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Abstract

In this article, we study the null-controllability and observability properties of a fluid—
structure interaction system, governed by the heat equation coupled with the damped
beam equation. To do so, we prove a global Carleman estimate for the coupled system,
making explicit the dependence on the damping parameter. In the course of the study,
we demonstrate several inequalities for the beam equation alone, valid for different
damping parameter regimes.
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1 Introduction and main results

Fluid—structure interaction (FSI) models are central to understanding the interplay
between fluid dynamics and deformable boundaries in physical, biological, engineer-
ing systems, etc. In particular, the cardiovascular system illustrates such interactions,
where pulsatile blood flow interacts with the elastic properties of large vessels walls.
The comprehensive modeling of these phenomena has been the focus of founda-
tional works detailing the complex coupling between fluid dynamics and vascular
wall mechanics in precise geometries. The model consists in a coupling between the
2D-Navier—Stokes equations in a channel and a damped beam equation that describes
the deformation of the boundary of the domain. We refer to [1] and [2] for the model
derivation, and we refer to [3] (and references therein) for the mathematical well
posedness of the model. Controllability issues have been tackled very recently in [4,
5] by coupling microlocal analysis and global Carleman inequalities.

In contrast to these realistic models, the present work deals with the null-
controllability of a simplified fluid—structure interaction system where the Navier—
Stokes equations are replaced by the heat equation. The proposed model retains the
core framework of a fluid equation coupled at the boundary with a structural equation
such as the damped beam equation, thereby capturing the basic dynamic interaction
between a diffusive field and a deformable interface. The aim is not to fully cap-
ture the biomechanical behavior of blood vessels, but rather to explore the essential
mathematical features of a coupled system within a tractable setting. Specifically, our
approach relies entirely on global Carleman inequalities, and allows us to consider
arbitrarily large structural damping for the beam—features absent from the previously
cited works (see Sect. 1.4).

In the present study, we focus on a two-dimensional interaction system set in a
rectangular domain, with periodic boundary conditions on the lateral boundary of the
rectangle. Mathematically, we set Z = R/27x7Z the one-dimensional torus, and, for
some T > 0, define

Q=T x(0,1), T1=Tx{l}, To=Zx{0}, Q=(0,T) x Q.

In the following, we will also identify Z and I'1 when it does not lead to confusion.
The precise meaning of this identification is given in Sect. 2.
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In this geometrical setting, we consider, for some initial conditions (wy, &o, ¢1) €
LZ(Q) X HZ(Z) X LZ(I) and some source terms G € LZ(Q) and H € L2((0, T) xT),
the forward system of equations

dhw—Aw =G in Q,
w=0 on (0, T) x Ip,
w =8¢ on (0, T)x Ty, (1.1

0 —ad 0 +adit + 35+ =—dw+H in(0,T)xI,
U)(O, ) = Wwo, in Qs é‘(oa ) = ;-Oa 8t§(0ﬂ ) = é‘l lnI

In (1.1), the first heat equation in the domain €2 plays the role of a fluid equation
submitted to some external forces G. The condition w = 9;¢ on the boundary indicates
that the velocity of the fluid coincides with the velocity of the beam’s displacement.
The fourth line in (1.1) represents the structural response of the beam under the external
force H and under the force exerted by the fluid that is represented by —d,,w. The
coefficient ¢ > 0 is a damping parameter.

We emphasize that the terms ¢ and «d,¢ in the fourth equation of system (1.1)
are included for technical reasons only. This simplifies the presentation of the paper
by straightforwardly ensuring the positivity of the underlying elliptic operators (see
(2.3) and (2.4) below). Note that in the original fluid—structure system, the incom-
pressibility condition ensures that the beam deformation ¢ has a zero mean value (see
the introduction of [6]), and the elliptic operators are inherently positive without the
additional terms.

System (1.1) is well posed (see Sect. 2): It admits a unique solution (w, ¢) satisfying

(w, £, 3¢) € C([0, T1; L*(Q) x H*(T) x L*(T)) (1.2)
and the following regularity for all ¢ > 0:

we L, T; HX Q)N H' (e, T; LX(Q)),

el T; H(D)NH (e, T; H (X)) N H* (¢, T; L*(1)). (1.3

1.1 Control problem

We now focus on our main problem of interest, the null-controllability of the inter-
action system. More precisely, we consider w, a nonempty open subset of 2, and J,
a nonempty open subset of Z. In the context of controllability, the version of system
(1.1) we are interested in reads

ohw — Aw = 1,g in Q,
w=0 on (0, T) x I'o,
w = 0:¢ on (0,7) x I'y, (1.4)

O —ad2 0 +adil + 93¢+ =—0w+1sh in(0,T)x I,
LU(O, ) = wo, in Q’ g(o’ ) == CO’ até‘(oa ) - é‘l inIa
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where g € L2((0, T) x w) and h € L*((0, T') x J) are the distributed controls acting,
respectively, on the heat equation and on the damped beam equation. The functions
1, and 1; denote the characteristic functions on w and J, respectively.

The geometrical setting of our study is illustrated in Fig. 1 below:

Definition 1.1 We say that system (1.4) is null-controllable at time 7 > 0 if there
exists a constant C7 > 0 such that, for all initial conditions wg € L%(S2), ¢o € H*(T)

and ¢; € L2(Z), there exist g € L2((0, T) x w) and h € L?((0, T) x J) such that
(w, ¢) solution of (1.4) satisfies (w(T), ¢(T), 0;¢(T)) = (0, 0, 0), and

gl z2¢0.7yxw) + Ml L2¢0.1y% 0y < Cr (Iwoll 20y + N 20l g2y + 111 2¢7)) -

In this study, we prove that system (1.4) is null-controllable in any arbitrary small
time 7' > 0, for any choice of the damping parameter « > 0.

Theorem 1.2 Let T > 0 and a > 0. System (1.4) is null-controllable at time T, and
there exist constants C > 0 and © > O0—independent of T and a—such that the cost

Cr can be chosen as
Ch 1
CT =C exp e~ (1 —+ 7 s

2 .
T <1,
Aaz{“ ffa =

where
2 .
T3 ifa > 1.

Remark 1.3 In Theorem 1.2, the dependence of the constant C7 on the time horizon T

is improved compared to [4], where the constant takes the form Cr = C e%. This is
because [4] utilizes the Carleman inequality for the damped beam equation presented
in [7], where the dependence of the Carleman parameter s on 7 is suboptimal. We
improve this dependence in Theorem 1.12 and in Theorem 1.13, see Remark 1.14.

I' J

1 I

L

Fig. 1 Geometrical setting, with control domains w and J
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To prove this theorem, we use the classical duality strategy, and prove an observ-
ability inequality for the adjoint system, which in our context reads (see Sect. 2):

diu — Au =0, in Q,

u=020, on (0, T) x Iy,

u = o, on (0, 7) x I'y, (1.5)
8,277—058%817)—#058;17—{—8?177—}—77=—8nu in(0,7T) xZ,

M(Oa ) = uo, in Q’ 77(07 ) =10, at’l(O, ) =T inZ.

Here, the initial conditions satisfy ug € L%(Q),n0 € H*(Z),m € L*(Z),and as a
consequence system (1.5) is well posed.

Definition 1.4 Let T > 0. We say that system (1.5) is observable at time T from the
observation sets w and J if there exists a constant K7 > 0 such that any solution of
system (1.5) satisfies

IIM(T)||Lz(Q)—HIn(T)IIHz(I)—Hle(T)||L2(1—) <Kr (”u”L2(((),T)Xw)"_llatnlle((O’T)xj)) .
(1.6)

Very classically, system (1.4) is null-controllable at time 7 if and only if system
(1.5) is observable at time 7, and in that case we can choose C7 = K7 (see Sect. 2).
We prove the following result:

Theorem 1.5 Forall T > 0, and all o > 0, the system (1.5) is observable at time T

from the observation sets w and J. Furthermore, there exist constants C > 0 and
T > O—independent of T and a—such that Kt can be chosen as

1
K7 = Cexp <eC)“’ (1 + 7)) ,

ta”? ifa<l,
Ao = 2,
T3 ifa > 1.

where

The main ingredient in our proof of Theorem 1.5 is a new global Carleman esti-
mate for the whole heat-damped beam system (1.5). This Carleman estimate, which
constitutes the main novelty of our study, is of interest in its own right. We present
this new result in the next section.

Another novelty of Theorem 1.5 is its validity for any positive damping parameter
o. Maybe unexpectedly, new difficulties appear for large parameters «, for which we
need the coupling between the heat equation and the damped beam equation to obtain
the global Carleman estimate.
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1.2 Carleman estimate for the coupled system
We now present our new global Carleman estimate for the system (1.5). First, we

need to introduce the following weight functions. We recall that the existence of such
functions is proved in [4, Section 2.2]. We consider the function £ defined by

e(t) == t(T —1), for t € (0, T).

Let wg and Jp be two nonempty open sets satisfying wy € w and Jy € J. We consider
two smooth functions ¥ and 7 satisfying

Yo >0in Q, Yo =0and 9, =—1 on 92, Viyqkx) =0=x € wgy. (1.7)

Y7 >0 on I, yr(x))=0= xi € Jp. (1.8)

Let us consider
V= |[VallLe@) + 1VzllLe @ (1.9

and for k > 2 and A > p > 0, let us define the following functions:

eMVT () +HAYQ(x1.x2)+hAW _ ,(k+2)AW

t,Xx1,x2) = ,
o(t, x1, Xx2) O
MV (D) +AvQ(xr,x2) kAW
1, x1,x2) = s 1.10
(1, x1, x2) TOLE (1.10)
eMTODFRAY _ (k+2)0Y etV (1) +kaw
o(t, x1) = &(t, x1) = . (1.11)

K(t)kﬂ ’ K(t)k/Q
Since ¥ vanishes on 92 we observe that g9 = ¢|sq and &y = &|yq.

We also introduce the following weight functions depending only on the time variable

t:

oS SN (SR kaw
1) = , )= ——, 1.12
@1 (1) R0 80 = g (1.12)
kDALY (k4200 ¥ kDAY
t) = , )= —=——. 1.13

Remark 1.6 To derive the results presented in this paper, the additional parameter k is
not strictly required; we could fix k = 2 throughout the analysis. However, there are
situations—in particular for the Stokes system—where choosing the parameter k large
enough proves to be highly useful. This is evident, for example, when using energy
estimates with a weight that is frozen in space as in [8, Proof of Theorem 1, Step 3])
or in [9, page 364]. For this reason, we opt to keep k as a free parameter, as it may be
of interest for future research.
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The Carleman estimate for the adjoint system (1.5) is given in the following theorem.
Set

H(s, o u) = s // g1 2 <|3,u|2 + |Au|2> + 522 // £ 20 |Vul?
0,T)xQ 0, T)xQ

+S3)\.4 // 53 62s¢|u|2 +S3)\.3 // %.g e2x<p0|u|2 -I—S)\// $0€2S¢0|3nu|2,
0,7T)xQ z z

and

2
o 1 I,
By(s,pu,n) i= ——— — o 9?
o (s, w, n) 1+azsf/<0j)ngoe (|ag n|+| n|)+ //(-omxz

1
- 18,07, 11%)
0
[ (T o + 02
0, T)xZT
(1 ad)s g 10 + 52010 n? + (1 + )il nl?).

Theorem 1.7 Let w and J be nonempty open subsets of Q2 and I, respectively, and
let k > 2. There exist constants ¢y > 0, c; > 1, po > 1 and sy > 1 such that, for
all o > 0, for all @ > o and all  satisfying & > cip, & > ci(1 + 1/a?) and
AE [claz/% 1-’1;;12 uz], forall T > 0 and for all s > so(1 + a)(Tk + Tk’l), the
following inequality holds for all u € C'([0, T1; C(R)) and n € C>([0, T]; C*(T))
such thatu = o;mon (0,T) x 'y andu =0o0n (0,T) x I'y:

H(s, A, u)+ By(s, £, n) < cols 3A4// £3 X% u)?
(0, T)><w

T (a—s +a4 S7M8 // gezs¢o|n|2
0, T)yxJ
+// e>?|,u — Aul?
0,T)x

+ // >0 — adf, i + adin + 9 n +n + 8,,u|2). (1.14)
0,T)xT

Remark 1.8 In Theorem 1.7 one can choose A proportional to «?/3 if & > 1 and A
proportional to 1/a? if @ < 1. More precisely, we can choose 6 > 0 large enough
and T € [c10%/3, 62 /c1] such that the assumptions of Theorem 1.7 are satisfied with
Ar=rta?3and u =0 forall @ > 1, or with A = O% and u = g forall0 < o < 1.

The proof of Theorem 1.7 is provided in Sect. 3.3. Our proof strategy involves two
steps: First, we establish separate Carleman estimates for the heat equation and the
damped beam equation. These two estimates are then combined to derive the global
estimate presented above. The Carleman estimates for the damped beam equation are
proved in Sect. 5. The combination argument is provided in Sect. 3.3.
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Remark 1.9 The approach consisting in merging several Carleman estimates to deal
with coupled equations has been widely used to deal with systems of coupled parabolic
equations defined in the same geometric domain and with distributed coupling terms
that are small-order perturbations of the principal operators (see e.g [10-12]). Here,
the situation is more complex: The equations are not defined in the same domain and
the coupling is achieved through trace conditions.

The proof of (1.14) relies on the merging of the Carleman inequalities (3.16) for
the heat operator and (1.17) for the beam operator. The main difficulties rely in the
treatment of three terms: the boundary integrals [y %atv and [[5 &0, v|* in the
Carleman inequality for the heat operator (see (3.15)) and, for large «, the integral
o? / f(o,T)xI §3|8,n|2 at the right side of the Carleman inequality for the beam oper-
ator. Estimating these terms cannot be achieved by only playing with the Carleman
parameter s but requires a sharp choice of the second parameters A and .

The most problematic term arising from the Carleman inequality for the heat oper-
ator is f f 5 g—;’lﬁtv. Since we have the coupling condition u = 9;n on I'y, it requires
an estimation of 8377 via the Carleman inequality for the beam operator. This step
crucially utilizes the parabolic regularity of the beam equation and therefore the fact
that @ > 0. The absorption of this term is achieved only through a gain of a power of
A, specifically requiring A 2 1 + a%

For the term [} 5 §0/0x, v|2, the parabolicity condition & > 0 is not required for
absorption. Instead, absorption is achieved through a specific balance between A and
w, given by the condition A < (1 + a?)u?.

The term o? I f(o,T)xI $3|3z77|2 only arises for large values of «. Specifically, it
originates from the term ozafl d;7n in the beam equation, which generates the terms o /7
and « I3 when computing the Carleman inequality for the beam operator (see (5.32)).
For o < o & 1.45, these can be directly absorbed into the left-hand side of the Car-
leman estimates and thus do not present any particular difficulty (see Theorem 1.12).
However, for large values of «, o [7 and « /g can no longer be absorbed, which leads to
the remaining global term o> / f(o,T)x T ES |8;m7|? (see Sect. 5.2). Fortunately, thanks to
the boundary condition u = 9;n, we can absorb this term in the left-hand side of the
Carleman estimate for the heat operator in the regime A% > «?u*—which explains
the condition & > a%/3u*/3. Note that the works in [4, 7] focus exclusively on the
case where @ = 1, which is why this issue does not arise in their analysis.

Note that in Theorem 1.7 we obtain naturally an observation term in n for the
damped beam equation. To prove the observability inequality (1.6), we need to get an
observation term in 9;7. To do so, we rely on the strategy used in [4, Section 5]. We
prove the following:

Proposition 1.10 Let w and J be nonempty open subsets of 2 and Z, respectively, and
let A and s satisfy the conditions stated in Theorem 1.7. There exist co > 0 such that
any solution of (1.5) satisfies:

T
/0 92260 2 (g + 13y + 101227,

@ Springer



Mathematics of Control, Signals, and Systems

< co<(a*4+a16) S11A4§211 e4s<p272s<p1|u|2
0,T)xw

+@ 8 + a0 /<0T> sz*s; e2wz|a,n|2), (1.15)
,T)x

where @1, @2, &1 and &) are defined in (1.12) and (1.13).

The proof of Proposition 1.10 is given in Sect. 4. The Theorem 1.5 follows then by
a standard dissipation argument, see Theorem 4.1 below.

1.3 Carleman estimates for the one-dimensional beam operator

This subsection is dedicated to deriving Carleman estimates for the one-dimensional
beam operator. In Theorem 1.12, we state a Carleman inequality that is essential
for proving Theorem 1.7. This inequality includes a global observation term in 9,17,
which will be absorbed through the coupling with the Carleman inequality for the heat
operator (see Sect. 3.3).

Additionally, we present two other results that may be of independent interest:

e Theorem 1.11 provides a Carleman inequality valid for & = 0, though it involves
higher-order observation terms. This result arises as an intermediate step in the
proof of Theorem 1.12.

e Theorem 1.13 presents a Carleman inequality for ¢ € (0, @*), where o* ~
1.45, without requiring the additional global observation term in d,7. Although*
Theorem 1.13 is not used in this paper, it is worthy of interest as it improves upon
the results in [7].

The proofs of the following results are given in Sect. 5.
1.3.1 The beam operator

We first obtain the following Carleman estimates.

Theorem 1.11 Let J be a nonempty open subset of T and let k > 2. There exist
co > 0, wo > 1 andsy > 1 such that for all @ > o, for all « > 0, forall T > 0
and for all s > 5o(1 + a)(T* + T*=1), the following inequality holds for all function
n € C*([0, T1; C*(D)):

/ f 20 (sTuSe P + 2 uOe 10l + 536102 nl?
0, T)xZT
+(1+a?)s? weg10m1* + 51780193 nl* + (1 + a?)sp’Eold;dy, n|2)

< oo / /(0 200 (TP nf? + (1 + @) i E1aml? + sl ml?
T)xJ

+(1+ az)su2§0|8t8xln|2> +a?s3ut // g3 %9,
0.T)xT
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+ f/ B [02y — ad? Oy + a;‘lmz). (1.16)
0.T)XT

This Carleman estimate is Valid for « = 0, but with observation terms of order
strictly greater than zero (i.e, 0 Xl n, dx,0;n) on J. As a consequence, we cannot obtain
the expected controllability result for the beam equation from this inequality.

However, note that in the case « = 0, Theorem 1.16 implies immediately the
following unique continuation property: if 1 satisfies 8,217 + 8;‘1 n=0o0n(0,T) xZ,
andn=00n(0,T) x J,thenn=0o0n (0,T) x 7.

The proof of Theorem 1.11 is given in Sect. 5.2.

1.3.2 The damped beam operator

We now focus on the case with active damping, i.e., « > 0. In that context, we obtain
the following Carleman estimate.

Theorem 1.12 Let o > 0. Let J be a nonempty open subset of T and let k > 2. There
exist co > 0, ;o > 1 and’sy > 1 such that for all i > g, foralla > 0, forall T > 0
and for all s > 5o(1 + ) (T* + T*=1Y, the following inequality holds for all function
n € C*([0, T1; CH(D)):

2 2
o 1// L osgopiqd 2 L a2 20, @ L 2.2
- - (o "+ 197 n17) + — — 9,95 nl
1+a2s JJorxz €0 " ' s JJorxz §o o

+ // 200 (5T el In? + 5303 100, + 5211063107 nl?
0,T)xT

+{ +a2)s g ol + si6lod nl? + (1 +a?)siEolanon nf?)

< CO +Ol /f 7 e2s<p0|77|2 // 2S(p0|82
O, T)XJ 0, T)xZT

—aafl I+ a0l +ots7ut f/ £ e2“ﬂ0|atn|2). (1.17)
0, T)xZT

We now make several comments on the result: First of all, estimate (1.17) is better
than estimate (1.16) because, in (1.17), we retrieve an observation of uniquely 1 on
J. However, it is also clear that the estimate (1.17) is uniquely valid for « positive, as
the inverse of o® appears on the right-hand side.

Nonetheless, estimate (1.17) is not sufficient to obtain the observability of the
damped beam equation. This is due to the presence of the last term in the right-hand
side, involving an observation of d;7 on the whole domain Z. For large values of the
parameter «, this term cannot be absorbed into the left-hand side, regardless of the
choice of the parameters s and w. In contrast, the same term can be absorbed for «
small enough. It is therefore natural to try to determine the range of parameters « that
can be directly absorbed into the left-hand side. An answer is provided in Theorem
1.13 below. In our study, we get rid of this term by coupling the Carleman estimate
(1.17) with a Carleman estimate for the heat equation. Indeed, the term 9,1 is directly
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linked to the heat solution via the boundary conditions (see (1.5)). In other words, we
deeply use the coupling between the heat equation and the beam equation.

In [7], the author obtains a Carleman estimate for the one-dimensional damped beam
equation similar to (1.17) but without the last term on the right-hand side involving
a;1n, with the particular choice of damping parameter « = 1. Itis natural to ask whether
we can generalize the result of [7] for any positive value of the parameter o, which
would give the observability of the beam equation alone. It turns out that this is not
the case, as the techniques developed in [7] fail for large values of the parameter «.
More precisely, setting

[6(2 — B*
of = EH—;) where B* is the unique real root of 368> + 1118% + 778 — 58,

(1.18)
which gives 8* = 0,438+ 1073 and o = 1, 45341073, we obtain using the strategy
of [7] the following Carleman estimate.

Theorem 1.13 Let o € (0, ™). Let J be a nonempty open subset of T and let k > 2.
There exist co > 0, wo > 1 and so > 1 such that for all @ > o, forall T > 0
and for all s > so(T* + T*=1), the following inequality holds for all function n €
C*([0, T1; C*(D)):

5 3 3 3 3
f[«) . 0 (sTUSE] Inf? + ° 10810 1 + P 102 0 + 5 g0 + sl nl?
. T)XT

1 1
511260100, nl?) + f/f o ey nl + 107nI + 18,7 nl*)
s JJorxz §0

< co(// sTuBe] e + ff 29970 — dl 8 + 9, n|2). (1.19)
0,T)xJ 0, T)yxT

This result classically leads to the observability of the corresponding damped beam
equation, for any « in the range (0, o*). To the best of our knowledge, obtaining a global
Carleman estimate of type (1.19), valid for large values of the damping parameter «,
remains an open problem. We underline that a Carleman estimate can be obtained
by factorizing the structurally damped beam operator as a product of two heat-like
operators. But this leads to an inequality with strictly lower exponents of s than as in
(1.19) (see, e.g., [13]) that does not permit to handle coupled system such as (1.5).

Remark 1.14 Although the dependence of s is not explicitly given in [7], a check of
the proof shows that s can be assumed to satisfy s > so(T4 + T2) there, for some s
independent of T'. This would lead to a cost of the control proportional to exp(C/T?).
Here we improve this dependence in 7: For k > 2 the parameter s can be chosen
s > 5o(T¥ + T*=1) which leads to a cost of the control proportional to exp(C/T) (see
Theorem 4.1).

The improvement arises from how certain terms in the conjugated operators are
treated in [7] compared to the present study. Specifically, we retain the terms Mz,
Moz (see (5.4) and (5.6) in Sect. 5) within the main operator, whereas in [7], they are
first considered as source terms, and must be absorbed a posteriori. This absorption
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process incurs a loss of one power of 7 in the control cost. The fact that we keep
M2z, M2z in the main operator yields the additional cross terms R defined in
(5.11) that are estimated in Subsect. 5.5. It is this estimation process that improves the
dependence of s in T and yields the controllability cost e/7 .

1.4 Scientific context

The main contributions that are closely connected to the present work are [4, 5] where
the authors investigate the local null-controllability of an incompressible fluid in a
periodic channel, described by the Navier—Stokes equations, with a structure located
on the boundary of the fluid domain, described by a damped beam equation. In [4],
two distributed controls are considered: one in the fluid domain and one on the beam.
In [5], the authors manage to suppress the control on the structure by using a Fourier
decomposition, but this approach is very specific to the geometry. We underline that in
[4, 5] only the particular case of a structural damping coefficient @ = 1 is considered.
We may also mention [14] where the damped beam equation is replaced by a heat
equation.

The controllability properties of fluid—structure interaction systems have been tack-
led mainly in the case where the structure is described by a finite dimensional equation.
For the case of a rigid body immersed in a fluid, the first results can be found in [15,
16] for a fluid described by the 2D-Navier—Stokes equations and for some specific
geometric assumptions on the solid. These are removed in [17] for a simplified fluid
model, the 3D case without specific geometric assumptions is treated in [18], the case
of a rigid body immersed in a Boussinesq flow can be found in [19] and the case of
Navier slip matching conditions on the solid is treated in [20]. For a fluid coupled with
a structure described by a system of ordinary differential equations corresponding to
a finite dimensional approximation of equations modeling deformations of an elastic
body, we refer to [21, 22].

Let us also mention some works concerning the controllability of the beam equa-
tion. In [7], the null-controllability of the damped beam equation is proved, when the
damping parameter is equal to one. The proof relies on a Carleman inequality of type
(1.19) for « = 1. In [13], a Carleman inequality for the beam equation is obtained
by factorizing the structurally damped beam equation as a product of two heat-like
equations. However, this results in a Carleman inequality with strictly lower exponents
for s than in (1.19). We also mention the reference [23] where the authors proved the
null-controllability for the beam equation with structural damping using the moments
method, and the reference [24] where the author proves the same result using a spectral
approach.

The outline of the article is as follows: In Sect. 2, we give the functional setting
associated with our controllability problem. In Sect. 3, we obtain the Carleman estimate
for the coupled system, by coupling a Carleman estimate for the heat equation with
a Carleman estimate for the damped beam equation. We deduce the observability
inequality of the adjoint system in Sect. 4. Finally, Sect. 5 is devoted to the proofs of
several Carleman estimates for the damped or undamped beam equation.
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2 Functional setting

This section is dedicated to the study of the well posedness of system (1.4) and of
the regularity of its solutions, and to the justification of the equivalence between the
null-controllability of (1.4) and the observability of (1.5) (in the sense of Definition
1.1 and Definition 1.4). For that we introduce an abstract framework in order to rewrite

system (1.4) as an evolution equation.

We define the following operators associated with the damped beam equation in

(1.4). Let A : L>(Z) — L?*(9) defined by

_ el if (xp, x0) € Ty,
(A1, x2) = {0 if (x1, x3) € I'p.

The adjoint A* : L?(9Q2) — L*(Z) is given by

(A*w)(x1) = wxy, 1) (x1 € 7).

We introduce the following linear operators A; with domains D(A;) (for i =

defined on L%(Z),
At =dlc+¢. DAY =H' D)

A =a (=030 +8). DAy = HXD).

One can check that '
D(A,?) = HX(T).

Then the damped beam equation in (1.4) writes as:
020 4+ A1C + A2d L = —A* 0w + 1.
We define the space
A = [w e LX), ¢ eDA?), e LZ(I)}

equipped with the scalar product:

((w, §1,C2),(@,El,zz)),yfZ/QUJ@vL/IAi/ZQ AT +/I§2 &.

We define the linear operator A : D(A) C 7 — J by

2.1)

(2.2)
1,2)
2.3)

(2.4)

D(A) = {(w, £1,0) € HXQ) x HYT) x HX(T) : w= A& on asz} (2.5)

and
w Aw
Ala | = ¢)
& —A1L1 — Aypp — AFo,w

(2.6)
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From an easy adaptation of the proof of [25, Propositions 3.4, 3.5 and 3.11], we deduce
the following result.

Proposition 2.1 The operator A defined by (2.5), (2.6) is the infinitesimal generator
of an analytic and uniformly stable semigroup of contractions on .

A consequence of Proposition 2.1 is that for F' € L2(0, T; ) and Yy € 2, the

linear system
dy

7 AY + F in (0,T), Y(0) = Yo, 2.7
admits a unique “classical solution” that is a solution Y that belongs to H' (e, T; )N
L%(e, T; D(A) N C([0, T]; ) for all & > 0 (see [26, Definition 3.1 p.129 and
Proposition 3.8 p.145]).
In particular, for (wo, 2o, ¢1) € L*(2) x H*(T) x L*(T) and (G, H) € L*(Q) x
L2((0, T) x T), if we set

w wo
Y=1¢1, Yo=|5¢ (2.8)
3t§ {1
and
G
F=10
H

then system (1.1) can be rewritten in the form (2.7), and it implies the existence and
uniqueness of a solution to (1.1) satisfying (1.2) and (1.3).

Using that Ois in the resolvent set of A (by Proposition 2.1), we deduce the following
result:

Proposition 2.2 There exists a constant ¢ > 0, such that for all nonnegative values of
the parameter a, any solution Y = (w, ¢, 8;¢) of (2.7) with F = 0 satisfies

Cc

19 [w, ¢, 91Dl e = I ALw, &, 0: L1 s =

> 1_~_a||[w,§, W)l V€0, 7).

(2.9)

Proposition 2.2 can be proved similarly as [25, Proposition 3.5]. In particular, by
following the same steps as in the proof of [25, Proposition 3.5] we observe that the
constant in (2.9) can be chosen of the form lfra with ¢ > 0 independent of «.

If Yo = 0 we also have the following useful maximal regularity property: For

F € L%(0, T; 5), the solution of

dy ,
o =AY+ F in (0.7), Y(©0) =0, (2.10)

belongs to HY0,T; )N L*0, T; D(A)) and satisfies

1Y le20.7:D4) T 1Y a1 o,7:.0) < MallFliz20,7:2)- (2.11)

@ Springer



Mathematics of Control, Signals, and Systems

Note that it is not straightforward to explicit the dependence in « of the constant M,
in (2.11) from the resolvent estimate in [25, Proposition 3.11]. However, by adapting
the approach of [27, Section 3] one can obtain that it is of the form M, = cle  +a)
with ¢ > 0 independent of o > 0.

Next, we introduce the control operator B : Lz(a)) X L2(J ) — S defined by

1,8
B(g.h)y=1| 0 |. (2.12)
1k

Hence, with (2.8) system (1.4) can be rewritten in the following form:

dy .
- =AY +B(g.h) in (0.T). Y(0) =Y. (2.13)

Then Definition 1.1 can be equivalently stated as follows:

Definition 2.3 We say that system (2.13) is null-controllable at time 7' > O if there
exists a constant C7 > 0 such that, for all Yy € 7, there exists a control (g, h) €
L2(0, T; L*(w) x L2(J)) such that the solution ¥ of system (2.13) satisfies Y (T) = 0
and

lgllz2(0.7)xw) T 1Bl 220, 7)) = C1 1Yol

Proposition 2.4 The adjoint of the operator A is given by D(A*) = D(A) and

u Au
A lm | = /) . (2.14)
2 Arny — Aamz — A¥Ouu

Proof First, let us prove D(A*) C D(A). For that, suppose that [u, 71, 2] € D(A*)
and set [F, G, H] = A*[u, n1, n2] € 2. We have

(Alw, 1, 21, [u, ni, mD s = (w, $1, 2L [F, G, HD s VY [w, §1, 52] € D(A).

The above equality rewrites

2 2
/Awu+/IAi/ & A —/I(A*anw-l-Alé“l-l-AzCz)ﬂz
Q

1/2

=/ wF+/A}/2;1 A G+fH§2. (2.15)
Q A 7

First, with w = 0 and &, = 0 we find

/IA1C1(G+772)=0 Ve, € HY(D).

from which we deduce that n, = -G € D(A}/z).
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Next, with §1 = ¢ = 0 and w € C2°(£2), we obtain

/qu:/ Fw Yw e CZ(Q).
Q Q

from which we deduce Au = F € L*(Q). It implies that the trace and the normal
derivative of u are well defined in H 1/ 2(8 ) and in H -3/ 2(8 2), respectively, and,
that the following formula is true for all w € H 2(Q) (see [28, Lemma 1.5.3.3], and
the subsequent discussion),

/ Awu — / Auw = (3nu), M)HI/Z(BQ),H’I/Z(BQ) — (w, anu)HB/Z(BQ)’H—Z%/Z(gQ).
Q Q

(2.16)
Thus, by setting F = Au in (2.15), and with ¢; = 0, 2o € H>(Z) and w € H*(Q)
such that w = A¢p on 92, we deduce

/Awu—/ wAu+/A §2Al/2 —/ anwAnz—/Azé‘znz—'/.CzH
Q Q Q2 A

(2.17)
Then with (2.16), the equality (2.17) rewrites:

(8nw, M)Hl/z(BQ) H-12(0Q) — (w, an”)H3/2(8S2),H*3/2(852)

+/A 20, 412, / 3nwAn2—/A2§2n2=szH- 2.18)
IR A T

Letd € H'/2(3Q). By using the surjectivity of the map w € H2(Q) — (w, 0, w) €
H32(0Q) x H/2(3Q), we can choose w € H?(2) such that 3,w = d on 9$2. Hence
by applying (2.18) for such a w and with ¢, = 0 on Z, we finally deduce that

(dow) g2y, a-12ry) — /mdAnz =0 VYd € H'*(3Q). (2.19)

Then we deduce that u = An, on dS2. Moreover, since 1, € H 2(7) it is clear that
u = A € H*(3R). Since we also have Au € L?(Q), elliptic regularity results yield
u € H?*(Q). In particular, we have d,u € H'/2(32) and A*d,u € H'/*(T).

Finally, by coming back to (2.18), that holds for all w € H 2(Q) and & € H*(T)
such that w = A¢> on 9€2, and by taking into account that u = An, on 92, we find

that
—/ Aé“zanu+/ l/zé“zA /A2C2772=f§2H-
I T 7

Then A1ny = H + Aano + A*8,u € L*(Z) from which we deduce 1, € D(A)).

If we summarize the above results, we have proved (u, 11, 112) € H?(Q) xD(A}) x
D(Al/z) and u = Anp on 9, and that F = Au, G = —np and H = An| —
Axnp — A*0,u. Then with (2.5) it means that (u, 11, n72) € D(A), and we have proved
D(A*) C D(A). Moreover, since (F, G, H) = A*(u, n1, n2) we have that (2.14) is
true.
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To conclude, the converse inclusion D(A) C D(A*) follows from an application
of the Green formula. O

Next, the adjoint B* : # — L*(w) x L*(J), of the operator B defined in (2.12),
is given by

u
B*|m | = [“'“’} (2.20)
m n2ly

Let us consider the following adjoint system:

v
—-=AV in 0.7). 2.21)

Definition 2.5 We say that the pair (A*, B*) is final-state observable in time 7' > 0
if, and only if, there exist K7 > 0 such that any solution of (2.21) satisfies

T
IV(DI%, < Kr /0 IB*V 20y 120" (2.22)

It is well-known (see, e.g., [29, Theorem 11.2.1, p.357]) that the null-controllability of
(2.13) in time T > 0 is equivalent to the final-state observability of the pair (A*, B*)
intime 7 > 0, and in that case the constants C7 and K7 are actually equal.

In view of (2.14), the equality (2.21) is equivalent to

oru = Au in Q,
u=An on (0,7T) x 012,
0Ny = —mn in(0,T)x1T,

dmp = Ainy — Aanp — A*0,u in (0, T) xZ.
Hence, we deduce that (u, n) = (4, —n) satisfies

u u

d .
— | n|=A|n in (0,7) (2.23)
dt
0n 0n
or equivalently,
u = Au in Q,
u= Ao on (0,T) x €2, (2.24)

320+ A+ Axdn = —A*du in(0,T) xZ.

As a consequence, the final-state observability of the pair (A*, B*) in time 7 > 0 is
equivalent to the existence of K7 > 0 such that any solution of (2.24) satisfies

@ Springer



Mathematics of Control, Signals, and Systems

T T
1w, . 1T 2, < K7 (/0 /|u|2+/0 /J|am|2). (2.25)

Finally, since the first fourth equalities of (1.5) can be rewritten as (2.24), we
deduce that the pair (A*, B*) is final-state observable in time 7' > 0 if, and only if,
system (1.5) is observable at time 7 from the observation sets w and J in the sense
of Definition 1.4. As a consequence, system (1.4) is null-controllable at time 7 if and
only if system (1.5) is observable at time 7 from the observation sets @ and J, and
in that case we can choose Cr = Kr. The remaining part of the article is therefore
devoted to the proof of the observability inequality (1.6).

3 Carleman estimate for the coupled heat and damped beam system

In this section, we state the Carleman estimate for the heat equation that we combine
with Theorem 1.12 to deduce Theorem 1.7, and we prove the observability inequality
for the adjoint system (1.5).

Notation. In what follows, we use the notation X < Y and X 2 Y if there exists a
constant C > 0 which is independent of the parameters (sg,s, A, 4, T, &) such that
we have the inequalities X < CY and X > CY, respectively.

3.1 About some properties of the weight functions

We now state some properties that are satisfied by the functions ¢, &, ¢ and &y defined
by equations (1.10) and (1.11) in the introduction, and that we need in the following
calculations.
Letb > a,i = 1,2 and j € N. The following properties are true.
%01 + 104,61 S 1T€ if j #0,
10,03, 0l + 18,0461 < M TEE,
10704, 01 + 19704 £ S A T2,

g4 < pb-akgh (3.1)
and
187, 00l + 181, &0l S /& if j #0, (3.2)
19,87, €0l + 19,87, ol S ' TE, ¥, (3.3)
. . . H_i
19297, 50l + 18287, 0ol S n/ T3¢, *, (3.4)
g8 < T keh, (3.5)

For the following, we suppose that for some so > 1 we have s > so(T* 4+ T*1).
Then, the above estimates yield
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10,051 + 18,0101 S A (s/50) €2, (3.6)
19204.£1 + 18208, 01 < 1 (s/50)2 &2, (3.7)
£7 < (s/s0)P 7 &P (3.8)
and
18,07, €0l + 19,01, 0ol < 11/ (s/50) &2, 3.9)
19797, &0l + 18207, 0l S 1/ (s/50)* &, (3.10)
5 < (s/s0)" & (3.11)

From (1.11) we observe that:

d90 = n¥zéo and 93 90 = (u¥7 + 1 Y7o
Hence, from (1.8) we deduce that there exists o > 1 large enough such that

wéo(t, x1) S 10x, @0, x1)|
g0 (. x1) S 07, po(t, x1)
3.2 Carleman estimate for the heat equation

forall w > puoand (¢, x1) € [0, T] x Z ~ Jy. (3.12)

Let ¢z and Yo be the weight functions introduced in Subsection 1.2 and set
Y(xy, x2) = %w_’[()ﬂ) + ¥q(x1, x2). The definitions (1.10) rewrites

VLX)V _ (kD)W AV (1) kAW
, L X1,%) = ——————
Z(t)k/z S( 1 2) Z(t)k/z

@(t, x1,x2) = . (3.13)

From A > u, we have that i and its derivatives are bounded uniformly with respect
to A and p and from (1.7) we have:

Y >0in Q, and 9,9 = —1. (3.14)

Moreover, from the last statement in (1.7) we deduce that for % small enough the
infimum of |V (x)| over Q\wy is positive and independent of u, A.

By following standard calculations, these properties allow to obtain a Carleman
estimate for the heat operator with an observation term localized in wo and with
nonhomogeneous boundary terms. To give a precise statement, let us introduce the
following boundary integral, where we have denoted ¥ = (0, T) x 9€2:
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v
Is(s, 2 e, v>=—/ a—a,v+s3/f £ O3+l (WD vl
> on b

Y / / E0 (2412 (YD) dyvv + s / / Eodhglvl?
> >

+As// so|anv|2—xs/f §0|3x1U|2—25M// £0(Y) 3,00y, v.
> b >

(3.15)

Theorem 3.1 Let w be a nonempty open subset of 2 and let k > 2. There exist ¢ > 0,
co > 0,c1 > 1and sy > 1 such that for all . > ciu > 1, for all T > 0 and for all
s > so(Tk + Tk’l), the following inequality holds for allu € CcY([0, T1; C*(Q) such
that withu =0on (0,T) x Iy :

¢ (rl // g2 (|3,u|2 + |Au|2> + 522 // £629 | Vu|?
0.7)x2 0.7)xQ

2! // §3e2w|’f‘|2) +2Is(s, A, p, v = €*%u)
0,T)xQ

<o (// e>?0u — Aul* + 532 f/ 3e2W|u|2) , (3.16)
0,T)xQ2 0,T)xw

where Ix (s, A, i, v = e*?u) is given by (3.15).

Such Carleman estimate for the heat equation can easily be obtained by following the
classical techniques developed in [30, 31]. The only particularity here is that we keep
all the boundary terms coming from the integration by parts, which gives the term Iy,
(see for instance [4, A.2]), and will be used in the combination with the Carleman
estimate for the damped beam equation.

3.3 Carleman estimate for the coupled system—Proof of Theorem 1.7

Proof of Theorem 1.7 We denote by [ £ ¢=1,...,7, the £th term on the right-hand
side of (3.15). Let ¢ > 0. First, using Young’s inequality, we deduce:

1 1
1L = 9,0 v < — —BZA//BZ.
1 ‘//E . ’”Nm//zso"”' +esi [ [ ol

Above and in the two following estimates, the constant behind the symbol < is also
independent of ¢. Next, using A > u, Young’s inequality and (3.11), we obtain

1s3
< esh // Eoldnv]* + =527 f/ g vl
b €50 by

13| =

25 f / £0(A2 + 12 (YD) o
M
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and

13+ I5] =

As / f £oli v + 2 / / Eo (W) vdy, v
> X
SA
+—// o (02,0
& M)

Next, using (3.9), we deduce that,

ZA// £ 9o 0] ‘<—x /so P,

Then by combining the above inequalities, by fixing ¢ > 0 small enough and for
so > 1 large enough, from (3.16) we deduce that

57! f/ g7leBY (|81u|2+ |Au|2> + 527 // P Vul?
0,T)x <2 0,T)x
+s3k4// P ul? 45703 // & |v|2+)\s/ Eoldnv[®
0,T)x$ b )
< (// e1,u — Aul® + 72 // £367|u)?
0,7)x$ (0,T)xw
// = 3v)? +As/ so|axlv|2). (3.17)
& z

From v = ¢*?u, we deduce d,v = 59, ¢v + ¢*?d,u. Then with (3.11), we get

xs// £ e25¢0|anu|2§,\s// §o|8nv|2+s3k3/ £ v|>.
> ) b

and (3.17) yields

H(s, A u) <co /[ 625‘p|8tu—Au|2+s3)\4// 1§362s‘p|u|2
0,T)xQ2 0,T)yxw

// PWSIE: +,\s/ §0|8xlv|2>. (3.18)
E )

Next, from v = ¢*u and u = A(9;n) on X, where A is defined in (2.1), we deduce

§m/f £oldnvl?
)

I3 =

v = 9,(e*Pu) = 5(3,00)e*u + &’ u = A(s(3p0)e’ o + e‘w"é)tzn) on X,
d v = spu(Yp)éoe’u + e 0, u = A(sp(Yp)Eoe’ 8 + e¥°8,9,,m) on X,

and then with (3.11) and A > p,
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10, v|? +As// £o [0y, v // 501922
//250 ' - SK (()T)xIEO

53 A //0 Isgezmwzm +sxf/0 Isoez-‘wwa,amm
(0,7)x 0,T)x

1 +a? A
< By (s, i, n). 3.19
N< e taTe 2) MENT) (3.19)

Moreover, from u = A(9;n) on ¥ we deduce

2,4
o
052S3;L4 // ég e2S(/70|8ln| — a253ﬂ4 // %-g eZS(p()|u|2 < _I;H(S,)\.,M).
0.7)xT P A
(3.20)

Then by combining (3.18), (3.19), (3.20) with the Carleman estimate (1.17) for the
damped beam operator in Theorem 1.12, we obtain

H(s, k1) + Bo(s, . ) < / e>?1d,u + Aul?
0,T)xQ

+f/ e23¢°|afn—aafla,n+a;‘ln|2
0,T)xT

+s3k4// £3 o250y + 8 4 o /f §TUBE] 22 &
0,T)xw (0 T)xJo

1ta - B, “H A, 321
+<M2 +(1+02W) o) + S5 H s w0, (3.21)

Moreover, note that from (3.11) we deduce

/ / 9097y — @iz, dm + o, 0l
0,T)xT

5// eB90197n — ady, dyn + adn + 05, 0+ 0 + duul?
0,T)xT

+oz2(s/s0)3 f

eZPE3 1 m? + (s/50)” / / 20 n .
0,7)xT 0,T)xT

Then by choosing sg large enough, we can replace 8,217 — aafl on+ 0 77 by 8, n—
@d? 0in + adn + 3¢ n + 0 + duu in (3.21).

Fmally, for the choice of parameters A, u given in the statement of the theorem the
last two terms at the right side of the inequality (3.21) can be compensated by its left
side. O

4 Observability inequality for the coupled system

In this section, we fix the parameters A, s as in Theorem 1.7. We now prove Proposition
1.10. First, we recall that ¢1, ¢ and &, & appearing in inequality (1.15) are defined

@ Springer



Mathematics of Control, Signals, and Systems

in (1.12) and (1.13). Observe that, by definition of W in (1.9), we have

e1(t) = (1, ) = 2(0), §1(1) =&, ) = &) for 1 € (0,7), 4.1

and that, analogously to (3.6)-(3.11), we have fora,b € R, and j = 1, 2:

S (s/50)" T €D 10| + 10| S (s/50) €7
1076/ 1+ 107951 S (5/50)° & 4.2)

Proof of Proposition 1.10 First, for the following we set

00()=s""2 " e 01()=s721E)"% ', oa(t)=s"17275, 17 P00,

4.3)

QS(I) s 1/2)\5 1/2 X 1’ Q4(t)=s_5/2)h %.1*5/2es(p] and Qs(t)=S3/2)\2$;/2 es(pz‘

Observe in particular that g; € €'(10,T)), 0i(0) =0i(T)=0,i =0,...,5,and

thanks to (4.2):

|05 S 0o and o}l < 03 “4)

On the other hand, thanks to Theorem 1.7, and with © < A < (1 +a?)u?/c1, (4.1)
and (4.2) we get

1
(1 +a?)?

FBa(s ) < f / S8 PP + (@ +at) / f STAS €] 292 2.
0,T)xw 0,T)xJ

/ $17E 0 (Il o) + 1y + 19172 7)) S Hss Ao w)

4.5)

From (4.5), we have:

T
/0 a0 ® (lulfagq) + M52z, + 18172 7))

sasa) [[  @out+ (@t raf) [ etomk @o
0. T)xw 0,7)xJ

We observe that
8; u atu

d
E 3,17 = A 8,77 in (O, T)
07 o7

Then, we can apply (4.6) to [0;u, 07, 3,217] and we get

T
0

<<1+a4)/ Gl + (a~ + o // Q0o
0,T)xw 0,T)xJ
“4.7)
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We integrate by parts the first term on the right-hand side of (4.7). We then have

f/(O s 02 (1)|dul* = // 3r(g§(t)8,u)u
5 Xw
0,T)xw )%
1
=5 //(‘O’T)Xw 2(3a% 63 202 u? // 95(’) O2u u.

From (4.2), we deduce
‘32( 3,4 53 2Y(p2)} ,Ss“)f‘ 5211 o252

and since A > 1 and ¢ — ¢ > 0 we get

/f Q2P < // S WluP — /f o2(t) 82u u.
0, T)xw 0, T)xw 0, T)xw

On the other hand,

— // Qg(t) afu u=— /f s 523 2592 8[2u u
0,T)xw 0,T)xw

_ // (5117233 )12 2s0r=s0r 1y s (5752 £ 50192,
0,T)xw —

2 04

Therefore, for ¢ > 0 we get

A +ahH?( +a)?M?
(1+ah / 02()|dul*< 03lul?
0, T)xw 0,T)xw

&

IS f/ 02 192ul?, 4.8)
20+ )My J Jo.1)xQ

where M,, is the constant in (2.11). Above and in what follows, the constant behind
the symbol < is also independent of ¢.

The next step is dedicated to the estimate of the last term in (4.8). For that, we are
going to use the parabolic regularizing property of (2.23). We first deduce from (2.23)
that

d u u u o3u
o] =Alosz| n +05| n | in (0,7),| o3n |(0)=0.
o on am 030im

Thanks to (2.11), we have
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”Q3[l/l, n, atn]“Hl(o!T; LZ(Q)X'D(A}/Z)XLZ(I))

S MO( ”Qé[uv n, atr)]”LZ(O,T; LZ(Q)XD(A}/z)XLZ(I)). (410)
From (4.10) and (4.4), we find

||Q33tu||L2(0,T;L2(Q)) + ||Q3al77||L2(0,T;H2(I)) + ||Q33;277||L2(0,T;L2(I))
< Mo (looull 2 0.7: 120y + Neonll 20,7 2@y + 110001l 120,72 12(T))) -

4.11)
In addition, we deduce from (2.23), that
d u u u
—losd | n || =Ales | n || +0i—| n | in D),
dt dt
o 0 o
u
esgi | n [ O =0. (4.12)
orn

From (2.11), (4.4) and (4.11), we obtain

2 2
lload; ulle(O’T;Lz(Q)) + ll049; TI||L2(0,T;H2(I)) + ||Q43t377”L2(0,T;L2(I))

< M§ (||Q0u||L2(0,T;L2(Q)) + lleonllL2,7: 52Ty + ||Qoat77||L2(o,T;L2(I))) .
(4.13)

Since (u, n, 9;7n) satisfies (2.23) by Proposition 2.2 we have that inequality (2.9) is

true for [u, n, d;n]. Hence, by multiplying it by oo(#), and integrating over time, we
obtain

leoullz20,7:12()) T lQonllr 20,7 m2(z)) + 10030l 20, 7. 12(7))

S+ 05)(”@08!“||L2((),T;L2(Q)) + ”QOathLZ(O,T;HZ(I)) + ||908t2’7”L2(0,T;L2(I)))~
(4.14)

Thus, thanks to (4.13) and (4.14), the term in p4 of (4.8) is absorbed by the left-hand
side of (4.7) when choosing ¢ small enough, and we deduce

T
/ 0@ (19172 + 131132 7, + 137 01727))
0
sasvaurd [[ Boul s («tead) [ gt
O, T)xw 0,T)xJ
(4.15)

Finally, (4.14) with (4.15) and M, < a4 proves Proposition 1.10. O

~
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We are now in position to prove an observability inequality for system (2.24).

Theorem 4.1 Let w and J be nonempty open subsets of 2 and L, respectively. There
exists C > 0 and t > 0 such that for all T > 0 any solution of (2.23) satisfies:

||I/l(T, )”%AZ(Q) + ||77(T’ )”%.]2(:[) + ”8;77(T, )”%2(1‘)

Cha 1
sce™ D[ e [ aar). aie
0. T)xw 0,T)xJ

where ho = Ta 2 ifa < 1 and Ay = 1?3 ifa > 1.

Proof First, from (1.15) and (4.3) we deduce that

3T /4
/ 05O lIlu, n, 313, S (@t +a'%) f o3 ul* + (@ +a'%)
T/4 0, T)xw
f/ o1 (1)[d;m|*. (4.17)
0,T)xJ

Set s = So(1 + oc)(Tk + Tk_l) and A = X, with A, given in the statement of the
Theorem for ¢ > 0 large enough so that it satisfies the assumptions of Theorem 1.7
(see Remark 1.8). Since 1, > t we can choose t large enough so that

Va >0 2—eheV —p7he¥ —&,

for some ¢ > 0 independent on «. The above inequality guarantees that 2¢, — ¢ <
—&&, and that
03 < hg(si) e 02 <2l

Similarly, we can choose t large enough so that 1 — e*¥

Thus, we deduce Q2 <28

< —¢ and ¢ < —e&s.

1 ~ a-
Next, with s = 5o(1 + &)(T* + T5=1) and using the fact that 3&- < £(r) < Z* on
(%, %) we deduce
Tk 7! Tk 74!
> _ (kA2rew 1 T 5 Chel T
sp1(1) 2 —(1+ e w2

1
— _¢Cha (1 + 7) forallt € (%, 3TT)»

and

Tk + Tk—l

s§10) 2 A +o)—r

1 14+2) foral r3
=0+ |14+ ) forallze (7, 7),
and from (4.2), Aq > 7 and (1 +)(1 + 1/T) > 1, we deduce

—eCra (14 L
03(1) = 5332 £} (1) 25910 > (s (1)) > ¢ (1+4).
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By combining (4.17) with the above estimates of Qg, Q% and Q%, we deduce

3T/4 Cra (141
/ e, 1, 3eml%, < € ( )(// |u|2+f/ I3m|2)~
T/4 0,T)xw 0, T)yxJ

(4.18)
Finally, since (e (>0 18 a strongly continuous semigroup of contractions on . we
have [[[u, 1, 9n1(T) |z < lu, n, 3m)(0)]l e forall 1 € (%, 3). Then

T 3T /4
Ell[u, 1, 9nl(T) |l s» S/ [, n, 3] ()l 2
T /4

and with (4.18) this concludes the proof. O

5 Carleman estimates for the damped beam equation

In this section, we obtain a Carleman estimate for the damped beam equation.
We set
fyi=0+ 3t n—ad,dln and z=e".

Direct computations yield to
Miz+ Moz =€ f, — Nz, (5.1)

with
Miz=Mypz+Mipz and Mjyz = Majz + Moz, (5.2)

where

Miiz = 5*(05,90)*z + 657 (3x,90)°05, 7 + 35, 2 + 250 (3, 90) 0,0, 2 + 72, (5.3)
Miaz = s7(090)°z + s (3,90) 5, 2 + 5 (3, 90)° (3 90)2. (5.4)

and

Moz = —45> (B2, 00) 05,2 — 45 (By, 90)3 2 — @302, 2
— 5%00(32,90) 20z — 6(1 + B)s> (3x,90)* (35, @0)z. (5.5)
Mooz = — 25(3,00);z — 2570 (3190) (35, 9) d, 2, (5.6)

and

Nz =a(s (32, 00):z + 25(3;0x,00)dy, 2 + 5(8 97, ¢0)z — 57 (37 ¢0) (B 0)2
— 257 (39, 90) (D, 90)2) — 5(8700)z — 65(37,¢0) 5,2 — 45(33, ¢0)dx, 2
+ 12507, 90) (0, 90) 3, 2 — 5(35, 00)z + 457(33, 90) (x, 90)z + 357 (37, ¢0)*2
+ 685° (07, 90) (0, 90) 2.
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In the above setting, f is a free real-valued parameter that will play a role only in the
Proof of Theorem 1.13.
For the following, we set

Ro =2 / / Nz 5.7)
(0,T)xT

and from (5.1) we deduce

”MIZHiZ((O,T)xI) + ”MZZ”iZ((O,T)XI) + 2// MIZ . M2Z
0, T)xT

_ // 15 f) — Nzf? < 2// 39| £,12 + Ro. (5.8)
0,T)xT 0,T)xT

From by using (3.2),(3.9),(3.10),(3.11), and with 59 > 1, we deduce that R defined
in (5.7) satisfies

1 a?
Rol £ (— + —2> JI (1P + 10 St 2
S0 SO 0, T)xZ
(1 + az)s3u4§3|81z|2) . (5.9)

Let us denote by /;; the cross product of the i’th term of M with the j’th term of
M. We have:

/f M1z~/\/lzz=// Miiz - Maiz + R,
0,7)xT 0,7)xT

with
i=5,j=5

//(o,nxz 1z - Moz Z | (

i=1,j=1

and

Ri= Y Ij. I={L..8x{L..T\{l....5}x{l.....5}.  (5.11)
(i,j)el

We prove in Sect. 5.5 that

l+a o 7 8eT1l2 L 5 65 2, 3 4e31q2 2
Rl S +2 (s7ued1zP + 5° 85l 2 + 58103 2
50 85 0.T)xT
+( + D)3 uted 1,2 + su2§0|8,3xlz|2) . (5.12)
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From (5.8), we deduce

2 2
”M1Z||L2((O,T)XI) + ”MZZ”LZ((O,T)XI)
+2// an-Mmzssz PO f + Ro+ Ry, (5.13)
0,T)xT 0,T)xT

5.1 Computation of the cross product

The present section is dedicated to the computation of f f 0.T)xT M1z Mpz thatis
the computations of each /;; defined in (5.10).

This leads to tedious but straightforward computations.
— Computation of 71| —

Iy = 47 / / (30, 90) 20,2 = 1457 / f (82,000 (02 o) 2
0,7)xT 0.T)xT

— Computation of 71, —

Iy = —4s° /f (8)(1900)5Z8)§1Z
0, T)xZT
= 20s° / / (93, 00)* (97, 00)207, 2 + 25° / / (3, 90)° By, 19, 21
0,7)xZ 0,T)xT
—105° / / 02 [(8,, 90)* (32 @)1z P—305° / / (02, 00)* (32 90)13s, 21
0,7)xZ 0,T)xT

= —30s / f I(axl¢0)4(aﬁl<po)|axlz|2+R12,
0,T)x

where

Ri» = 105° / f( g B0 O g0
T)x

Moreover, from (3.2) and (3.11) we deduce

1
Rial S —s'u® / / &lzI%. (5.14)
So 0,T)xT

— Computation of 713 —

I3 = —sa / / (0x,00)* 8,02, 22
0,T)xT

= 45%a / / (0,00 (02, 90)3s 3y 22 — 25 / f (0102, 00) (0, 90)° 103, 212
0,7)xT 0,T)xT

=—4sta // (0,90)° (07, 90)dx, 20 425 // 0, 8¢ [(3x,00)° (92, 0) 1121
0.7)xT 0,T)xT
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ot / / (310, 90) (B, 00102, 22
(0,T)xT

= —ista / f (3100 (02, 90)3ry 2012 + Ry3,
0,T)xT
with

Rz = 25t / / 32,0 [(3x,00)° (BF, 00)]1lzI?
0,T)xT

ot f / (318, 90) (3, 90)° |81, 212,
0,T)xZ

Moreover, from (3.2), (3.9) and (3.11) we deduce

|R13|<—s // 1P + S // Lol (5.15)
0,7)xT 0,T)xT

— Computation of /14 —

ha = —s% f / (80900922 = 3% / / (0,900,902l = Ria.
0,T)xT 0,T)xT

Moreover, from (3.2) and (3.9) we deduce

IRial < —s m /[ £l1z1%. (5.16)
0, T)xT

— Computation of /5 —
Iis = —6(1 + B)s’ / / (9%, 00)° (33, @0) 2|
0,T)xT

— Computation of 751 —

It = —245° ff (B0 203, = 605° ff B @0l P
0,T)x (0,T)x

— Computation of 7, —

Iy = —24s° / / (31, 00)°07, 203 2 = 365° / f By 20)2 (02, 00)92 212,
0,T)xZ 0,T)xT

— Computation of I3 —

I = —65%a / / (3x,00)%9,97, 207, 2
0,T)xT
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= 65« / / (040, 90) (0, 90) 105, 21> = Ras.
(0.T)XT
Moreover, from (3.2) and (3.9) we deduce

o 2 2 2
Rosl < LsPu f f £3102 2
50 0.T)xT

— Computation of /54 —
Iy = —6s*a / / (3x,00)* 0,207 2
0, T)xZT
= 24s*a / / (3x,90)° (37, 90) 3, 20x, 2 + Roa.
0,T)xT

with
Ros = —125%a f f (3r,90) (3185, 00)105, 217
0,T)xZ

Moreover, from (3.2) and (3.9) we deduce

|Rasl S —S w // £510y 21
0,T)xT

— Computation of /5 —
Is = —36(1 + B)s° / / ROTINCYOLE
0,T)xT
= 36(1 + )5 f / (0900 (02, 90) [y 21% + Ros,

0, T)xZT

with

Ros = —18(1 + B)s” / f 92 [(3x,00)* (37, 00)]1lz |-
0,T)xT
Moreover, from (3.2) and (3.11) we deduce

1
Rasl € 5%t [ gJieP.
56 0.T)xT

— Computation of /31 —

I = — 443 //(0 - I(3x1 ‘00)3836123?12
T)x

(5.17)

(5.18)

(5.19)

— 12¢° //(0 ., I(axlwo)z(aﬁlwo)ax,zaﬁlz + 453 //(O . I(?)mwo)3331z831z
s 1) X ,T)x
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= 653 / / 02, [(3ry 20)2 (92, 90) 1103, 2% — 1853 / / (02, 00)2(02 90102, 212
0, T)xZT 0,T)xT

= 185 / / (00,0002, 00)102 2% + Ry,
0,7)xZT
with
R31 = 65 f / 33, [(Dx,90)* (7, 90)119x, 2| .
0,T)xT
Moreover, from (3.2) and (3.11) we deduce

1
Rarl € 5% [[ - &loaP, (5.20)
S0 0,T)xZT

— Computation of /3, —

I = —ds / / (0010008, 2% 2 = 25 / / (82 0) 12 2I2.
0,T)xZT 0,T)xT

— Computation of /33 —

I3 =~ // 37 29,07z =0.
0,T)xZ

— Computation of /34 —

Iy = —s’a // I(ax]gpo)za;‘lzatz
0,T)x

= 2% / / (80, 00) (02,9007 2002 + 50 / / (80, 00203 2040 2.
0,T)xT 0,T)xT

A new integration by parts leads to

Iy = —4s%a f / (93, 90) (05, 90)05, 20;0x, 2 — 5% [ / (9, 00)*05, 20195, 2
0,TYxT 0, T)xT
2 2 2
2% / f 01, [0, 00) (92, 90)102, 2042
(0,T)xT
= —452q f / (8, 90) (82, 90)92, 20,05,z + 5%t / f (81 90) (B, 90) |07, 21
0,T)xZ 0,T)xZT
_9 2 3 2 2
sca 1 [(Ox1 00) (3%, ¢0) 195, 20: 2
(0,T)xT

= —4s%q // (3x1§00)(a)%1 wo)a,%]z?)zaxlz + R34
0,T)xT
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with
Ras = s’ // (3x,00) (370, 00) 07, 21
0,T)xT
— 2S2(X // axl [(8)61(/)0)(8)%1 (pO)]a)%lzatZ'
0,T)xT

Moreover, from (3.2), (3.9) and (3.11) we deduce

o
Rasl £ £ ff £002 o+ Lt /[ £2107 2101
0,T)xZ S0 0,T)xT
Ot o
s 4f/ £3107 21> + —s7u // 219,z (5.21)
0,7)xZ S0 0,T)xT

— Computation of I35 —
Ls =—6(1 4 B)s° f / (8x,00)* (87, 00) 203 2
0,T)xT
—6(1 + p)s / f 00,102y 90)2 (02, 0)1203 2
0,T)xZ
+6(1 + B)s’ f f (3x,00)* (35, 00) dx, 203 2
0,T)xZ
=—6(1+ p)s’ f / 92, (92, 00)* (05, 90)1203, 2
0,T)xT
—12(1 + B)s® e, [(Bx, 00)% (82 2
X1 x1§00) (3X1(/’0)]3x123le
0,T)xT
—6(1 + B)s° //«) (axlww (02 90)192, 217
=314 By / / 0 13900202 g0)]2I?
0,T)xT
+6(1+ B)s’ / / 37 1(3x,00) (37, 00)119y, 21>
0,T)xT
—6(1 + p)s? f / (81, 00)2 (92, 0) |2 22
0, TYxT
— 614+ B)s° / / (82, 00)2(02, o) |2, 22 + Ras.
0, TYxT
where
Ris = —3(1 + B)s° f / A REC
(

+6(1+ )’ / f 02 [(31, ¢0)> (32 @0) 2, I
0,T)xT
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Moreover, from (3.2) and (3.11) we deduce

Ras| < —s " // &l + f/ Bl (5.22)
0,7)xT 0,T)xT

— Computation of 14 —
_ 4 4
I = —8s*a / / (31, 90)* 0, 20,0, 2
0,T)xT
— 165% f / 0,04, 90 (35, 00)? 105, 217 = Ry
0, T)xZT
Moreover, from (3.2) and (3.11) we deduce
Ratl S —s iz // £510x, 21 (5.23)
0,T)xT
— Computation of 14, —
Ly = —8s2a / / (33, 00)%03, 20,0, 2
0,T)xT
= 1657 / f (93, 00) (37, 90)97, 20, 0%, 2 + Raa,
0,T)xZ

with
_ 2 2 2
Rar = —85%a [ f (B2, 00) (21 By 90012, 2
0, T)xZT

Moreover, from (3.2) and (3.11) we deduce

o
Rap| < —s°p? f / g3107, 21> (5.24)
S0 0,T)xT

— Computation of /43 —

I3 = —250[2 // (3)51(,00)8;3,(123;3312 = SOl2 // (8§1¢0)|8t8x12|2-
(0,7)xT 0,T)xT

— Computation of 744 —

L= — 25302 f / (8%, 00)> 8, 0y, 20, 2=35" 02 / / (3%, 00)% (37, @0)13; ).
0.7)xZ 0,T)xT

@ Springer



Mathematics of Control, Signals, and Systems

— Computation of /45 —

with

45

—12(1 + B)s Ot//«) (axlfp()) (07, 90)0;0x, 22

12(1 4 B)s*a /f (3x,00)° (3xlfﬂo)3x123tz + Ras,
0,T)xZT

Rus = —6(1 + B)sa / / B, 131, 00) (02, o0)] 21
0.T)xT

Moreover, from (3.2), (3.9) and (3.11) we deduce

o 2
Rasl € 557 [ gfieP.
50 0.T)xT

— Computation of /51 —

==t [ @eraii=—e® [[ @06 wiaieRs,
0,T)xT 0,T)xZT

with

RSI = 12S3 /./ (8xl@0)2(8[axl(p0)axlzatz-
0, T)xT

Moreover, from (3.2) and (3.11) we deduce

IRsil < —S Iz [/ E10x,2119r2] S —S Iz // £ 10,217
(0,7)xT (0,T)xT

l
—s*;f / / 310z
0,T)xZ

— Computation of /s —

Isy = —4s / / (3x,00)0;, 207 2
0,T)xZT
=4s // (ataxl §00)33128t1 + 4s /:/ (axl(PO)ata;lZatZ
0,T)xZT 0,T)xT
= 4s / / (3 3y, 00)33 20,2 — 4s / / (33,00)9:97, 20;2
0,T)xT 0,T)xT
2 / / (B2, 00) 1018 2
0,T)xT
— 45 / / (OB, 00)02, 20,2 + s / / (83 00)3k31, 2012
0,7)xT 0,T)xT

1 6s ff (82 90)] 3, By 22
0,T)xT

(5.25)

(5.26)
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= 6s // (07,90)13,0x, 21> + R,
0.7)xT

with

Rss = ds / / (31041000 2012 — 25 / / @ go)larzl.
0,7)xT 0,T)xT

Moreover, from (3.2), (3.9) and (3.11) we deduce

[R5l < —s M// Solaxlzllale + —s iz // £310,z1
0,T)xT 0,T)xT
< —m// £olo; zI? +—s ,u// £310,z)?
0,T)xT 0,T)xT

1
—s3u4 / / £319:2)%. (5.27)
0,T)xT

— Computation of /53 —

o
153=-0l // al‘a)%]za?Z:a /f Bzaxlzalzaxﬁ:fv/:/ 8t|8t8xlz|2 =0.
(0,T)xT 0,T)xT 2 JJo,mxT

— Computation of /54 —

Iss=—s"a / [ (3, 00)2 0,202 z=5"x / / (32, 90) (31 3y, 90) |3, 21> =Ros4.
0,T)xT 0,T)xT

Moreover, from (3.2) and (3.11) we deduce

|Rsal < —s / f £319:21%. (5.28)
0, T)xZT

— Computation of /55 —

Iss = —6(1 + B)s* f/ (3, 90)” (37, 90)37 22
0,T)xT

= 6(1 + p)s* f f (0x,90)* (37, 90132 + Ress.
0,T)xT
with

Rss = —3(1 + f)s’ / / 0200, 00)2 (02, 00) 212
0.7)xT
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Moreover, from (3.2), (3.9), (3.10) and (3.11) we deduce

1
Rssl € ="t [ gfieP. (5.29)
55 0.T)xT

Finally, by combining the above expressions we obtain

// Mz - Moz =
0,T)xT

— (8- 68)s7 / / (01, 00)° (2, g0) 2 2
0, T)xZ

D0

i=5,j=5
i,j=1

+ (66 + 368)s f / (0x,90)* (37, 90|05, 21

0, T)xZT
+ (12 — 6B)s° f/ (3,00 (37, 90) 105, 21

0,T)xZ

+ (a? £ 68)s° / [ (01, 90)2 (02, 0) 8,212

0,T)xZ
+ 25 // (87, 90)103 2I* + (& + 6)s // (87 90)10; 0, 2|

0,T)xT 0,7)xZ
+ (32 + 12B)s*a / / (3x,00)° (37, 00) 20, 2
0,T)xT

+ 125%a //(0 . I(axl<p0)(afl<po)a§1zalaxlz+R2, (5.30)
,T)x

where R is the sum of the R;; that are estimated in (5.14)-(5.29) and that satisfies

1+«
|R2|5< . ) / /0 (TGP g0 03 2P
0,T)x

+57 g 1021 +su2$oI8§lz|2). (5.31)
For later use, we rewrite (5.30) as

ff Mtz - Maiz = 8 — 68)1 + (66 +368) 12 + (12 — 68)15
0, T)xZT

+Ba® 4+ 6B) 14 + 215 + (& + 6)Is + (32 + 12B8)al; + 123 + Ry,
(5.32)

where Iy, £ = 1, ..., 8, denote the integral terms.
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5.2 Estimate of the cross product from below for arbitrary @ > 0—Proof of

Theorem 1.11

In what follows, the value of the free parameter 8 plays no role, so for simplicity we

fix B = 1. Then (5.32) gives

// Mi1z- Mo z=211+1021+613+Ba® +6) I4+215+ (o> 4 6) Ig+44a I+ 120 Is+ R, .
0, T)xT

Using the fact that z = ¢*¥9n we observe that
0:z = s0;p0 7 + €*0;.

Hence, we have
44al; = 44ast / (zaxl<p0)3(a§l ©0)3;20x,2
0, T)xZT
= 4as? / / (3x,00)° (37, @0)e* P 3 dy, 2
0,T)xT
+44as” / / (3x,90)” (37, 90) (3, 90)20x, 2
0,7)xT
= 4as? / / (3x,20)° (7, 00) (€* 3, 1)dy, 2 + Ra.
0,T)xT

with
Rs = 22057 / / 0011021 20)° 02, 00) Br) 1
0, T)xZT

Moreover, we have
aly = 1205 / / (B 0) 07, 000, 0
0, T)xT
— 10as? / / (310002, 90)02 20,2
0.T)xT
12as? f / 01,19y 90) (92, 90192, 20,2
0, T)xT
— —120!52 // (ax,<po)(8§1 wo)aﬁlz(ewoam) + R4,
0,T)xT
with
Ri = —12as / / (3, 20) (02 90) (3190)03, 22
(0.T)xT

— 12as? //(0 . Iax,[(fixl(p())(a)%1 wo)]aflzarz-
X

@ Springer

(5.33)

(5.34)



Mathematics of Control, Signals, and Systems

Note that from (3.2), (3.9) and (3.11) we deduce
o
Rl + 1Rl < L // (570812 + s Ed193 ol el + s 83102 2l 1arzl)
so JJo.m)xT
o
L STuSEIeP + solod 2P + S0P + ) (539)
0, T)xZT

Moreover, from (3.12) and Cauchy—Schwarz inequality we deduce

‘12as2 / /(O - (3, 0) (02, 90) (€90 8,)32 2
T)xZ\Jo

+ ‘44(“4 / /( g, B0 G 0B
X 0

< Ges / / (02.90)193 2> + 22¢5° / / (32, 90) (9, 90)* 05, 217
0,T)xZ\Jo (0,T)xZ\Jo

28
+ 20250 f / (31 90)2182 g0l >0 |3, 2
0,T)xT

— 6els +22¢ 1, — Ges / / (82 903 2
0,T)x Jo
206" / f (82 90) (35, 90)*195, 22
©0,7)xJo

28
+ B f / (80, 90)2102, gole™ 3,1
3 0, T)yxT

and then, with (5.33), by choosing ¢ small enough we get

/f Muz-lez-l-S// 102 polla3 2 + s /f 102 0013, 90)* 18, 212
0, T)xT 0,T)xJy 0,T)xJy

ta’s / / 192 601 (3, 90)? €% |3 — Ry — R — Ry
0,T)xT

>(h+hL+L+A+a)+Is+ (1 +a)).

Thus, with (5.13), using (3.12), (3.2) and (5.9), (5.12), (5.31), (5.35) we find that for
Ao > land sy = YO > 1 large enough, for all 4 > Ag and all s > 5o(1 4 a)(T* +

TE=1) = so(T* + T4 b,

2 2
IMiZ L2 0, 7ywz) T IM220720,7)x7)
f/ s7 £ 121 + 5”08 |0y 22 + 5P nEg (103 2
(0, T)XI
+( a3 ) + 51280103, 22+ (1 + )21, 21 )

<<// 32S¢0|fr)|2+(¥2 3 4// 5362Wﬂ0|an|
(0.7)xT (0.T)xZT
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+ / / (78] 12 + 530810,y 2 + 5 83 (02,2 + (1 + D) [a2)
(0,7)xJo
51260103, + (1 +@)1918y, 1) (5.36)
From inequality (5.36), we directly obtain the Theorem 1.11.

5.3 The case @ > 0 -Proof of Theorem 1.12

From now on, we assume « to be positive. We will now prove our main Carleman
estimates that is Theorem 1.12.

5.3.1 Estimate of the local terms in 84,z and 6,2(12

Let Jo € J1 € J and x; € C3°(Jy) such that x; = 1 in Jy and let &1 > 0. By
integrating by parts and by using (3.2), (3.11), we get

s // 63102 2 < st // 163102 22
(0,T)xJo (0,T)x J;

= _// 8x1(S3M4X1588§1Z)8x11
0,T)xJy

<c // (053102 2l 2l + s 83197, 21 )
0,T)yxJq
Cy
< Cie / f (5120193 212 +57 13197, 21 ) +— f / S 083 19y, 212
0,T)xT &1 0,T)x J;

where C; > 0 is independent on &1. Then by choosing ¢; > 0 small enough, we can
remove the local term s3u* [/ 0.7 Jo £7102 z|* and replace Jo by J in the equality
(5.36), up to a modification of the constant C there.

Next, let J; € J, € J and let x2 € C8°(J2) such that x = 1in J; and let &5 > 0.
By integrating by parts and by using (3.2), (3.11), we get

S / / £310y 2P < 5518 / / £ 2
0.7)xJ; 0.T)xJ

__ f f By (8" WS X283, 2)z
0, T)xJy

<G // (53158312 zllz] + s €810 2l 2])
0,T)xJy
C
< Coer / / P EAE3102 2P + 5508 0 2P) + 2 / / sTRSE] )2,
0.T)xT &2 JJo.ryx

where C» > Oisindependent on €7. Then, similarly as above, by choosing &, > 0 small
enough we can remove the local term s> ;4° / f(o Ty Jy ég [0y, z|? and finally obtain
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2 2
||M1Z||L2((0,T)><I) + ||M2Z||L2((O,T)><I)
+ /f . (Mgg 21> + 871083 105 217 + 57185 (197 21> + (1 + )92
0,T)x

511260103, 2 + (1 + D)0, 2 )

< c(f/ PO+ o’ /f 55 ¥l
(0.7)xT 0,7)xZ
+ / / (smgsg 21> + (1 + a5’ n*Eg 19z + sp?E0 (193, 2|
0,T)x >
+(1 +a2)|8,8xlz|2) (5.37)
for some C > 0 that can be chosen independent on «.
5.3.2 A Carleman estimate with high order terms in 82z, 882 z and 8} z

Now our goal is to estimate 37z, ad; 8)%11 and 8;‘11.
First, from (5.2) and (5.5) we have

03,92,z = —45> (3x,00) 0,2 — 450y, 0003, 2 — 5%t (3x, 90) 012
— 1257 (3x,00)*05, 0z + My — Mz,
and with (3.2) and (3.11) we deduce
o’ 1 2 2 7 8:71.12 L 5,655 2
— = 10:05,217 S (s 1&g lz|” + 57 n6q | 0x, 2
s JJorxzéo 0,7)xT
+os e 9,z + &0 193, 21%)

1
+ / / — (IMa)? + [IMa]?). (5.38)
©0,7)xZ 580

Moreover, from (5.6) and from (3.2) and (3.9) we deduce

1 1 1+ a2
s |M22|25( > )f/ (085100, 2 + 83102l
s JJorxz &0 55 0.T)xT

(5.39)
and from (3.11) we deduce
[ P s i (5.40)
— Mo”5 — Moz . .
0.7)xT $&0 50 LHO.DxD)
Then by combining (5.37) with (5.38), (5.39) and (5.40) we obtain forsp = 7% > 1,
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o / / L a2 o2
©0,7)xZ 580

+ / / (s7 B8 121* + s7 08§ 10, 21> + 57 e (197,217 + (1 + )92
0,T)xT
+spgo (1 + a?)[d;0x, 2% + 105, 21%)
< (// 90| £ 12 4 o261 // £3 2|92
0,T)xT 0,T)xT
+// (57//685(3 |Z|2 +S3M4§g(1 +a2)|atZ|2 +SM2€0(|831Z|2
0,T)xJ>
(1 + a2)|3t8xlz|2>. (5.41)

Next, by observing that

1 1
—// F |97 2+ 972> = /f E (193, 21> + 197 21* + 205, 297 2)
§ JJO,T)XZ §0 0,7)xZ 50
and with
2 1 4 2// 1, 2// Cled
- — 0y,20;z=—— — 0y 0/20i7 — — 0r (&, )0y, 20s2
//(()T)xzéo s onxz&o s Moryxz 00 Y
2 1443
33 920y, Oz + = // Ox, (& )0y, 0r20r 2
//(0 T)XIEO L O.Tyx7 0 T
+2// 8(5_ )3 Oy, 0, +2/f 0 B(E_I)BSZBZ
z T W
(0T)><I[ 0 PPt oy 00
4 142
=-= — |828z|2—7// e, (€502 8,20y, 012
f/;o =T 0“1 s Joryxg 100 STt
2 —1..2 2
- G 1a2 328z—7‘// 3 (Ey )05, 8¢ 207, 2
s//(o,T)xI 0 /T T O.1)xT 0 ST

4 2 _
—— // 8)518[(%-0 )3x128x18tz - = // 18’@0 1)3312812,
s 0, T)xZ (0,T)x

we deduce

—/ ot P w102 =% f/ 04 2 4 22
0.1)xT &0 (or)xZEO

// 8,z|2+7€6,
0.T)xT 50

(5.42)

where
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402 _
Re = ——// 02 (6o, dra
s 0.T)xT

05_2 4 o1 2_£ 2e—1y192 .12
+ dy, &y )10zl 9; (5 )0y, zl
s 0,T)xT s 0,T)xZT

4a? 1 2 2a? 2 —1y92
+ = By 01 (6500, 0,202 7 + — 02 9, (6592 20, 2.
s 0,T)xT s (0,T)xT

Moreover, from (3.2), (3.9), (3.10) and (3.11) we deduce

2
o
Rel £ % //0 RGP+ I + sl ). 649
0 0,T)x

Thus, from (5.2) and (5.3) we deduce

(3724 37, 2) = —as™ (3r,00)* 2 — 6057 (3, 90) 797, 27 — 20°5(3, 90) 0y 0, 2
+aMiz —aMirz,

and with (3.2) we deduce

2
o 1
— / - |3flz + Z)tzzl2 < o? <ff s7u8§g |z|2 + s3u4503 |331Z|2
s JJorxz 60 0.T)xT

1
a5y 10,0 2P + o / f LMl M. (5.44)
0,7)xZ &0

Moreover, from (5.4) and from (3.2) and (3.9) we deduce

2 2 4
o 1 o o
— / - MplP S5+ /f (S7M8§g|2|2 +s3u4§g|3flzlz) )
s JJorxz §o 55 SH 0.7)xT

(5.45)
Moreover, from (3.11) we deduce
@[ mips M1 (5.46)
©0,7)xT 550 50 :

Then by combining (5.42), (5.43), (5.44), (5.45), (5.46), (5.38), (5.39) and (5.40)
withsp = 2L > | we deduce

1+a =
o? 4.2 2.2 2 2 2
ff (084 22 +1022P) S (1 +a?) (M + M)
0,7)xZ 50 0,T)xT
+(1 +a?) / I(swsg 21> + 5108 105,217 + s> uteg (192,21
0,T)x

+(1+ a)[8721?) + su’Eo (@210,05,21% + 105, 2.
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Then with (5.37) and (5.41), it follows that

2

o L4 2 2.2 2// 1 2.2
— — (0 21> + 1072 + — 18,92, 2]
(1 +a?) /(o,r)xz sgy 1 ! ©0.1)%Z & =

+ / f (7188 1212 + 51068 |oxy 2P + Pty (192217 + (1 + )92

0,T)xT
+s1%80 (1 + )3 dy, 21 +183,2%) < (// = fy?
0,T)xT
+alsdut / / & ¥l + / / (s716] 122 + 2t (1 + @Dz ?
0,T)xT 0,T)x J»
5280 (103, 212 + (1 + @d)l3rdx, 2P, (5.47)
5.3.3 Estimate of the local terms in 6,3;12 and 8;z and 80,z

Let J, € J3 € J and x3 € C§°(J3) such that x3 = 1in J and let &3 > 0. By
integrating by parts and by using (3.2), (3.11) we get

su? // £0(193, 217 + (1 + )13y, 21 < s // x30(103 22 + (1 + o9, 9, 21
0,T)xJy (0,T)xJ3

=— // e, (5147 X38003, 2007 2 — (1 + o%) / Ay (s4% x35001 95, ) r 2
(0,T)xJ3 0.T)xJ3

<C3 /f (51280 (19, 21192, 21 + (1 + )18, 87, 2119;2]) + 51380 (183 21107, 21 + (1 + &®)8, 0y, 2118:2]))
0.7)xJ3

1+a?

1+a2\ C3
+< ) = // st (197,217 + (L + )92,
€3 0,T)xJ3

1 o?
< Cie // — ( 193 217 + 13, a,fle) + 51760 (193, 217 + (1 + )99, 217))
0.7yxZ 50

o?

where C3 > 0 is independent on €3. Then by choosing €3 > 0 small enough, in
(5.47) we can replace the local term

// (suzsoqa;zﬁ +a +a2)|8,8xlz|2)
(0,T)xJ

1 +(x2
s e (102 21 + (1 + a®)|d,z1).
o? 0,T)x J3 !

Next, to remove the local term [ 0.7)x s 53 1*€319,z)? we introduce J3 € J4 € J
and x4 € C3°(Jg) such that x4 = 1in J3. Let &4 > 0. By integrating by parts and by
using (3.2), (3.9), (3.11) we get

(1 +a?)? (1 + a2)2
S gl < ———s*u* xa€o izl
o 0.7)xJ3 o 0.7)xJs

- _T//(O T)xJ OG5 xsbo )z
T x s

by
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(1+ 02
=S [ @t + stz
(0, T)><J4

< Cs84 // < —87z|?
0.1z \ 1 +o? 5 e
(1 +a5)2
+(1+ az)s3u4§3|8,z|2> + ( // s 1] 1z,
0,T)xJy

where C4 > 0 is independent on &4. Then by choosing €4 > 0 small enough, we can
remove the desired local term. ,

Finally, to remove the local term % f f(O’T)X A 53 M4EO3 |3§1 z|> we proceed as in
Sect. 5.3.1. Then finally, we obtain:

— (193, 21* + 1972 + o f/ —|a o3 zI?
(1+Ot) /(OT)XIS"EO 0.7)xZ 580 '

+f/ (s"uB] 121> + 57 uO&S |0x 2* + 57 1'eg (197 217 + (1 + D)9z )
0,T)yxT

+spgo (1 + a?)[d;0x 2% +185 21 S ( / 0| £
0,T)xT

1
ratstiit [[ et (Get) [[ (e ).
0,T)xT (o4 0,T)xJ

(5.48)

Going back to the initial variable n = ze %, the estimate (5.48) gives immediately
Theorem 1.12.

5.4 Estimate of the cross product from below in the case @ < a*—Proof of
Theorem 1.13

We recall that, for any nonnegative real parameters « and 8, the equation (5.32) reads

// Mz Morz = 8 — 68)11 + (66 + 368) I + (12 — 68)1I5
0, T)xZT

+Ba® 4+ 68)I4 + 215 + (o + 6)Is + (32 + 12B8)aly + 12alg + R,.

To have positive coefficients in front of Iy, for £ = 1,...,6, we must impose
B el0.3).

It remains to estimate the terms (32 + 128)a I7 and 12« Ig. For that, we follow the
strategy of [7] which consists in using Cauchy—Schwarz inequality to bound those
terms by I», I3, 14, Is. We will observe that with such an approach the optimal value
of B is B*, and it allows to obtain a lower bound for the cross product for ¢ < o*,
with B* and o* defined in (1.18).
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First, recall that
G2+ 12l = 32+ 12B)sa / / (82, 00) (02 90)h 2, 2.
0, T)xZT
For any 0; > 0, we have by (3.12) and Young’s inequality

‘(32+ 128)s*a / (02,90)° (92, ¢0)3 205, 2
(0,T)xT\Jo

(16+6,3)a // , ) )
= (36( +6,3)91 (0, T)XI\JO( xl(pO) ( IQDO)| x1Z|

+(16 + 68)01 (3a* + 6B)s° / (3x1¢0) (0 1<,00)|3rZ| (5.49)
0,T7)xT\Jo

Then to bound [(32 + 128)a 17| by (66 + 36/3)12 and (3a? + 6p)14, and some corre-
sponding local terms in Jy, we need (646B)a” < 664368 and (16 + 68)0; < 1, or

(3a2+6p)6,
equivalently
8 +3B)a? 1
G2+ 68331 188) ~ ' = U6+ 68"
(8+3p)0?

The limiting case corresponds to

68(33+188)
1882+428+29°

X 6833+ 18B)
a] (IB) = 2 .
188= + 428 + 29
Similarly, we recall that

= 1 i 2 _
Ga2+6p)(331188) — (6+6H) °F equivalently o* =

As a consequence, we control the term [(32 4+ 128)al7| for any o <

12als = 12 a/f (3xl<,00)(3x1§00)a 70,0y
0, T

and for 6, > 0 we have

1257 // (3)%1@0)(%wo)af]zataxld
0.7)xT\Jo
2
= —26a 5? / / (07,90) (32, 00)* (37, 2)* + 602(cr” + 6)s
(a” +6)602 (0.T)xT\Jo

f / (82, 00) (3402, 2 (5.50)
0,7)xT\Jo

Then to bound |12« g| by (12 —68) I3 and (e + 6) I, and some corresponding local

terms in Jy, we need ﬁ < 12 — 68 and 66> < 1 which leads to
o? 1
— <O < —.
(@>+6)2—pB) 6
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The limiting case corresponds to m = % or equivalently o? = %_ﬂﬁ). Asa

[6(2 —
consequence, we control the term |12« /3| for any o < o3 (8) = ElT/f)

To conclude, we obtain a lower bound on the cross product for « less than a*(8) =
min{a} (B), a3 (B)}. It is easily seen that the value o*(p) is maximal for 8 such that
aj(B) = a5 (B) which is to say

62—B)  6B(33+18p)
448 1882+ 428 +29

or equivalently
P(B) =366 + 1118 + 778 — 58 = 0.
It turns out that P admits a unique positive roots B, which verifies B, < %‘. For g = B*

62—
4+ﬂ* 9

I iz [[ (Sl + s el
0,T)xT 0,T)x Jo

Ho,2D) +1000 7)) = Ra = Clh + b+ B+ I+ Is + 1), (5.51)

ando < o* = we have

for some constant C > 0 that may depend on @ € (0, «*). Combining (5.51) with
(5.9), (5.12) and (5.13), we find that for A9 > 1 and 59 > 1 large enough, for all
A > Aroandall s > so(TF 4+ TF1) = 5o(T* + TF 1),

”MlZ”iz((O,T)XI)+”MQ‘Z”%z((O,T)XI)_’_/\/(\O s I (S7M8§07 |Z|2+S5M6SOS|8X1Z|2
,T)x

+5 (03, 2 + 1002 + su260(13, 217 + [0, 21 )
= C( / f (S7“8507 212 + 57 w08 1y, 21 + 57 15 (192, 217 + 19,21
0,T)xJo

+s1?60(103, 217 + 191y, 21%) / 1,2 (5.52)
0,T)yxT

for some constant C > 0 that may depend on & € (0, «*). Finally, we proceed as in
Sect. 5.3 to end the proof of Theorem 1.13.

5.5 Bounding R 1—Proof of the estimate (5.12)

To complete our study, it remains to prove that R, defined in (5.11), satisfies (5.12).
This is the purpose of the present section.

For each (i, j) € I, where the set I is defined in (5.11), we first give an adequate
expressions of /;; by using integration by parts, and then an estimate of |/;;| obtained
by using (3.2), (3.9), (3.10) and (3.11). The estimate (5.12) follows by combining all
these estimates.
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— Computation of /16 —

le = -2 / / 53 (9, 00) (Br0)20rc = 5° / / 0,1(0s, 90)* (D901,
(0,T)xT 0.7)xT

which yields to the following estimate:

116] < —s f/ £J1z1.
0,T)xZT

— Computation of /17 —

I = 2’ / / (B0, 00) (Brp0) 20, 2 = r5° / / N [CAPORCS [
0,T)xT 0.7)xT

which implies [117] < —s 7 // §o|2|
0,T)xT
— Computation of I —

I = —12as’ // (02, 90)” (3r90) 9, 295, 2
0, T)xT

= 120[.93 // Iaxl [(3x1¢0)2(3t¢0)] axlzafz
(0,T)x

o [ af@eP@en )iz
0,T)yxT

which yields the estimate

|Le] < < 4 3// 8105, 2118r2] + —s m // £5 19, 2|
0,T)xZ 0, T)xZ

o
S —S3M3 // Eo|atZ| + ( 2) s’ /f §3|3X1Z|2'
(0,T)xZ 0,.7)xZ

— Computation of /35 —

no=-2 [ @wacal:
0,7)xT
= [ @aeazdzeos [ Genaog:
0,T)xT 0.7)xZ

= 2 f / (802 ¢0) 3202 2 — 4 f / (3B, 90)3y 0y, 202, 2
0,T)xT 0,7)xT

—i—s// (02p0)102 2.
(0,T)xT
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This gives the following estimate

1

1
ol S 55l [ glacioda+ osu [[ giaogzielz)
5o 0, T)xT S0 0, T)xT

1
S [ @i s ot [ gaueP 4 i
0,7)xT s; 0,7)xT

_I_
5
1 2
+ —su &010,0x, 2|
S0 0,T)xZ

— Computation of /37 —
Iy = —25% f / (31, 90) (0190, 202 2
0,T)xT
= 2S2(X // axl [(8x1 QDO)(BIgDO)]aXlZa)::l z
0, T)xT
~ s f / 0, [ (s 00) 01 00) 102,212
0, T)xT
= [ / 93, (01,900 (3190 01,212
0,T)xZ

32 // B, [ (02, 90) (Br 00) 102 217
0, T)xZT

Asaconsequence, we obtain |I37] < —s / $0|3xlz| +—s u //
(0,T)xT (0,T)xT

3192 .12
g102 217

— Computation of /46 —
Lig=—45a f/ (3x,90) (3:¢0) 91 9y, 20r 2
0, T)yxT

—25% / / 00, [0, 90) B p0)|18,21-
0,T)yxT

From this, we obtain the estimate |l16| < —s ,u / & |3;Z|2.
0,T)xT

— Computation of 147 —

L7 = —45%a? / / (3, 00)* (3r00) Dy, 28 Oy, 2
0,T)xT

— 2532 / / [y 9002 (0r00) ]I, 212
0, T)xZT

2
. o
As a consequence, we obtain |147]| < —2s5u2 f/ §3|ax1z|2.
50 0, T)xT
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— Computation of /55 —

Isg = —25 // (0,00)8,20% = 5 /f (0200) 1,212,
0,7)xT 0,T)xT

which implies |I5¢] < —s / & 310;z]%.
0,T)xZT

— Computation of 157 -
157 = —2S2(x // (axlgpo)(algp())axlzatzz
0,T)xZT

= 25%a ff 3,[(8xl(po)(3t(po)]3xlzatz — s
0,7)xT

/ [ 00, [0, 90) (B 00)|18121.
0,T)xZ

and this gives

1Is7] < —S M// éolaxlzllazzl + —S 2 // Eolarzl
(0,T)xT (0,T)xT

o o o
S _zssﬂ// Gloxzl + | =+ — | s’ // & 1921,
55 (0,T)xT S5 %0 0,7)xT

— Computation of /51 —

Ig1 = —4s° / / (31,907 (9r90) 205, 2 =257 / f 00, [y 00) Brg0)?] 122,
0,T)xT 0,T)xT

which leads to |Ig;| < —s /f & T1z)2.
0, T)xT

— Computation of 162 -

Iy = —4s> / / (B0, 00) (Pr0) 202, 2
0, T)xT

=45’ / / B, [ (0, 90) (3 00)* 207, 2 — 257 / / B, [ (0, 90) (3 00)?] 101, 2
0, T)xZ

(0,T)xT

= —4s° / / 92, [ (92, 00) (9 00)* ]2, = — 65 / / 3, [ (32, 00) (B 00)*] 105, 21
0, T)xT

0,T)xZ

=25} / / 03 [0, 00) 190?217 — 65° / / 0, [ 9y 90) 01 90)*] 1,212
0,T)xT 0,T)xZT

Asaresult, we obtain | Isp| < —s / SOIZI + // EOIBX,ZIZ.
0, T)xT 0, T)xZT

— Computation of /g3 —
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Iy = —s%a / /( or (Btgoo)zzata)%lz

— 2% / / (319, 00) (Br90) 20195, = — 520 / / @) Brgo)lo o
0, T)xT o, T

— s%a / / 0, [(3r 3, 00) (Br ) 1217 — 257 / / O o) Brg) i <
0, T)xT

_ s / f (®200) (190) |2, 21>
0, T)xZT

From this, we get the following estimate:

o
sl S %7 // 1P + s u/f E41,210 2]
0,7)xT 0,T)xT
—s5 /f £l o < L5 // £l)P
0.T)xT s O.T)xT

5o
—s%// £310:21> + <—2 —) f/ £7 105,217
0,T)xT 0 0,T)xT

— Computation of /g4 —

S4Ol
Ios=—s*a / / (05, 00)> (B 90) 220z = —— / 3 [ (92, 00)* (B 0)*] 121
0.7)xT 2 JJorxz

It follows that |Is4| < —s M / EOIZI
0.T)xT
— Computation of 165 —

As we directly have Igs = —12 5° / / I(3x1¢o>2(3fl ©0)(8:90)%|z|?, we obtain
0,T)x

1
immediately |Ig5| < —s " // Eglzlz.
S 0, T)xZT

0
— Computation of g —
s = / / (000 0z = 357 / / (9200) (Br 90?12
0,T)xT (0,7)xZT
which leads to | Isg| < —s / éolzlz.
0,T)xT

— Computation of 167 -

I =—2s5% // (05, 90) (3r900)> 20, z =5 f/ Ay, [ (95, (00)(3t§00)3] Iz
0,T)xT 0,T)xT
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Accordingly, we obtain |Ig7] < —s / g1z
0,T)xT

— Computation of 771 —

Iy = —dsta [ / (31,00)° (01 90) 3, 202, 2
0.T)xT

— 25ta / f 92, [ By 20)° Brp0)] 95, 22
0.TYxT

o

andso |11 S SsSut // £ 10,2
S0 0, T)yxT

— Computation of /7, —

il | R DICTAL L
0,T)xZT

— 252 / / 0, [ (01 00) (Br90)]102 212,
0,T)xT

and it follows that | I3 < —s u? £3107 zI%.
0,T)xT
— Computation of /73 —

I3 = —sa?® // (Bt(po)BflzB,B 7= — / (9; 900)|3§IZ|2,
0,7)xZ 0,T)xT

from which we deduce |I73] < —2 ff &y |8§1le.
S0 0,T)xZ

— Computation of 774 —

Iy = —s°a f/ (3x1(00) (3r¢0)at2
0, T)xZT

= %o’ / / B0, [0y 00)> (Br0) |1 20,2
0, T)xT

[ (34, 00)2 (390) ]85, 212,

(0,T)xT

which in turn implies

il S s // ghioa iz + st f/ £310,, 22
0, T)xT 0, T)xT

seou [ geras >+< 2>ssu3 [ &,
0,T)xT S0 0,T)xZT
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— Computation of /75 —
Is = —125% / / (02,0002, 90) (0,00)202 2
0,T)xT
— 65 / / 02 (3,002 (02, 00 (Br90) ]2
0, T)xZT
+ 1250 / / (31, 90)2(02 90) (990 10 212
0, T)xZT

o o
Thereby, it follows that | I75] < —3s7u6 // £d |z H—s" // £310,, 217
5o 0.7)xT 50 0,7)xT

— Computation of /76 —

I = —25% / / (390) 3,203,z
0,T)xT

= 45« / / (3:90) (31 8, 90) B 20x, 2 — 257t / / (3r00) (37 90) 13y, 21
0, T)xT 0, T)xT

A direct estimation of these two terms gives

o o
16l S —s5*u /f E310iz]10x, 2] + —5° f/ £7 105,217
50 0,T)xZ S0 0,T)xZT

o o o
< 5s5u // E310rz)* + (—3 + —2> s f/ £519x, 217
S (0,T)xT S 5) 0,T)xT

— Computation of 777 —
I = —28% f f (B2, 00) (1 00)202, 20,2
0,T)xT

= 532 / / 02, [ By 900 Br90)?] 101,212,
0,T)xZ

2
o
therefore |I77| < —2s5u2 // §3|axlz|2.
55 (0,T)XT
— Computation of I3; —

s = —4s5a / / (3, 00)° (9 00) 20, 2
0, T)xZT

25 / / 00, [(0,00)° Do) ] 12,
0, T)xZ

o
from which we deduce |Ig| < —s'ub /:/ Eglzlz.
S0 0, T)xT
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— Computation of I3, —

I = —ds'a / / (80190 (10203, 2
0,T)xT

— a5t f / 00, [0, 907 (Br00) 202  — 25 / / 00y [0, 20)° (1 0)] 10,22
0,T)XT 0.T)XT

= 25 / / 82 [0, 00 0] 27 — 65 / / 0y [0, 007 00 10, 212,
0,T)xT 0,T)xT

and as a consequence | Igz| < —s / E Iz|? +—S uw // go|axlz|2
(0,T)xT (0,T)xT

— Computation of /g3 —

Iy = —s’a // (32, 90)* (3 90) 28,02
0.7)xT
a2

=s'a? / / 3y [ (3, 90)* (3190) |20, 0, 2 — f / 3 [ (3, 90)* (3 00) ] 105, 217
(0,T)xT 2 0,T)xT

3,02 [(30, 00> Grgn) 1217 — 5% / / 30, [y 200 Br00) ]2 9, 2
0.T)XT

0,T)xT

[ (35, 00)* (Br00) ] 184, 21

0,T)xT

2
o
sl S STt f/ Ellz? + —s*u3 ff £ (@]9:2]) |9y, 2
So 0,T)xT S0 0,7)xT
/f Ko <L /f £\
0, T)xZT 0, T)xZT
+ s // £3@,2] >+< 2>s5u3 ff £310.,21%
0, T)xZT S0 0,T)xT

— Computation of /g4 —

5 2

o
Iy =—s%a / / (@90 )z e =" / / 3, [0, 00)* @1 00) 1217,
0.7)xT 0,7)xT

and therefore |Ig4] < —s / S |z|2.
0.T)xT

— Computation of 185 -

As we have Igs = —12 5%« / / (3x,00)* (37, 90) (300)|z|*, we directly obtain
0,T)xT

@ 7 6 70,12
Iss| < 257 // £l1z.
S0 0,T)xZ
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— Computation of I35 —
Isg=—2s"a / / (00,002 (Br0) 2y 2= 5 / / [ By 00 @1 00)?] 2
0,T)xT 0,T)xT

which directly gives |Igg| < —s u? / £J1z1.
0.7)xT
— Computation of /37 —

Iy = —25°a° f / (32, 900)° (3,90)* 205, 2
0,T)xT

N / / 00, [(0,00)° 000?122,
0,T)xT

. . . . 05

which in turn implies |I37] < —2 s’ 4 f / 50 |z| and gives the last estimate
S0 0,T)xT

needed to obtain (5.12).
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