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Abstract

The solutions of an indeterminate Hamburger moment problem can be parameterised
using the Nevanlinna matrix of the problem. The entries of this matrix are entire
functions of minimal exponential type, and any growth less than that can occur.

An indeterminate moment problem can be considered as a canonical system in limit
circle case by rewriting the three-term recurrence of the problem into a discrete vector-
valued differential equation. We give a bound for the growth of the Nevanlinna matrix
in terms of the parameters of this canonical system. In most situations this bound
can be evaluated explicitly. It is sharp in the sense that for well-behaved parameters
it coincides with the actual growth of the Nevanlinna matrix up to multiplicative
constants.
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Constructive Approximation

1 Introduction

Let (sn);2, be a sequence of real numbers. The Hamburger moment problem is the
task of describing the set

M%) = {u

1 positive Borel measure on R
sp = Jpt"du@) forn=0,1,2,...

This is a classical problem of analysis and was treated extensively in work of H.
Hamburger, M. Riesz, R. Nevanlinna, and many others. Standard references are, e.g.,
[1, 22, 24]. It is known that one of the following alternatives takes place for the set
M ((sn)oo o): itis either empty, or contains exactly one element, or contains infinitely
many elements. In the last case (sn)°°=0 is called an indeterminate moment sequence,

and this is the case we are concerned with in the present paper.
For an indeterminate moment sequence (s,)5c , the set M ((sn) ) can be param-
eterised: There exist four entire functions A, B, C, D, such that the formula
/ B A@)T(2) + B(2) (1)

C(@)t(x) + D(2)

establishes a bijection between M ((sn)°° ~ o) and the set of all functions 7 that are ana-
lytic in the open upper half-plane C* and have nonnegative imaginary part (formally
including the function constant equal to co). The matrix

_ (4@ BQ
W= (C(z) D(z))

is called the Nevanlinna matrix of the sequence (s,,);';o.
The Nevanlinna matrix admits an operator theoretic interpretation (and this view-
point could be used to prove (1.1)). To the moment sequence there is an associated

sequence (p,),, of orthogonal polynomials that satisfies a three-term recurrence of
the form
2Pn(2) = bppnt1(2) + anpp(2) + bu—1pp-1(2), n=0,1,2,... (1.2)

with certain parametersa, € Randb, > Oforn =0, 1, 2, ... (and formally b_; = 0).
The Jacobi operator is the closure of the operator

bou1 + aguo ifn =0,
(Juwn = .
buupy1 +apuy +by_quy—y ifn>1,

which is defined on D := {u € €2 | u, = 0 for almost all n}, and (1.2) is the formal
eigenvalue equation for J. The Jacobi operator is symmetric, and has deficiency index
(1, 1) if (s,)52  is indeterminate. In this case the self-adjoint extensions of the Jacobi
operator (we write again J for simplicity) are described by M. G. Krein’s resolvent
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formula. The Nevanlinna matrix of (s,)52

for a certain generating element u.

So far, we talked about two different (equivalent) objects, i.e., the moment sequence
and the Jacobi operator. Our method actually relies on a third object — a canonical
system of differential equations. It is obtained from rewriting the three-term recurrence
(1.2) as a first order vector difference equation and interpreting this as a discrete
differential equation. In the indeterminate case the monodromy matrix of the system
coincides with the Nevanlinna matrix W (up to multiplication with constant invertible
factors).

The canonical systems occurring in the context of moment problems are represented
by a Hamiltonian which reflects the discrete nature of the difference equation. It is
determined by two sequences, its lengths [; > 0 and angles ¢; € R, which we call the
Hamiltonian parameters (details are given below, cf. Definition 1.1). This model for an
indeterminate moment sequence is well suited for the study of various properties. For
example, the moment sequence is indeterminate if and only if (/ j);?ozl is summable.

The entries A, B, C, D of the Nevanlinna matrix all have the same growth [5], and
aclassical theorem of M. Riesz in [18] states that they are of minimal exponential type.
Moreover, it is known that any growth up to “order 1, minimal type” may occur, e.g.
[8]. Revealing more refined information about the growth of the Nevanlinna matrix is
an intricate problem. It is of great interest also for spectral theoretic reasons: due to
the above interpretation of W as a resolvent matrix, the set of zeros of C coincides
with the spectrum of a particular self-adjoint extension of J. Hence, if the growth of
W is known, information about the distribution of eigenvalues can be obtained using
tools from complex analysis.

Letus briefly review a couple of earlier results on the growth of Nevanlinna matrices.
The history of the subject after Riesz’s paper starts probably with a theorem of M. S.
Livsic in [12] that gives a lower bound for

o 1s precisely the u-resolvent matrix of J

M(r) := max |W(2)].

lz|=r

This bound is formulated in terms of the moment sequence itself. It is easy to handle,
but will usually not give the correct size. In recent work of C. Berg and R. Szwarc [6]
it is shown that the order and type of W

) loglog M (r) . log M (r)
p = limsup ————, T = limsup ———
r—=00 logr r—00 rP

coincide with those of a certain entire function built in a complicated way from the
coefficients of the orthonormal polynomials. In theory this is a precise formula, but in
practice it is almost never computable. A theorem which takes the Jacobi parameters as
inputis due to Yu. M. Berezanskii [4] and was generalised in [6]. It asserts that p equals
the convergence exponent of the sequence (b,);2 ,, but the assumptions on the given
data are very restrictive, involving regularity of b, and smallness of a,,. Bounds for the
order of W in terms of the Hamiltonian parameters, which under certain conditions
give the correct value, are obtained in [15].
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In our present paper we work almost exclusively in the canonical systems model. We
take the Hamiltonian parameters (/ j)j?oz 1 and (¢;) foyas input and deduce knowledge
about log M (r). The philosophy is: if lengths and increments of angles are dominated
by (or comparable to) “well-behaved” functions, then one can give an expression in
terms of these functions such that log M (r) is dominated by (or comparable to) this
expression. Here “domination” should be understood in a pointwise and averaged
sense. The reason to work with dominating functions instead of lengths and angles
themselves is that in this way one can treat also very irregularly behaving data.

There are three major results.

> A very general, albeit complicated, upper bound which assumes only weak “well-
behavedness” of the dominating functions. Namely, we assume measurability and
monotonicity. This is Theorem 2.2; we recommend the reader to first visit Corollary
2.5 where estimates for order and type are given.

> Under a more restrictive assumption on the dominating functions (namely, regular
variation in Karamata sense), the general bound can be evaluated and becomes a
rather explicit expression. This is done in Theorem 4.6 which in turn is based on
Theorem 4.1.

> We consider the situation where the data is not only dominated, but comparable to
regularly varying comparison functions. For the case of fast decay (corresponding
to order less than %), we prove a simple and explicit formula that fully determines
the growth of log M (r). This is Theorem 5.3.

The proof of our foundational Theorem 2.2 builds upon an idea going back to
R. Romanov [20]. The trick is to cut the Hamiltonian, use an explicit estimate for
the beginning section and Romanov’s method (in its refined variant from [16]) for
the end section. The optimal cutting point is then found by balancing the contribu-
tions. Theorems 4.1 and 4.6 are established by an involved analysis of functions, and
Theorem 5.3 by combining the so obtained upper bounds with a lower bound from
[16].

We close the paper by showing an application to the moment problem itself — in
the form of Corollaries 5.10 and 5.11 which are formulated in terms of the Jacobi
parameters.

Canonical Systems with Hamburger Hamiltonian

A two-dimensional canonical system is an equation of the form
V() =zJH@)y(t), tE€(a,b)ae.,

where

> —o0<a<b<oo,

> He Ll ((a,b),R*>?),and H(r) > 0and H (1) # Ofort € (a,b) ae.,

loc

{0 -1
[>J._(1 0>andz€C,
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and the solution y: (a, b) — C? is required to be locally absolutely continuous. The
function H is called the Hamiltonian of the system. Some general references about
canonical systems are [3, 17, 19]. There the reader can find background information
about solutions, the operator model, or Wey!’s limit circle/limit point distinction. The
connection with the moment problem was around for many years and is made explicit
in [9].

Canonical systems that occur from indeterminate moment sequences are those
whose Hamiltonian has the following particular — discrete — form. Here we denote

. cos ¢
éd, = <sin¢>’ ¢ € R.

1.1 Definition Let (/ j)?‘;l be a summable sequence of positive numbers and (¢ j);?o: |

be a sequence of real numbers. Set xg := 0, x; := le:l [ for j > 1,and L :=
Z?’;l lj < oo. The Hamburger Hamiltonian with lengths [; and angles ¢; is the
function H defined on the interval (0, L) as

H(t) = .§¢J.§¢Tj forjeNandx;_; <t < xj.

A Hamburger Hamiltonian H thus can be pictured as

Ep15) Epby,  Epkp

. | ] | | | |
H: P —— >le — - - —— - >l — - — =5l I I |
I X1 1) X2 I3 X3 L

Since a Hamburger Hamiltonian in the sense of the above definition is even inte-
grable on the whole interval (0, L), there exists a unique 2 x 2 matrix-valued solution
W: [0, L] x C — C?*? of the initial value problem

AWt )] =zW(t;2H®), 1€ (0,L)ae,
WO;z)=1.

We refer to W as the fundamental solution of H, and to the matrix Wy (z) := W(L; 2)
as its monodromy matrix.

A Notational Convention

We frequently compare functions up to multiplicative constants or asymptotically, and
throughout the paper use the following notation.

1.2 Notation Let X be asetand f, g: X — (0, 00).

(1) We write “f < g” (or “f(x) < g(x)”) to say that there exists a constant C > 0
such that f(x) < C - g(x) forall x € X. We write “f 2> ¢g”if g < f, and
“f=g'if fSgand f 2 g.

(ii) Assume that X is directed. We say that “ f < g for sufficiently large x”, if there
exists xo € X such that f|y < gy where Y :={x € X | x = xo}.
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(iii) Assume again that X is directed. We write “f ~ g” if lim,ex TAE: =1, and

(X)
“f « g7 if limyey géx)) =0,and “f =~ g” if limyex f((x)) exists in (0, 00).

(iv) Assume that X is a subset of a topological space. We say that “ f < g locally”,
if flx < g|g for every compact subset K of X. Analogous wording applies to

@ 9
~ .

For the convenience of the reader, we include an appendix where the definition and
some basic results about regularly varying functions in Karamata sense are recalled.

2 An Upper Bound for the Monodromy Matrix

In this section we give a generic upper bound for log || Wg (z) ||. The functions <, ¢
used below play the role of well-behaved comparison functions for the lengths and for
the differences of consecutive angles of the Hamiltonian.

2.1 Definition Let d;: [1,00) — (0,00) and dg: [1, 00) — (0, 1] be measurable
with d; < 1 < d locally. Then we denote

2
A(R) = supit ell,00) | sup —— 1},
1<s<t R(d1d¢)(s)
A(R) = sup{te[l,oo)| sup L) _ 1], Q.1
1<s<t Rd;(s)
where R € [quﬁ)(l)’ oo)and R € [%, 00), respectively. Further, we set

log (R(dydy)(t)) if 1 <t <h(R),
g(t, R) = A R2(dydg)? (1)  if R(R) <1 < h(R),
Ry (1) ifA(R) <1,

where (¢, R) € [1, 00) x [sz(l), 00), and

t
4q(t, R) =/ g(s, R) ds. (2.2)
1

Note here that d(f) < 1, and hence £(R) < % (R) forall R > Wz)(l)'

2.2 Theorem Let (; )oo be a summable sequence of positive numbers, and (¢ ;)2 =1
a sequence of real numbers Denote by H the Hamburger Hamiltonian with these
lengths and angles, and let Wy be its monodromy matrix.

Let € Rand let d;, dg, <1, c4: [1,00) — (0, 00) be measurable and nonin-
creasing, with dg < 1 and ¢y < ;. Assume that

VjieN:lj <di(j) A [sin(@jr1 — @)l < dg()), (2.3)
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VNeN: Y i=aN) A Y Iisin?(¢; — ¥) < cs(N). (2.4)
j=N+1 Jj=N+1

Let g(t, R) be as in (2.2), and set

a() ()

ZRITY 4 oot 2

PRI
. min{[t],[~A(R)]}—1 .

+ di(min{[r1, LA(R)])) 1 (M / | )'

demn( R T 2 B\ )|

j=1

L(t,R) :==1+1logt R+ log™ (2.5)

+lo

2
Then we have, for all R > )Ty

log ( max ||WH(Z)||) <9-inf (max {g(t, R), R(o,%)%(r)} LG, R)). (2.6)

2.3 Remark The terms appearing in the upper bound in (2.6) have the following mean-
ing:
(i) g (¢, R) estimates the contribution of the first [#] intervals of H;

(ii) R(<cicy) 3 (t) estimates the contribution of the remaining intervals of H;
(iii)) L(¢, R) is usually a remainder term.

We mention two possible scenarios. If lengths and angle differences are nonincreasing
but decay slowly, choosing d;(j), ¢l¢(j) such that equality holds in (2.3) makes
g (t, R) a rather precise bound for the contribution of the first [#] intervals. On the
other hand, if lengths and angle differences behave irregularly, then g (¢, R) likely
overestimates the contribution of the first [#] intervals. However, choosing ¢;, ¢4 such
that equality holds in (2.4), the bound (2.6) is still a good estimate for log || Wg (z)||
as long as the decay is sufficiently fast.

If lim;, oo (ci¢¢)(t) > 0, the bound (2.6) is 2 R and thus trivial: we know that
Wy is of minimal exponential type by the classical Krein-de Branges formula. Hence
we may safely assume that lim,_, - (<;¢)(t) = 0 whenever this is convenient.

The following lemma hints at a way to evaluate the upper bound in Theorem 2.2.

24Lemma Let d;: [1,00) — (0,00) and dg: [1,00) — (0, 1] be measurable
with d; =< 1 < dg locally, and let ¢;, ¢y be continuous and nonincreasing with
tlim (c1¢4)(t) = 0. Then the equation

—> 00

g(t. R) = R(c04)2 (1), @)

has a unique solution T (R), and
minmax {g (1, R), R(eres) (1)} = ¢(T(R), R) = R(ereg)? (T (R)).
>

In addition, limg_, oo T (R) = o0.
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Proof For each fixed R the function ¢ — ¢ (¢, R) is continuous and increasing while
t — R(010¢,)%(t) is continuous and nonincreasing. Moreover, g(1,R) = 0 <

R(clc(p)%(l) and lim;_, oo R(clcd))% (r) = 0. By the intermediate value theorem,
(2.7) has a unique solution 7' (R).

If liminfg_ oo T(R) < 00, choose a sequence (R;),eN such that (T (R,))neN 18
bounded. Using the crude estimate

g (1, R) < tlog (R(dydg)(1)) + 21 +1 S tlogR,
this leads to the contradiction
1 1
R(c1c¢)2(T(Ry)) = g(T(Ry), R) S T(Ry) -log R < R < R(ci¢y)2 (T (Ry)).

O

In many situations, we are going to first determine 7 (R), and then show that
L(T (R), R)issmall. The bound (2.6) is then asymptotically equal to R(-c; <) 7 (T(R)).
Before we go into the proof of Theorem 2.2, let us discuss a particular situation.

2.5 Corollary Let (lj)‘]?"=1 be a summable sequence of positive numbers, and (¢j)?°=1

a sequence of real numbers. Denote by H the Hamburger Hamiltonian with these
lengths and angles, and let Wy be its monodromy matrix.
Assume that we have ¥ € R and &;, 8y, vi, vy = 0, such that

1; S 7% A Isin@j1 — 91 S 7%,

o o
DLSNT A DY sint (g —y) SN,

j=N+1 j=N+1
i.e., we are in the situation of Theorem 2.2 with
dit) = ct™, dg(t) = ct™%, (1) = ct ™", ch(t) = ct™7?,
where c is some positive constant. Set § := §; + 8y, y = %(y; + v¢), and assume

that § > 0 and y > 0. Then we have, for sufficiently large R, the following bounds
for T(R) (cf. Lemma 2.4), log max ;=g | Wy (2)|| and the order py of Wy.
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Data satisfies T(R) < |log ma)l(e 1Wu @I S|pr <
|z|=
5<1 R VT | RT7 (log R)TF | oL
<l+y (foe®) (log R)T =
1 1 1
=14y R3 R5 5
1+y <4,8>2, R v R53 5
It 1
R2 1 1
822, (m)y RZIOgR 2
1 2—8+
§<2,8 <1+ Y R2=5+2y R2—5+2yy 22:85:2;;
§—1 1*3¢
1+y < &|R"%) R 611__85";

All these formulae are checked by elementary calculations which we do not elaborate
here; the necessary computations can be found in the preprint version of this article
[14].

Corollary 2.5 already shows that our present results may improve drastically upon
our previous work [15]. The main feature that enables this is the use of <: the present
results exploit convergence of angles more efficiently.

2.6 Example Leto > 1 and B > 0, and let H lengths and angles
lji=j"% ¢j= D"

Considering the expressions (2.3) and (2.4), we see that Corollary 2.5 can be applied
with

81 =, 8¢ ::ﬂ, )/l ::C{—l, )/¢ =a+2ﬂ—1
Since§ =a + Band y = o + B — 1, this yields

1

< +8
log ( ma IWn@Il) < R

and hence py < Now recall [15, Example 2.23], where we saw that the order

m
pH is at least —— /3 Thus, pg = (#/3
Letus compare this with what we can obtain from [15]. For @ 4+ 8 > 2, the formula

PH = ﬁ was already established in [15, Example 2.23]. For « + 8 < 2, we had
obtained the upper bound % in that place. However, this did not take into account
that angles converge. If we want to take convergence into account, we should use [15,
Corollary 2.9]. The quantities used there identify as

Al =a, Aj=A"=8,
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_B
and the bound for order so obtained thus is % If B > 0, this lies strictly between

ﬁand%,since
1— 1—8 Bo_u—
/3_ 2=2( o IB)>O,
a—f o (@ — B
-2 1 fe-a-p
2 2 > 0.

o _a—l-,B - oo+ B)
2.1 Proof of Theorem 2.2
Denote by W (s, t; z) the unique solution of the initial value problem

DW(s,t;2)J =zW(s, t;2)H(t), te€(0,L)ae.,

Ws,s;z)=1.
and observe the multiplicativity property

W(s,t; DW(t,u;2) = W(s, u; 2).

Our method for the proof of Theorem 2.2 is to fix ¢ > 1 and estimate ||W (0, x[77; 2) ||
and ||W (x[s, L; z)|| separately. The contribution of the first [#] intervals is estimated
using the explicit form of the fundamental solution on indivisible intervals. On the
remaining part, we use Gronwall’s Lemma. This method is a refined version of an idea

from [20] and its improved variant from [16].
Set W;(z) := W(x;_1, xj; z), then by a direct computation

Wj@) =1 +zlE;64.J.
Moreover, multiplicativity yields
WO, xy;2) =Wi(2)-...- Wn(2), N eN. (2.8)

We often use the matrices introduced in [16, Definition 4.4]: fora > 0 and ¥ € R,

denote
o= (5,0 )ercvn = (3,0) (Y 20):

Recall the following properties from [16, Lemma 4.6].

2.7Lemma Leta,b > 0and ¢,y € R,

(i) 12, Yl = 1@, ¥) 7| = max{a,a"'};
(i) 1Q(a, ¥)EsEL JQ(a, ¥) ' || = a? cos*(p — ) + 2 sin® (¢ — ¥);
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(i) [Q(a. v)QUD, ¢)~"'|| < max {$. £}|cos(¢ — ¥)| +max {ab, L} | sin(p —y)|.

We use 2(a;, ¥;) to rotate and dilate W;(z) such that the norm becomes small. In
the following lemma, we make the obvious choice v/; = ¢;, but retain the freedom
of choosing suitable parameters a;.

2.8Lemma Let N € N and let numbers aj € (0,1], j = 1,..., N, be given. Then,
for each z € C, we have the estimate

N

1
WO, xy: < . <1+ 1-2) 29
IWO. 9 < E |2llja7 (2.9)
= aj aj |sin(¢; — ;1)
. o — it
e aj+1 aj ajaj+i
Proof With Q; := Q(a;, ¢;) we have
-1 T —1
Qjo(Z)Qj =1+leQj§¢jf¢j]Qj )
and we can use Lemma 2.7, (ii), to estimate
12, W; ()2 Il < 1+ Izlla5.
Expanding on (2.8),
WO, xy:2) = Q7 - (QiW1@QT) - 125" - QW (9Qy) - Q.

Using submultiplicativity of the norm and Lemma 2.7, (i), (iii), we arrive at the desired
estimate. O

The next lemma is the ingredient of Theorem 2.2 that accounts for the term g (¢, R)
in (2.6).

29Lemma Let (I j)‘/’.i1 be a summable sequence of positive numbers, and (¢ j)‘;i 1 a
sequence of real numbers. Let H be the Hamburger Hamiltonian with these lengths

and angles. Let d;: [1,00) — (0, 00) and <y : [1, 00) — (0, 1] be measurable and
nonincreasing, and assume that

VieN: [ <di(j) A [sin(@j1 — @) < dp()).
Then, for every (N, R) € N x [szp)(l)’ OO)

1og(|111‘1$ IW (O, x: z)ll) <1 [g(N, R) + A(min{N, A(R)}, R)]
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where

+ da(1) L logt (L))

. dg(j)da(j + 1)
dg(1) dg(l1])

di()de(j+ DI

Proof Fix z with |z| = R. In the first step we estimate log |W (0, xy; z)|| when N <
7 (R). This is done by an application of Lemma 2.8 with

a,-::(;jl((jj)))i, j=1....,N.

Since N < A (R) we have a; € (0, 1]. The factors in (2.9) are treated separately:

D=

1 di(D\: AN\ 4
aay X '(d;(l))4 ' (d;(N))4’

1
1+ |zllja; <1+ Rdi(j)aj =1+ (R(didg)()))7,

aj ajil Isin(yj — ¥jq1)l
max{ﬁyfhcos(% — V)| + 1,
i+ J JeI+
a; ajyl | sin(¢j+1 — @)l
=maX{—J,J—}-(ICOS(¢j+1—¢j)|+%
ajt1’ aj max{a ,aJH}
. . d
< max |4 2L <1+ "’(1)>
aj+1 aj (lj

:[ x[d¢(j)dl(j+1) di()dg(j+1)

1
) 4 1 R dd N\ 2
di(j)dg(j+1) d¢(j>d,(j+1>}] ( + (R(didy)()))

Now (2.9) yields

1 1 di1y 1 d;(N)
log [W (0. xy: )| < 71 TR+ —log" “logt
og [W(, xy; )|l < s log" R+ 7 108 do() 4 og dy(N)

N
+ Y tog (14 (Rtdidg)()?)
j=1
N-1

~.

d¢(])d1(J + 1D

+ _r - -
dl(])d¢(1 +1

N—1
+ 3 1oz (14 (R(didg)(1)?):
j=1

Jj=1

Since <, 4 are nonincreasing, we can estimate sums by integrals as
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N 1 N 1
> log <1 + (R(dld¢,)(j))2) < /log (1 + (R(dzd¢)(s>)7) ds

Jj=2 1
min{N,%(R)} N
1
<3 f log (R(didg)(s)) ds +/(R(dld¢,)(s))2 ds.
1 min{N,%(R)}
Noting that
1 3
log (1 n (R(dld¢)(1))2) < 5(1og+ R+ 10g+(d1d¢)(1))
3 d;(1)
<Z(log™ R+ log™ ,
—2( og’ K +log d¢(1))

leads to
7 13 d;(1) 1 d;(N)

I W, xy; < —logt R+ —logt —= 4+ —logt ——~

og [W(0, xy z)II_2 og" R+ —-log d¢(1)+4 og (V)
de(Ndi(j+ 1)
| TEdi (e + D
R (R)} N

1
log (R(dld¢)(s)) ds +2 / (R(d]d¢)(s))2 ds. (2.10)
min{N,%(R)}

We see that
log [W(0, xn: ) < % - [g(N, R) + AN, R)].

Consider now the case that N > #.(R). Since [|§¢, E;j J|| = 1, we see that

N
W n@gs xn: DI = H Wxj-1,x;2)
J=A(R)]+1
N N
= 1 |r+ases)= T1 (+rRaG),
j=lA(R)|+1 J=lR(R) ]+

Noting that
Rd;([A(R)] +1) <1,

and estimating the sum by an integral we arrive at

N

log [W(xiry xwi 0l = Y log (1+ Rei()))
J=(R)]+1
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N
< log2 + /Rd;(s)ds.
[A(R)]+1

We combine this with (2.10) to obtain

log W (0, xn; 2|l < log [IW (O, x|ar)}; DIl +log [W (xnr)), XN; 2)]
<I-[¢(N,R) +L(A(R), B)].

The second lemma accounts for the contribution of the remaining intervals.

2.10Lemma Let (lj);?‘;l be a summable sequence of positive numbers, and (¢j);?°:1
a sequence of real numbers. Denote by H the Hamburger Hamiltonian with these
lengths and angles, and let Wy be its monodromy matrix.

Let ¢, ¢¢: [1,00) — (0, 00) be two functions with ¢4 < <¢;. Choose € R and
assume that

o0 o
VNeN: Y Ij<aN) A Y Iisin®(¢; —¥) < os(N).
j=N+1 j=N+1
Then, forany N € Nand 7z € C,

< (N) \1 1
c¢(N)> exp <2|Z|(clc¢)2(N)>.

Proof Let 2 € GL(2,R) and consider th~e function W(t) = QWxy,t; z)Q’]
defined on [xp, L]. This function satisfies W (xy) = I and

IW(en, L: 2)]| < (

W)= —WHOQH@NIQ,  telxn, L]

By Gronwall’s Lemma,

~ t
W) < exp (IZI/ IQH )T dS)-

1
Seta := (i‘;’&’;) " and Q = Q(a, ¥). Using Lemma 2.7, (i), (ii), we obtain
L 1 L 1
W (xn, L; DIl < QT IIW L)L < —3 OXp (|Z|/ 12H (s)J Q7| dS)
XN

_ (N \3 > o
_(0¢(N)) exP<|Z| Z 1 |1Q6,6] I ”)

J=N+1
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N)\} - L.
:<M) exp (|z| Z lj[azcos2(¢j—¢)+a—zsm2(¢j—’ﬁ)]>

(V) J=N+1
(N)\3 = - .
< (%) exp (lz|[a2 2 bt D lisint@s - “’)D
j=N+1 j=N+1
(N)\z 1
(20 s o)

The proof of Theorem 2.2 is now easily completed.

Proofof Theorem 2.2 Let (¢, R) < [1, 00) x [WZW)) and set N := [1]. We use
Lemma 2.9 and Lemma 2.10 to estimate, for |z|] = R,

log [Wr (2)|l < 1og [W(0, xn: 2)[| +log [W (xn. L; 2)
<71. [Q(N, R) 4+ A(min{N, A (R)}, R)]

[1 log 2V
208 ()

+2R(creg)? (N)]

<1(N)

<3 [g(t, R) + R(c;cd))%(r)] +3-|g(N,R) — g, R)|
1
2 cp(N)

+ 7 a(min{N, 2(R)}, R) + 1 log

Since 0 < N —t <1 and

%(long R +log™ %) ifl <s < %&(R),

»(1)
g(s,R) < {2 if A(R) <5 < A(R),
1 if A(R) <s,
3 .
= - A(min{N, A(R)}, R),
we have 3
[N, R) = (¢, B)| < 5 - A(min{N, A (R)}, R),
and obtain

1
log IWi @] <9+ [ max {g(1, R). Rerep)* 0] + L, R) .
Since t was arbitrary, we can pass to the infimum on the right side. O

@ Springer



Constructive Approximation

3 Properties of the Upper Bound

In this section we study the expression on the right side of (2.6) independently of its
meaning in the context of Theorem 2.2.

3.1 Definition Let d;: [1,00) — (0, 00) and <g: [1,00) — (0, 1] be measurable
with d; < 1 < dy locally. Then we denote

B(R) = inf (max {g(t, R), R(c,c(,,)%(t)} LG, R)). 3.1)

We consider the questions

> Is L(z, R) small compared to max {g(r, R), R(clcd))%(t)} ?
> Does inf,>) max {g(z, R), R(oloq;)% (t)} depend monotonically on the data
dy, dg, i,y ?

It turns out that already very weak assumptions on the data, concerning monotonicity,
continuity, variation, and power boundedness, are sufficient to ensure that the answers
are affirmative. This tells us that usually L(#, R) can be dropped from (3.1), and hence
B(R) can be evaluated much more easily, and that usually the natural intuition which
stems from the context of Theorem 2.2, that faster decay means smaller growth, is
indeed reflected in B(R).

3.1 About Monotonicity in the Data

The essence is the following result.

3.2 Proposition Let dy, dy: [1,00) — (0,00) and dg, dg: [1,00) — (0,1] be

measurable with d; < dg =< dl d¢ =1 locally, and assume that d1d¢ is < to

some nonincreasing function. If dl < d; and d¢ < dg on [1, 00), then (quantities
4 (t, R) etc. are defined correspondmgly for d;, dg)

g, R) Sgt, R (3.2)

for R > m and a.e. (t, R) witht < ?L\(R) ort > R (R). If additionally — o is
d

bounded or < on [1, 00) to a nondecreasing function, then (3.2) holds for R sufficiently
large and a.e. t € [1, 00).

The constant that is implicit in the relation (3.2) depends on the constants implicit
in the assumptions, but not on the actual functions <, g, él\;, g¢.

We start with a preparatory lemma.

33 Lemma Let ,V: [1,00) — (0, 00) with ® nondecreasing, and assume that
o, o’ > 0 are such that

Vte[l,00): a-P(t) <W(t) <o - D).
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Set
fo = sup ({t €[1,00)| sup W(s) < 1} U {1}> € [1, oo].

1<s<t

Then, ifty < oo,
o
vVt € (g, 00): V(1) > —.
o

Proof Since @ is nondecreasing, we have

{tell.oo) | (1) <1} U1} ={r€[l,00) | sup o'P(s) <1} U{l}

I<s<t

cfrell,oo)| sup W(s) <1}U{l}.

1<s<t

Set
1] := sup ({z €[l,00) | &/®(1) <1} U {1}) € [1, c0l,

then 71 < fyp. Again by monotonicity, «’® () > 1 for all > f;. and this yields that

fort >
o
V() = ad®() > —.
o

Proof of Proposition 3.2 'We have to trace constants, and thus make the constants from
the assumptions explicit: choose a nondecreasing function w and «, &’ > 0, such that

<du(), tell, 00),

au(r) <

2
(i) (1)
and choose «y, kp > 0, such that

di(t) < kpdi (1), dg(t) < kgdp(t), t€[l,00).

Moreover, set
N log ¢
= max —,
=2/t

and note that

log*y

log?2

xfyy=>10gx§<l+ >~10gy forx >0,y>2,y >0.

Next, observe that

/

~ o~ 1 20 -~
[R(didg)(]? < (7) . 1>k,

N—=
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In order to see this, let R be fixed and apply Lemma 3.3 with () = % and

U(t) = + Then 19 = %(R), and hence for ¢ > %\(R) we have W (t) > %,
R(d;dg)(t)
which implies (3.3). R
In order to establish that g(z, R) < g(f, R) we first assume ¢ < #(R) and distin-
guish the following six cases according to the definitions of g(7, R) and g(z, R).

oo 1<t <h(R) A 1<t <h(R):

log™ (kikg)

log [R(didg)(1)] < (1 + log2

) log [R(dyd)(1)].
o> 1<t <h(R) A R(R) <t < h(R):

log [R(@1de) ()] < A[R@A1dg) 0] < Areg)} [R(idg) (D]
o> 1<t <h(R) A A(R) <t

log [R(didy)1)] <A [R(d1ds)®)]? < A[R(@rdg)(1)]
<A[Rdi(1)] < Ma[Rdy(1)].

b R(R) <t <h(R) A 1 <t <HR(R).By(3.3),
AN 1 A

~ o~ 1 2a0'\ 3 20"\ 2
[R(didg)()]? < (7)2 < 1og2<7)2 log [R(didg)(1)].

o> B(R) <t < A(R) A B(R) <t < h(R):
[R(Aids)®)] < (kig) [R(cidg) )]
o> (R) <t < R(R) A h(R) <t:
[R(JIZL(;,)(;)]% < Rdi(t) < ki Rdy(1).

Since (¢, R) is assumed to satisfy ¢ < %(R) vV A(R) <t,and t < f:(R) was already
covered, the only case left to treat is

o> A(R) <t A R(R) < t:

Rdy(1) < iRy (t).

Now we assume the additional condition on @. If this quotient is bounded, then
i

h (R) = oo for sufficiently large R, and there is nothing to show. Otherwise, choose
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a nondecreasing function v and 8, 8/ > 0 such that

o~

Buv(t) < % <pBv(@), tell, 00).
[

We claim that
~ B ~ ~
Rd(t) < Fd(;)(t), t > n(R). 34
In fact, if we fix R and apply Lemma 3.3 with ®(r) = % and W (¢) = M, we
R (t)

find that 1y = f:(R) and V(1) > % fort > ﬁ(R). This is equivalent to (3.4).
With these preparations, the assertion follows from the following simple inequali-
ties:

o> A(R) <t A 1<t <k(R):

R0 < Bdg0) < 5 < 28 tog [R(didy 0]

~ Blog2

o> R(R) <t A R(R) <t < h(R):

R%@s%%ms%w%ms%memMM5
[m}

3.4 Corollary Let-d;, dg, E], Ed) be as in Proposition 3.2 and subject to the additional
condition of this proposition. Further, let <, ¢4, €1, €¢: [1, 00) — (0, 00). If

3156(,1, E¢§d¢, 31501, €¢§0¢
on [1, 00), then

inf max {3 (1. R). R@139)2 (D) S inf max {g (1. R). R(creg)? (1))

for sufficiently large R. The constant that is implicit in the assertion depends on the
constants implicit in the assumptions, but not on the actual functions d;, d; etc.

3.2 About Smallness of L(t, R)

To start with, let us observe that g (¢, R) must grow at least logarithmically.
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3.5Lemma Letd;: [1,00) — (0,00) and dg: [1,00) — (0, 1] be measurable with

d; < 1 < dg locally. Then, for each ¢ > 0, there exists a positive constant ¢ > 0
2

such that, fort > 1+ ¢ and R > supj,q4, e Ve have

g(t, R) > clogR.

Proof Let n := sup;_ ;<4 m. Then R > 7 is equivalent to 1 + ¢ < R(R).
Hence

14+¢
g R) = /1 log (R(dids)(s)) ds

14¢
= (8 + log R /1 log(d;<g)(s) ds) -log R.

The term in the bracket tends to & for R — 00, and hence we find Ry > 7 such that
q(, R) > % -log R forall+ > 1+ ¢ and R > Ry. The function g is nonzero, and
hence bounded away from zero, on the compact set {1 +¢} x [, Rp]. By monotonicity,
it is therefore also bounded away from zero on [1 4 €, 00) X [, Rg]. Together, we see
that a constant ¢ > 0 can be chosen as required. O

The most cumbersome part of L(#, R) is the sum written as the last of the six summands

in (2.5). Assuming monotonicity of the quotient Z—‘f, this sum turns into a telescoping
sum and can be estimated.

3.6Lemma Let d;, dg: [1,00) — (0, 00) and let i (R) be as in (2.1). Assume that

. dgy .
the quotient 7‘;’ is eventually monotone but not eventually constant. Then

() ds(min{[e1, LA(R)]))
1 i j =1 I
o (dl(“/ ) )‘ + ‘ 8 g (min{[1]. LR (R)]))

min{[7], A (R)]}—1

2

j=1

dg(1)
Jor (1, R) € [1, 00) x [y, 00).

Proof We abbreviate T := min{[t], [~ (R)]}. Choose M € N such that i—‘f is mono-

tone on [M, oo) and Zf(%)) * Z‘;’(%ill)) For all (f, R) such that T > M + 1 we
have
= dy(j) = dy(j)
log | @ [doi+D )| =| D log [ @) [ doti+D
1 dgy(M) dy(T)
=|log —log .
(M) i (T)
Clearly, this value is nondecreasing in 7 and positive for 7 > M + 1. If | log i‘j’((;))

is bounded, it is =< 1. If | log j‘fg)) ‘ is unbounded, it is =< ] log Z‘j’((TT)) |
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The beginning part of the sum which we cut off, i.e.,

gy ()
log | 4i(j) [/ dp(+D
i+

is some nonnegative number independent of # and R. O

M—1

j=1

3.7 Corollary Let d;, dg: [1,00) — (0, 00) and let . (R) be as in (2.1). Assume that
one of the following two assumptions holds.

. . de . . d d
(i) The quotient 73’ is eventually nondecreasing and Td’(t) < supy<g -, Td[’(s) for

1
sufficiently large t.
(ii) The quotient {{it_d,) is eventually nonincreasing and power bounded from below (i.e.
do (1)

there exists o« > 0 such that 40 2t~ for sufficiently large t).
min{[#], [~ (R)]}—1

Then
gy (j)
log | () [ de(i+D)
=1 i (j+1)

1 +1log®™ R if (i) holds,

1+ logt if (ii) holds,

g (1)
for (ts R) € [1a OO) X [T(])v OO)

Proof Again abbreviate 7 := min{[¢], [~ (R)]}, and let M € N be such that {i—‘f is
monotone on [M, 0o). Under the assumption (i) we have

do(T) _ dp(A(R) _
A1) = dyh(®) ~

and hence
dg(T)
i (T)

Under the assumption (ii) we have

‘log ‘§1+logR.

P 5 T—9 < d’¢(T) <

~ody(T)y ~
and hence dy(T)
¢
log——=| < 1+1logt.
' & 4,(T) &

m}

Another type of condition on the quotient %dl’ that ensures that the sum can be estimated,
is that its variation is not too fast.
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3.8Lemma Let d;, dg: [1,00) — (0, 00) and let i (R) be as in (2.1). Assume that

. dy
the quotient 2, can be represented as

4y () = (1) - ex (/te(u)ﬂ> tell, o)
i) PUL ) o

where €: [1,00) — R is locally integrable and eventually bounded, and where
c: [1,00) — (0, o) is eventually constant. Then

4o (j)
log | 4 [de(+D )| S 1+ logt
i (j+1)

min{[7], [A(R)]} -1

2

dg (1)
for (t, R) € [1, 00) x [m, 00).

Proof We again abbreviate T := min{[¢], [~ (R)]}. For M € N such that €(z) is
bounded and c(¢) is constant on [M, 00), we can estimate, for all (¢, R) such that

T > M,
T-1 . T—1
de(j) Jj+1
> |log <_d1(j)/d¢(j+1)>‘ Z / e(u)—‘

Jj+1 T du
/ |€(M)|— =/ le(u)|— < logt.
M u

O

j=

Now we give three sets of conditions, each of which ensures that L(¢, R) can be
neglected.

3.9 Proposition Let d;: [1,00) — (0,00) and <dy: [1,00) — (0, 1] be measur-
able with d; < 1 < dg locally, let ¢, ¢y be continuous and nonincreasing with
tlim (c1¢p)(t) =0, and let T (R) be the unique solution of (2.7). Assume that one of
—00

the following three sets of assumptions holds.

(1) The quotient j—‘;’ is eventually nondecreasing and i—f(r) < SUP| <5< Z—f(s)f()r
sufficiently large t. We have ¢4 (t) S ¢4(t + 1) for sufficiently large t.

(i) The quotient Z—‘f is eventually nonincreasing and power bounded from below.
There exists « > 0 such that (cjcg)(t) S t~% for sufficiently large t. The
quotient j—; is power bounded from above or ¢4 (1) S ¢4(t + 1) for sufficiently
large t.

(iii) The quotient Z—”j can be represented as

M—c(l)-ex (/te(u)ﬂ> t €1, 00)
i PAL ) %
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where €: [1,00) — R is locally integrable and eventually bounded, and where
c: [1,00) — (0,00) is eventually constant. There exists « > 0 such that
(c1cg)(t) S t7% for sufficiently large t. The quotient s—; is power bounded
from above or ©4(t) S ¢4(t + 1) for sufficiently large t.

Let B(R) be as in (3.1). Then L(T(R), R) < 1+1log™ R, and
B(R) = g(T(R), R) = R(cic4)2 (T (R)).

Proof Assume (i). The first sentence of (i) is nothing but the assumption (i) in Corollary
3.7, and hence the sum in the definition of L(z, R) is < 1 + log™ R independently
of ¢. The last but one summand in (2.5) is < 1 by monotonicity of i—f. It remains
to estimate the third summand in (2.5), and here we use the second sentence in the
present assumption: using limg_, o, 7 (R) = oo and Lemma 3.5,

oot AUT(ROD) <1 +log* <(T(R)) <1+ log*
<o ([T(R)]) <¢(T(R)) (crep)(T (R)) (35)
5 .
=1+10g+R— < 1+1log"R.

9(T(R), R)* ™~

Assume (ii). Let « > 0 be as in the second sentence of (ii), then R (olc(p)% (Rag) <

1 < g(R%,R), and hence T(R) < R%. The first sentence of (ii) is nothing but
assumption (ii) in Corollary 3.7. This yields that the sum in the definition of L(z, R)
is <1 +log™" ¢, and hence the sum in L(T(R), R) is < 1+ log* R. The same holds
for the last but one summand in (2.5) by power boundedness of i—‘f, and for the third
summand (2.5) in case that i—; is power bounded. If ¢4 (1) < ¢4 (¢ + 1) for sufficiently
large ¢, then the third summand in (2.5) is < 1 + log™ R by (3.5).

Assume (iii). The second sentence again ensures that 7'(R) is power bounded from
above. The first sentence is the assumption of Lemma 3.8, and it follows that the sum
in L(T(R), R) is < 1 4+ log™ R. The form of {i—‘f implies that this quotient is power
bounded from below, and hence the last but one summand (2.5) is < 1 + log™ R.
Concerning the third summand, just argue as above.

To finish the proof it remains to refer to Lemma 3.5. O

4 Regularly Varying Decay

In the preceding section, we studied properties of the function B(R), in particular, we
saw that the term L(z, R) is usually neglectable. Our next goal is to explicitly evaluate

Itnzl? (max {at. B, R(czﬁfp)%(f)})
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in the situation that d;, dy, €/, ¢4 are all regularly varying. Recall here the notion of
regular variation in Karamata sense and in particular the index of a regularly varying
function from Definition A.1.

The first result in this section is Theorem 4.1. As in the preceding section, this is a
pure analysis of functions, and independent of the meaning in the context of Theorem
2.2. However, after having completed the proof of Theorem 4.1, we will return to
the study of Hamburger Hamiltonians and combine Theorem 4.1 with Theorem 2.2.
This establishes an explicit upper bound for the growth of the monodromy matrix, cf.
Theorem 4.6.

The setup for Theorem 4.1 is as follows:

(i) Weare givenregularly varying functions d;, dg, <1, ¢¢: [1, 00) — (0, oo) with
nonpositive indices, dy < 1, and d; < 1 < <y locally.
(i) We denote
8 :=—indd;, &p:=—inddg, y :=—indc;, Yy :=—indocy,

and further

1
D(t) i =——, §:=indD = §; + 5y,
(didp) (1) ¢
1
@)= —— ., y—indg= LT
(crcg)2 (1) 2

(iii) The quantities of interest are

R
AB(t, R) := max {g(t, R), %}

B(R) = mi{l%(l, R).
1>

Four fundamentally different cases occur. They depend on the relative size of & (¢) vs.
6 (t), and on the absolute size of & (). Moreover, there are a few exceptional cases
that have to be ruled out.

4.1 Theorem Assume we are given data as in (i) above, and let notation be as in
(ii) and (iii). Assume further that § > 0, that 6 is < on [1, 00) to a nondecreasing
Sfunction, and that lim,_, o, B(t) = oo.

Then the following estimates for B(R) hold for sufficiently large R.

Case D (1) < 1B(1):
Choose a > 4-sup %, and set f(t) == tB(t) log [a gf((t’)) ] Then an asymptotic
t>1

inverse of £ exists, and with t(R) 1= £~ (éR) we have

R
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The function on the right side is regularly varying with index %

If§ < 1+ 7y wehave f(t) < tB(t)logt, and FB(R) is (up to <) independent of

d; and <.
(0.¢]

Case 16(1) < D(1), [ D(s)"2 ds < oo, andif (81,85, ) = (1, 1,0) then %

1

is bounded or < to a monotone function:

Then

£(R) < B(R) < R? / B(s)"7 ds. 4.2)
%(R)

Both bounds in (4.2) are regularly varying with index %.
If § > 2, then < holds throughout (4.2) and B(R) is (up to <) independent of
<1 and <.

o0
Case 715 S 16(1) S D), {gz(s)—% ds = oo, and (8, y) # (2, 0):

t 2
Set fo(t) = ,2;((:))2 and f1(t) = (cé(t)féb(s)_% ds) . Then asymptotic
1

inverses ﬁo_ . f| exist, and with
T(R) := min { max {£; (R), #(R)}, R (R)}

we have

S BR) S BE(R). R) S

— I e (4.3)
G(fy (R)) G(f, (R))

Both bounds in (4.3) are regularly varying with index %.
If 6 < 2, then < holds throughout (4.3).

o
[D] Case 16(1) < 75 {@(s)—% ds = oo, and [° dy(s) ds < oo:
Then Z—‘f is unbounded and

A(R) o0
RA(R)di (A (R)) < B(R) < R? / D(s)"Z ds + R / di(s)ds.  (4.4)
1 7(R)

1-8¢
81—38¢ "

If 8; > 8¢, then both bounds in (4.4) are regularly varying with index
If§ < 2andé; > 1, then < holds throughout (4.4).

4.1 Proof of Theorem 4.1

We start with two lemmata that determine the function g (¢, R) on the intervals
[1, Z(R)] and [%(R), A (R)], respectively.
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4.2Lemma Let &D: [1,00) — (0, 00) be regularly varying with ind®» > 0 and
D =< 1 locally. Set

29(s) ] R>23(1). (45

R(R) = sup[t €lloo)| sup ~—= <1

1<s<t

Then we have

fllo R ds <tlo i 4.6)
L e C T % g0 '
for R € [29(1), 00) and t € [2log gy, R(R)].

Proof In the first part of the proof we establish the assertion under the additional
assumption that 9 is continuously differentiable with &’(r) > 0 for all + > 1. Let
R e [29(1),00) and t € [2 log %, k(R)]. Integration by parts yields that

/tlo R ds =tlo R —1lo i+/ts92>/(s)ds “@.7
e D T % Bam T Tam '

The relation “>” in (4.6) readily follows: The integral on the right side is positive, and
by the definition of % (R) we have % > 2.Fort > 2log % it follows that

/[1 R 4 >(1 og—— 1+ L o10g R 2) log -
0 —-tlog—— 4 = -2log—— -log2) —lo
L By P E TR gy T % gy 8 £330

To show that “<” holds in (4.6) we make a change of variable and use Karamata’s
theorem. The inverse function @~! exists and is continuously differentiable with
positive derivative, and is regularly varying with positive index. We obtain that, for

v — 00, .
Vo9 (s) / W du
s ds = D™ (u)— ~ (ind D) - v.

1 D) (1) u

As a function of v € [2log?2, 00), both v and the integral above are continuous and

nonzero. Hence
vB(s)
S

1 D(s)

ds < v, v € [2log2, 00).

Referring to (4.7) and again using that % > 2, we obtain

/ql R ds <tl1 R +1/q E%%s)d <tl R
(] ) (0] S ) og —.
29 TS %0 T Tae U % g0

The second part of the proof is to reduce to the above settled special case. Hence,

assume that & is given as in the statement of the lemma. Lemma A.9 gives a regularly
varying function ©; which is continuously differentiable with @] > 0, such that
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@ < P on[l, 00). Dividing &, by a sufficiently large constant, we obtain a function
< with the properties listed above and

l923(;) <@ <D@) fort>1
o

for some o > 1. ~ _ B
Clearly, #(R) < R(R) (where % (R) is defined by (4.5) with & in place of D). It
follows that for t < %(R)

R R R R log o R
log —— < log —— < log (a%_(t)) <log ——+loga < <1+_10g2)10 —

20 = %0 = () 90

We see that

! R ! R R R
/ log dsx/ log = ds < tlog — =< tlog——.
1 D(s) 1 D(s) D(1) D (1)
[m}

4.3 Lemma Let D: [1,00) — (0, 00) be regularly varying with ind® > 0 and
D =< 1 locally. Then we have

1 1 1! 1 1! 1
R2tD ()" 2 S R(R) + R2 D(s)"2(s)ds < R2 / D(s)"2 ds
£(R) 1

for R € 29(1), 00) and t € [£(R), 00).

Proof The asserted estimate from above is easy to see: by Karamata’s theorem we

have
1

1 #(R) 1
R(R) = RFE(RID(HE(R) T < Rff ()~} ds.
1

To obtain an estimate from below, we use Lemma A.9. This gives a regularly varying
function & which is continuously differentiable with E%i > 0 and satisfies & =< ;.
By multiplying 9 with a sufficiently large constant, we obtain a function @ with the

properties listed above and ~
D) <= D) < D)

with some o > 1.
Consider the functions

1 ~ 1 1 ! ~ 1
£1(0) == R1tD(1)72, fo(t) :=v2R(R) + R2 P(s)"2 ds.
%(R)
Then
£ (R(R)) = RTR(R)YD(R(R)) "2
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1 1
< RTR(R)D(R(R) ™2 = V2R(R) = f(R(R)),

and, fort > 2 (R),

Fo = RS0+ kY L (D07F) = RESW = A0
t 0

We see that
f1(1) < f2 (1) fort = R(R).
It remains to note that

1 1 | t .
A2 RUDO 7, @ SAR) +RT [ D)2 ds,
£(R)

O
4.4 Lemma Consider regularly varying functions d;, dg, D as introduced in the dis-

cussion preceding Theorem4.1. Suppose thatfloo 923(5)_% ds < oo Ifdy =8 =1, we

de . . . .
also assume that ?‘f is bounded or < to a nondecreasing function. Then for sufficiently
large R we have, independently of t, that

o0
46, R < R? / D(s)"2 ds.
%(R)

Proof We distinguish cases.

> Assume that Z—d[’ is bounded, i.e., 7 (R) = oo for all sufficiently large R. This is
surely the case if §; < Jy.
By Karamata’s theorem

£(R) = V2 RTA(R)D(R(R)) " < R? D (s)"2 ds.
%(R)

Now it follows that, for all # > &(R),

t o0
4(t, R) = £(R) + R? / (s)"2 ds < R? / D(s)"2 ds.
% (R) % (R)

> Assume that 2—‘;’ is < to a nondecreasing function. This is surely the case if §; > d.
If R is large enough and ¢ > % (R),

Rai()\ 2 : :
l(t))z . [R(dld/¢>)(t)]2 5 [R(d[dqb)(t)]z'
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We see that also in this case,

min{z, A (R)} t
4(t, R) =#(R) + R? / D(s)"? ds + R / di(s) ds
£(R) min{t, 7 (R)}

o
<R? f B(s)"7 ds.
£(R)
> Assume that §; = &4 > 1.
By Karamata’s theorem,

R i di(s) ds =< RA(R)di(R(R)) = A(R)ds(h(R)).

Since 84 > 1, the function t +— tdy(t) is eventually decreasing. Since it is
locally bounded, it is even bounded on [1, 00). Again we see that g (¢, R) <

o0
R? S/ D(s)"2 ds independently of .

A(R)
O
4.5 Lemma In the situation of Theorem 4.1, the inequality
m‘n[ 5. Ry, -2 }<93(R)<93(t R) = ma [ . R)., X } (4.8)
1 s, Y s N = ) = X ) [ .
IO Ry

holds for (s,t,R) € [1, 00)2 x [m, 00). In particular, if T(R) is a function
satisfying g (t(R), R) =< ﬁ, then

Proof The upper bound in (4.8) is obvious from the definition of %(¢, R) and %B(R).
For the lower bound, we observe that

s<t = g(s,R)=<g(t, R),

R R
s >t < —
B(s) ~ 6()
and hence
. R 2
min [g(s, R), —} <SBE R (5,0) ell, 002
G(s)
Taking the infimum over ¢ proves the lower bound in (4.8). O

Now we are ready for the proof of Theorem 4.1.
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Proof of Case We haveind £ = 1 + y > 0, and hence £~ exists. Set

1
R) :=f (—R).
T(R):=f"(=R)
Then, for R — oo,

T(R)€(t(R)) ]

1
o R~ ) = n(RIE( (R log [ g oS

and hence

R (af(R)C@(T(R))) log [aT(R)C@(T(R))]
D(t(R)) D(t(R)) D(r(R) 1
Our choice of « implies that 22 (7 (R)) < R for all sufficiently large values of R, and

therefore that T (R) < %(R) for such R.
It holds that

t
otlogt <t fort >4,
logt

and we further obtain &

Ic®) _ T(R)E(r(R))

Using this and Lemma 4.2, thus

= r(R)log( = g(z(R), R).

_R L)
€(z(R) D(z(R))

In view of Lemma 4.5, this completes the proof of (4.1).
To see the additional statements, note first that

. R 1 1
ind——=1-y - —— = ——.
B(f~(R)) I+y 14y
. P 16(1) 161\ _
Further § < 1 + y implies ind 50 > 0, and thus log (a W) = logt. O

Proof of Case To obtain the bound from below, we use Lemma 4.2 and our assump-
tion that 6 () < D(¢). Setting t = £(R) < D~ (R), we find that

g (R), R) = R(R), R R o =hp).
BHER) ~ G@(R)

Now we prove the upper bound for B(R). If Lemma 4.4 is applicable, then

[ST]

4(t, R) < R /st(s)—%ds.
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Choosing 7(R) so large that
we see that

TG ED (T ) is less than the right hand side of this relation,
B(R) < B(t(R),R) < R / D(s)” > ds.
#(R)

If Lemma 4.4 is not applicable, we must have §; = 4 = 1 and ¥ > 0. Choose p so
large that

. 1 . R
ind% = 3 >1—yp=ind (%(RP))'

Since fi is slowly varying, we have R” < #(R), cf. Lemma A.8. Therefore,

R _ R
€(RF) ~ BR(R)

g(R(R), R) Z R(R) >

We thus obtain

BER) £ BOM. B = ¢(h(R). RS R [ D)7 s
%(R)

To see the additional statements, note first that ind 2 = % and also
'd(R% ooéb()_%d) 1+l (1 8) 1
1m ) S = — —_ R = —,

#(R) 2 8 2 1)

Further, § > 2 implies that

o
R> B(s)~2 ds =< RIA(R)D(R(R)"? = £ (R).
£(R)

ProofofCase We have
. . §
indfp=2—-36+2y, 1ndﬁ1=2<y+(1—§))=2_5+2y_

Since 92)’% is not integrable, we must have § < 2. The case that 6 =2 and y = 0 s
ruled out by assumption, and it follows that 2 —§ +2y > 0. Thus, asymptotic inverses
fo and £, exist.

To prove the bound from below, we use f, (R) pushed into the interval
[#(R), 7 (R)], namely we set

T(R) := min { max {£; (R), #(R)}, R (R)}.
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Our assumption that % < 16(t) < () gives

de(t)

40 S o) S D),

and hence % (R) < f, (R) < A (R). Thus, T(R) < £ (R).
Using Lemma 4.3 we obtain

1 1 R _ _1
g(T(R), R) 2 R2T(R)D(T(R)"2 < R2f5 (R)D(fy (R) 2.
On the other hand, the definition of £ yields for R — oo that

“(R)2B(£T (R))?
R~/30(/3(;(R))=’€0( )= G(fy (R)) ’

D(fy (R))
and hence |
R w2 Ry
Gty (R) ° 0 '
Together, thus,
min [ g (2(R), R), | 2 R (RD(fy (R) 7 =
®((R) ] ™~ € (fy (R))

For the proof of the upper bound we use
T(R) := min { max {£; (R), #(R)}, R (R)}.

Since fo < f1 we have £ < f, < ., and therefore £, (R) < t(R). This readily
implies that
R < R
(T (R) ~ By (R)’

To estimate g (z(R), R) we distinguish two cases. First assume that £ (R) < &(R).
Then 7(R) = %(R), and hence

R - R
G(R(R)) ~ B(f; (R)

9(t(R), R) < R(R) S

Second assume that £, (R) > %R(R). Then 1(R) < f; (R). We use Lemma 4.3 to
obtain

L r® 1 LR 1
g(t(R),R) S R2 / D(s)"2ds S R2 / D(s) 2 ds.
1 1
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The last integral can be evaluated from the definition of £;: for R — oo

£ (R) L2
R~ ) = (647 [ 07 )’

and hence

fr (R) , R?
f D(s)"2ds ~ ——.
1 G(fy (R)

Altogether we see that always

R }< R '
G(T(R) I ™ B (R)

max {4 (z(R), R),

This completes the proof of (4.3).
To see the additional statements, recall that ind fp = ind 1 = 2 — & + 2y. This
implies that

. R . R 1 2—-64+y
ind — = ind — =1—-y- = .
B(fy (R) B(f, (R) 2-8+2y 2-6+42y
Further, § < 2 implies that flt QD(S)_% ds < t@b(t)_%, and hence fy < fi. m|

Proof of Case@ The first thing to show is that Z—‘f is unbounded: if we had dg () <
d; (1), it would follow that

D)2 = /A () dgt) < di(t),

and this contradicts the fact that «;(¢) is integrable while 925_% () is not.
To show the bound from below asserted in (4.4), we note that

g(A(R), R) 2 R*A(R)D(R(R))":

by Lemma 4.3, and that

———— > RR(R)d;(R(R
BHR)) ~ (R)di(f(R))

by our assumption that 6 (1) < %. Since R = i—‘f(ﬁ(R)) for R — 00, we obtain

g (A (R))

1
2 s B
dl(fz,(R))> di(h(R)) = R2A(R)D(R(R))™2,

RA(R)d; (A (R)) = R%ﬁ(R)(
and see that

min [g(fo(R), R), } > RA(R)d;(h(R)).

B (R (R))
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For the proof of the bound from above, we show that g (¢, R) is bounded independently
of t > A (R). Using again Lemma 4.3, we find

t
gt R) =g<ﬁ<R>,R>+Rf di(s) ds
A (R)

) 1 o0
<R} / D) T ds+R [ di(s)ds.
1 A (R)

It remains to choose 7 (R) sufficiently large, so that f@(+® < g(t(R)), R), which is
clearly possible. This completes the proof of (4.4).

To see the additional statements, assume first that §; > §,. Then % (R) is regularly
varying with index m. We obtain

& 1—3
S —8s & —8s S —08p

ind (Rﬁ(R)d;(ﬁ(R))) — 14

By Karamata’s theorem

R R) 1 5. 1 1-3
ind(R%/ %(s)*% ds) =-+(1-3) — 9
| 2 2/8 =85 81— 54

_ o0 1 11— 8
ind (R dy(s) ds) —14+1-8) - .
A(R) 8 — 8¢ 8 — B¢

Further, again referring to Karamata’s theorem, § < 2 implies

1

A(R)
Rf/ DB(s)"2 ds =< R2A(R)DA(R)) "2 = RA(R)di(A(R)),
1

and §; > 1 implies
(e.¢]

R di(s)ds < RA(R)d;(A(R)).
A (R)

4.2 Bound for the Monodromy Matrix

We combine Theorem 2.2 with Theorem 4.1 to obtain a bound for the growth of
Wx when the lengths and angle differences of H are bounded by regularly varying
functions. This yields a far reaching generalisation of Corollary 2.5.

4.6 Theorem Let (I j)?o: | be a summable sequence of positive numbers, and (¢ j)ioz |

a sequence of real numbers. Denote by H the Hamburger Hamiltonian with these
lengths and angles, and let Wy be its monodromy matrix.
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Let € R and let d;, dg,c;, ¢y be regularly varying functions that are ~ to
some nonincreasing functions, such that d; < 1 < dg locally, c4(t) < <i(t) for
sufficiently large t, ind <l; +ind .y < 0, and lim;_, o (clc¢)(t) = 0. Assume that

lj S di(j), [sin(@jr1 — @) S d(j),  j sufficiently large,

9]

o0
Z l; S <i(N), Z l; sin2(¢j — ) Scp(N), N sufficiently large.
J=N+1 J=N+1

Denote
D(t) ! 1) ind, 6(t) E—— ind 6
= ———— §:=1in = y = ind 6.
b b l b
(didg)(t) (crce)2 (1)
Then we have the following bounds for Wy and its order py.
Data satisfies log (max|z =g W @)1) is < |pu <
< __ R
D) <1960 G-y “here
(t) == 16(1) log [ L0 1
f ;["’ 10) ] T+y
o :=4sup;>| 71‘6((?)
00 _1
1B(t) S D), lf%(s) 2 ds < 0o, 1 o0 1 1
. R2 [ 9(s)” 2ds 3
(y >0or d—‘;’ ~ to nondecreasing) R (R)
00 _% L« R
lf%(s) ds = oo, O S t6(1), G (R) where 2—8+y
1 2—6+2y
(. y) # (2,0) f1(6) :=[8@) f[{ D(s)” 2 ds)?
‘(1) < L. 1 R(R) 1 1-§
O3S 3w RI [ @) Zds 0
[ dj(s)ds < oo, 1 00 51 _8(;5
1 +R [ dy(s)ds
8 >5¢ #(R)

In each case the relation < holds for R sufficiently large.

The main assumptions on the data d;, g, </, ¢4 put in this theorem are that those
functions are regularly varying and thatind d; +ind 4 < O (i.e., # 0). Monotonicity
assumptions are only a minor restriction: for example they are automatically fulfilled
whenever the function under consideration is not slowly varying. The assumption that
<¢¢ S ¢ is no loss in generality, since replacing ¢4 by min{cg, <;} does not affect
validity of any of the other assumptions.

Proof of Theorem 4.6
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@ Observe that neither the assumptions of the theorem nor the case distinction in the
assertion of the theorem depends on the equivalence class modulo = of the functions
<y, dg, <1, ¢g. Further, using Remark A.7, we see that the functions written in the
second column of the table change only up to & when we pass to other data equivalent
modulo & to dy, g, €1, €4-

Hence, it is enough to prove the theorem for suitable modifications Jl, g¢, <1, Co
of dy, dg, ¢, ¢y which differ only up to ~.

@ The task is to define EL\], EL\¢, <, E¢, in such a way that Theorem 2.2, Proposition
3.9, and Theorem 4.1 become applicable. To this end we use Lemma A.10 and the
freedom of choice of nonincreasing smoothenings mentioned in Remark A.11.

We choose S[¢y] such that

VN eN: > I;sin®(¢; — ¥) < Slegl(N),
j=N+1

which is clearly possible by first choosing an arbitrary nonincreasing smoothening of
<¢ and then multiplying it with a sufficiently large positive constant. Next, we choose
S[¢;] such that

Slepl <Slel, YN eN: > 1; < S[e)(N).
j=N+1

A suitable modification of d is found as follows. If liminf; o dg(t) > 0, we
choose S[dy] := 1 (which corresponds to the choices €[dy] := 0 and «[dy] :=1).
If lim; _, o ¢ (1) = 0, we choose S[-d] such that

Sldgl =1, VjeN: [sin(¢j11 —¢))| = S[dgl()),

which is possible by choosing an arbitrary nonincreasing smoothening of g, then
multiplying it with a sufficiently large positive constant, and then cutting it off at 1.

It remains to define a modification of ;. In the generic case that y > 0 we proceed
just the same as above and choose S[¢;] such that

VjieN: I; <S[di](j). 4.9)
In the boundary case that y = 0 we make a further case distinction. If we are in the
situation of the 15t or the 3" row of the table in the theorem, we do just the same as

above. If we are in the situation of the 2" or the 47 row, the additional assumption
ensures that j—; is & to some nonincreasing function, and we choose

: i
Sti] = stdal 8[|
where S [j—;] is sufficiently large to ensure that (4.9) holds.
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Now we set
dy = S[dy), dy = 8[dgl. & = 8[eil, Tp 1= Slogl.

@ We apply our previous results with the data EL\Z, E¢, <1, ©¢. Here we denote by
B(R), L(t, R), B(R), etc. the correspondingly defined functions.
Theorem 2.2 implies that

tog ((max Wi (2)11) S BCR),

|z|=
and we face the task to control Z(t, R). In almost all cases Proposition 3.9 takes care
of this:

> Proposition 3.9 (i) applies if §5 > §;, orif y = 0 and we are in the situation of the
27 row of the table.

> Proposition 3.9 (ii) applies if y > 0 and 84 < §;.

> Proposition 3.9 (iii) applies if y > 0 and §y = §;.

Thus, in all of these cases, E(R) = @:%(R), and the bounds asserted in the second
column of the table follows from Theorem 4.1.

It remains to study the situation that y = 0, 64 < §;, and we are in the 1%t or 3" row
of the table. Applying Corollary 3.7 (ii) if §4 < 6; and Lemma 3.8 if 54 = §;, yields

L(t, R) < 1+1logt.

Let T(R) be the power bounded function used in Theorem 4.1 to estimate
% (R). Then

B(R) < B(t(R), R) + L(x(R), R) < B(x(R), R).

The bounds asserted in the second column of the table thus follow from Theorem 4.1.

@ The bounds for py arise simply by taking the indices of the regularly varying
functions in the second column.

m}

In the following corollary we revisit the setting of Theorem 4.6, except we are not
given functions ¢;, ¢¢.

4.7 Corollary Let H be a Hamburger Hamiltonian and let d;, ¢ be regularly varying.
Assume that <y (t) is ~ to a nonincreasing function ast — oo and that d; < 1 < <y
locally.

Assume that the lenghts and angles of H are bounded as

lj S di()), Isin(@j1 — @) S dg()) for sufficiently large j,

and that d; € LY([1, 00)). Then the following statements hold.
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> If§ > 2, then log (maxp;=g [Wx (2)]) S R(R).

v

o
If0 < 8 < 2, thenlog (maxm:R IIWH(Z)II) SR [ dy(x)dx.
A (R)
> If0 < 8 < 2,8 > 1, and there exists ¥ € R such that |sin(¢p; — V)| S
| sin(¢;+1 — ¢;)|, then again log (max ;=g [Wu (2)]) < R (R).
> If8 =2and (8, 8) # (1,1), then py < 4.

Proof Our goal is to apply Theorem 4.6, and in order to do that we need to construct
suitable functions ¢;, ¢4. Note that the assumption d; € L'([1, 00)) implies §; > 1.

@ Without any a priori assumption, we can set

(1) == ¢p (1) 1= /00 di(x) dx 2 td;(2).
t

Then d;, d 4 together with ¢;, ¢4 satisfy the general assumptions of Theorem 4.6. We
have

1
16(1) S -~ S D)
(1)
and y = §; — 1 > 0. This choice of ¢, ¢4 is sufficient to prove the asserted bounds
in the following cases:

>8 > 2 A& > 1. Since y > 0, Theorem 4.6 gives the upper bound

1 7 1
Rz [ D(s)"2ds < k(R).
(R)
> 8 <2.Thendy =6 — 8 < 1 <4, hence j—‘f has positive index and is eventually
nondecreasing. Since

#(R)
o0
R> / D(s)"2 ds = RTA(R)YD(A(R)) ™2 < R/ dy(s) ds,
A(R)
1

Theorem 4.6 gives the asserted upper bound.
> 8§ =2 A & > 1. Then we are either in the second or fourth row of Theorem 4.6,
but in both cases the upper bound for the order is equal to %

@ Assume § > 2 and 84 > 1. This implies that ZC/X;I [sin(¢pj+1 — @j)| < oo. We
want to choose ¥ := lim_, o ¢}, so we need to prove that this limit actually exists (at
least if the angles ¢ ; are all modified by adding integer multiples of = which leaves H
unchanged). Start by choosing ng so large that Z?’;n o Isin(@j+1—¢;)| < §. Adding
to ¢; an integer multiple of 77, we may assume |¢p; — ¢n,| < 7 forall j € N. Since
[x| < 2|sin(x)]| for |x| < %, and |sin(x + y)| < |sin(x)| + | sin(y)|, we have for
j=>k=>ng

6; = Gkl < 1j — bugl + Ing — Gkl < 2(15in(Dj — bng)| + | sin(¢ny — Pr))
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o
. T
< 422 |sin(@n1 = ¢l < 5
Therefore,
j—1
l¢; — | < 2[sin(ep; — )| < 22 | sin(@p+1 — Pu)l
n=k

and thus (¢ j)?‘il is a Cauchy sequence. Let ¢ be its limit. We set

00 oo 2
(1) :=/ di(x)dx,  c(t) = o) - (/ dip(x) dx)
t t

and observe that <, 4 together with ¢;, ¢y satisfy the assumptions of Theorem 4.6.
A calculation shows that y = § — 2 > 0. Hence ind[t€(r)] = § — 1 < 4 and in
particular 16 () < D(t). Again Theorem 4.6 provides the desired upper bound.

® Assume that we have ¥ € R such that [¢; — ¥| < [¢j11 — ¢;|, and §; > 1. Set

o(t) = /OO dy(x) dx = td;(1),
t

cp(t) == /oo di(x)dy(x)* dx < 1 (1) dg ().
t

Then t6 () < D(t) and we are in the first row of Theorem 4.6. Now we note that the
bound given in the theorem is < to Z(R).

5 Additions and Examples
5.1 Combining with a Bound from Below

In the same way that upper bounds for lengths and angle differences lead to upper
bounds for the growth of the monodromy matrix, lower bounds lead to lower bounds.
We recall a result obtained in [16, Corollary 2.5].

5.1 Proposition Let H be a Hamburger Hamiltonian with lengths (1;)52 | and angles

J
(¢ ;’O:], and let £ be regularly varying with positive index. If

. 1 .
lial)sin®(¢jp1 — ¢)) 2 Gy L N, 5.1

then

tog (max IWn (2)1) 2 7 (%)
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for sufficiently large R.

Let us translate Proposition 5.1 to the setting where we compare the lengths and the
angle differences to regularly varying functions d;, d¢.

5.2 Corollary Let (I j)?‘il be a summable sequence of positive numbers, and let (¢ ; )?":1
be a sequence of real numbers. Denote by H the Hamburger Hamiltonian with these
lengths and angles, and let Wy be its monodromy matrix. Assume that <, <y are
regularly varying and satisfy

;2 di(j)  Isin(@jp1 — )| 2 dg ().

Then | ~
log ( max IIWH(z)II) 2 [_¢] (R)

for sufficiently large R.
In particular, the order of Wy is at least %, where § := —(ind <; + ind d).

Proof Since d; is regularly varying, we have d;(t + 1) ~ d;(z). Setting D(t) :=
m, we see that (5.1) is satisfied for £(¢) 1= D (¢)2. Since £~ (1) = %’(t%), we
obtain

1 —_
— P2y or— N
tog ((max IWn (1) 2 £ (R =97 (R) = [ ] (R,

O

If the lengths and angle differences are well-behaved and summable, the growth of Wx
can be determined up to <. Note that no functions ¢;, ¢4 appear in the formulation of
the following theorem.

5.3 Theorem Let (/] );‘;1 be a summable sequence of positive numbers, and let (¢ )5021
be a sequence of real numbers. Denote by H the Hamburger Hamiltonian with these
lengths and angles. Consider regularly varying functions <y, d¢ with < < 1 < <y
locally. If

(1) 1j < di(j) and |sin(pj1 — ¢j)| < dg(j) for sufficiently large j,
(i) & := —(ind d; +ind d¢) > 2,

then .
log < \Izr|la=l)1(€ Wy (z)||> = [m] (R)  for sufficiently large R,
and
1
PH = 5.

Proof Due to Corollary 5.2, we only need to show that

1 =
log(g\lfi(% IWr@Il) < [m] (R).
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We notice thatind d; < —1 since (I j)(;'il is summable. Hence d; is ~ to an eventually
monotone function, and thus

00 00 %)
/ dix)dx S Y di(j) S Y 1 < oo,
M =M j=M

Since d; =< 1 locally, this shows that d; € L! ([1, 00)). By Corollary 4.7,

tog ( max Wiy (2)]) £ A(R) = [%%]_ua.

5.2 Power-Log-Majorisations and Exceptional Cases

By considering <, dg, ¢, €¢ consisting of a power times a power of a logarithm, we
can gain some insight into the exceptional cases of our results. For data of this form
all functions occurring in our results can in principle be computed explicitly. We do
not aim at giving a complete picture, but rather give a couple of illustrative examples.
It should also be added that not all phenomena (counterexamples, exceptional cases,
or similar) can be illustrated with functions of this form; one would have to admit an
additional double-logarithmic factor.

The facts presented below are shown by straightforward, yet tedious and elaborate,
computations. For this reason we defer all proofs to the preprint version of this article
[14].

It is practical to use the lexicographic order on R?, and we denote it by <. Explicitly,
thus

@B =@ B)sa<dV(e=dArp<p)

and, as usual, < stands for “< but not =".

5.4 Notation Assume we are given parameters

B1, a1), By, ag), (Vi, Br)s (Y, By) € [0, 00) x R,

and denote
1 1
§:=8 48, a=artag.y =0ty Bi= 5B+ Fy)

Assume that these parameters satisfy

> (81, 1), (Bg, ag), (V1. Br)s (W, Bp) > (0,0),
>8>0, (y,B) > (0,0),

> (v, B) < (¥, By)-
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Let d;, dy, <1, ¢4 be continuous and nonincreasing functions, such that dg < 1,
<¢ =< <, and that (for sufficiently large 7)

di(t) =17 log )™, dy(r) =17 (logr) ™,
() =t logt) P, cy(t) =177 (logr) P,

We compute some of the basic ingredients. Here, and throughout the following, all
formulas are understood to hold for sufficiently large ¢ or R.

5.5 Lemma We have
() D@1) =’(logn)®, B(t) =1 (logt)’,

Do) _ 51ty 1og yr=as, A0
di(0) g (1)
(ii) %(R) ~ R3 (log )5,

="V (logt)Pe P,

A(R) =00 & (&,0) < (8g, ap),
R (logR) 7% ifé > 8y,
A(R) ~ )

exp(R“l’%) ifé =38p Ny > ag.

5.6 Lemma We have

/ DB(s) 2 ds <00 & (6, a) > (2,2)
1

[SIEY

o L 13 (logr)"% ifs > 2
D(s)"2ds =
t

Lo.(logn'~%  ifs=2na>2

SIS

|._.

15 log )8 ifs <2,
L (logn)!—2 if§=2na <2,
loglogt ifd =a=2.

,_
—_ |
19| S|

4 1
/ D(s)"2ds ~
1

IR

In our first example we discuss the role of the term L(z, R); this fits the context of
Proposition 3.9. We show that there are situations where L(¢, R) cannot be neglected,
but also that the assumptions in Proposition 3.9 are only sufficient for B(R) =< %B(R).

5.7 Example Assume that
@1, 01) < (6p,¢), v =0, (6,0)>(2,2). (5.2)
The first assumption is there to rule out applicability of Proposition 3.9 (i), the second to

rule out applicability of Proposition 3.9 (ii),(iii), and the third to reduce computational
effort (the facts we want to illustrate occur already under this additional assumption).
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For parameters subject to (5.2) it holds that

1 o
R2(logR)'72 if§ =2,
B(R) = l( g )_g '
Rs(logR)™s ifd > 2.
B(R = B(R) if8 =84 vp>1v(B=58—1>1Aa<0),
1
=< R > B(R) otherwise .

In our second example we discuss the bounds from Theorem 4.1 . We show that
they are sharp but need not necessarily be attained.

5.8 Example Assume that
@Gra) =(d+y,p) 2@ a), §=2,0a=<2, y=>0. (5.3)

These assumptions ensure that we are in the situation of Theorem 4.1 and that in
(4.3) we do not automatically have equality.
For parameters subject to (5.3) it holds that

R

— &~ Ri(logR)"% = A(R),
6o (R) (log R) (R)

o

R |R2ogR)~% ifa <2,
B (R)  |R21oglogR  ife =2.

R>(log R)'~% ify <1,
B(R) < { R2(log R)"% loglogR ify =1 A > B,
R2(log R)~% ify =1Aa=§.
We see that
e R
1>9}3(R),\C€(ﬁl,(R))1fy<1/\a<2,
__R __R 4 — —
l>%(/ZO‘(R))<<%(R)<<<6(,EI‘(R))“CV<1/\O[ 2ory =1Aa> 8,
V—R i = =
>93(R)Ac€(ﬁ0,(m)1fy Ao = 8.

In our third example we discuss the exceptional case “(§, y) = (2, 0)” in the third row
of the table in Theorem 4.6. We show that in some cases (interpreting £, appropriately)
the written bound still holds and is even attained by B(R), while in others B(R) is
strictly larger due to domination of L(¢, R).

5.9 Example Assume that
b)) = (L, 1+p), 6,y)=Q2,0), =<2 (5.4)
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These assumptions ensure that the exceptional case from the third row of the table in
Theorem 4.6 (and also of Theorem 4.1 ) takes place. Note that (5.4) implies that
8; < 8¢. Moreover, 8 > 0 since (y, B) > (0, 0).

For parameters subject to (5.4) it holds that

R ifq <2

—at o <2,

B(R) < 1 ]
R2logR ifa =2,

and
= B(R) ifé=08sVv (6 <dpna=<1+p),

B(R) Nl
{x R™ > B(R) if 6 <dpy N> 1+ B.

Observe, moreover, that the bound for order in the third row of the table in Theorem
4.6 has no continuous extension to (2, 0); its directional limits vary from % to 1. The
above formula shows that the actual order of the bound B(R) has nothing to do with
(8, y) (being equal to (2, 0)). Yet, it is sometimes given by the same formula, only
with the “logarithmic exponents” «, 8 instead of §, y. Also note that the exponent
ﬁ also occurred in Example 5.7.

5.3 Two Corollaries Given in Terms of Jacobi Parameters

We present two applications in which we return to the regime of power moment
problems. The first is a supplement to a result from [13], and in the second we give
examples where the Nevanlinna matrix has prescribed growth.

At this point we need the concrete formulae relating Jacobi parameters with Hamil-
tonian parameters. They read as

= sin(bur1 — $)v/Int1ln,

1
an—1 = — I_[COt(¢n+1 — ¢n) + cot(e, — ¢n71)],

n

(5.5)

where the angles are chosen such that ¢, 11 — ¢, € [0, ); these formulae are index-
shifted versions of [9, (3.16),(3.17)].

Given the Jacobi parameters, it is in general hard to solve the equations (5.5) for
the Hamiltonian parameters. Under the assumption that b,, a, have a certain power-
like asymptotic behaviour, the approximate size of [, and | sin(¢,+1 — ¢,)| can be
determined.

5.10 Corollary Let a, € R and b, > 0 be sequences which have asymptotics

an =nﬂ<yo+ il +O(i2)>,
(33 40().
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where B > 2, yo #0, x1,y1 € R. Assume that

Ti=8+2 M4 .
Yo [yol

Then the moment problem with these Jacobi parameters is indeterminate, and its
Nevanlinna matrix W (z) satisfies

log (max W)l < R

Before we come to the proof, let us put this statement into the right context. It deals
with the critical situation where diagonal and off-diagonal of the Jacobi matrix are
comparable with ratio 2. This setting was considered in [13, Theorem 2]. In that
theorem occurrence of limit circle case was characterised in terms of the data of
the expansions, and it was shown that W(z) is of order L with positive type. The
significance of Corollary 5.10 is that now we know that W (z) is also of finite type.
Furthermore, our conditions on a,, b, are slightly relaxed because we use a more
recent source for asymptotics of solutions of the Jacobi recurrence [25].

Proof The lengths of the Hamburger Hamiltonian associated with the Jacobi param-
eters a,, b, are given by

lnt1 = pa(0)” + g (0)? (5.6)
by [9, (3.22)] (and an index shift). We can make this more explicit with the help of

an asymptotic formula for a solution of the Jacobi recurrence. By [25, Theorem 2.1]
there exists, for each z € C, a solution (f,,(2));2, of (1.2) with asymptotics

fa(2) = (= sgnyo)'n” EH eV (1 0 )).

For all real x it follows that (f,(x));2, and (f,(x))52, form a basis of the solution
space of (1.2). Since (p,(x))52, and (¢, (x));>, form another basis, we have

()% + gn () = 1 f O+ /O =< | £ (0%

Taking x = 0 and plugging this into (5.6) we obtain /,, < n%’ﬁ. Comparing with (5.5),
we get | sin(¢,4+1 — ¢n)| < n_%. The assumptions of Theorem 5.3 are thus satisfied
with d;(t) := 127 and de(t) == 3. Applying this theorem yields

log ( max [W()]) < [m]_(m =

]
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We come to our second corollary, where we produce a variety of examples with
prescribed growth of the Nevanlinna matrix. Thereby, the speed of growth is always
determined by the off-diagonal, and the diagonal can be as large or as small as we
please.

5.11 Corollary Let g be regularly varying withind g € (0, 1).

(1) Letw, # 0, w, — 0, be such that lim,,_, 5o w:)“ exists in (—1, 1]. Then there exist
n
Jacobi parameters b,, and ay,, such that

_ a
b~ g (. 75~ o, log (max W) = 4(R).
n
(ii) Let w € (—2,2). Then there exist Jacobi parameters by, and ay,, such that

by~ g (). - = o, 1og(|gg§||vv(z>||)xg(m.

(iii) Let w = —2 or w = 2 and assume indg € (0, %). Then there exist Jacobi
parameters b, and a,, such that

b~ g~ (). 3 = 0. log(max IW@I) < g (R).

In all cases of Corollary 5.11 we have lim,—, s (a,/b,) € [—2,2]. If this limit exists
but is not in [—2, 2], we cannot have limit circle case by Wouk’s theorem (see e.g. [2,
p-25)).

Proof We specify lengths and angles, which is done differently in different cases.

> Assume that w, # 0, w, — 0, and y := lim,— o w;’)“ exists in (—1, 1]. Set

1
l, = ——, On+1 = —+— wi, n €N,
"Tgm T ,;

ok |<m

so that ¢, 41 — ¢y, = 2 + 1 for all sufficiently large n.
> Assume that w € (=2, 2). Let ¥ € (0, ) be such that cos ¥ = —%, and set

1
l, = —| = ny, N,
" sinyr - g~ (n) Pnt ny, n e

so that ¢p1 — ¢n = Y.
> Assume that w = —2 and ind g € (0, %). Set

n
n

1
l, = ——, = -, N,
n - ™) Ont1 I; X ne

so that ¢, 41 — ¢y = %
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> Assume that w =2 and ind g € (0, %). Set

n
n 1
I, = —— Ont1 = nmw — E -

= —, , neN,
g~ () ok

1

E

Let b, and a,, be the Jacobi parameters given by (5.5). Then, in all cases, b, ~ g~ (n).
Multiplying the two equations from (5.5), shows that

sothat ¢p,+1 — ¢y = —

n—1 _ I ) _ _ sin(¢p+1 — Gn)
by 1 = I, <COS(¢n+] ¢n) + cos(¢y ¢'171)—sin(¢,1 — ¢n—l)>’

and this implies the asserted property of Z—:. Corollary 5.2 gives the lower bound:

tog ((max IW)1) 2 4(R).

In cases (i) and (ii) we have |sin(¢;41 — ¢;)| < 1, so we can use the third item of
Corollary 4.7 to get the upper bound. In the remaining case the index of g is restricted
to (0, %), which corresponds to §; > 2 in Corollary 4.7. In this case the upper bound
follows from the first item of Corollary 4.7. O

Appendix A. Regularly Varying Functions

In complex analysis the growth of an analytic function is compared with functions
of the form exp (-« (r)). The most classical comparison functions are powers « (r) =
r®, and this leads to the notions of order and type. A refined comparison scale was
introduced already at a very early stage by E. Lindelof [11] who considered comparison
functions behaving for r — oo like

re. (10gr)ﬂ' - (loglog r)’32 <. (log---log r)ﬁ’",
e ———
mM iterate
where « > 0 and By, ..., B € R. Functions which are nowadays commonly used

as comparison functions are regularly varying functions in Karamata sense, cf. [7,
Chapter 7] (for other levels of generality see also [10, 21]). Lindelof’s comparison
functions are examples of functions of that kind.

Let us now recall Karamata’s definition of regular variation.

A.1 Definition A function «: [1, 00) — (0, 00) is called regularly varying at co with
index a € R, if it is measurable and

A
Vi e (0.00) Tim 2P e
r—oo (r)
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We write ind « for the index of regular variation of function «. A regularly varying
function with index 0 is also called slowly varying.

Regularly varying functions « are used to quantify growth for r — oo, and hence
the values of « (r) for small r are irrelevant. This allows to change « on any finite
interval without changing the essence of results, and this freedom can often be used
to assume - has some additional practical properties.

We cite a number of fundamental theorems on regularly varying functions. Proofs
can be found, e.g., in [7] or [23]. We start with a representation theorem.

A.2 Theorem (Representation theorem) Let o € R. A function «.: [1, 00) — (0, 00)
is regularly varying with index o if and only if it has a representation of the form

r du
a(r) =r%-c(r)exp <f e(u)7>, r ell,00),
1

where c, € are measurable, lim, _, o, c(r) = ¢ € (0, 00), and lim,_, 5, €(r) = 0.
If « is slowly varying (i.e., « = 0) and eventually nondecreasing (nonincreasing),
then € may be taken eventually nonnegative (nonpositive).

It is a legitimate intuition that regularly varying functions fill in the scale of powers,
and that a regularly varying function with index o behaves roughly like the power r“.
The following results, which we will use frequently, express this intuition very clearly.
The first is a variant of the Potter bounds, and the second is the classical Karamata
Theorem about asymptotic integration.

A.3 Theorem (Potter bounds (variant)) Let « be regularly varying with index o € R.
Then

() Ve > 0: r* ¢ « a(r) € r*te,

PPN loga(r) _
(ii) lim; Tlogr = %

. ate . . .
(iii) Forall € > 0 the quotients f;(fg) and % are ~ to eventually increasing functions.

A.4 Theorem (Karamata’s Theorem) Let « be regularly varying with index o € R.
(i) Assume that o > —1. Then the function x + | lx o (t) dt is regularly varying with

index a + 1, and
X
(0 o) w1

(ii) Assume that @ < —1 and floo a(t) dt < co. Then the function x +> fxoo a(t) dt
is regularly varying with index a + 1, and

Jim (”“(x)/ [ o) dt) ——@+1).

A regularly varying function ¢ with positive index is — at least asymptotically —
invertible. In fact, if

o (x) :=sup{re[l,00) | w(t) <x},
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we have the following result, cf. [7, Theorem 1.5.12].

A.5 Theorem Let a be regularly varying with index o > 0. Then «~ is regularly
varying with index é and

(woa )x)~(a ow)lx)~ x. (A.1)

Any regularly varying function «~ with the property (A.1) is called an asymptotic
inverse of «, and asymptotic inverses are determined uniquely up to ~. We recall a
useful formula for computing asymptotic inverses for functions of a particular form.

A.6 Remark Assume that p > 0 and that £ is regularly varying. Set g := £ o log (for
sufficiently large ¢). Then

n 1
a) =tPg(t), @ (t):=p " -(ﬁ)”

are asymptotic inverses of each other.
Another practical observation is the following.

A.7 Remark Let £ be regularly varying with ind £ > 0, and assume we have a function
g with g =~ f£. Then g is regularly varying withindg =indf and g~ ~ £~.

By the Potter bounds every regularly varying function « is bounded and bounded
away from zero on every interval [r1, r2] sufficiently far to the right. Sometimes it is
needed for technical reasons to assume this property for all compact intervals in the
domain of -«. Of course, this is no loss in generality; remember that modification on
a finite interval does not change the essence of the function «.

A8Lemma Let «: [1,00) — (0, 00) be slowly varying and assume that ¢ < 1
locally. For R > o.(1) set

6(R) = supite 100y | sup 2 < 1} €1, 00].

I<s<t

Then 6 grows faster than any power, i.e., R° < 6.(R) for every p > 0and R sufficiently
large.

Proof Let p > 0 and set € := +. By Theorem A.3, there exists M > 0 such that
a(r) <r€forallr > M.If R > sup,[; s «(r), this means that

s€ a(s)
{te[l,oo)| sup = < 1} c {te[l,oo)| sup = < 1}.
1<s<t 1<s<t
The assertion follows if we take suprema of both sets. O
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A.9 Lemma Let . be regularly varying with index o > 0 and assume that ¢ =< 1
locally. Then there exists a continuously differentiable and regularly varying function
3, where 3'(t) > 0 for t € [1, 00),

a(t) < 5(1), t e[l, 00),
a(t) ~ s(t), t — o0.

Proof We use the smooth variation theorem [7, Theorem 1.8.2]. This gives a function 3
that is continuously differentiable, whose derivative is positive for all sufficiently large
t, and such that @ ~ 3 fort — co. W.l.o.g. we assume 3'(t) > 0 for all r € [1, 00).
Choose 79 > 1 such that %a(t) <) < %@(t) for all ¢ > 1y. By our assumption,
« =< 1 on[l, fg]. Since 5 is continuous, 3 < 1 < « on [1, fp]. Summing up, we have

3y << onll,o00). O

Another lemma in a similar direction is the following. The proof is immediate from
the representation theorem and we do not go into details.

A.10 Lemma Let « be regularly varying, and assume that . is ~ to some nonincreas-
ing function. Then there exist

elal], k[a]: [1, 00) = (0, 00)

such that

> €[a] is locally integrable, lim;_, 5 €[ ](t) = 0, and €[] <0 ifind o = 0,
> k[a] is eventually constant,
> The function

inda ' du
S[a](t) :=«[a]@®) -t - exp (/] e[@](u)7>

is nonincreasing, continuous, and ~ ..

We speak of any function §[«] as in the lemma as a nonincreasing smoothening of
.

Of course, k[« ] and €[] are far from unique. We mention two particular instances
of the freedom of choice in S[«].

A.11Remark (i) If S[«] is some nonincreasing smoothening of ¢ and @ > 0, then
also a-S[«w]is anonincreasing smoothening of . This corresponds to multiplying
k[a] by a.

@i1) If S[«] is some nonincreasing smoothening of ¢ and o > lim;— o S[](?),
then also min{S[«](¢), «} is a nonincreasing smoothening of «. This is seen by
modifying k[« ] on a finite interval.

One more property of this construction is as follows. Assume we have two functions
w1, @, that are both regularly varying and =~ to some nonincreasing function. If
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S[w1] and §[«w,] are nonincreasing smoothenings of w1 and ., respectively, then
S[e1] - S[w2] is a nonincreasing smoothening of .1 - 7. This corresponds to taking

klaiaz] == «[a1] - «[az], €lwiaz] :=¢€lai]+€[as].
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