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Review of heat and charge transport
in strongly magnetized relativistic plasmas
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Abstract

We review field-theoretic studies of charge transport in hot relativistic plasmas under strong magnetic fields

and extend the analysis to thermal conductivity. The calculations rely on accurately determining the fermion
damping rate. Using the Landau-level representation, these damping rates are computed exactly at leading order
and incorporated into the Kubo formula to obtain the thermal and electrical conductivity tensors. Our analysis
reveals that the mechanisms underlying longitudinal and transverse transport differ significantly. Strong magnetic
fields markedly suppress transverse charge transport by confining particles within localized Landau orbits, allowing
transport only through quantum transitions between these discrete states. In contrast, longitudinal charge transport
is enhanced, as it primarily depends on the reduced scattering probability of particles moving along the direction
of the magnetic field. The anisotropy of thermal conductivity is also non-trivial but less pronounced since its under-
lying transport mechanism is different. We also examine the modification of the Wiedemann-Franz law in strongly
magnetized plasmas.

Keywords Magnetic field, Electrical conductivity, Thermal conductivity, Relativistic plasma, Landau levels, Damping

rate, Wiedemann-Franz law

1 Introduction

Relativistic plasmas naturally arise in both astrophysical
and cosmological settings. In laboratory environments,
small droplets of hot quark-gluon plasma (QGP) are cre-
ated in relativistic heavy-ion collisions [1-3], mimicking
the conditions that have existed in the early Universe
shortly after the Big Bang [4].

Astrophysical plasmas are frequently permeated by
strong magnetic fields. One extreme example is a mag-
netar [5-9], with surface magnetic fields reaching up to
10'®> G and potentially even stronger fields in the inte-
rior [10]. Such intense fields play a crucial role in stellar

figor A. Shovkovy and Ritesh Ghosh contributed equally to this work.

*Correspondence:

Igor A. Shovkovy

igor.shovkovy@asu.edu

! College of Integrative Sciences and Arts, Arizona State University, 6073 S.
Backus Mall, Mesa, AZ 85212, USA

2 Department of Physics, Arizona State University, 550 E. Tyler Mall, Tempe,
AZ 85287, USA

@ Springer

dynamics and evolution. Strong magnetic fields were
also likely present in the early Universe [11], offering a
natural explanation for the present day intergalactic mag-
netic fields [12, 13]. In heavy-ion collisions, very strong
magnetic fields are generated transiently by the electric
currents produced by the motion of colliding charged
ions [14—18]. The electrical conductivity of the resulting
quark-gluon plasma governs how these magnetic fields
decay or diffuse, and recent results from the STAR exper-
iment [19] provide valuable constraints on the electrical
conductivity of the QGP, encouraging further exploration
of magnetic effects.

In this review, we summarize our recent first-principles
investigations of the electrical conductivity of magnet-
ized hot relativistic plasmas at the vanishing chemical
potential [20, 21] and extend the analysis to the thermal
conductivity. Understanding such transport is vital not
only theoretically but also experimentally and observa-
tionally. In astrophysics, accurate knowledge of thermal
and electrical conductivities is essential for predicting

©The Author(s) 2025. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or

other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a copy of this
licence, visit http://creativecommons.org/licenses/by/4.0/.


http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1007/s43673-025-00174-6&domain=pdf
http://orcid.org/0000-0002-5230-6891

Shovkovy and Ghosh AAPPS Bulletin (2025) 35:34

the evolution of magnetic fields in neutron stars and
magnetars, which is crucial for understanding their
behavior, emissions, and impacts on surrounding space.
For instance, electrical conductivity governs deviations
from the “force-free” condition often assumed in pulsar
magnetospheres, thereby significantly affecting observa-
tional predictions. In heavy-ion collisions, understand-
ing transport is crucial for interpreting experimental data
and identifying phenomena related to strong magnetic
fields and extreme relativistic effects. Such insights may
also shed light on conditions in the early Universe, where
magnetized relativistic plasmas briefly existed.

Although the thermal and electrical conductivities are
fundamental transport properties, their behavior in the
presence of strong magnetic fields remains only partially
understood. In the past, many studies primarily focused
on weak-field regimes [22, 23]. Subsequent work on QGP
in strong fields employed various approaches, including
analytical methods [24-27], lattice simulations [28-31],
holography [32, 33], and phenomenological models [34—
38]. Kinetic theory has also been widely applied [39-45],
though its effectiveness is limited in the strong-field
regime, particularly due to the use of the relaxation-time
approximation.

In the crusts of magnetized neutron stars, electron heat
and charge transport has been extensively studied, e.g.,
see Refs. [46—50]. In such environments, dissipation of
electron transport is primarily due to scattering from ions
and phonons. In contrast, this mechanism does not apply
to quark-gluon or electron-positron plasmas, which lack
ions and crystalline lattices. Instead, in such hot relativ-
istic plasmas, dissipation is governed by quantum transi-
tions between Landau levels, involving processes such as
Yn = Y + ¥, ¥n+v — ¥, and ¥, + Yy — y, where
Y, denotes a charged fermion in the nth Landau level
and y represents a photon [51]. In the case quark-gluon
plasma, the photon is replaced by a gluon.

Building on recent developments in quantum field
theory in the presence of background magnetic fields,
specifically, techniques employing the Landau-level rep-
resentation of Green’s functions [52], we computed the
anisotropic electrical conductivity in strongly magnet-
ized relativistic plasmas using Kubo’s formalism [20,
21]. The key input in this approach is the leading-order
fermion damping rate, derived via first-principles meth-
ods and driven by quantum one-to-two and two-to-one
processes [51]. These rates determine the spectral prop-
erties of charge carriers and are used to evaluate the full
conductivity tensor. The framework is directly applica-
ble to weakly coupled gauge theories such as quantum
electrodynamics (QED), and is expected to work for
quantum chromodynamics (QCD) at sufficiently high
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temperatures, where the coupling becomes weak due to
asymptotic freedom [53, 54].

As detailed in this review, the electrical conductivities
of a relativistic plasma become highly anisotropic in the
presence of a strong magnetic field [20, 21]. Transverse
charge transport (across magnetic field lines) is strongly
suppressed, as the field confines charged particles to
quantized Landau-level orbits. This suppression can only
be lifted through interactions that induce transitions
between these discrete states. In contrast, longitudinal
charge transport (along magnetic field lines) is signifi-
cantly enhanced by the field. Because particle motion
in this direction is not restricted by the magnetic field,
charged carriers can propagate almost freely. Further-
more, the longitudinal conductivity increases with the
field strength, due to reduced scattering and enhanced
coherence of charge flow along the field lines.

Here we extend the analysis of Refs. [20, 21] to describe
heat transport, which also becomes anisotropic in the
presence of a strong magnetic field, although to a much
lesser degree than charge transport. It should be noted
that the mechanism of heat conduction in relativis-
tic plasmas at vanishing chemical potential, which is
the focus of our study here, is rather unusual. Since the
pressure in equilibrium is uniquely determined by the
local temperature, one might expect that a purely ther-
mal gradient cannot be established without simultane-
ously inducing mechanical motion. This does not mean
that heat conduction is absent or meaningless. Rather,
the apparent difficulty of its interpretation arises in large
part from the conventional choice of the Landau-Lifshitz
hydrodynamic frame, with its intrinsic limitations for vis-
cous fluids [55, 56]. In other hydrodynamic frames, con-
sistent with causality and stability requirements, thermal
conductivity has observable manifestations even at van-
ishing chemical potential. From a physics viewpoint, the
underlying mechanism is tied to the dissipative compo-
nents of sound-like collective modes. Put simply, as such
a mode passes, it heats and cools a local region, while its
dissipation deposits a finite amount of energy (heat).

2 Kubo's formalism for thermal and electrical
conductivities

Using Kubo’s linear response theory, the electrical con-

ductivity tensor o can be expressed in terms of the

retarded current-current correlation function [20, 21]:

(1)

Im| T8 (Q + i0; 0)]
Ojj = SIZimO o
i

For simplicity, we consider a QED-like plasma consist-
ing of a single fermion species of mass m. The generaliza-
tion to a multi-component system is straightforward. In
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the weak-coupling regime, using the one-loop expression
for the current-current correlation function, we obtain
the following result for the electrical conductivity ten-
sor [20, 21]:

tr |y Ax(ko)y Ak (ko) |,

()
where o = €2 /(4) is the (fine-structure) coupling con-
stant and the fermion spectral function is defined as
Akko) = [Glko — 0, k) — Gko +i0, k)] /2y, With G(ko, k) denoting
the Fourier transform of the translation-invariant part of
the fermion propagator in the presence of a background
magnetic field. In the Landau-level representation, the
explicit expression of the spectral function reads [52]

o / dkod>k

O = —
/ 87T J cosh? f—"T

o0 n
Axtho) =i 32 52 T p kg, i { [Eay® — ke + ]

A=+ n=0
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infrared dynamics (see Sect. 3 and Ref. [51] for details).
This is in contrast to a plasma in the absence of a mag-
netic field, where such discrete Landau-level quantiza-
tion does not occur.

The thermal conductivity tensor «; can be defined
analogously to the electrical conductivity ten-
sor oy, but in terms of the correlation function of
the energy currents rather than electric currents.
For Dirac fermions, the energy current is given by
T = 4 (Fyidow — dody'y +Imdy —3py) [58], in  contrast
to the electric current ji =¢yyiy used in Eq. (1). When
expressed in terms of the fermion spectral function
Ak (ko), the thermal conductivity tensor takes the form:

x [PeLa(236) =P L, (262€2)] 420k -y Lk (2032) ),

where E, = +/2nleB|+m2 + k2 is the Landau-
level energy, ¢ =1//]eB] is the magnetic length,
Pr = %[1 + i sign (eB)ylyﬂ are spin projectors, LY (z)
are the generalized Laguerre polynomials [57], and the
function p(ko, AE,) is a Lorentzian of width I',,, centered
at AE,, i.e.,

1 'y

ko, \Ey) = ——————..
p(ko, AEy) 7 (ko — JE)? + F% (4)

Here, I',, denotes the fermion damping rate [51].
As elaborated in Sec. 3, a detailed knowledge of the
damping rate as a function of the Landau-level index
n and longitudinal momentum k; is crucial for accu-
rately determining the transport properties of a mag-
netized plasma.

We note that the expression for the correlator in Eq. (2)
represents the leading-order result, where vertex cor-
rections and ladder-diagram resummations of the self-
energy are neglected. It can be argued that both effects
yield only subleading contributions to the conductivity
in strongly magnetized plasmas [24]. Qualitatively, this
likely arises from the restricted kinematics associated
with the infrared-sensitive lowest Landau level. Addi-
tionally, the corresponding damping rate of states in the
lowest Landau level is governed by quantum transitions
to other Landau levels, which reduces its sensitivity to

1 / dkod3k
o= —
v 1287272 | cosh® &

tr [kgyfAk (ko)y' Ax (ko) + k'K yoAx (ko) voAx (ko)

+ Kok yoAx (ko) Ax (ko) + koK' v Ax (ko) voAi (ko).
(5)

It is worth emphasizing that, unlike its non-relativistic
analog in Ref. [59], this expression includes an extra con-
tribution, given by the second term in the integrand.

We assume that the fermion chemical potential is zero.
In this case, it is easy to verify that the off-diagonal com-
ponents of both the thermal and electrical conductivity
tensors vanish. Furthermore, due to the rotational sym-
metry about the direction of the magnetic field, each
tensor has only two independent components: the longi-
tudinal components, k| and o}, and the transverse com-
ponents, k| and o, respectively.

Substituting spectral density (3) into Egs. (2) and (5),
and performing the integration over k|, we obtain the
final expressions for the transverse and longitudinal elec-
trical conductivities,

B| dkod 24 m?
=SSy [ Sk p(ko,)-En)p(kg,/l’E,,“)(l—A}/u),

4T ey cosh? f—OT nEnt1
(62)
aleB| " dkodk; : " o 2
o) = ST ZZ/SV,/ ol Lop(kg,AE,,)p(ko,AE,,) 1— 22+ A P s
n=0 {1} 2T
(6b)
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as well as for the transverse and longitudinal thermal
conductivities,

(eB)? & / dkodk, o 8/nko
=—"— ko, AE, 4 8
e ;)},:Z;tl' cosh? &g p (ko AE,)” | 41+ 8,0 + E,

leBl < / dkodk; ) y of |kt
. - ko, AE, ko, M'E, 4ky | 1— ) -2
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(7b)
respectively. Here, 8, = 2 — 8,0 accounts for the Lan-
dau-level spin degeneracy, the notation {4} denotes the
sumover A = +land /' = +1.

It should be noted that the above analysis accounts only
for the partial contributions of fermions to the thermal
conductivity. Strictly speaking, however, one should also
include a contribution of plasmons (i.e., medium-modi-
fied photons). The estimate of the latter can be obtained
using the same arguments as in the absence of the mag-
netic field [60, 61],

47273 T4
Ky 2 ———— ~ ,
Y7 45T,  aleB

(8)

where we used an order of magnitude estimate for the
photon damping rate, I', ~ «|eB|/T. In the strong mag-
netic field limit, the photon contribution given in Eq. (8)
is suppressed and is therefore negligible compared to the
fermionic contribution to the thermal conductivity.

As evident from Eq. (6a), the nth partial contribution
to the transverse electrical conductivity is proportional
to a product of Lorentzian functions peaked at two adja-
cent Landau levels (with ky = +E,, and kg = £E,;11). In
the presence of a sufficiently strong magnetic field, and
assuming weak interactions, these Lorentzians have lit-
tle overlap because the damping rate is small compared
to the Landau-level spacing. This regime naturally arises
in a QED plasma when /[eB[ < T /a. Consequently, each
partial contribution to the transverse electrical conduc-
tivity is suppressed. Physically, this reflects the fact that
transverse charge transport is mediated by quantum
transitions (or “jumps”) between adjacent Landau levels.
In the limit of vanishing interaction strength, i.e., « — 0,
these transitions are effectively forbidden. Then, fermions
remain confined to their Landau orbits, and transverse
transport becomes negligible.

In contrast, the behavior of the longitudinal electri-
cal conductivity in Eq. (6b) is very different. In this case,
the partial contributions from each Landau level are
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dominated by products of Lorentzian functions centered
at the same Landau-level energy (when 1 = 1), leading to
significantly larger contributions that scale as 1/a. In the
weak-coupling limit, these contributions become large,
indicating that particles within each Landau level (effec-
tively behaving as distinct species) can move freely along
the direction of the magnetic field with little scattering.
This charge transport mechanism closely resembles that
in the absence of a magnetic field. However, when B # 0,
the longitudinal conductivity is further enhanced by
two other effects: the increased density of states in each
Landau level, which is proportional to |eB|, and the sup-
pression of backscattering. Both effects arise from the
quasi-one-dimensional nature of charged particles in a
strong magnetic field, which is commonly referred to as
dimensional reduction [52].

Both transverse and longitudinal thermal conductivi-
ties are dominated by terms with products of Lorentzian
functions centered at the same Landau-level energy (for
/.= '), closely resembling the structure found in the lon-
gitudinal charge conductivity. This indicates that, unlike
charge transport, transverse heat transport is not sup-
pressed relative to its longitudinal component. The physi-
cal interpretation of this behavior is connected with a
different mechanism and will be discussed in more detail
in Sec. 4.

3 Fermion damping rate
To compute the electrical conductivities given by
Egs. (6a) and (6b) and the thermal conductivities given by
Egs. (7a) and (7b), it is essential to determine the damp-
ing rates I',;(k;) of charge carriers in a strongly magnet-
ized plasma. These damping rates set the widths of the
Lorentzian peaks in the fermion spectral function and
thus play a crucial role in shaping the transport proper-
ties. Using the Landau-level representation, the relevant
expressions for I'y,(k;) were derived in Ref. [51] within a
gauge theory framework at leading order in the coupling.
Assuming a sufficiently strong magnetic field, specifi-
cally |eB| > aT?, the damping rate I',;(k;) of a quantum
particle in a given Landau-level state is governed by the
three types of processes represented by the Feynman dia-
grams in Fig. 1: (i) downward transitions to Landau lev-
els with lower indices ' (Y, — ¥,y + y with n > #'), (ii)
upward transitions to Landau levels with higher indices
n (Y, +y — ¥,y with n < '), and (iii) annihilation with
negative-energy states (¥, + ¥,y — y for any n and #).
Note that the damping rate of a state in the nth Landau
level is determined by transitions to other levels (n' > n
or n’ < n), as well as by annihilation with antiparticle
states in any Landau level. We argue that this is impor-
tant for ensuring that self-energy resummations con-
tribute only subleading corrections to the conductivity
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np;)

'k, )
(c)

Fig. 1 Leading order processes contributing to the fermion damping rates:a ¥, — ¥y + ywithn > n', by, + y — ¥y withn < n’,c

Yo + ¥y — ¥, where nand n’ are the Landau-level indices

of a plasma in a strong magnetic field. In particular,
transitions to other levels regulate the infrared dynam-
ics, which would otherwise exhibit undue sensitivity in a
thermal plasma at vanishing magnetic field [62].

The resulting spin-averaged damping rate in the nth
Landau level is given by the following exact expression
obtained at the leading order in coupling [51]:

aleB| o / d& (1 — np(Epy) + np(Ey )] My (&)
Tu(k;) = ,
T 2Bk Z:o; 5159\ /€ — 6,0 —£5)

)

where £, = %[\/2,1/ T+ /ot (m,_;)zr are the dimension-

less transverse-momentum threshold parameters, nr(E)
and np(E) are the Fermi-Dirac and Bose-Einstein distri-
bution functions, respectively. The shorthand notation {s}
denotes summation over s’ = 1, s; = %1, and s, = £1.
The function M, ,/(§) is determined by the squared
amplitude of the leading-order processes shown in Fig. 1.
It is explicitly given by

Moy (€ == (n+ 0+ m0?) [0 & + 3" ®)]

= " (10)
+ o+ [T @+ 7T ),

where the form factor function Z "' () is the same as in
Ref. [63]:

2
n! ’

Ty () = et e (L7 ®) ) an

In Eq. (9), the integration range for & depends on the
signs of s1 and sy: (i) for s; > 0 and any sign of s, the
range iso<¢ <, and (ii) for s1 < 0 and s > 0, the range
iser <& <oo The combination s1 < 0and sy < 0does not
contribute to the damping rates of particles with positive
energy and can be ignored.

The energies of the other fermion (£ ¢) and the photon

(Ey ) in Eq. (9) are

_E, w b mo? -2\, VE—EIE—EL)
Ers = (1 t T ot mo? ) +5ke mt mb?2
(12a)
E, w4 me? —26\ , \JE—En)E—E)
Eys =% (1 T 2+ (mo)? ) — sk 21+ (ml)? ’
(12b)

respectively. These expressions result from solving the
energy conservation conditions for the relevant one-to-
two and two-to-one processes.
In the chiral limit (m = 0), however, the corresponding
energies for the lowest Landau level (n = 0) are

B E—-n)+ 2n’k22€2
202k, (5 — n')

Ef = ) (133)

_|eB|(§ — n')* + 25k2
! 2lkz| (& — )
respectively. Unlike Egs. (12a) and (12b), which allow for

two solutions labeled by s’ = %1, only a single solution
exists for n = 0 in the chiral limit.

) (13b)

4 Heat and charge transportin QED

In the case of the electron-positron plasma, it is straight-
forward to compute the detailed numerical dependence
of ', (k;) on both n and k;, using the definition of the
damping rate in Eq. (9). With this data, we can readily
calculate the transverse and longitudinal transport coef-
ficients, as defined in Eqgs. (6a) through (7b). The cor-
responding results for the electrical conductivity were
reported in Refs. [20, 21]. Here, using tabulated numeri-
cal data for damping rates, we further extend those
results by evaluating the thermal conductivity.!

The results for thermal conductivity are summarized
in the left panel of Fig. 2, where we show the dimension-
less ratios | =« /T? (brown) and & =k /T? (dark
blue) as functions of |eB|/T?2. They are compared with the
results for the electrical conductivity in the right panel
of Fig. 2, where we show analogous dimensionless ratios,
ie, 6. =01 /T (orange) and 6| = o)/T (blue) as func-
tions of |eB|/T?. Filled markers correspond to results
obtained with a finite fermion mass, while open markers
represent the chiral limit (m = 0).

In plotting Fig. 2, we included a large set of data for a
wide range of high temperatures, T > m, and strong

! In this work, we employ a larger set of damping-rate data and include
additional Landau levels but reduce slightly the resolution in the longitudi-
nal momentum k,, compared with previous articles.
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Fig. 2 The thermal (left) and electrical (right) conductivities as functions of the dimensionless ratio |eB|/T2. Empty circles and interpolating dashed

lines represent the results in the chiral limit

magnetic fields, [eB| > m?, where m ~ 0.511 MeV is the
electron mass. Specifically, the temperatures span from
20 m to 85 m, while the magnetic field ranges from (20m1)2
to (226m)2. (Numerical data are provided in the Supple-
mental material [64].) In this relativistic regime, it is rea-
sonable to expect that the effects of a non-zero fermion
mass are small. This motivates the conjecture that the
dimensionless transport coefficients (i.e., conductivities
normalized by appropriate powers of temperature) are
approximately universal functions of the dimensionless
ratio |eB|/T?. This expectation is largely supported by the
data shown in Fig. 2. The close agreement between the
results with and without a finite fermion mass indicates
that mass effects are indeed relatively small. It should be
noted, however, that deviations from the expected scal-
ing behavior are negligible for o but more noticeable in
other transport coefficients, where sensitivity to a non-
zero mass is significantly enhanced. Furthermore, we find
that a finite resolution of the tabulated numerical data for
I, (k;), especially at small values of k;, introduces a sys-
tematic error that tends to underestimate the longitudi-
nal conductivity. This effect becomes more pronounced
as |eB|/T? increases. One can argue, however, that the
correct value should be bounded from above by the
results in the chiral limit.

It is instructive to examine more closely the underlying
physics of longitudinal and transverse transport in the
strong-field limit, where [eB|/T? > 1. Naively, one may
expect this regime to be dominated by particles in the
lowest Landau level. This expectation largely holds true
for the longitudinal conductivities x| and o}, as well as
k1, where particles in the n = 0 Landau level contribute
the dominant share to transport. However, it is impor-
tant to recall that the damping rates of states in the low-
est Landau level are not determined by processes within
that level. As seen from the definition in Eq. (9), ['o(k;)

receives contributions from transitions to higher Lan-
dau levels, as well as from annihilation with antiparticles
across all Landau levels (including the lowest).

In contrast, transverse charge transport in the strong-
field limit is more subtle. Since the partial contributions
to transverse electrical conductivity o arise from quan-
tum transitions between adjacent Landau levels, the first
excited level (n = 1) plays a role that is at least as impor-
tant as that of the lowest level. In fact, the transverse con-
ductivity formally vanish if contributions from higher
Landau levels (n > 0) are excluded from the dynamics.

The behavior of transverse thermal conductivity « |
formally resembles that of longitudinal transport (k|
and o). Indeed, its dominant contributions come from
terms with products of Lorentzian functions centered at
the same Landau-level energy. This is evident from the
structure of Eq. (7a). Such behavior is rather unusual and
stands in sharp contrast to transverse charge transport.
The interpretation can be traced to the underlying nature
of heat transport, which is associated with the dissipative
components of collective modes. Since this transport via
collective modes does not involve charge transfer, it is
not constrained by the magnetic field.

5 Heat and charge transport in QGP

In contrast to the QED plasma, the quark-gluon plasma
is composed of strongly interacting quarks and gluons,
rendering perturbative approaches generally unreliable
in the temperature regimes accessible in current heavy-
ion collision experiments. As a result, leading-order
calculations of the damping rate due to one-to-two and
two-to-one processes cannot be expected to yield quan-
titatively accurate predictions. Nevertheless, such pertur-
bative estimates for the damping rate and, by extension,
for transport properties, remain valuable as theoretical
benchmarks. They provide insights into the qualitative
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behavior of transport coefficients and serve as a start-
ing point for understanding the parametric dependence
of these quantities on key variables such as temperature
and magnetic field strength. Furthermore, this perturba-
tive approach becomes justified in regimes of extremely
high temperature [65], where the QCD coupling becomes
weak due to asymptotic freedom [53, 54].

To extend the QED calculation of thermal and electri-
cal conductivities, as given by Eqgs. (6a) through (7b), to
QGP, several important modifications must be made.
First, instead of a single electron, one must account for
all quark flavors and colors contributing to transport.
In the expression for electrical conductivity, the correct
quark charges must be used: ef = gre, where g, =2/3
and g; = —1/3 for up and down quarks, respectively.
Additionally, the corresponding expressions in Egs. (6a)
through (7b) should be multiplied by an extra factor of
N, = 3 to account for the quark colors. (Note that the
magnetic length for the up and down quarks, appearing
in their spectral densities, are also different.) As in the
QED case, only the quark contributions are considered
here. In general, however, medium-modified gluons (as
well as photons) are also expected to contribute to ther-
mal conductivity. Their contribution is estimated to be of
order T*/(as|eB|), governed by the gluon damping rate
[y ~ asleB|/T. In the strong magnetic field limit, this
gluonic contribution is expected to be negligible com-
pared to the thermal conductivity from quarks.

In addition to these explicit modifications of the
conductivity expressions in Egs. (6a) through (7b),
an important implicit change arises from the quark
damping rate. In QCD, the damping rates Fj:,(kz) are
also governed by one-to-two and two-to-one pro-
cesses. Unlike in QED, these processes involve gluons
rather than photons: ¥, — ¥y +g, Yn+g — ¥,
and ¥, + ¥,y — g, where g denotes a gluon. The cor-
responding definition for the rate is similar to that in
Eq. (9), but the coupling constant « should be replaced
with o;Cr, where ag =gs2/(4n) is the strong coupling
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constant and Cr = (Nc2 —1)/(2N;) = 4/3, assuming
N, =3[51].

Given that the typical temperatures of the QGP pro-
duced in ultrarelativistic heavy-ion collisions are on the
order of several hundred megaelectronvolts, the strong
coupling constant «; is generally of order unity. To obtain
numerical estimates for the transport coefficients, we
consider two representative values of the coupling con-
stant: og = 0.5 and «; = 1. The corresponding results
for the thermal and electrical conductivities are shown
in Fig. 3. The plot includes many data points for a broad
range of high temperatures, 20m < T < 80m, and mag-
netic field strengths, (15m)% < |eB| < (225m)2, where
m =~ 5 MeV denotes the quark mass. (Numerical data
are provided in the Supplemental material [64].) Within
this parameter range, the effects of a finite quark mass
are expected to be small. Accordingly, as in the QED case
shown in Fig. 2, the dimensionless transport coefficients
approximately follow universal scaling behaviors as func-
tions of the ratio |eB|/ T2

For comparison, the results in the chiral limit are indi-
cated by open markers and interpolated with dashed
lines in Fig. 3. As evident from the figure, the transverse
electrical conductivity closely matches its chiral-limit
counterpart, showing minimal sensitivity to the quark
mass. In contrast, the longitudinal transport coefficients,
as well as «, exhibit significantly larger deviations from
the chiral limit. This sensitivity is primarily an artifact
of the lowest Landau level quarks, whose damping rates
depend moderately strongly on the quark mass. (As in
QED, a finite resolution of the tabulated [‘ﬁ(kz), especially
at small values of &, leads to a systematic underestimate
of o and both components of the thermal conductiv-
ity. Nevertheless, the correct values should remain well
below their counterparts in the chiral limit.)

As previously emphasized, the leading-order approxi-
mation is not reliable for quantitatively estimating the
transport coefficients in a strongly interacting QGP. It is
therefore not surprising that the results for the electrical

OGP (u & d quarks) - /T (a,=1) - ,,)Lr;‘ OGP (u & d quarks) > oy/T (a;=1)
1000 | I ) =
I (@ 20.5) : = 0 > T (=0.5) " [&
500 7 = e e
> ”?) N I 3
4 el E . .
& 10 LA S o >
= 50 - =g < gt
S AR S P N o
b ﬁ‘ al ORI S 010 F
2-up . ‘ —
10 g s =4, [T" (@=1) = 0. fT (a;=])
L =
[ T (2,=0.5 T (@,=0.5)
| ) I~ L O SO o 5|
¥ 0.01/ P — R s ol A e
1
[ 10 20 30 40 50 0 10 20 30 40 50
leB|/T? |eB|/T?

Fig. 3 The thermal (left) and electrical (right) conductivities of two-flavor QGP as functions of the dimensionless ratio [eB| /T2 Empty circles

and interpolating dashed lines represent the results in the chiral limit
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conductivities presented in Fig. 3 differ substantially from
those obtained in lattice QCD simulations [30, 31]. While
the transverse electrical conductivity shows reasonable
agreement with lattice results, the longitudinal conduc-
tivity is significantly larger (for details, see Figs. 6 and 7
in Ref. [21]). In the limit of very strong magnetic fields, it
differs by several orders of magnitude. This discrepancy
likely reflects the importance of higher-order contribu-
tions and, more generally, non-perturbative effects that
are not captured within the leading-order framework.

6 Deviations from the Wiedemann-Franz law

The Lorenz number is defined as the ratio of thermal
conductivity to the product of electrical conductiv-
ity and temperature, L = «/(T0o). In metals, where
both heat and charge are transported by the same
quasiparticles, this ratio approaches a universal value,
Ly = nzké/(f%ez), which encapsulates the essence of
the Wiedemann-Franz law [66]. However, there is no
fundamental reason to expect this relation to hold in
a relativistic plasma. Indeed, strong violations of the
Wiedemann—Franz law have been observed in systems
such as graphene at the charge neutrality point [67, 68]
and in the Weyl semimetal tungsten diphosphide [69].
Even in conventional metals, the Wiedemann—Franz
law breaks down in the presence of inelastic scattering
of quasiparticles [66]. In a relativistic plasma subjected
to a strong magnetic field, the fermion damping rate is
dominated by inelastic one-to-two and two-to-one pro-
cesses, which fundamentally violate the assumptions
underlying the Wiedemann—Franz law. Consequently,
there is no reason to expect the Lorenz number to
approach any universal value in such a system. Never-
theless, it remains instructive to ask: What is the Lorenz
number in a strongly magnetized plasma?

QED, a=1/137

= L./Ly

- LifLy

0 10 20 30 40 50
leB/T”
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In the presence of the background magnetic field, two
distinct Lorenz numbers for the longitudinal and trans-
verse conductivities can be defined, i.e.,

KL
L=+

- TO'J_,” ' (14)

Figure 4 shows the numerical results for the Lor-
enz numbers, obtained using the same data points as in
Figs. 2 and 3. As anticipated, both the longitudinal and
transverse Lorenz numbers exhibit a non-trivial depend-
ence on the model parameters, underscoring the non-
universality of the relation between heat and charge
transport in a strongly magnetized plasma.

In the chiral limit, the longitudinal Lorenz numbers
approach fixed values in the strong magnetic field regime,
where |eB|/T? > 1. For chiral QED, the limiting value is
given approximately by L ~ Lo/3. This behavior sug-
gests a potentially universal feature in the weakly coupled
regime in strongly magnetized plasmas at zero chemi-
cal potential (1 = 0). In contrast, the transverse Lorenz
number L | exhibits markedly different behavior, increas-
ing with the magnetic field. This trend naturally reflects
the underlying conductivities: the transverse thermal
conductivity grows with the field, while the transverse
electrical conductivity decreases. When m # 0, both lon-
gitudinal and transverse Lorenz numbers exhibit substan-
tial variability, even at large |eB|/ T2 > 1. The absence of
clear convergence may be attributed to limitations of the
dataset, which includes multiple temperatures, which are
not sufficiently high compared to the fermion mass, as
well as systematic errors introduced by the finite discre-
tization of numerical damping rates as functions of the
longitudinal momentum, especially at small values of k.

A qualitatively similar behavior emerges also in QCD.
In the chiral limit, the longitudinal Lorenz number

4T T T T
10 OGP (u & d quarks) - Ly/Ly (as=1) = L./Ly(a;=I)

- Ly/Lg (a;=0.5) L./Ly (a5=0.5)-~

1000k aed
- : =

L./Ly, Ly/Lg

0 10 20 30 40 50
|eB|/T?

Fig. 4 The transverse and longitudinal Lorenz numbers as functions of the dimensionless parameter|eB| /T2 for QED plasma (left) and QGP (right).
Results in the chiral limit are shown by empty circles and interpolating dashed lines. In the case of QGP (right), the results for two different choices

of the coupling constant, as = 0.5and as = 1, are shown
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approaches Lj ~ 0.76Ly in the strong-field regime,
leB|/T? > 1. Despite strong coupling, this appears to be
surprisingly consistent with the QED result after
accounting for different quark charges. Indeed, by sepa-
rating their individual contributions in the chiral limit,
we verified that their flavor-specific Lorenz longitudinal
numbers approach similar relations: . ~1,/3q2, Where
f = u,d denotes the quark flavor. As for the transverse
Lorenz number, it increases with the magnetic field as in
QED.

In summary, our results in both QED and QCD suggest
that, in the strong magnetic field regime [eB|/T? > 1, the
single-flavor longitudinal Lorenz number approaches a
universal limit: Ly ~ Lo/(Sq}). Although transport in
this regime is dominated by inelastic one-to-two and
two-to-one processes, it is reasonable to expect that
these processes affect longitudinal heat and charge trans-
port in a similar manner. As a result, the corresponding
Lorenz number approaches a fixed value. In contrast, the
transverse Lorenz number grows as a function of|eB|/T?,
reflecting the fundamentally different nature of heat and
charge transport across the magnetic field.

7 Summary

In this review, we examined the transport of heat and
electric charge in relativistic plasmas exposed to strong
magnetic fields. Such plasmas play important roles in
the context of the early universe, neutron stars, and rel-
ativistic heavy-ion collisions. While our primary focus
was on transport phenomena in QED plasmas, we also
extended the analysis to the quark-gluon plasma, provid-
ing insights into the qualitative similarities and key differ-
ences between the two cases.

Using tools from quantum field theory, specifically
Kubo’s formalism in conjunction with fermion spectral
functions derived from first principles in the Landau-
level representation, we calculated the anisotropic ther-
mal and electrical conductivities of relativistic plasmas
in the presence of strong magnetic fields. A crucial input
in this framework is the fermion damping rate, which
captures how particles lose coherence due to inelastic
interactions. These are governed by one-to-two and two-
to-one processes: V¥, —> Yy + v, ¥y, +y — ¥y, and
Y+ ¥,y — v [51]. The rates in the Landau-level repre-
sentation are non-trivial functions of the Landau-level
index and the longitudinal momentum.

The study shows that magnetic fields strongly affect
transport. Charge flow along the magnetic field is
enhanced, while flow across the field is heavily sup-
pressed due to Landau-level trapping, which restricts
particle motion in directions perpendicular to the field.
We also argued that these transport properties generally
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depend on the strength of the magnetic field and the
temperature through a simple dimensionless ratio,
leB|/T? > 1, especially in the ultrarelativistic regime
where particle masses are small compared to the energy
scales set by the temperature and magnetic field. While
this scaling behavior is exact in the chiral limit, devia-
tions arise in the presence of a non-zero fermion mass.
In general, the scaling is more robust for transverse elec-
trical conductivity and more sensitive to fermion mass in
the longitudinal channel.

Longitudinal heat transport closely resembles charge
transport. In contrast, transverse heat transport behaves
quite differently. It increases rapidly as a function of
leB|/T?, resembling longitudinal transport. This behav-
ior reflects the unusual nature of thermal conductivity,
which is governed by the dissipative components of col-
lective sound-like modes and is not suppressed in the
direction perpendicular to the magnetic field.

Extending the analysis to QGP, we found qualitatively
similar features in the behavior of conductivities, though
the absolute values differ significantly from lattice QCD
results [30, 31], especially for the longitudinal conduc-
tivity. This discrepancy underscores the importance of
higher-order and non-perturbative effects that are not
captured within the leading-order formalism employed
in this study. Future work should aim to incorporate sub-
leading contributions, such as two-to-two scattering pro-
cesses, as well as non-perturbative effects, to improve the
quality of theoretical transport studies in QGP.

Finally, we examined deviations from the Wiedemann—
Franz law in strongly magnetized plasmas. Our results
reveal that the Lorenz numbers exhibit a non-trivial
dependence on model parameters and the magnetic field
strength, signaling a clear breakdown of the conventional
relationship between thermal and electrical conductivi-
ties in these systems. In the chiral limit, however, we find
that the flavor-specific longitudinal Lorenz numbers
approach universal limiting values, Ly %Lo/(?iqjg), in
the regime of sufficiently strong magnetic fields. Remark-
ably, these limiting values remain approximately
unchanged even at strong coupling for each species of
charged fermions. This suggests that the inelastic one-to-
two and two-to-one processes, which dominate the
damping rate when |eB|/T? > 1, govern both longitudi-
nal heat and charge transport in a similar manner,
thereby leading to fixed values for the Lorenz numbers.
By contrast, the transverse Lorenz numbers in both QED
and QCD are increasing functions of |eB|/T?, driven pri-
marily by the growth of the transverse thermal conduc-
tivity. While this qualitative behavior is understood, the
precise underlying mechanism remains unclear and war-
rants further investigation in future studies.
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