, j) = 1

(−1)(n
+−m+)/2 sin(m+ϕ)Im+,ni+1,nj+1(2s, 2πRk0)

+(−1)(n
++2mi+|m−|)/2 sin(m−ϕ)I|m−|,ni+1,nj+1(2s, 2πRk0) h(i, j) = 2

(−1)(n
+−m+)/2

√
2 cos(m+ϕ)Im+,ni+1,nj+1(2s, 2πRk0) h(i, j) = 3

(−1)(n
+−m+)/2

√
2 sin(m+ϕ)Im+,ni+1,nj+1(2s, 2πRk0) h(i, j) = 4

(−1)(n
+−m+)/2Im+,ni+1,nj+1(2s, 2πRk0) h(i, j) = 5

,

(4.51)

with the ± corresponding to + if both (i, j) are even, and − if they are both odd.

However, our notation highlights further possible simplification. We can therefore write

the function as

fij(s, k0) = (−1)(n
+−m+)/2Θ(1)(i, j)Im+,ni+1,nj+1(2s, 2πRk0)

+(−1)(n
++2mi+|m−|)/2Θ(2)(i, j)I|m−|,ni+1,nj+1(2s, 2πRk0), (4.52)

with functions

Θ(1)(i, j) =



(−1)j cos(m+ϕ) h(i, j) = 1

sin(m+ϕ) h(i, j) = 2

√
2 cos(m+ϕ) h(i, j) = 3

√
2 sin(m+ϕ) h(i, j) = 4

1 h(i, j) = 5

(4.53)

and,

Θ(2)(i, j) =



cos(m−ϕ) h(i, j) = 1

sin(m−ϕ) h(i, j) = 2

0 h(i, j) = 3

0 h(i, j) = 4

0 h(i, j) = 5

, (4.54)
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contributing the angular terms.

4.5 Sampling from the Zernike space

I would jokingly mention that in doing things related to turbulence you are never done.

It may appear that with the statistics described we can easily pull random realizations from

it and move on our way. Unfortunately, that is not the case. There is a small issue lingering

in the correlations of the Zernike space that present us from using Fast Fourier transform

(FFT)-based solutions to sampling. Therefore, we must come up with a trick in order to

allow us to use the FFT methods for random sampling.

4.5.1 Main issue

When we look at the correlation expression Equation (  4.37 ), we notice that it is not wide

sense stationary. Why is this and what effect does it have on our steps forward? To answer

why it is, we need to look no further than realizing that the function fij depends on (i, j) in a

pairwise sense, and not its difference i− j. This can be understood that there is no notion of

neighborhood in the index dimension – the ordering of the Zernike polynomials is arbitrary.

What impact does this have on generating samples from this distribution. Well, this

means that the Wiener-Khinchin theorem no longer applies! This means that we cannot use

FFT-based methods to sample from the Zernike space. The obvious alternative may be to

take the large covariance tensor A and decompose it by the some method. The problem is

that for a 256× 256 image, this matrix will be massive; it will likely be on the order of many

GB’s. Therefore, we need an alternative.

The idea of drawing correlated Zernike coefficients according to a correlation matrix is

not difficult if the number of grid points is small. Consider a multivariate Gaussian random

variable with mean E[y] = 0 and the correlation matrix Σ = E[yyT ]. To draw a random

vector y from this distribution, we can decompose the correlation matrix Σ = USUT via

the eigen-decomposition, and define Σ
1
2 = US

1
2UT . Then, starting with a white noise vector

e ∼ Gaussian(0, I), the transformed vector y = Σ
1
2e will satisfy the desired property that

E[y] = 0 and E[yyT ] = Σ.
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When the size of the grid is small so that the dimension of the correlation matrix Σ is

small, the matrix Σ
1
2 can be generated using standard numerical techniques such as the

Cholesky factorization. However, for a large grid of points, storing the matrix Σ and running

the factorization would become infeasible. One exception is that if y is homogeneous (wide-

sense stationary), then the correlation matrix Σ is circulant and so the eigen-decomposition

is equivalent to the Fourier transform. In this case, generating the random vector y can be

implemented via

y = US
1
2UTe = F−1(S

1
2F(e)),

where F denotes the discrete-time Fourier transform, and the diagonal matrix S is the Fourier

spectrum of one row (or column) of the correlation matrix Σ.

The significance of the homogeneity is that it allows us to speed up the sampling process

by performing all computations in the Fourier space. In addition, the memory bottleneck is

resolved because we do need to construct the full correlation matrix Σ and run the Cholesky

factorization. The question is: For the Zernike correlation matrix we are considering in this

paper, does it have any kind of wide sense stationarity? If not, can we approximate it using

something that has such a property?

4.5.2 Structure of the Correlation Matrix

The coefficients ax,j are zero-mean Gaussian, and have a correlation matrix (technically,

a tensor stored in the matrix form) which we denote the (x,x′, i, j)th element of the matrix

A as

[A]x,x′,i,j = E[ax,i ax′,j]. (4.55)

This notation stresses that the matrix A is location dependent on the pair x and x′. In the

special case when the correlation matrix is spatially invarying, we write [A]x,x′,i,j as [A]x−x′,i,j .

If we further assume that x′ = x, the correlation matrix becomes [A]0,i,j = E[ax,i ax,j], which

is equivalent to the covariance matrix given by Noll [ 70 ].

Let us now take a closer look at the structure of the Zernike correlation matrix A. As

defined in Equation (  4.55 ), the (x,x′, i, j)th entry of the correlation matrix at the location-
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pair (x,x′) and the Zernike mode-pair (i, j) is [A]x,x′,i,j = E[ax,i ax′,j]. Thus, A is a four-

dimensional tensor, with two dimensions allocated to the pair of spatial coordinates (organized

through a column-wise stack), and two dimensions allocated to the pair of Zernike modes.

One way to visualize the Zernike space is to consider the illustration shown in Figure  4.4 . For

a fixed pixel location x, there is a vector ax = [ax,1, . . . , ax,N ] where n = 1, . . . , N denotes

the Zernike mode index. As we move to another pixel location x′, the vector becomes

ax′ = [ax′,1, . . . , ax′,N ].

Figure 4.4. The Zernike Space is a representation describing the phase decom-
position by its basis functions. For every point on an object, or analogously
every pixel in an image, there is a Zernike vector that describes the distortion
across the aperture. This motivates us to define the Zernike space as a tensor.

For a fixed Zernike mode pair (i, j), the correlation is limited to the spatial axis. This

will give us the (i, j)th slice of the four-dimensional tensor

Ai,j =


[A]x1,x1,i,j . . . [A]xp,x1,i,j

... . . . ...

[A]xp,x1,i,j . . . [A]xp,xp,i,j

 ,

where x1, . . . ,xp are the p coordinates in the grid. Assuming that the Zernike coefficients

across the field of view is homogeneous [  37 ], the (x,x′)th element [Ai,j]x,x′ will be the function

of x − x′ instead of the absolute positions (x,x′). In this case, we can write [Ai,j]x,x′ as
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[Ai,j]s where s = (x − x′)/D with D being the aperture diameter  

1
 . For a grid of points

x1,x2, . . . ,xp, the matrix Ai,j takes the form

Ai,j =


[A]s0,i,j [A]s1,i,j . . . [A]sp,i,j

[A]s1,i,j [A]s0,i,j . . . [A]sp−1,i,j

... ... . . . ...

[A]sp,i,j [A]sp−1,i,j
. . . [A]s0,i,j

 .

Because of homogeneity, Ai,j can be decomposed via the Fourier transform. This “slice” of

the tensor is representative of a single Zernike coefficient field.

For a fixed location pair (x,x′), we can obtain another slice of the correlation matrix

Ax,x′ = As =


[A]s,1,1 . . . [A]s,1,N

... . . . ...

[A]s,N,1 . . . [A]s,N,N

 .

The special case where s = 0, which gives matrix A0 is exactly the Noll matrix [ 70 ] that

specifies the correlation between the Zernike modes at a single pixel location x. In general,

the matrix As does not have the circulant structure and cannot be decomposed via the

Fourier transform.

The prior notation allows us to easily identify the homogeneous and the non-homogeneous

components of the tensor. The entire Zernike correlation tensor A can be written as

A =


A1,1 · · · A1,N

... . . . ...

AN,1 · · · AN,N

 =


As0 · · · Asp

... . . . ...

Asp · · · As0

 ,
1

 ↑ The necessity to normalize the coordinate using D comes from the fact that the geometry of the optical
system has a certain impact to the Zernike coefficients. In particular, two aperture diameters D1 and D2

will lead to two different Zernike space because the imaging systems are viewing through different effective
slices as a function of aperture size. Therefore, we define a standardized unitless vector corresponding to
correlation length in accordance with [ 37 ] to be s = L(θ−θ′)

D = x−x′

D , where θ,θ′ are two vectors pointing
from the center of the imaging system to points x,x′, respectively.
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The entire tensor structure is non-homogeneous. Thus, it is not possible to draw samples via

the FFT method, which highlights a fundamental limitation of [  37 ] and [  75 ].

4.5.3 Generation of the Random Zernike Fields

Due to the non-homogeneity of A, we propose an approximate tensor Ã which we claim

captures a majority of the statistical behavior while having the property of homogeneity.

Reserving the accuracy of this approximation for section  4.5.4 , we propose the following

method for the generation of the Zernike fields:

1. Generate i = {1, 2, . . . , N} unit-variance, spatially correlated random fields according to

Ai,i. Note this generation uses only autocovariance functions. At this stage, our N fields

are independent, thus utilizing the FFT-based method based on their homogeneity.

2. Perform a point-wise mixing of the random fields according to the Noll matrix A0.

This mixing is done pixel-wise (across the coefficient index dimension) per pixel.

This generation process will give us random fields which are in accordance with the autoco-

variance functions, however, for the cross-covariance terms there will exist some deviation.

This is most simply presented by the form of the covariance structure of the tensor,

Ã = L


A1,1 0 . . . 0

0 A2,2 . . . 0
... ... . . . ...

0 0 · · · AN,N

LT , (4.56)

where LLT = A0. We note the resultant matrix is no longer diagonal. Therefore, the

off-diagonal entries of Ã differ from A, which will be the focus of our numerical analysis.

We provide a visualization of the resulting covariance matrix in Figure  4.5 using a

simplistic example in the case of an 8× 8 image with 3 coefficient fields. Initially, white noise

is generated for an 8× 8× 3 random volume, which is then spatially correlated for each slice

according to its autocovariance function. The resulting covariance matrix has a considerable

amount of zero-entries corresponding to the other 8× 8 random fields. After this, the fields
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Figure 4.5. We give a visual representation of the covariance structure as it
changes through the generation process. First, white noise has a covariance
structure applied to it, resulting in spatially correlated, yet independent random
fields. Next, along the index axis, a mixing matrix is applied via Cholesky
decomposition. Finally, the resulting fields are correlated both spatially and
along the index dimension and have the covariance structure shown.

are mixed according to the 3× 3 covariance matrix along the final index axis, after which the

covariance matrix becomes much denser. This same principle is extended to the case of an

W ×H image with N coefficient fields.

4.5.4 The Impact of Cross-Correlation Functions

The core innovation in this work is the ability to utilize property of homogeneity for

individual fields as,i (or equivalently, ãs,i). This allows us to quickly draw samples using

FFT-based generation followed by a mixing matrix. To justify this approximation, we begin

with the following considerations:

1. The correlation functions Ai,j for i 6= j sharply decay and approximately vanish for

s > 4;

2. The off-diagonal terms for the matrix Ax,x (corresponding to indices i 6= j) contain a

small proportion of the energy.

Together, these two properties suggest that the overall energy lost by the removal of the

cross-correlation functions will be negligible. Intuitively, the reason for this lies within the
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sharp decay of the correlation functions (1), which are already significantly smaller than their

counterparts (2).

With this observation, we turn to the numerical analysis performed to more concretely

justify this approximation. We wish to measure the energy that will be contained within

our approximation and compare it with the energy contained if the entire cross-correlation

functions were to be retained. To do so, we integrate outward in the Zernike space and

quantify the deviation of Ã from A as a function of s. While the correlation functions Ai,j

have angular dependencies, we integrate over the angular components for ease of presenting

our comparison. We note that along any particular direction individually, the results do

not vary considerably. Mathematically, we write the energy contained with all functions

considered via the Frobenius norm as

E(s) =

∫ s

0

∫ 2π

0

ds′ tr
{
AT

s′As′
}
, (4.57)

where we’ve integrated spatially outwards up to s, as we intend show the accuracy of the

approximation as the size of our field in the Zernike space grows. As s becomes large with

respect to the spread of the function, E(s) will converge. The energy within our approximation

can be written similarly as

Ẽ(s) =

∫ s

0

∫ 2π

0

ds′ tr
{
ÃT

s′Ãs′

}
. (4.58)

In addition to comparing the energies separately, we may also consider measuring the difference

between them. To this end, we propose to measure

E(−)(s) =

∫ s

0

∫ 2π

0

ds′
∣∣∣tr{AT

s′As′ − ÃT
s′Ãs′

}∣∣∣ , (4.59)

where we are only interested in the magnitude of the residual, therefore measuring its absolute

value.

These three functions will help to provide insight into the accuracy of our approximation.

Ideally, we want E(s) and Ẽ(s) to match. However, this alone is not enough to claim accuracy,

as this is only a way of measuring the total joint behavior. We additionally then propose to
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use E(−)(s) to measure the total index-wise residuals. An optimal result for E(−)(s) would be

for it to vanish at every point. We present the results of this numerical analysis in Figure  4.6 

which we note is cumulative, therefore reaching a steady state means no additional errors

will be incurred. We also choose to not include the first three Zernike coefficients (piston and

x,y-tilts) for this plot, as these terms dominate the plot significantly in magnitude, though

the conclusion of the analysis is unchanged. With this, we present the following observations:

1. At s = 0 there is no loss in energy/statistical accuracy (e.g. for a single point we are

perfectly accurate);

2. A majority of the errors are for small s, which is expected as the correlation functions

have not yet vanished at this point;

3. For separations s > 4, there is no additional loss in energy and remains at steady state.

The energy of the difference E(−)(s) is two orders of magnitude smaller than the total

energy, suggesting its overall accuracy.

These three observations suggest that our approximation retains a majority of the field’s

statistical behavior, while allowing for considerable speed-up.

4.5.5 Spatio-Temporally Correlated Fields

The extension of the proposed ideas to spatio-temporally correlated fields is possible

through the adoption of Taylor’s frozen flow hypothesis [ 24 ]. Under this hypothesis, a

displacement in time t may be written as a spatial displacement y through the relationship

vt = y, with v as the mean transverse velocity of the turbulent medium. Taylor’s frozen

flow hypothesis allows us to extend the results by considering z = x+ y. This will give us a

spatio-temporal tensor Az,z′ of analogous structure to the previously described Ax,x′ .

A downside of the frozen flow hypothesis is that we need to pre-compute and store

multiple three-dimensional random fields. The workaround solution is to enforce the temporal

correlation via an auto-regressive process. Therefore, the random seed used to generate

the Zernike fields are updated according to et = γet−1 +
√

1− γ2n, with n as a zero-mean,

unit-variance Gaussian vector and γ ∈ [0, 1]. While the theoretical justification of such a
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Figure 4.6. The results from our numerical evaluation of the three proposed
energy functions. The axis for E(s) and Ẽ(s) are on the right, while the axis
for residual difference energy function E(−) is on the left. We note the apparent
match between the two individual energy functions. More importantly, there
is a comparably small magnitude for the difference function, suggesting a
reasonable match.
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model is limited, the speed of simulation is marginally impacted. We observe the visual

effects under the auto-regressive approximation to be suitable in practice.

4.6 Phase-to-Space transform

While the Zernike space represents the main theoretical development of our simulation

technique, the Phase-to-space (P2S) transform represents the key practical novelty of our

simulator.

4.6.1 Motivation

Suppose we have a sample of the Zernike space generated on our computer. Whether or

not it utilizes the two-step method previously described, we will still have to form the PSF

in order to apply them to an image. If we do this in the standard fashion, we must compute

PSF formation equation for each pixel in the image:

|hu(x)|2 = |Fourier{P (ξ)ejφu(ξ)}|2. (4.60)

This means taking a 2D FFT per pixel. This is certainly doable, but it will be slow.

In addition to this, there is another problem: we will have to take a spatially varying

convolution! Referring back to our analysis of Chapter 2 regarding spatially varying convolu-

tion, and considering that we are indeed talking about image formation, we can recall that

spatially varying convolution takes the form

Ii(x) =
∑
i

∫
βu,iϕi(x− u)Ig(u)du, (4.61)

=
∑
i

(ϕi ~ βu,iIg)(x). (4.62)

However, this assumes we know what the ϕ should be, and furthermore than the decomposition

|hu|2 =
∑
i

βu,iϕi(x− u) (4.63)
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is even feasible. It may save us some time to first compute the PSFs then decompose them

by this equation, if we can find {ϕi}i, however, we’d like to do something that will get two

birds with one stone, so to speak. Therefore, our goal is the following: don’t take the 2D

transform and utilize our (scattering) spatially varying approximation.

4.6.2 The phase-to-space transform

By our goal, hopefully we have made it clear that we are attempting to go from the

Zernike space representation (in the phase domain) to apply its effects to the image (in the

spatial domain). Therefore, we are wishing to convert the phase effects to the spatial effects,

hence the name phase-to-space (P2S) transform.

Recall that we have decomposed the phase functions by the Zernike coefficients

φu(ξ) =
N∑
j=1

au,jZj(ξ). (4.64)

In the previous discussion, we also introduced the basis decomposition

|hu|2 =
∑
i

βu,iϕi(x− u). (4.65)

Our goal is then as follows: we wish to find the mapping f(·) such that

βu = f(au). (4.66)

In words, we would like to have a pixel-wise transformation of each Zernike vector to the

PSF basis coefficients.

Why does this seem like a reasonable goal. Well, if we can produce f(·) which is

computationally inexpensive, then we may be able to do all of these computations in parallel

in one go. In fact, we manage to achieve this with our chosen transformation. Then, we are

already in a position to apply the converted coefficients to the image through the scattering

convolution approximation. This translates to a huge speed up in our process.
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For a couple months, it was attempted to find an analytical transformation which

satisfies the P2S transformation. After a while of failing, we eventually settled on another

approach. However, I find it interesting to mention that the attempt of analytically finding

the transformation was doomed from the start. Someone already had the transformation we

were looking for, and in my understanding, it would be too computationally costly to work

for our case. Interestingly, the theory was developed by Zernike himself and a student of his

by the name of Nijboer, thus creating Nijboer-Zernike theory. This theory, and its extensions,

and well detailed in the thesis: blah.

The solution we eventually landed on may be surprising: a learned mapping f(·). In

simple terms, we chose a shallow neural network! Why does this make sense in our case?

Well, we can generate a database of a and β pairs by actually doing the PSF formation

equation and corresponding decomposition, and training a network to sit in place of the

transformation for us. As it turns out, this network works shockingly well. It learns quickly,

is lightweight, and can handle images of size 1024 × 1024 in one pass due to its size and

parallelizable nature.

4.6.3 Training the P2S

Training the P2S consists of a few steps, though all of which are relatively straightforward

to do in Python. Firstly, we specify the network architecture along with conceptually the

goal of the P2S transform in Figure  4.7 . How can we train this network?

We need to train a transform that does a pixel-wise transformation from Zernike coefficients

to PSF basis coefficients. Note that the fact that it is pixel-wise is a simplification: we only

need to consider one Zernike vector input and a PSF basis vector output. Therefore, pulling

samples from the Noll matrix directly is an option. Thus, if there was any skepticism about

the two-stage mixing approximation, this result will not rely on this method as it is done per

pixel.

To generate the samples from the Noll matrix A0, we can simply decompose

A0 = LLT . (4.67)
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Figure 4.7. An overview of the phase-to-space transform
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Figure 4.8. The first 8 P2S basis functions found by a PCA.

Therefore we can draw Zernike samples through

a = LX (4.68)

and X ∼ N(0, I). From this we can perform the PSF formation equation

|h(x)|2 = |Fourier{P (ξ)ej
∑

i aiZi(ξ)}|2. (4.69)

From here, we can form a dataset of PSF and Zernike coefficients pairs (|h(x)|2, a).

Now, we must consider how to find the corresponding PSF basis function. To do this, we

employ principal component analysis (PCA) to find the corresponding {ϕi}i. From this,

we can then decompose each PSF in our database by the numerically computed principal

components. Therefore, we can reduce the size of our dataset (in memory) and produce its

final form of Zernike and PSF basis coefficients pairs (β, a). We train the network as shown

in Figure  4.7 to find the mapping

a −→︸︷︷︸
P2S

β, (4.70)

where we are training based on mean square error (MSE) between f(a) and β.

A few extra considerations go into generating the P2S basis functions ϕi. When generating

the dataset, we are careful to choose a sufficient enough resolution so that we can capture

high frequency details. This additionally has helped us in training the transform to be

allowed to resize – when done at a low enough resolution we observed aliasing upon resizing.

We visualize a few of the ϕi terms in Figure  4.8 . We note their clear structure and vague

similarity to the Zernike polynomials.
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Figure 4.9. An overview of our Zernike-based simulator.

4.7 Zernike-based simulation

A pictoral overview of Zernike-based simulation is presented in Figure  4.9 . Let’s step

through each component.

To begin, the user will input a set of parameters ranging from aperture size, propagation

distance, the size of the image in meters, and so on. These parameters dictate the sampling

of the Zernike space. We have pre-evaluated the integrals which describes the correlation

of the Zernike coefficients, and thus we pull from these pre-evaluated distributions. This

step produces E[au,iau′,i], where we would remind the reader that the correlation here is

homogeneous.

After this step, the two-stage mixing process will occur. First we generate independent

Zernike fields which are then mixed by the Noll matrix. The forms our entire realization of

the (approximate) Zernike space. Each time the simulation runs (assumed the parameters are

fixed), this is where the randomness will enter. We optionally can insert temporal correlation

into the generation at this point.

The Zernike space realization is then split into two groups: tilt and blur. As described by

[ 77 ], tilt must come first. The image J is tilted to form T (J). Although the tilt has a rather

simplistic relationship to its spatial counterpart, the blurs do not. We then employ the P2S

network to map the higher order Zernike terms to their spatial coefficient equivalents. After
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this, we follow our spatially varying convolution discussion and use the scattering formulation.

The result is B(T (J)) which is the final output image.

4.7.1 Validating the simulator

In analyzing the simulation approach, adherence to the desired statistical behavior is a

key metric by which we judge the quality of our simulation approach. The validation here is

divided into two categories: (1) aperture statistics and (2) spatial statistics. For statistics on

the aperture, the key comparison is our generated statistics plotted against the theoretical

structure function. With respect to spatial statistics, our comparison is with the known tilt

statistics; there is a limitation on the known behavior of the spatial statistics with respect to

the blur without the approximation in [  37 ], so no direct comparison is possible.

Aperture Statistics

For the evaluation of aperture statistics, the most important function to match is that of

the structure function given by. By matching this function, as we show in Figure  4.10 , we

are able to match any statistical value that can be written in terms of the structure function,

such as the Fried parameter. We show a good match to the structure function at varying

levels of turbulent distortions.

We also perform another experiment on the temporal averages of the distortions, the

short exposure (SE) and long exposure (LE) optical transfer functions (OTFs). The OTF in

general is defined as

H(ξ) =
(
P (ξ)e−jφ(ξ)

)
~
(
P (−ξ)ejφ(−ξ)

)
, (4.71)

which is the autocorrelation operation of the overall pupil function and phase distortion.

The LE OTF is then given by a temporal average over realizations of individual OTFs.

Mathematically, the LE OTF is given as

HLE(ξ) = E
[(
P (ξ)e−jφ(ξ)

)
~
(
P (−ξ)ejφ(−ξ)

)]
. (4.72)
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Figure 4.10. A comparison between the theoretical structure function (solid
curves) at different distortion levels vs. our generated statistics (dotted lines).
We observe a reasonable match across multiple levels of distortions.

The SE OTF is similarly defined using the temporal average, however, this measure uses a

“tilt-corrected” phase function ϕ given by

ϕ(ξ) = φ(ξ)−αTξ, (4.73)

where αT f is the plane of best fit, effectively removing the tilt. The remaining phase distortion

ϕ will then only describe the high-order distortions. This differs from the LE OTF, which

includes both blur and tilt/shifting. The SE is then described as

HSE(ξ) = E
[(
P (ξ)e−jϕ(ξ)

)
~
(
P (−ξ)ejϕ(−ξ)

)]
. (4.74)

The LE and SE OTFs have analytic expressions [  24 ], which we compare with the results of

our simulation in Figure  4.11 which also includes the diffraction OTF. We observe a wide

variety of D/r0 levels that we perform with sufficient accuracy. Some slight deviation may be

improved by subharmonic methods such as those described by Schmidt [  22 ].

In addition to what we would call aperture statistics, we can also discuss spatial correla-

tions.
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Figure 4.11. Comparing the long and short exposure OTFs at different
distortion levels with the theoretical curves (solid lines) and our statistics
(dotted lines).

To begin our comparisons, we first look at the comparison between previously reported

angle-of-arrival results [  78 ,  79 ] with our expression ( 4.40 ). We note that the tilt expression in

our framework is proportional to the sum of the Zernike tilt coefficient variances. Therefore,

we may write the result for angle-of-arrival using our results by summation of the terms

corresponding to the tilt Zernike terms within ( 4.40 ). We contrast the analytical form of the

correlation here to those given in [ 78 ,  79 ]. We observe this to be a nearly identical match

between the expressions provided in these two works. These expressions are developed for

the case of spherical waves, matching our development.
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To compare the two, we can evaluate the angle-of-arrival integral directly using the Python

library scipy’s integration class. Specifically, we use the triple integration method ‘tplquad’,

writing the angle-of-arrival expression with lambda functions. Therefore, no elements of our

C2
n-slice concept are a component of the angle-of-arrival integral evaluation. For generating

the curves predicted by our analysis, we may instead evaluate ( 4.40 ). To save on a bit of

time, we find the values for the C2
n-slices by taking 10M points and averaging over groups of

10 (thus an approximation of ( 4.38 )). For example, if we require 10 C2
n-slices, these values

are estimated from 100 samples of the C2
n profile via local averaging.

The results of the constant C2
n profile are presented in Figure  4.12 , while the path-varying

turbulence profile results can be seen in Figure  4.13 . Here we normalize by the isoplanatic

angle on the x-axis, given as

θ0 = 58.1× 10−3λ6/5
[∫ L

0

z5/3C2
n(z)dz

]−3/5

. (4.75)

We observe a convincing match for all parameters within our tests. That is, the angle-of-arrival

integral appears to be similar to the results predicted by this analysis. We further note that

all evaluations of ( 4.40 ) were performed with the number of C2
n-slices kept constant at 200.

We have noticed some minor improvement with an increase of slices (i.e. our curves match

the angle-of-arrival curves more closely), but we find 200 to be sufficient for the purposes

of this comparison. We again note that the angle-of-arrival results from Basu et al. (now

Bose-Pillai) [ 78 ] come from a separate analysis and are evaluated with methods separate from

ours.

4.7.2 The Problem with Small Numbers of Phase Screens

When analyzing or simulating propagation through turbulence using the discrete phase

screen approach [ 24 ], the number of phase screens can be chosen to match various requirements

of the application. For analysis which utilizes phase screens, the number of phase screens is

typically left to be unspecified so long as assumption of phase screen independence holds. In

simulation, 10 phase screens are used in Hardie et al. [  56 ] which we deem to be relatively
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Figure 4.12. Theoretical comparison of our expression for tilt correlation
compared to Basu et al. (now Bose-Pillai) [  78 ] for varying aperture diameters.
These results are for a constant C2

n profile of C2
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standard, though one may use more/less if the situation dictates. This leads to a difference

in analysis vs. simulation: one uses a large number of phase screens whereas in simulation a

small number is used.

To quantify this difference in analysis and simulation, one aspect we may study is the tilt

correlation. We may ask: Does a simulation with a small amount of phase screens match

the analytic prediction with a larger amount of independent phase screens? To answer this

question without reliance on empiricism, we first note that a properly performed simulation

should perform identically to its analytic counterpart. Therefore, we may analyze simulation

by a representative analytical model.

The model we choose for our purposes is similar to the C2
n-slice model, though the values

of the Riemann sum terms are chosen to optimize the objective function provided in Hardie

et al. [  56 ]. We note that this was done to choose phase screen parameters to closely match

isoplanatic angle, Fried parameter, and log amplitude variance in a least-squares fashion.

Thus, the model we choose is

C2
n(z) =

M∑
m=1

δ

(
z − Lm

M + 1

)
C̃2
n,m, (4.76)

where C̃2
n,m is the optimally chosen C2

n value of the mth phase screen (optimized according

to Hardie et al. [ 56 ]). We will refer to (  4.76 ) as the phase screen model.

Studying the impact of M on the accuracy of the tilt correlation may be done through

using the phase screen model from ( 4.76 ) with ( 4.37 ) to compute the phase screen correlations

shown in Figure  4.14 and Figure  4.15 . In these cases, we provide both the angle-of-arrival

correlations[ 78 ] (via direct scipy integration) for reference along with the case of 200 C2
n-slices

using ( 4.40 ). In this case, we observe that if we are interested in a narrow field of propagation

(corresponding to a small value on the x-axis of Figure  4.14 and Figure  4.15 ) then we may

use a small number of phase screens to model the situation. However, for situations with

more anisoplanatism a larger number of phase screens may be required depending on the

desired accuracy.
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(a) C2
n(z) = 1× 10−15 (b) C2

n(z) = 1× 10−15

× log((z − L)/100 + 1) m−2/3 ×(e−z/1000 sin(z/100) + 1) m−2/3

Figure 4.14. [Top] For two different C2
n profiles (shown in the log domain)

we can plot the [Bottom] tilt correlation for each using (i) angle-of-arrival
correlations, (ii) C2

n-slice correlations, (iii) the phase screen model correlations.
We note that the phase screen model’s C2

n values are optimized as described in
Hardie et al.[ 56 ]. We can see that with increasing the number of phase screens,
the phase screen model approaches the angle-of-arrival and high C2

n-slice curves.

(a) Hufnagel-Valley Profile (b) Empirical Correlations

Figure 4.15. [Left] For the Hufnagel-Valley C2
n profiles (shown in the log

domain) we can plot the [Right] tilt correlation for each using (i) angle-of-arrival
correlations, (ii) C2

n-slice correlations, (iii) the phase screen model correlations.
We note that the phase screen model’s C2

n values are optimized as described in
Hardie et al.[ 56 ]. We can see that with increasing the number of phase screens,
the phase screen model approaches the angle-of-arrival and high C2

n-slice curves.
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Figure 4.16. [Left] A set of phase screen r0 values which model the C2
n profile,

C2
n = 0.25× 10−15 m−2/3 as given by Hardie et al.[  56 ]. [Right] The deviation

in evaluation of our correlation integral with the phase screen model matches
previously reported results[  56 ].

In addition to these more complicated cases, we also use simpler profiles which match

those of Hardie et al. [ 56 ] as shown in Figure  4.16 and Figure  4.17 . We find there to be a

match with their reported empirical results when using their reported values for C̃2
n,m within

the phase screen model ( 4.76 ). We show these examples for two reasons: (i) we use this as

supporting evidence that ( 4.76 ) correctly models a properly performed split-step simulation;

(ii) that errors in tilt correlation are not a fault of split-step, but rather a function of either

the optimization chosen to select the C2
n parameters or number of phase screens. With

respect to (ii), we note this particularly as stated in Hardie et al. [  56 ] that the mismatch in

their reported tilt correlation was to be investigated in future work. Along similar lines as

previously, the number of phase screens may be increased in order to match the tilt correlation

function more closely.

4.7.3 Speed and Resolution Comparisons

For our runtime comparison, we consider the generation contained in Figure ??. That is,

we want to compare the time to generate only the phase distortions, not the application of

the point spread functions. We choose not to include this as this can be replaced in either

approach with either the analytic formula for PSF formation or the P2S network. We feel

this is the most fair comparison of an atmospheric turbulent simulation tool, as the core goal
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Figure 4.17. [Left] A set of phase screen r0 values which model the C2
n profile,

C2
n(z) = 2(1 − z/L) as given by Hardie et al.[  56 ]. [Right] The deviation in

evaluation of our correlation integral with the phase screen model matches
previously reported results[  56 ].
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Figure 4.18. A comparison of the runtimes of split-step [  56 ] and ours. (a)
Low resolution. (b) High resolution. Note that split-step cannot handle any
high resolution.

is to produce the phase distortions. Therefore, Figure  4.18 (a) reflects the time to generate

the turbulent phase distortions at varying resolutions between our approach and split step.

We then show additional resolution for our simulation in Figure  4.18 (b) to which split-step

is not scalable. Notably, our simulator can generate an image at an image resolution of

512× 512 in the same time as approximately a 10× 10 image with split-step, which would

then typically be upscaled 4×, resulting in a 40× 40 image.

4.7.4 GUI for Real-Time Simulation

As a result of our simulation being computationally efficient, a real-time generation of

turbulent images can be developed. We show a real-time demonstration using a camera

and GPU in which we can display the distorted video stream, pixel displacements, and an

8× 8 grid of sub-sampled PSFs in Figure  4.19 . Given some interfacing with the camera and
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calculation of statistics in real-time, this is not performed at the same speed as reported

in Figure  4.18 . However, we can achieve approximately 8 frames per second (FPS) for a

512 × 512 image on a nVidia GeForce GTX 1080 Ti GPU with the GUI and additional

statistical information displayed. To our knowledge, this is the first simulator in the literature

that has the capability of performing a simulation with this level of accuracy at this speed,

making this the first real-time demo of turbulent imaging simulation. Additionally, we can

modify the imaging geometry and turbulence strength in real-time, for which we have tunable

knobs in our GUI.

Figure 4.19. Graphics User Interface (GUI). Our GUI can be connected to
a standard camera and generate dense-field turbulence effects at 7 fps for a
512× 512 image.

4.8 Impact of a good simulator and summary

This Chapter is the bulk of the novel ideas produces by this thesis. The concept of the

Zernike space, deriving their correlations, drawing random realizations and applying them

to an image through spatially varying convolution and the P2S are the main focus of this
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Chapter. We have also spent a while validating the simulator through various methodologies

such as aperture and spatial statistics. Now I wish to make a few parting comments.

4.8.1 Impact on restoration

The impact of a good simulator on restoration is undeniable. Over the past few years,

we have observed that when using data which matches the real observations by turbulence,

we often recieve a better reconstruction. The first demonstration of this for turbulence was

by Mao et al. [ 75 ] in which a vanilla U-Net was trained on data from a weaker atmospheric

turbulence simulator and ours (at that time – version 2!). The result was that the U-Net

performed better from our data. We show this in Figure  4.20 .

(a) Input (b) Average (c) [ 80 ] (d) [  81 ]+U-Net (e) Ours+U-Net

Figure 4.20. Image reconstruction using real data (so ground truth is not
available). For (d) and (e), we train a U-Net using data synthesized by [  81 ]
and our simulator, respectively. Notice the artifacts in (d).

This has further been done using version 3 of our simulator by [ 82 ] through application of

a GAN method [ 83 ] in which two forms were made: one which was trained on an alternative

methods data generation and one which was trained on ours. The results of this are presented

in Figure  4.21 . We do have some newer results utilizing our newest version of the simulator,

however, it is still in development.
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(a) Input (b) Trained with (c) Trained with
[ 83 ]’s data [  84 ] data

Figure 4.21. The impact of training data generated by [  83 ] and our method
[ 84 ]. We can see a clear improvement in quality of reconstruction with the
same method as described in [ 83 ].
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4.8.2 Summary

This Chapter is the bulk of the novel ideas produces by this thesis. The concept of the

Zernike space, deriving their correlations, drawing random realizations and applying them

to an image through spatially varying convolution and the P2S are the main focus of this

Chapter. We have also spent a while validating the simulator through various methodologies

such as aperture and spatial statistics.

The reason for the ideas contained in this Chapter do not stem from the standard physics-

like motivations in simulating, but instead simulating for restoration. A great deal of time

has been devoted to forming reconstruction models, I personally believe a similar amount

must be dedicated to forward models, to which I would point to this simulator and other

emerging studies which seem to suggest the importance of such a simulation capability.

I would end this Chapter with mentioned that just because a simulator is available does

not mean that applying any chosen parameter to it means a good simulation. You must take

time in understanding how the parameters are chosen. Doing so may greatly impact the

quality of simulation and the generalization to real data. Therefore, one must appreciate the

sophistication which goes into simulation to apply it properly
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5. CONCLUSION

In this thesis I have presented Zernike-based simulation which speeds up atmospheric turbu-

lence simulation by up to a factor of 1000× as well as maintaining a high degree of accuracy

and offering differentiability to be integrated into the training process of a reconstruction

network. We have additionally provided an abridged background of imaging through turbu-

lence theory as well as a background on optics for the purposes of making the ideas which

Zernike-based simulation rests on to be suitably clear. We have demonstrated that with

increased accuracy in training data, we can expect to see better reconstruction results. This

also suggests that with our simulator there is a closer match to the statistics of atmospheric

degradations than a less sophisticated simulator.

5.1 Future work

Zernike-based simulation was not born overnight, and developed over the course of a few

publications [  37 ,  38 ,  73 ,  75 ,  84 ]. This progression has involved a lot of revisiting and changing

to previous ideas which we believed to be the best at the time, only later to find out that we

could improve upon it by some trick.

What stands out to me as the current limiting factor(s)? There are two that I would

primarily name:

1. Speed. As surprising as it may be, the speed is a limiting factor at this point in the

simulator. If we wish to use in in-the-loop for reconstruction, then we will need to have

its generation time be nearly as fast or ever faster than the forward pass of a deep

network – the simulator is just not there yet. There are some more engineering type

tricks we are investigating to help speed up the simualtor.

2. Incorporation of a better camera model. So much of this thesis has rested upon

the thin lens model. However, what if we want to introduce a true camera model into

the mix? This matters for imaging over a long distance as the camera is typically

specialized to see at such a great distance to the point of its characteristics being unique

to each camera. Integration of these effects, as we’ve seen with accurate turbulence
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simulation, may help to resolve some of the non-turbulent effects that still linger in the

images.

There are also a few other topics which may be of interest to those wishing to extend this

result. One is possibly glaringly obvious – the complete discarding of the amplitude effects!

Incorporating these effects, to me, will either come in a complete re-do of the Zernike-based

theory or a very cheap approximation which works for most scenarios. I believe that the

latter will serve us well for a time, but the former will likely come by adopting the Feynman

path integral approach to modeling wave propagation through the atmosphere.
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