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Abstract
In this paper, we investigate multivariate generalized gamma convolutions, commonly
referred to as the Thorin class, which forms a distinguished subclass of the class of
infinitely divisible distributions. The Thorin class contains all elementary gamma dis-
tributions and is closed under convolution and weak convergence; moreover, it is the
smallest class of probability measures on R

p enjoying these properties. By devel-
oping multivariate Markov–Krein transformations, we establish new and significant
connections between multivariate generalized gamma convolutions and multivariate
generalized spline distributions. In particular, using the Markov–Krein formula, we
show that the asymptotic behavior of multivariate generalized splines naturally leads
to Thorin measures. Conversely, we prove that Thorin measures can be character-
ized through the asymptotics of generalized spline distributions. Finally, within this
framework, we derive a representation of the Fourier–Laplace transform of Thorin
measures, obtained via the asymptotic properties of multivariate generalized splines
and the Markov–Krein transform.
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1 Introduction

We say that two measures μ and ν on R are related by the Markov–Krein relation if,
for every z ∈ C \ R,

∫
R

1

(1 − zt)θ
μ(dt) = exp

(
−

∫
R

log(1 − zu) ν(du)

)
,

whereμ is a probability measure, ν is a finite positive measure, and θ = ν(R) denotes
the total mass of ν.

The Markov–Krein correspondence was introduced by M. G. Krein in the context
of the classical moment problem. A comprehensive treatment of its foundations and
early developments can be found in the monograph by Krein and Nudel’man [35].

Over the years, this correspondence has emerged as a fundamental tool in both
analysis and probability theory. It plays a central role in the study of the Markov
moment problem and appears naturally in the theory of interlacing sequences and
continuous diagrams, notably in asymptotic representation theory [36]. It also provides
a unifying framework for the analysis of Dirichlet processes and their generalizations
[16].

From a probabilistic viewpoint, theMarkov–Krein correspondence has been used to
characterize the distributions of linear functionals of the Dirichlet process via its rep-
resentation as a normalized gamma process. This approach was further developed by
James [15], who related these distributions to a class of Beta–Gamma processes. More
recently, inverseMarkov–Krein transforms have been employed in randommatrix the-
ory to describe the high-temperature limits of classicalβ-ensembles,where the limiting
spectral measures of Gaussian, Laguerre, and Jacobi type naturally arise [21].

Finally, the Markov–Krein correspondence reveals deep connections between
Dirichlet distributions and projections of orbital measures associated with unitary
group actions, as developed, for instance, in [13, 32].

Moreover, an explicit expression for the Markov–Krein correspondence was
derived, and its validity was established through boundary values of holomorphic
functions, highlighting its intrinsic links with classical problems in analysis and prob-
ability [14]. Several particular cases and variants of theMarkov–Krein correspondence
have also been investigated in the literature, arising in different analytical and proba-
bilistic settings [33, 34].

Its asymptotic behavior is closely related to the broad class of Generalized Gamma
Convolutions (GGCs) developed and studiedbyBondesson [4]. TheGGCclass encom-
passes awide rangeof probability distributions extensively used in statisticalmodeling,
probability theory, and stochastic process analysis. Within this family, positive stable
and tempered stable distributions form a central subclass and have been widely used to
model heavy-tailed data; see, for example, [22, 26]. The positive α-stable family gives
rise to several important distributions as special or limiting cases: the inverse Gaus-
sian distribution corresponds to the α = 1/2 stable subordinator, while the gamma
distribution emerges as a limiting tempered stable case as the stability index tends to
zero. Other notable GGC subclasses include the generalized inverse Gaussian (GIG)
and variance–gamma distributions, widely used in variance–meanmixturemodels and
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financial econometrics [1, 18, 20], the normal inverse Gaussian (NIG) distribution for
semi-heavy-tailed modeling [2, 5, 17], and Tweedie and Poisson–inverse Gaussian
distributions for modeling overdispersed count data and generalized linear models
[25, 29, 30].

In themultivariate context, Kerov and Tsilevich [16] investigated a specific instance
of the Markov–Krein correspondence related to the Cauchy–Stieltjes transform. They
studied the images of classical Dirichlet measures under linear or affine transforma-
tions and showed that both additive and multiplicative Cauchy–Stieltjes transforms
behave well under affine changes of variables.

The present work extends the univariate theory to the multivariate framework by
introducing a broader notion of the multivariate Markov–Krein transform. Two mea-
sures μ and ν on R

p, with p ≥ 1, are said to be Markov–Krein related if, for every
z ∈ iRp,

∫
Rp

1(
1 − 〈z, t〉)θ μ(dt) = exp

(
−

∫
Rp

log
(
1 − 〈z, u〉) ν(du)

)
,

where θ = ν(Rp) and 〈·, ·〉 denotes the standard scalar product in Cp.
Equivalently, for z �= 0, replacing z by z

‖z‖2 , the relation becomes:
∫
Rp

1

〈z, z − t〉θ μ(dt) = exp

(
−

∫
Rp

log(〈z, z − u〉)ν(du)

)
.

Here, ‖ · ‖ denotes the norm associated with the scalar product.

2 Multivariate Generalized Spline Distribution andMarkov-Krein
Transform

Splines play a central role in approximation theory, numerical analysis, and probability.
In the univariate setting, the densities of these distributions [7] arise naturally as
piecewise polynomial functions ensuring a given degree of smoothness at specified
knots. The advantages of smooth locally supported basis functions can be successfully
exploited for the construction of local approximation schemes [9, 37]

In higher dimensions, the notion of splines becomes more subtle due to the
lack of a canonical ordering of knots and the geometric complexity of multivari-
ate domains. A fruitful approach, initiated by [8, 19] and others, consists in defining
multivariate splines through the projection of measures supported on simplices in
higher-dimensional spaces.

In the univariate framework, the classical notion of spline has been extended to
a broader class of probability measures, known as generalized splines. These com-
pactly supportedmeasures admit densities that can be explicitly characterized [13, 33].
Moreover, they exhibit deep connections with projections of orbital measures under
the action of the unitary group on the space of Hermitian matrices [13, 31, 32, 36] as
well as with Markov transforms [14] and generalized gamma convolutions.
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In this section, we present work that aims to extend the probabilistic framework of
generalized splines to the multivariate setting.

Definition 1 Let κ = (κ1, . . . , κn) ∈ (R∗+)n with n ≥ 2. for all i = 1, . . . , n, and let

n ≥ 2. The Dirichlet distribution with parameter κ , denoted by D(κ)
n , is the probability

measure on the simplex

�n−1 =
{
τ = (τ1, . . . , τn) ∈ R

n
∣∣ τi ≥ 0, τ1 + · · · + τn = 1

}
,

defined by

∫
�n−1

f (τ )D(κ)
n (dτ) = 1

Cn(κ)

∫
�n−1

f (τ ) τ
κ1−1
1 · · · τκn−1

n α(dτ),

where α denotes the restriction of the Lebesgue measure to the hyperplane

{
τ ∈ R

n : τ1 + · · · + τn = 1
}
,

and

Cn(κ) = (n − 1)! 	(κ1) · · · 	(κn)

	(|κ|) , |κ| = κ1 + · · · + κn .

Now, let A1, . . . , An ∈ R
p be given by

Ai =
⎛
⎜⎝

a1i
...

api

⎞
⎟⎠ , 1 ≤ i ≤ n,

and let A = (A1, . . . , An) ∈ Mp×n(R) denote the matrix with columns A1, . . . , An .
We define the probabilitymeasure Mn(κ; A) onRp as the distribution of the random

vector
T = Aτ, τ ∼ D(κ)

n .

Equivalently, for any continuous function F : Rp → R,

∫
Rp

F(t) Mn(κ; A)(dt) = 1

Cn(κ)

∫
�n−1

F(Aτ) τ
κ1−1
1 · · · τκn−1

n dτ1 · · · dτn

= 1

Cn(κ)

∫
�n−1

F
( n∑

i=1

a1iτi , . . . ,

n∑
i=1

apiτi

)
τ

κ1−1
1 · · · τκn−1

n dτ1 · · · dτn .

The support of Mn(κ; A) is contained in the convex hull 
 of {A1, . . . , An}, and
in particular within the closed ball

B
(
0Rp , ‖A‖), ‖A‖ = max

1≤i≤p, 1≤ j≤n
|ai j |.
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If κ1 = · · · = κn = 1, then Mn(κ; A) corresponds to a multivariate spline distri-
bution.

1. For p=1 [13, 31], n ≥ 3, the measure μ admits a spline density with knots A1 <

· · · < An , supported on the interval [A1, An]. Its restriction to each subinterval
[Ai , Ai+1] is a polynomial of degree at most n − 2, and μ is of class C n−3 on R.
Moreover, these properties together with the normalization condition

∫ An

A1

μ(x) dx = 1

uniquely determine the probability density μ

2. p ≥ 2 [8, 12, 24]
We recall the definition introduced by Dahmen. Let a1, . . . , an be n points inRn−1

forming the vertices of a simplex 
 of volume 1. For p < n, let proj denote the
canonical projection from R

n−1 onto Rp, and set Ai = proj(ai ) for i = 1, . . . , n.
Let M a function defined on R

p by:

M(x) = volp
{

y ∈ 
 | proj(y) = x
}
.

The function M(x) is the density, with respect to the Lebesgue measure on Rp, of
the measure Mn(κ; A). Moreover, M(x) is a piecewise polynomial function and it
is sufficiently regular (of class Cr for some r ≥ 0 depending on n and p)
The measure Mn(κ; A) is the projection onto R

p of the restriction to 
 of the
Lebesgue measure m on R

n−1. More precisely, for any continuous function f on
R

p, one has

∫
Rp

f (x) Mn,p(a1, . . . , an; dx) =
∫




f
(
proj(y)

)
m(dy).

If κi > 0, we shall refer to Mn(κ; A) as a multivariate generalized spline distribution.
In the following, we will show that multivariate generalized splines satisfy a mul-

tivariate Markov–Krein relation

Lemma 1 Let f be an integrable function on (R+)n. Then

∫
(R+)n

f (x) m(dx) = 1

(n − 1)!
∫ ∞

0

∫
�n−1

f (rτ) α(dτ) r n−1dr ,

where m is the Lebesgue measure on R
n and α is the restriction of the Lebesgue

measure to the simplex

�n−1 =
{
τ ∈ R

n
∣∣ τi ≥ 0,

n∑
i=1

τi = 1
}
.

123



   62 Page 6 of 23 Journal of Statistical Theory and Practice            (2026) 20:62 

Proof We parameterize the simplex �n−1 by coordinates (u1, . . . , un−1), where ui >

0 and u1 + · · · + un−1 < 1. We then define

un = 1 − (u1 + · · · + un−1).

Consider the mapping

�n−1 × [0,+∞) −→ (R+)n,

given by

x1 = ru1, x2 = ru2, . . . , xn−1 = run−1, xn = r
(
1 − (u1 + · · · + un−1)

)
.

The Jacobian determinant of this transformation is

J =

∣∣∣∣∣∣∣∣∣∣∣

r 0 · · · 0 u1
0 r · · · 0 u2
...

...
. . .

...
...

0 0 · · · r un−1
−r −r · · · −r 1 − (u1 + · · · + un−1)

∣∣∣∣∣∣∣∣∣∣∣
.

By adding each of the first n − 1 rows to the last row, the determinant simplifies to

J = r n−1.

Moreover,

m
{
u ∈ R

n−1 : ui > 0, u1 + · · · + un−1 < 1
} = 1

(n − 1)! .


�
Theorem 1 Let A = (A1, . . . , An) ∈ Mp×n(R) be a matrix with columns Ai ∈ R

p,
and let κ = (κ1, . . . , κn) ∈ (R∗+)n. Then, for all z ∈ B

(
0Rp , 1/‖A‖),

∫
Rp

1

(1 − z�x)|κ| Mn(κ; A)(dx) =
n∏

i=1

(
1 − z� Ai

)−κi ,

where |κ| = κ1 + · · · + κn and ‖A‖ = maxi, j |a ji |. Here, � denotes the transpose of
a vector.

Proof Consider

I (A, z) =
∫
R

n+
exp

(−(1Rn − A�z)�x
)

xκ1−1
1 · · · xκn−1

n dx .
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Expanding the inner product gives

I (A, z) =
n∏

i=1

∫ ∞

0
xκi −1

i exp
(
−xi (1 − z� Ai )

)
dxi =

n∏
i=1

	(κi )

(1 − z� Ai )κi
.

On the other hand, applying Lemma 1 with x = rξ , ξ ∈ �n−1, we have

I (A, z) = 1

(n − 1)!
∫

�n−1

∫ ∞

0
r |κ|−1

n∏
i=1

ξ
κi −1
i exp

(
−r

n∑
i=1

ξi (1 − z� Ai )
)

dr dξ.

Integrating in r yields

I (A, z) = 	(|κ|)
(n − 1)!

∫
�n−1

∏n
i=1 ξ

κi −1
i(

1 − z� ∑n
i=1 ξi Ai

)|κ| dξ

= 	(κ1) · · · 	(κn)

∫
Rp

1

(1 − z�x)|κ| Mn(κ; A)(dx).

Comparing the two expressions of I (A, z) gives the stated formula. 
�

Remark 1 . Theorem 1 can be seen as a particular case of the Markov–Krein relation
when the discrete measure

νA =
n∑

i=1

κi δAi

is considered. In this setting, Mn(κ; A) and νA satisfy, for z ∈ B(0Rp , 1/‖A‖),
∫
Rp

1

(1 − z�x)|κ| Mn(κ; A)(dx)

= exp

(
−

∫
Rp

log(1 − z�u) νA(du)

)
,

which shows that the Markov–Krein relation reduces to the formula of Theorem 1 for
this choice of νA.

Now we will present the multivariate Markov-Krein transform and their use to
generalized spline distribution.

For l = (l1, . . . , l p) ∈ N
p and z = (z1, . . . , z p) ∈ C

p, let

|l| =
p∑

i=1

li , l! =
p∏

i=1

li !, zl =
p∏

i=1

z li
i ,
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and define the differential operator

Dl(z) = ∂ |l|

∂zl1
1 · · · ∂z

l p
p

, |l| > 0.

We introduce the relation ≺ on N
p as follows: for α = (α1, . . . , αp) and λ =

(λ1, . . . , λp), we write α ≺ λ if one of the following conditions holds:

1. |α| < |λ|;
2. |α| = |λ| and α1 < λ1;
3. |α| = |λ|, α1 = λ1, . . . , αk = λk and αk+1 < λk+1 for some 1 ≤ k < p.

Lemma 2 ([6]) Let
F(z1, . . . , z p) = f

(
G(z1, . . . , z p)

)
,

where G is holomorphic in a neighborhood of z0 = (z01, . . . , z0p) with values in C,

and f is holomorphic in a neighborhood of G(z0). Then for λ ∈ N
p with m = |λ|,

one has

DλF(z0) =
m∑

r=1

Dr f
(
G(z0)

) ∑
p(α,r)

(α!)
m∏

j=1

[
Dl j G(z0)

]k j

k j ! (l j !)k j
,

where

p(α, r) =
{
(k, l) ∈ N

m × (Np)m
∣∣∣ ∃ 1 ≤ s ≤ m, with I0

= {1, . . . , m − s}, I+ = {m − s + 1, . . . , m} :
ki = li = 0 ∀i ∈ I0, ki > 0, 0 ≺ li ∀i ∈ I+,

m∑
i=1

ki = r ,

m∑
i=1

ki li = α
}
.

In particular, if F(z) = exp(G(z)), then

DλF(z0) = exp
(
G(z0)

) m∑
r=1

∑
p(α,r)

(α!)
m∏

j=1

[
Dl j G(z0)

]k j

k j ! (l j !)k j
.

Suppose now thatμ and ν are probabilitymeasures with compact support contained
in B(0Rp , M).

For λ = (λ1, . . . , λp) ∈ N
p and l = (l1, . . . , l p) ∈ N

p, we denote by hμ
λ the

λ-moment of μ and hν
l the l-moment of ν:

hμ
λ =

∫
Rp

tλ11 · · · t
λp
p μ(dt), hν

l =
∫
Rp

ul1
1 · · · u

l p
p ν(du).
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Proposition 1 For λ ∈ N
p with m = |λ|, one has

hμ
λ = 1

θ|λ|

m∑
r=1

∑
p(α,r)

(α!)
m∏

j=1

(
(|l j | − 1)! hν

l j

)k j

k j ! (l j !)k j
,

where
θ|λ| = θ(θ + 1) · · · (θ + |λ| − 1).

Proof The Markov–Krein transform can be expressed in the form

F(z) = exp(G(z)),

where

F(z) =
∫
Rp

1

(1 − 〈z, t〉)θ μ(dt), G(z) = −
∫
Rp

log
(
1 − 〈z, u〉) ν(du).

Since both μ and ν have compact support included in B(0Rp , M), for all t ∈
B(0Rp , M) we have

|〈z, t〉| ≤ ‖z‖ ‖t‖ < M‖z‖,
and consequently |〈z, t〉| < 1 whenever z ∈ B(0Rp , 1/M). Thus F and G are holo-
morphic on B(0Rp , 1/M).

Differentiating, we obtain

DλF(z) = θ(θ + 1) · · · (θ + |λ| − 1)
∫
Rp

tλ

(1 − 〈z, t〉)θ+|λ| μ(dt),

and

DλG(z) = (|λ| − 1)!
∫
Rp

uλ

(1 − 〈z, u〉)|λ| ν(du),

where tλ =
p∏

i=1

tλi
i and uλ =

p∏
i=1

uλi
i . Applying Lemma 2 at z = 0 gives

DλF(0) = exp(G(0))
m∑

r=1

∑
p(α,r)

(α!)
m∏

j=1

[
Dl j G(0)

]k j

k j ! (l j !)k j
.

Moreover,

DλF(0) = θ|λ| hμ
λ , DλG(0) = (|λ| − 1)! hν

λ, G(0) = 0.

Substituting into the previous relation yields

θ|λ| hμ
λ =

m∑
r=1

∑
p(α,r)

(α!)
m∏

j=1

(
(|l j | − 1)! hν

l j

)k j

k j ! (l j !)k j
,
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which proves the result. 
�
Theorem 2 Let ν be a nonzero positive measure on R

p with compact support. Then
there exists a unique probability measure μ on R

p with compact support such that ν

and μ are linked through the multivariate Markov–Krein relation.

Proof Let ν be a measure with compact support on Rp. If such a measure μ exists, its
moments are uniquely determined by the preceding formula given in Proposition 1.

Let the support of ν be contained in B(0Rp , M). There exists a sequence (νn) of
discrete measures supported in B(0Rp , M) of the form

νn =
n∑

i=1

κ
(n)
i δ

A(n)
i

, A(n)
i ∈ R

p,

such that νn(Rp) = ν(Rp) = θ , and νn converges vaguely to ν. For every continuous
function f on B(0Rp , M) we have

lim
n→+∞

∫
Rp

f (u) νn(du) =
∫
Rp

f (u) ν(du).

The measure νn is linked to a measure μn = Mn(κ(n), A(n)) via the Markov–
Krein transform, where A(n) = (A(n)

1 , . . . , A(n)
n ) is the matrix of support points and

κ(n) = (κ
(n)
1 , . . . , κ

(n)
n ) are the corresponding weights. The relation reads

∫
Rp

1(
1 − 〈z, x〉)|κ(n)| Mn(κ(n); A(n); dx) = exp

(
−

∫
Rp

log
(
1 − 〈z, u〉) νA(n) (du)

)
.

Denote by hμn
λ the λ-moment of μn and by hνn

l the l-moment of νn . Then hμn
λ can

be expressed as a polynomial in the moments hνn
l :

hμn
λ = 1

θ|λ|

m∑
r=1

∑
p(α,r)

(α!)
m∏

j=1

(
(|l j | − 1)! hνn

l j

)k j

k j ! (l j !)k j
.

Since νn → ν, for each l ∈ N
p the sequence hνn

l converges to hν
l , the l-moment of

ν. Consequently, hμn
λ converges to hμ

λ , where

hμ
λ = 1

θ|λ|

m∑
r=1

∑
p(α,r)

(α!)
m∏

j=1

(
(|l j | − 1)! hν

l j

)k j

k j ! (l j !)k j
.

It follows that (μn) converges to a probability measure μ on R
p with compact

support. Moreover, the moments of μ are expressed in terms of the moments of ν

according to the above relation. Thus, ν and μ are related through the Markov–Krein
transform, and uniqueness of μ follows from uniqueness of the moment problem on
compact sets. 
�
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3 Multivariate Generalized Gamma Convolutions and Thorin-Class

For probability distributions on the real line, [27] introduced the smallest class con-
taining all Gamma distributions, closed under convolution and weak convergence and
represents a subclass of the Bondesson class. He called this class the generalized
Gamma convolutions, denoted by T (R).

Themultivariate analogues ofT (R), denoted byT (Rp), are defined as subclasses of
I D(Rp), the class of infinitely divisible distributions onRp . A distributionμ ∈ T (Rp)

is characterized by the fact that its Lévy measure has radial components satisfying the
same structural properties as those arising in the one-dimensional Thorin class. Thus,
T (Rp) is the natural multivariate extension of the Thorin class.

Let (A, ν, γ ) denote the Lévy–Khintchine triplet of a measure μ ∈ I D(Rp). Its
characteristic function is given by

μ̂(z) = exp

(
− 1

2
〈z, Az〉 + i〈γ, z〉 +

∫
Rp

(
ei〈z,x〉 − 1 − i〈z, x〉 1

1 + ‖x‖2
)
ν(dx)

)
.

Here A is a symmetric non-negative definite p × p matrix, γ ∈ R
p, and ν is the

Lévy measure of μ. A measure ν is a Lévy measure if and only if ν({0}) = 0 and

∫
Rp

(1 ∧ ‖x‖2) ν(dx) < ∞.

When the stronger condition

∫
Rp

(1 ∧ ‖x‖) ν(dx) < ∞

holds, the characteristic function reduces to

μ̂(z) = exp

(
− 1

2
〈z, Az〉 + i〈γ ′

, z〉 +
∫
Rp

(
ei〈z,x〉 − 1

)
ν(dx)

)
,

where γ
′
is called the drift of μ.

Let Sp−1 = {ξ ∈ R
p : ‖ξ‖ = 1} denote the unit sphere of Rp with respect

to the norm ‖ · ‖. It is well known (see [3]) that any Lévy measure ν on R
p with

0 < ν(Rp) ≤ ∞ admits a polar decomposition of the form

∫
Rp

f (x) ν(dx) =
∫

Sp−1

∫ ∞

0
f (rξ) νξ (dr) λ(dξ),

for all continuous functions f on R
p. Here, λ is a σ -finite measure on Sp−1, called

the spherical component, and {νξ }ξ∈Sp−1 is a family of measures on (0,∞), referred
to as the radial components.

The polar decomposition is unique in the following sense. If (λ, νξ ) and (λ′, ν′
ξ )

are two polar decompositions of ν satisfying the above properties, then there exists a
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measurable function c : Sp−1 → (0,∞) such that

λ′(dξ) = c(ξ) λ(dξ), ν′
ξ (dr) = 1

c(ξ)
νξ (dr),

for λ-almost every ξ ∈ Sp−1. Thus, the polar decomposition is unique up to a mea-
surable redistribution between the spherical and radial components.

A distinguished subclass of infinitely divisible distributions is the class T (Rp)

introduced by [3]. A distribution μ ∈ I D(Rp) belongs to T (Rp) if its Lévy measure
admits a polar decomposition whose radial components are of the form

νξ (dr) = kξ (r)

r
dr ,

where kξ is a completely monotone function on (0,∞) for λ-almost every ξ ∈ Sp−1.
This condition provides a multivariate extension of the classical Thorin measures.

An explicit expression for the characteristic function of distributions in T (Rp) can
be obtained when the Lévy measure admits a polar decomposition with exponentially
radial components. More precisely, consider a probability measureμ ∈ T (Rp)whose
Lévy measure ν admits a polar decomposition (λ, νξ ) of the form

νξ (dr) = e−β(ξ)r

r
dr , ξ ∈ Sp−1,

where λ is a finite measure on the unit sphere Sp−1, and β : Sp−1 → R+ is a
measurable function. In this case, the characteristic function of μ is given by

μ̂(z) = exp

(∫
Sp−1

ln

(
β(ξ)

β(ξ) − 〈z, ξ 〉
)

λ(dξ)

)
, for z ∈ R

p, (1)

whenever the integral is well defined; see [23].
Elementary Gamma distributions constitute the fundamental building blocks of the

class T (Rp). Given a nonzero vector B ∈ R
p, parameters κ > 0 and a > 0, and

a Gamma random variable Y ∼ γ (κ, a), the random vector 	B = Y B defines an
elementary Gamma distribution on R

p [3, Definition 2.4]. Its characteristic function
is explicitly given by

γ̂B(κ, a)(z) =
(
1 − ia−1〈z, B〉

)−κ

, z ∈ R
p.

Using the Lévy–Khintchine representation of the Gamma distribution, this expression
may equivalently be written as

γ̂B(κ, a)(z) = exp

(
κ

∫ ∞

0

eir〈z,B〉 − 1

r
e−ar dr

)
,

which highlights the infinitely divisible structure of 	B .
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Moreover, the characteristic function admits a polar representation of the form

γ̂B(κ, a)(z) = exp

(∫
Sp−1

∫ ∞

0

eir〈z,ξ〉 − 1

r
e−β(ξ)r dr λ(dξ)

)
,

where the spherical measure is given by λ = κ δB/‖B‖ and β : Sp−1 → R+ such that

β

(
x

‖x‖
)

= 1

‖x‖ for x ∈ R
p \{0Rp }. Consequently, elementary Gamma distributions

belong to the class T (Rp), and their Lévy measures exhibit the class of multivariate
Thorin measures.

A particularly transparent representation arises when the spherical measure λ is
discrete. Assume that

λ(dξ) =
n∑

i=1

κi δAi /‖Ai ‖(dξ), Ai ∈ R
p \ {0}, κi > 0.

Then the characteristic function simplifies to the product form

μ̂(z) =
n∏

i=1

(
1 − 〈z, Ai 〉

)−κi , z ∈ R
p.

This representation shows that μ coincides with the convolution

μ = γA1(κ1, 1) ∗ · · · ∗ γAn (κn, 1),

that is, μ is the distribution of a finite sum of independent elementary Gamma vari-
ables. Consequently, the class T (Rp) is closed under finite convolution of elementary
Gamma distributions.

As a direct result of the explicit product representation of characteristic functions
in the Thorin class, a natural connection emerges via Theorem 1 between multivariate
Gamma convolutions and generalized multivariate splines through the Markov–Krein
identity.

This leads by formula (1) to the following representation, relating multivariate
generalized splines by means of a Markov–Krein type transform, expressed on the
unit sphere.

Proposition 2 Let A = (A1, . . . , An) ∈ Mp×n(R) be a matrix whose columns satisfy
Ai ∈ R

p \ {0Rp }, and let κ = (κ1, . . . , κn) ∈ (R∗+)n. Denote

|κ| =
n∑

i=1

κi , ‖A‖ = max
i, j

|a ji |, λ(dξ) =
n∑

i=1

κi δAi /‖Ai ‖(dξ).
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Then, for every z ∈ B
(
0Rp , 1/‖A‖), the generalized multivariate spline Mn(κ; A)

satisfies the Markov–Krein type identity

∫
Rp

1(
1 − 〈z, x〉)|κ| Mn(κ; A)(dx) = exp

(
−

∫
Sp−1

ln

(
1 −

〈
z,

ξ

β(ξ)

〉)
λ(dξ)

)
,

Proof The proof follows immediately from Theorem 1 and equation (1) for

λ(dξ) =
n∑

i=1

κi δAi /‖Ai ‖(dξ), Ai ∈ R
p \ {0}, κi > 0

and β

(
x

‖x‖
)

= 1

‖x‖ for x ∈ R
p \ {0Rp }. 
�

Elementary Gamma distributions thus play a central structural role in the class
T (Rp). Beyond the fact that finite convolutions of elementary Gamma laws belong
to T (Rp), a fundamental result due to Barndorff–Nielsen shows that this class is in
fact generated by such distributions. More precisely, T (Rp) is the smallest class of
probability measures on R

p that is closed under convolution and weak convergence
and that contains all elementary Gamma distributions. This characterization identifies
multivariate Thorin distributions as limits of generalized Gamma convolutions and
provides their canonical building blocks.

4 Asymptotic of Spline Distribution

In this section, we consider a sequence of measures (νn) onRp with compact support,
and the corresponding sequence of their multivariate Markov–Krein transforms (μn).
We will study the convergence of the sequence (μn) under the assumption that θn =
νn(Rp) → ∞ as n → ∞.

Lemma 3 Let (μn) be a sequence of measures such that μn → μ weakly, and let (θn)

be a sequence with θn → +∞ as n → ∞. Define, for z ∈ R
p,

Fn(z) =
∫
Rp

(
1 − 〈z, t〉

θn

)−θn

μn(dt).

Then (Fn) converges uniformly on every compact subset of Rp to the function

F(z) =
∫
Rp

e〈z,t〉μ(dt).

Proof Fix a compact set K ⊂ R
p. Choose R > 0 such that |z| ≤ R for all z ∈ K .

Since θn → ∞, there exists N0 such that for all n ≥ N0 we have θn > 2RM . Then
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for any z ∈ K , t ∈ B(0, M), and n ≥ N0:

∣∣∣∣ 〈z, t〉
θn

∣∣∣∣ ≤ RM

θn
<

1

2
,

so 1 − 〈z,t〉
θn

> 1
2 and the integrand is well-defined.

The function gn(s) =
(
1 − s

θn

)−θn
converges uniformly to es on the interval

[−RM, RM] as n → ∞. Therefore, for any ε > 0, there exists N1 ≥ N0 such
that for all n ≥ N1 and all s ∈ [−RM, RM]:

∣∣∣∣∣
(
1 − s

θn

)−θn

− es

∣∣∣∣∣ < ε.

Since |〈z, t〉| ≤ RM for all z ∈ K and t ∈ B(0, M), we have:

sup
z∈K

t∈B(0,M)

∣∣∣∣∣
(
1 − 〈z, t〉

θn

)−θn

− e〈z,t〉
∣∣∣∣∣ < ε.

Define fn(z) = ∫
Rp e〈z,t〉μn(dt). For n ≥ N1 and z ∈ K :

|Fn(z) − fn(z)| ≤
∫

B(0,M)

∣∣∣∣∣
(
1 − 〈z, t〉

θn

)−θn

− e〈z,t〉
∣∣∣∣∣μn(dt) < εμn(Rp).

Since μn → μ weakly and all measures are supported in B(0, M), their total masses
converge: μn(Rp) → μ(Rp). Thus supn μn(Rp) = C < ∞. Hence for n ≥ N1:

sup
z∈K

|Fn(z) − fn(z)| < Cε,

so Fn − fn → 0 uniformly on K .
Finally, since μn → μ weakly, the Laplace transforms fn converge to

F(z) =
∫
Rp

e〈z,t〉 μ(dt),

uniformly on compact subsets of Rp. Therefore, for sufficiently large n, we have

| fn(z) − F(z)| <
ε

2
, ∀z ∈ K .

Combining this with the above estimate gives |Fn(z) − F(z)| < ε uniformly on K ,
which establishes the claim. 
�
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Let
A(n) = (

A(n)
1 , . . . , A(n)

n

)
, A(n)

i ∈ R
p, 1 ≤ i ≤ n,

and let
κ(n) = (

κ
(n)
1 , . . . , κ(n)

n

) ∈ (R∗+)n .

Define the discrete measures

νn =
n∑

i=1

κ
(n)
i δ

A(n)
i

, Ã(n)
i = 1

θn
A(n)

i , 1 ≤ i ≤ n, θn = |κ(n)| =
n∑

i=1

κ
(n)
i

and the probability measure

μn = Mn(κ(n), A(n)).

Proposition 3 Assume that θn → +∞ as n → ∞, and that the sequence (μn) con-
verges weakly to a probability measure μ. Then μ is a Thorin distribution.

Proof Define:

Fn(z) =
∫
Rp

(
1 − 〈z, t〉

θn

)−θn

μn(dt)

by Lemma 3

lim
n→+∞ Fn(iy) = F(iy) :=

∫
Rp

ei〈t,y〉 μ(dt).

On the other hand, by Markov-Krein formula we have,

Fn(z) = exp

(
−

∫
Rp

log
(
1 − 〈z, u〉) ν̃n(du)

)
= ̂̃μn(z).

where ν̃n is the image of νn by the dilation of ratio 1/θn , and

μ̃n = γ ˜
A(n)
1

(κn
1 , 1) ∗ · · · ∗ γ ˜

A(n)
n

(κn
n , 1).

For z ∈ iRp

Fn(z) =
∫
Rp

e〈z,t〉 μ̃n(dt).

By the Lévy–Cramér Theorem,

lim
n→∞ μ̃n = μ

for weak convergence. Since the set T (Rp) of Thorin distributions is closed by weak
convergence, it follows that μ is a Thorin–Bondesson distribution.


�
The following theorem describes a representation for the Fourier-Laplace transform
of the Thorin-Bondesson distribution μ, limit of the sequence of measures (μn) gen-
eralized spline distribution.
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Define

βn =
n∑

i=1

κ
(n)
i Ã(n)

i ,

and, for every i, j ∈ {1, . . . , p}, define the measure

σ
i, j

n (du) := ui u j ν̃n(du),

where ui denotes the i-th component of the vector u ∈ R
p.

σn(du) := 〈z, u〉2ν̃n(du) =
∑

1≤i, j≤p

zi z jσ
i, j
n (du), z ∈ C

p

Theorem 3 Assume that θn → +∞ as n → ∞, the sequence (βn) converge, and that
the sequence of measure (σ

i, j
n ) converges weakly for every i, j ∈ {1, . . . , p}.

Then the sequences of measure (μn) converge weakly to a Thorin measure μ whose
the Fourier-Laplace transform is given by:

∫
Rp

e〈z,t〉 μ(dt)=exp

⎛
⎝〈z, β〉+

∫
Rp

ln(1−〈z, u〉)+〈z, u〉
〈z, u〉2

∑
1≤i, j≤p

zi z jσi, j (du)

⎞
⎠ ,

where β = limn→+∞
∑n

i=1 κ
(n)
i Ã(n)

i , and σi, j is a limit of the sequence (σ
i, j

n )( weack
convergence).

The above formula can be written also,

∫
Rp

e〈z,t〉 μ(dt) = exp

(
〈z, β〉 + 1

2
〈z, Az〉 −

∫
Rp\{0Rp }

ln(1 − 〈z, u〉) + 〈z, u〉
〈z, u〉2

∑
1≤i, j≤p

zi z jσi, j (du)

⎞
⎠ ,

where A is a symetric matrix, A = (γi, j )1≤i, j≤p, γi, j = σi, j ({0Rp }).
Proof By Markov-Krein formula, for z ∈ iRp, z �= 0

Fn(z) =
∫
Rp

(
1 − 〈z, t〉

θn

)−θn

μn(dt) = exp

(
−

∫
Rp

ln(1 − 〈z, u〉) ν̃n(du))

)
.

Moreover,

Fn(z) = exp

(
−

∫
Rp

ln
(
1 − 〈z, u〉) + 〈z, u〉

〈z, u〉2 〈z, u〉2ν̃n(du) +
∫
Rp

〈z, u〉 ν̃n(du)

)

= exp

(
−

∫
Rp

ln(1 − 〈z, u〉) + 〈z, u〉
〈z, u〉2 〈z, u〉2ν̃n(du) + 〈z, βn〉

)
.
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Observe that,

lim
u→0

ln(1 − 〈z, u〉) + 〈z, u〉
〈z, u〉2 = −1

2
.

Hence, the function

g(u) = ln(1 − 〈z, u〉) + 〈z, u〉
〈z, u〉2

admits a continuous extension to the whole space R
p. In particular, the extended

function g is continuous and bounded on R
p.

Since
lim

n→∞ βn = β, and lim
n→∞ σ

i, j
n = σ i, j (weakly),

we obtain that

lim
n→+∞ Fn(z) = exp

⎛
⎝〈z, β〉 −

∫
Rp

ln(1 − 〈z, u〉) + 〈z, u〉
〈z, u〉2 (

∑
1≤i, j≤p

zi z jσ
i, j )(du)

⎞
⎠

We consider the first and second order moments of the measures μn , for i, j ∈
{1, . . . , p},

h(n)
i =

∫
Rp

ti μn(dt), h(n)
i j =

∫
Rp

ti t j μn(dt),

and the first and second order moments of the measure ν̃n , denoted as follows,

p(n)
i =

∫
Rp

ti ν̃n(dt), p(n)
i j =

∫
Rp

ti t j ν̃n(dt),

More explicitly, if we write Ã(n)
k = (

Ã(n)
k,1, . . . , Ã(n)

k,p

)
, we obtain

p(n)
i =

n∑
k=1

κ
(n)
k Ã(n)

k,i , p(n)
i j =

n∑
k=1

κ
(n)
k Ã(n)

k,i Ã(n)
k, j .

By differentiating both sides of the previous equality (4) with respect to zi and
evaluating at z = 0, we obtain the following relation between the first- and second-
order moments of μn and ν̃n :

h(n)
i = p(n)

i , h(n)
i j = θn + 1

θn

(
p(n)

i j + p(n)
i p(n)

j

)
.

Since the sequences
(∑n

i=1 κ
(n)
i Ã(n)

i

)
and (σ

i, j
n ) converge weakly, it follows

that the sequences (p(n)
i ) and (p(n)

i j ) also converge. Consequently, the second order

moments h(n)
i j of the sequence (μn) are bounded, then the sequence (μn) is relatively

compact. Let μ̃ denote the limit of a convergent subsequence of (μn). Let μ̃ denote
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the limit of a convergent subsequence of (μn). Since θn → +∞ as n → ∞, it follows
by passing to the limit and using Lemma 3,

∫
Rp

e〈z,t〉 μ̃(dt)=exp

⎛
⎝〈z, β〉+

∫
Rp

ln(1−〈z, u〉)+〈z, u〉
〈z, u〉2 (

∑
1≤i, j≤p

zi z j σ i, j )(du)

⎞
⎠ .

This shows that there exists only one possible limit for any converging subsequence.
Therefore, the sequence (μn) converges.


�
Lemma 4 Let (νn) be a sequence of discrete measures of the form

νn =
n∑

i=1

κ
(n)
i δ

A(n)
i

,

where A(n)
i ∈ R

p and κ
(n)
i > κ > 0 for all n and i . Assume that νn converges vaguely

to a measure ν. Then ν is also a discrete measure of the form

ν =
∞∑
j=1

κ jδA j ,

where A j ∈ R
p and κ j ≥ κ for all j .

Proof Let A denote the set of atoms of ν. Since ν is σ -finite, A is countable. For any
atom A ∈ A, there exists R > 0 such that ∂ B(A, R) ∩ A = ∅, where ∂ B(A, R) =
{x ∈ R

p : ‖x − A‖ = R} is the boundary of the ball. This condition ensures that
no atom lies exactly on the boundary, which is important because vague convergence
guarantees convergence only for sets whose boundaries carry no measure. Then, by
vague convergence,

ν(B(A, R)) = lim
n→∞ νn(B(A, R)) ≥ κ.

Constructing a decreasing sequence (Rn) tending to zero with ∂ B(A, Rn) ∩ A = ∅,
we obtain

ν({A}) = lim
n→∞ ν(B(A, Rn)) ≥ κ,

showing that every atom has measure at least κ and that each ball contains only finitely
many atoms, so A is discrete. Next, consider any compact set C not containing atoms
of ν. For each x ∈ C, there exists Rx > 0 with ν(B(x, Rx )) < κ; otherwise x would
be an atom. The balls B(x, Rx ) cover C, and by compactness, a finite subcover exists.
Summing over this subcover yields ν(C) = 0, showing that ν has no non-atomic part.
Finally, taking an increasing sequence of balls exhausting R

p and enumerating all
atoms in these balls, we conclude that ν can be written as ν = ∑∞

j=1 κ jδA j with
A j ∈ R

p and κ j ≥ κ > 0. 
�
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Theorem 4 Assume that the numbers κ
(n)
i satisfy κ

(n)
i > κ . Assume furthermore that

the sequence σ
i, j
n of measures converge weackly to a measure σ i, j for every i, j ∈

{1, p}
(i) Then σ i, j has the form

σ i, j =
∞∑

k=1

κk Ak,i Ak, j δAk + γi, jδ0Rp ,

where (Ak) is a sequence in R
p, Ak,i denotes the i-th component of Ak, γi, j =

σ i, j ({0Rp }), κk ≥ κ > 0, and
∑

k≥1 κ‖Ak‖2 converges.

(ii) Assume moreover that, (βn) converge, Then the measure

μn = Mn
(
κ(n), A(n)

)

converges (weackly) to a Thorin distribution such that

∫
Rp

e〈z,t〉 μ(dt) = e〈z,β〉e
1
2 〈z,Az〉

+∞∏
i=1

(
e−〈z,Ai 〉

1 − 〈z, Ai 〉
)κi

.

Where A = (γi, j )1≤i, j≤p ,

Proof The sequence σ
i, j
n of measures converge weakly to a measure σ i, j for every

i, j ∈ {1, . . . , p}, then a sequence ηn = ‖u‖2ν̃n(du) converge weackly and there
exists M ∈ R such that:

n∑
k=1

κ
(n)
k ‖ Ã(n)

i ‖2 ≤ M .

Since κ
(n)
i > κ , for all i and all n ∈ N, we deduce that

(‖ Ã(n)
i ‖)2 ≤ M

κ
.

Thus, the sequence ν̃n is with compact support.

Let f be a continuous function on R
p \ {0Rp } with compact support, for every

i, j ∈ {1, . . . , p}, define g(u) = f (u)

ui u j
Then ∫

Rp\{0Rp }
f (u)ν̃n(du) =

∫
Rp\{0Rp }

g(u)σ
i, j
n (du)

Hence,

123



Journal of Statistical Theory and Practice            (2026) 20:62 Page 21 of 23    62 

lim
n→∞

∫
Rp\{0Rp }

f (u)ν̃n(du)= lim
n→∞

∫
Rp\{0Rp }

g(u)σ
i, j
n (du)=

∫
Rp\{0Rp }

g(u)σ i, j (du)

=
∫
Rp\{0Rp }

f (u)ν̃(du).

Thus, the sequence (ν̃n) converges vaguely to the measure ν̃(du) = 1
ui u j

σ i, j (du).

By Lemma 4, there exist two sequences (κi ) ⊂ R+ and (Ai ) ⊂ R
p such that

ν =
∞∑

k=1

κk δAk .

Then the restriction of σ i, j to Rp \ {0Rp } satisfies

σ
i, j
|Rp\{0Rp } =

∑
k

κk Ak,i Ak, jδAk .

Let γi, j = σ i, j (0Rp ). Then

σ i, j =
∑

k

κk Ak,i Ak, jδAk + γi, jδ0Rp .

Therefore

σ =
∑

1≤i, j≤p

zi z j σ i, j =
∑

k

κk 〈z, Ak〉2 δAk + 〈z,Az〉 δ0Rp .

The sequences (κ
(n)
j ) are bounded below by a strictly positive real number, so

lim
n→∞ κ

(n)
j = +∞.

By Theorem 3, the measure μn = Mn((A(n)); κ(n)) converges weakly to a Thorin
measure μ such that

∫
Rp

e〈z,t〉 μ(dt) = exp

(
〈z, β〉 −

∫
Rp

ln(1 − 〈z, u〉) + 〈z, u〉
〈z, u〉2 σ(du)

)
.

∫
Rp

ln(1 − 〈z, u〉) + 〈z, u〉
〈z, u〉2 σ(du) = g(0)σ (0Rp ) +

∫
Rp\{0Rp }

g(u)σ (du)+

=
∑

k

κk ln(1 − 〈z, Ak〉) +
∑

k

κk〈z, Ak〉 − 1

2
〈z,Az〉

= ln

(∏
k

(1 − 〈z, Ak〉)κk

)
+

∑
k

κk 〈z, Ak〉 − 1

2
〈z,Az〉.
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Consequently, the Fourier transform of the measure μ is obtained by applying the
exponential. 
�
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