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Abstract: We investigate an unstirred chemostat model in which two species compete in a two-dimensional
environment. The populations are assumed to disperse anisotropically, with distinct probabilities assigned to
horizontal and vertical movements, which are interpreted as dispersal strategies. First, we analyze the dynam-
ics of the single-species model and identify the conditions for the existence of positive steady states. Then, we
classify the dynamical behavior of the two-species model into three scenarios based on the diffusion strategies:
(1) extinction; (ii) competitive exclusion; and (iii) coexistence. Next, we provide sufficient conditions for the exis-
tence of coexistence steady states. Finally, our numerical simulations provide visual validation of our theoretical
results and offer valuable insights for future researches.
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1 Introduction

The chemostat is a widely employed laboratory apparatus for continuous microbial cultures, with significant
applications in fields such as fermentation engineering and wastewater treatment. Moreover, it is often used as a
simplified model to study more intricate microbial ecosystems, including ponds and lakes. Consequently, various
mathematical models have been developed to characterize the interactions between nutrients and microorgan-
isms in chemostats, integrating factors such as species growth, diffusion, and interspecies interactions; see, e.g.,
[1].

Initial formulations of chemostat dynamics were based on the premise of complete mixing within the cul-
ture vessel, thereby maintaining uniform nutrient dispersion. Under this assumption, the system is commonly
modeled by ordinary differential equations that describe spatially homogeneous concentrations of nutrients
and microbial populations; see, e.g., [2]. However, substantial discrepancies remain between these idealized
chemostat models and the complexities of real natural environments. To bridge this gap and enhance ecological
realism, subsequent research has led to substantial modifications of classical chemostat models, yielding a wide
array of generalized formulations. Prominent examples encompass models incorporating periodic temporal
variations [3]-[5], delayed responses [6], and the presence of inhibitors [7], [8].
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Diffusion is a widespread natural process, which hasled to considerable interest in the analysis of unstirred
chemostat models. Hsu and Waltman [9] introduced random diffusion into the chemostat model and derived
results concerning the coexistence of two competing populations. Their findings revealed that diffusion plays a
crucial role in population coexistence. In the context of unstirred chemostat models, Wu [10] studied the exis-
tence of coexistence states using global bifurcation theory. Subsequently, Wu and collaborators extended this
line of research to unstirred chemostat models incorporating inhibitors [11], as well as models involving two
resources [12], [13]. Furthermore, it is also noted in ref. [9] that assuming nutrients and microorganisms have
identical diffusion rates is biologically unrealistic. Previous studies have presented various results for different
random diffusion rates; see, e.g., [14]-[17].

However, population dispersal is often non-random due to heterogeneity in resource distribution, vari-
ability in topography and climate, and anthropogenic modifications, leading to directional movement biases.
Anisotropic diffusion is one such form that captures these complexities. Bouin et al. [18] proposed a scenario
where the population moves horizontally with probability g and vertically with probability %, where 0 €
[0, 1]. Moreover, they showed that in a model of two competing populations in two-dimensional heterogeneous
environments, the optimal dispersal strategy for both populations is to migrate preferentially in the direc-
tion exhibiting lower variability in resource distribution. For more advanced theoretical studies concerning
anisotropy or other diffusion mechanisms, the reader is referred to refs. [19]-[21].

Biologically, anisotropic diffusion may offer more adaptive possibilities for populations, enabling them to
better align with available resources. This can enhance the likelihood of coexistence. Exploring the evolution of
anisotropic diffusion in more hiologically plausible environments would be both intriguing and significant.

Motivated by the works of refs. [9], [10], [18], we investigate in this study an unstirred chemostat model
incorporating anisotropic diffusion.

S, = DyAS — fi(Su— f,(S)v,
U = D(pu, + D1 — plu,, + fi(Su, (W)
v = D(Qvy, + D1 — Qv + fr(S)v mQXR,,

subject to the boundary conditions

Dy VS - v +Dblx, y)S = H(x,y),
(D(p)uy, D1 = pluy) - v+ b(x, y)u =0, (1.2)
(D(Q)vy, D(1 = q)vy) - v+ b(x,y)v =0 on IQXR,,

and the initial conditions
S(x,y,0) = Sy(x,y) >0,

u(x,y,0) = uy(x,y) >,#0, (1.3)
v(x,y,0) =vy(x,y) >,#0 on Q.

Here, A:= :—XZZ + a"—;z is the Laplace operator and V - v is the normal derivative on the boundary, where v =
(v, vy) denotes the outward unit normal vector. S(x, y, t) represents the nutrient concentration, while u(x, y, t)
and v(x, y, t) denote the population densities of two competitors within the unstirred chemostat. €2 is a strictly
convex, open, bounded subset of R? with a smooth boundary 0Q. The function D(§):=D + (D - D)@ for any

0 €[0,1], where 0 < D < D to avoid the degeneracy [18]. In particular, we assume that
1 1 =
D =D(—> = —(D D).
0 2) =227
The functions

m;S
a+S’

f(8) = i=1,2,
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where m;,a; > 0. Here, the constants m; > 0, i = 1,2, represent the maximal growth rates, and the con-
stants a; > 0, i = 1,2, denote the Michaelis-Menten constants. The nutrients are supplied at the rate of
H(x,y) at position (x, y), where H(x, y) > 0. The mixture of nutrients and microorganisms is withdrawn at
a spatially dependent rate b(x, y) at location (x, y), leading to the Robin boundary conditions. The functions
b(x,y),H(x,y) € CH**(9Q) and b(x, ¥),H(x,y) >,#0 on 0Q. We assume that 0€Q is partitioned into two
non-empty, pairwise disjoint subsets I';, i = 1,2, with 0Q =T, N T",, where I'; := {(x, y) € 0Q : b(x,y) = 0} and
H(,y) >,# 0 on I';. The boundary conditions (1.2) are intuitive and appropriate for this type of equations;
see [9], [16], [22] for the derivation and explanation. Moreover, the initial values (Sy, uy, vy) € [C(ﬁ)]? For
simplicity, the parameters not explicitly specified are treated as constants throughout this paper.

If the initial condition v, (x, y) = 0, formally equivalent to setting v(x, y, t) = 0 in system (1.1)—(1.3), then this
system can be reduced to

S; =DyAS — fi(S)u,
U = D(pluy, + DA — pluy, + fi(Su  InQXR,,
DyVS-v+b(x,y)S = H(x, y),

(D(p)u,, DA — pluy) - v+ b, Y)u=0 ondQxR,, e
S(x,y,0) = Sy(x,y) >0,
ux,y,0) = uy(x,y) >, 20 on Q.
Similarly, we obtain another single-species model
S, = DyAS — f,(S)v,
U =D(Qvy + DA = vy, + f(S)v InQXR,,
DyVS-v+Db(x,y)S = H(X, y),
1.5

(D(q)v,, D1 — q)uy) -V+bx,y)v=0 ondQxXR,,
S(x,y,0) = Sy(x,y) >0,
v(x,y,0) = vy(x,y) >, £0 on Q.

Furthermore, it is well known that in the absence of species in this chemostat, the nutrient concentration S(x, y, t)
approaches a unique equilibrium, denoted by z; see Lemma 2.5.

Inspired by the seminal contribution of Bouin et al. [18], which established the concavity property of the
principal eigenvalue for a certain class of elliptic operators with respect to the anisotropic diffusion parameter
(denoted by either p or q), we significantly broaden this result. In particular, we establish the concavity property
for a substantially wider class of elliptic eigenvalue problems encompassing more general functional response
terms and boundary conditions in reaction-diffusion equations; see Lemma 2.1 for the precise statement.

By introducing anisotropic diffusion, where random diffusion can be seen as a special case when p = q = %
(e.g., [9]), we face several technical challenges. One such challenges is the failure of the conservation law in
the chemostat, which prevents us from simplifying the models. As a result, we are compelled to work with
higher-dimensional operators. Another challenge arises from the necessity of simultaneously considering both
the average diffusion rate, %(l_) +D) (i.e., Dy), and the diffusion strategies, p and g, within these models.

Interestingly, our findings reveal a more intricate structure than that observed in the case of isotropic dif-
fusion. To illustrate this, we examine the steady states of the single-species model (1.4). In the isotropic diffusion
setting, the corresponding results (see, e.g., [9] or Lemma 2.7) are represented by the slice p = % in the schematic
bifurcation diagrams shown in Figure 1. From this figure, we observe that regardless of whether positive steady
states exist in the isotropic case, variations in the anisotropic diffusion parameter p can induce the emergence
or disappearance of such steady states.

We derive several key results concerning the dynamics of systems (1.1)-(1.5) are summarized briefly as
follows.



4 = H.Yuand]. Wu: Effects of anisotropic diffusion in a unstirred chemostat DE GRUYTER

(S,u)>0

(S,u) >0

Figure 1: Schematic bifurcation diagrams of (S, u) for system (3.8); see Theorems 3.7-3.9.
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There exists a unique connected open interval I, C [0, 1] such that the steady state (z, 0) of system (1.4)
is globally asymptotically stable for p € I, (see Theorem 3.3), and system (1.4) is uniformly persistent
for p € [0, 1]\I_p (see Theorem 3.4). Moreover, system (1.4) admits at least one positive steady state for
p €10,1] \I_p, and the positive steady state is locally asymptotically stable when the parameter p is near
the outer boundary of the interval I, (see Theorems 3.7-3.9 and Remarks there).

Similarly, there exists a unique connected open interval I, C [0, 1] such that the steady state (z, 0) of system
(1.5) is globally asymptotically stable for p € I, and system (1.5) is uniformly persistent for g € [0, 1]\I_q
(see Theorem 3.5). Moreover, system (1.5) admits at least one positive steady state for g € [0, 1] \E, and the
positive steady state is locally asymptotically stable when the parameter q is near the outer boundary of
the interval I, (see Theorem 3.11 and Remark there).

There exists a unique connected region ¥, C [0, 1]* such that the steady state (z, 0, 0) of system (1.1)-(1.3)
is globally asymptotically stable for (p, q) € X, (see Theorem 4.2).

Competitive exclusion between the two species u, v in system (1.1)-(1.3) may occur if the average rate of
anisotropic diffusion %(Q +D) (e, D,) is relatively low (see Theorem 4.3), where (p, ) € [0, 11*\%,.
There may exist a region %, C [0, 1]? located on the boundary of [0, 1]? such that system (1.1)-(1.3) is
uniformly persistent for (p, q) € X, (see Theorem 4.4). Moreover, we derive the conditions for the lin-
ear stability of several special solutions (see Theorem 5.1). Additionally, we conclude that under certain
additional conditions, system (1.1)-(1.3) admits at least one positive steady state when (p, q) lies within
a specific region of X, (see Theorems 5.8 and 5.10), and the positive steady state is locally asymptotically
stable when (p, q) is located in a very small region of %, (see Lemmas 5.5 and 5.6).

Moreover, we investigate the impact of anisotropic diffusion on system (1.1)-(1.3) using numerical simu-
lations, with the goal of providing insights and support (see Section 6).

Based on the above analysis of the models, we found that it is more advantageous for the species to disperse in a
single direction. This is because our conclusion shows that the diffusion strategies leading to extinction or com-
petitive exclusion are typically positioned in the middle of their feasible area, exhibiting no distinct directional
bias. In contrast, anisotropic diffusion can significantly enhance the potential for species coexistence, which is
consistent with the conclusions drawn in ref. [18].

The organization of this paper is as follows. In Section 2, we present several findings that will be utilized

in the subsequent analysis. Section 3 analyzes the dynamical behavior of the single-species models (1.4) and
(1.5), and examines the existence and local stability of their positive steady states. The aim of Section 4 is to
investigate the dynamic behavior of the two-species model (1.1)—(1.3). In Section 5, we further study the structure
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of coexistence steady states of system (1.1)—(1.3) using bifurcation theory. Furthermore, we discuss the local
stability of some coexistence steady states using perturbation theory. Section 6 presents numerical simulations
examining the effects of dispersal strategies. Finally, a brief discussion is provided in Section 7.

2 Preliminaries

In this section, we present some preliminary results that will be useful for the subsequent analysis.
Consider the following linear elliptic eigenvalue problem

D(P)@, + DA — Py, + h(x, Y)p+ Ap =0 inQ, on
(D(P)@,, D(L = P)@,) - v+ b(x, y)p = 0 on 99, '

where h € L*(Q). This problem admits a unique principal eigenvalue [23], denoted by 4,(p, h), with a positive
eigenfunction ¢, (p, h). The corresponding eigenfunction ¢, (p, h) is unique up to a scalar multiple. We can nor-
malize the positive eigenfunction ¢, (p, h) by enforcing the condition /, (p% = 1. The variational characterization
of 4,(p, h) could be given by

J (D(p)(@,)* + D1 — p)@y)* — he?) + [ blx, y)p?
0Q

A(p,h) = inf {9
1P PEH(Q) I
@#0 Q

(2.2)

Furthermore, if ¢, € HY(Q), then in fact @, € W2 (Q) for anyr € (1, o0); see, e.g., [24, Theorem 2.1 and Remarks
there].

It is well known that A,(p, h) varies smoothly with p. The implicit function theorem further implies that
the corresponding principal eigenfuntion ¢,(p, h) > 0 on Q also depends continuously and differentiably on
p; see, e.g., [24]. For convenience, we write IMP) ang 02’151;’2”}’) as A and A/, respectively. Similarly, we denote

ap
‘)"”10‘75”” by qo;. In particular, when h satisfies the following assumption, the principal eigenvalue A,(p, h) exhibits

more special properties. Recalling that I'; = {(x,y) € 0Q :b(x,y) = 0} and H(x, y) >,# 0 on I';, we introduce
the following assumption. L L
(A)  There does not exist an non-empty subset Qp, C €, where I'; C Q. , such that h is constant on Q. .

Motivated by ref. [18, Lemma 4.4], we have the following results.

Lemma 2.1. The mapping p — A,(p, h) is concave on the interval [0, 1]. Furthermore, under the assumption (A),
if there exists p, € [0, 1] such that /l{(po, h) =0, then A;’(po, h) < 0.

Proof. Differentiating eigenvalue problem (2.1) with respect to p, we obtain
D(p) @), + DA = p)@y),, + he, + 4@, + (D = D)((@) — (@1)yy) + 41 =0  inQ,
_ i _ i 2.3)
(D(PX@), + (D = D)(@1)y DPX @), — (D= D)@y), ) - v +blx, y)p; =0 on O,

By multiplying the first equation of (2.1) by ¢/ and integrating the result by parts over €, and then applying the
second equation of (2.1), we obtain

_/ b(x, y)@, ¢} —/(D(p)(qol)x((pl);+D(1— p)((pl)y(col);) +/h(p1(p{ +/11/(p1(p{ =0.
0Q Q Q Q
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Similarly, by multiplying the first equation of (2.3) by ¢, integrating the result by parts over Q, and applying the
second equation of (2.3), we derive

—/b(x,y)(pﬁpl—/(D(p)((pl);(<Pl)X+D(1—P)((Pl)'y((m)y)+/h‘Plfﬂg
90 o o

+ﬂlfcoi(pl—(ﬁ—ll)/(((cpl)x)z— ((@0,)") +/1§/<o% =0
Q

Q Q

Subtracting the above two equalities, we have

ﬁi/(pi = (5—2)/ (@) = ((@0,)")-

Q

Since the eigenspace corresponding to 4, is one-dimensional, we can normalize the eigenfunction ¢, by impos-
ing /Q(pf =1, so that it is uniquely determined. Then we obtain

2= (5—2)/(((¢1)X)2— ((@Dy)")- 2.4)
Q

Differentiating equation (2.4) with respect to p yields

/1;/ = 2(5 —l_))/ <((01)X((,01); - (¢1)y(§01);)
Q

Multiplying the first equation of (2.3) by ¢, integrating the result by parts over €2, and applying the second
equation of (2.3), we have

(D-D) / (CARCAECANCNN
Q
3 4 . 2 ;
--/ b(x,y)((pl)z—/(D(p)(((pl)x)zw(l— p((4),) >+/’"”1(”1
oQ Q @
+,11/((p’1)2+/1’1/(p1(p1-
Q Q

Here the last term in the right-hand side vanishes due to the normalisation condition /Q(pf = 1, which implies
that /,¢,¢/ = 0. By the variational characterization of A,(p, h) (see, e.g., equation (2.2)), we obtain

B-0) [ (@i, — @)yien),) 0.
Q

It then follows that 4;’ < 0, with the equality holding if and only if ] is a scalar multiple of ¢,. Since /,@,¢] =0
and ¢, > 0 in Q, we have that ] = 0in Q when 4}’ = 0.

Now we show that if there exists p, € [0,1] such that A!(p,, h) = 0, then A]'(p,, h) < 0 by contradiction
arguments. Otherwise, A/’ (p,, h) = 0, then problem (2.3) reduces to

((pl)xx - (q)l)yy =0 in Q,
(@)% = (@1),v, =0 onoQ.
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In view of the boundary condition for ¢ in problem (2.1), we further have

b =0 only,
(P1yvy = (‘pl)yvy = "= b1

D+Dl<0o inT,

Under the assumption of strict convexity for the domain €2, the components v, and v, of the outward normal

vector v are non-zero on the boundary 0€2, except possibly on a set of measure zero. Since @, € CH(Q), we have
Vo, =0o0nT}.Sety =x+y,{ =x—yand Z(n, {) := ¢,(x, y). The function Z(#, {) then satisfies

Z.,=0 in Q’,
" , 2.5)
(Zn,Zg) =(0,0) onT,

where Q' and I“; are the images of Q and I'; under the homeomorphic map (x, y) ~ (7, {), respectively. It follows
from the first equation of (2.5) that Z(#, {) = f(n) + g({), where the functions f and g are to be determined.
Moreover, the second equation of (2.5) implies that f'(n) = g’({) = 0 for all (,¢) € Fi. Consequently, there
exists a non-empty open subset Q C Q' such that Z is constant on Q, where I'; C 9. Hence, ¢, is constant
on Q_O where Q, is the preimage of Qg. Using the first equation of (2.1), we obtain that h + 4,(p,, h) = 0in Q,,
which contradicts the assumption (A). This completes the proof. O

For any given h € L*(£2), we define a function

F(p;h):=/<(((P1(p,h))x)2—(((pl(p,h))y)2> 2.6)
Q

for p € [0,1]. Based on the proof of Lemma 2.1, it is straightforward to observe that F (p; W) <01in (0, 1). This
function is closely aligned with the formulation in ref. [18, Theorem 2.1] and underpins the core arguments of the
subsequent investigation. It quantifies the difference between the resource variations in horizontal and vertical
directions. For F > 0, the resource distribution exhibits greater spatial variations in the horizontal direction,
while for F < 0, the variation is more pronounced in the vertical direction.

Next, we summarize several results on A,(p, h) obtained in prior studies, while the proofs are not repeated
here.

Lemma 2.2 ([24]). The following statements on eigenvalue A,(p, h) hold true.
(®) h, - hin C() implies A,(p, h,)) — A,(p, h).
(i) hy > hyimplies A,(p, hy) < A(p, hy), and the equality holds if and only if h; = h,.

Lemma 2.3. Assume that p = % Then eigenvalue problem (2.1) degenerates into

DyA@ + h(X,Y)p+Ap=0 inQ,
DyVe -v+bx,y)p =0 onodQ.

The principal eigenvalue Al<%, h) is strictly increasing with respect to Dy, in (0, +o0). Moreover,

. 1,\_ - 1,721 -
D%l_%h/ll(?h) = (g.;ié(ﬁh(x,y) andDolirBoo,ll(z,h) = /b(x,y) /h(x,y) .
0Q Q
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Therefore, if max =h(x,y) > 0and /[, h(x,y) < b(x, y), then there exists a unique D*(h) € (0, +o0) such
(x,y)EQ Q 0Q
that

/11(%,h> <0  if0 <D, <D*h),
Al(%,h> =0  iftD, =D*(h),

Al(%,h> >0 ifD, > D*(h).

Remark 2.4. If the assumption /, h(x,y) < [, b(x, y) does not hold, then it follows that /11<%, h) < 0 for any

D, € (0, +00), implying the nonexistence of D*(h). This observation considerably simplifies the subsequent
analysis. Therefore, in the following, we focus on the case where /;, h(x,y) < /ag b(x, y). A similar but simpler
analysis can be carried out for the case where /Q h(x,y) > /asz b(x, y).

The monotonicity of the principal eigenvalue /11<%, h) with respect to D, can be established through its
variational formulation; see, e.g., equation (2.2). By employing techniques similar to those used in the proofs of
ref. [25, Propositions 1.3.16 and 1.3.19], we can prove the asymptotic behavior of /11(%, h) in the limits Dy, — 0+
and D, — +o0, respectively.

Then we restate some conclusions for certain degenerate cases without providing the proof.

Lemma 2.5 ([9], [10]). The following system
S;=D,AS  InQXR,,
Dy VS -v+b(x,y)S =H(x,y) onoQxR,, .7
S(x,y,0) = S,(x,y) > 0 on Q
admits a unique globally attractive positive steady state, denoted by z.

Remark 2.6. In view of the boundary condition in system (2.7), we conclude that there does not exist an non-
empty subset Q. C €, where I'; C €, such that z is constant on Qr. .

For the sake of simplicity, unless otherwise specified, we shall assume that the following assumptions hold
throughout the remainder of this paper:

max /fl(z),/fz(z) </b(x,y).
Q Q 0Q

Ifp= % then system (1.4) becomes

S, = D,AS — f,(S)u,
u =DyAu+ fi(Su IMQAXR,,
2.8)
DyVu-v+bx,yJu=0 ondQxXR,,
S(x,y,0) = S(x,y) > 0,

ux,y,0) = uy(x,y) >,#0 on Q.

Let Df :=D* ( fl(z)), where D* is defined in Lemma 2.3. We have the following results.
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Lemma 2.7 ([26]). The following statements on system (2.8) are valid.
() If0 < D, < Dj, then system (2.8) admits a unique globally attractive positive steady state (z — 6, 0,), where
0, is the unique positive solution to

DAO+ fi(z—0)0=0 inQ,

2.9)
DyVO -v+b(x,y)0 =0 onoQ.
(i) IfDy > Dy, then the semi-trivial steady state (z, 0) is globally attractive.
Recall that 4,(p, f;(2)) is the principal eigenvalue of problem
D(p)p,, + D1 — p)qoyy +fiD)p+ip=0 inQ, 2.10)

(D(p)@,, DA — p)@,) - v+ b(X,y)p =0 onoQ

2
with eigenfunction @,(p, f,(2)), and F(p; fi(2)) = /Q<(((p1(p, fl(z)))x)2 - <((p1(p, fl(z)))y> ) It follows that

once the parameters p, m;, a;, b(x, y), and the domain € are specified, the value of F(p; f;(2)) is uniquely deter-

mined. For convenience, we write
1 2
- (p P (Z) ) .
<< 1( 2/ > > y )

F1:=F<%;fi(z)> =£<(<‘Pl(;’flm>>x>

By Lemmas 2.1 and 2.3, we obtain the following results. The proofs are similar to that of ref. [18, Theorem 5.2],
thus we omit them here.

2

Proposition 2.8. Assume that D, = Dj. Then one of the following statements is valid.
@) IfF, =0, then 44(p, f,2)) < 0 for p € [0,11\{;}.
(i) IfF, <0, then there exists p* € [0, %) such that A,(p, f,(2)) < 0 for p € [0, 1]\[ r*, %] and A,(p, f1(2)) > 0

forpe (p* %) where p* = 0 if 4,(0, f,(2)) > 0.

(i) IfF; > O, then there exists p* € (%1] such that A,(p, f1(2)) < 0 for p € [0, 1]\[%, p*] and A,(p, f1(2)) > 0
forpe (% p*), where p* =1if A,(1, fi(2)) > 0.

Proposition 2.9. Assume that D, > Dj. Then there exist 0 < p; < % < pj <1such that A(p, fi(2)) > 0 for p €

(b, p}) and Ay(p, f1(2)) < 0 for p € [0,11\[p;. p}], where p} = 0if 4,(0, f,(2)) > 0 and p; =1if 4, (1, fi(2)) >
0.

Proposition 2.10. Assume that 0 < D, < D;. Then one of the following statements is valid.
() IfF, =0, then A/(p, f1(2)) <0 for p € [0,1].

(i) IfF, <0, then A(p, fi(2)) <0 for p e (% —€, 1], where € > 0 is small enough. In particular, there may

exist two points, 0 < p* < p* < % such that A\(p, f,(2)) < 0 for p € [0,11\[p*, p%| and A,(p. f,(2)) > 0
for p € (p*. p%), where p* = 0if ,(0, f,(2)) > 0.

(i) IfF, > 0, then A,(p, f1(2)) < Oforp € [0, %+ €), where e > 0 is small enough. In particular, there may exist
two points, % < p* < pi <1, suchthat A(p, f1(2)) < 0 for p € [0,11\[p*, p | and A(p, f,(2)) > O for p €
(p*. py), where py = 1if 24(L, £,(2)) 2 0.

For convenience, we summarize the conclusions on the sign of 4,(p, f;(2)) in Table 1. Here Dy, D; > 0. The
symbol “*” indicates that no specific requirements are imposed on the related parameters. In this table, the set
[0,1\[p;. p;] is empty when p; = 0 and p; =1, and the set (p*, p ) is empty when p* = p* or when p*, p*
do not exist. All other sets are non-empty.
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Table 1: The results on the sign of 4,(p, f;(2)).

b F P L(p, ()
+ . (Pg>py),0< py <5 < pr<i +
0,1\ [p;. P;] -
1 * 1 %
+ (E’ r) 2 <p <1 +
0.1\ 3. ¢ _
0 1
0 o.M\{1} _
- (p*,%,OSp*<% n
0.1\, 3] _
+ (L. p}) 5 <Pz <py <t +
0,1\ [pz, P} -
- 0 [0, 1] -
_ (p%,pi),0< pr < pi< n

0,1\ [pz, P} -

Table 2: The results on the sign of 4,(q, f,(2)).

Pl h 9 24(g, £,(2))
+ * (45.97),0<q; <5 <g <1 N
[0,11\[q5. ;] N
1 s 1 "
0 0.1\ [2.4" -
0 o.m{1} _
- (q*,%),OSq*<% +
o.M\ g% 3] -
+ (qisqi),%<qi§qig1 +
0. 1\[q%.q%] _
) 0 [0,1] )
- (g°.95).0<q" <q. <1 N

10,11\ [g*, %] -

Set D; :=D* ( fz(z)) and F,:=F ( %; fz(z)>. Similarly, Table 2 can be derived, which provides essential struc-
tural insights into the analysis of system (1.1)-(1.3).

3 Single-species model

To gain insight into the population dynamics in the absence of interspecific interactions, we examine the single-
species models (1.4) and (1.5), aiming to determine the conditions for population persistence in the unstirred
chemostat.

3.1 Dynamical behavior

In this subsection, we investgate the dynamical behavior of system (1.4). The local existence and uniqueness of
its solution are established in refs. [27]-[30]. Recalling that the initial values (S,, uy) € [C(2)]* are nonnegative,
we have the following conclusions.
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Lemma 3.1 (local existence, [31]). System (1.4) admits a unique nonnegative classical solution (S,u) in Qx
(0, Tpax), where Ty, € (0, + oo]. Specifically, the solution satisfies

Suwe [c(ﬁ X [0, Tynag ) ) ncx (5 x (0, Tmax)>]2.
Moreover, if T, < +00, then

lim sup (I1SC -, Ol + I, Oll=(0) = +oo.
t—

max

Based on the approach used in the proof of ref. [32, Lemma 4.1], we demonstrate that the solution
(S&, y, ), ulx, y, 1)) to system (1.4) is well-defined for all ¢ > 0 and is bounded.

Lemma 3.2. System (1.4) admits a unique solution (S(x, y, t), u(x, y, t)) for all (x, y) € Qandt > 0. Moreover, there
exist positive constants K, K,, which depend on the initial values S, (x, y), uy(x, y), such that for all (x, y) € Qand
t>0,

0<S(x,y,t) <K, 0<ulx,y,t) <K,

In particular, the solution (S(x, y, t), u(x, y, t)) is ultimately bounded.

Proof. The local existence and uniqueness of the solution to system (1.4) are shown in Lemma 3.1. We only need
to establish the global existence and boundedness of the solution to system (1.4). Firstly, it follows from the
maximum principle for parabolic equations that S(x, y, t) > 0, u(x, y,t) > 0 for all (x, y) € Qandte 0, T o)
Then we have

S; <DyAS ImQXR,.

Recall that S(x, y, t) is the solution to system (2.7). The comparison principle for parabolic equations implies
that S(x, y,t) < S(x, y,t)forall (x,y) € Qand > 0. Moreover, S(-, -, t) > z uniformly on Qast— +o. Hence,
there exists a positive constant K;, depending on the initial values S;(x, y), such that 0 < S(x, y, t) < K; for all
x,y) €Qandt> 0.
Consequently,
U < D(puy, + D1 — pluy, + fi(Kdu In QXR,.

Letp € CM+ (Q) be the unit norm positive principal eigenfunction of problem (2.1) with h = f,(K;), correspond-
ing to the principal eigenvalue 4 := M ( D, fl(Kl)) ; see Section 2. Note that it = ¢;@e~* is a solution to

i, = D(p)i, + D1 — Pty + fi(KDi  inQXR,,
(D(p)it,, DA = p)it,) - v+ b, )a =0 onodQXR,.
u(x,y,0)=¢; >0 on Q.

By choosing a sufficiently large positive constant c; such that ¢;@ > u, on Q, the comparison principle for
parabolic equations implies that u(x, y, t) < u(x, y,t) for all (x,y) € Q and ¢ > 0. Hence, system (1.4) admits
a unique solution (S(x, y, t), u(x, y, t)) for all (x, y) € Qandt > 0.

In the following, we demonstrate that for all (x,y) € Q and t > 0, the solution u(x, y, t) is uniformly
bounded. Let ¢, € C*+*(Q) be the unit norm positive principal eigenfunction of problem (2.1) with h = 0, cor-
responding to the principal eigenvalue A, := 4, (p,0). Multiplying the equation for u in system (1.4) by ¢, and
integrating over Q by parts, we obtain

%/ Up, = /(fl(S) — Ag)ug, forallt> 0. (3.1
Q Q



12 = H.Yuand . Wu: Effects of anisotropic diffusion in a unstirred chemostat DE GRUYTER

Set G(t) = /(S + c,ugy), where 0 < ¢, < (max(x’y) e§<p0)‘1. By integrating the first equation of system (1.4) over
Q by parts, and subsequently adding c, times equation (3.1), we obtain that for all t > 0,

%G(t) + AG(t) = /(H — bS) + /fl(S)(CZ(pO -1u+ ,10/5 < /H+ 0| QK.
0Q Q Q 0Q
By Gronwall’s inequality, we get the L' estimates
f H+ 1,|Q|K;
G(t) < G(0)e~ ot + "9/1—(1 —e~h) forallt> 0.
0

Clearly, @, is independent of t. Moreover, A, > 0 by the variational characterization; see, e.g., equation (2.2).
Hence, there exists a positive constant « such that

/u <k forallt>0. (3.2)

Q
LetU(t) = max(xyy)eﬁfe[mu(x, Y, 7). Clearly, U(t) is nondecreasing. There exists a sequence ¢, — +o0 such
that U(t,) = max(xgy) eQu(x, ¥, t,). Suppose, by contradiction, that U(t) » 400 as t — +oo, i.e,, U(t,) > +o0 as

n — +oo0. Assume without loss of generality that ¢, > 1 for all n > 1. Define @, (x, y,t) = % It then
follows that i, (x, y, t) satisfies '

(i), = D(P)ily), + DA = pY(iy)yy + f(S(GY t+1, —1))0, MQAXR,,
(D(p)(it,),, DA — p)(ﬁn)y) v+ b(x,y)i, =0 ondQxXR,,

0 <i,x,y,00<1 on Q.

Inviewof 0 < f; (S (x, y.t+t, — 1)) < filkpforall(x,y) € Qandt > 0, the comparison principle for parabolic
equations implies that 0 < i, (x, y, t) < eh®) for all (x, y) € Qand t > 0.1t follows from the standard parabolic
regularity theory that {ii,} is bounded in C1+“’“<Q X [%, 2]) for any a € (0,1). By passing to a subsequence

if necessary, we get that {i, — & in C*0 (ﬁ X [%2] ) Noting max,  5it,(x,y,1) =1 for any n > 1, we have

max(xgy) Eﬁﬂ(x, y,1) = 1. Due to the continuous differentiability of ii(x, y, 1) with respect to (x, y) and the maxi-
mum principle for parabolic equations, we have /,ii(x, y,1) > 6 > 0. This implies that /i, (x, Y, 1) > g for all
large n. Hence,

/u(x,y, t,) = /ﬁn(x,y, 1)u(t,) > gU(tn)lﬁl > 400 asn-— +oo,

Q Q
which contradicts (3.2). This implies that u(x, y, t) is bounded for all (x, y) € Qand ¢ > 0. Consequently, there

exists a positive constant K, depending on the initial data u;(x, y), such that 0 < u(x, y, t) < K, forall (x, y) € Q
and t > 0. This completes the proof. O

Then we have the following conclusions on system (1.4).

Theorem 3.3. Assume that A,(p, f1(2)) > 0; see Table 1. Then the steady state (z,0) of system (1.4) is globally
asymptotically stable.

Proof. It follows from Lemma 3.2 that the solution (S(x, y, t), u(x, y, t)) satisfies S(x, y, t) > 0, u(x, y, t) > 0 for all
(x,y) € Qand t > 0. Hence, we have
S <DyAS InQXR,.
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The comparison principle for parabolic equations implies that

limsup S(-,-,t) <z uniformly on ﬁ, 3.3)
t—+00
where z is the unique globally attractive positive steady state of system (2.7). This implies that for any € > 0,
there exists t; > O such thatS < z + e forall (x, y) € Q and t > t;. By arguments similar to those in the proof of
ref. [9, Theorem 3.1], we conclude that if A,(p, f(2)) > 0, then

lim u(-,-,t) =0 uniformly on Qinan exponential manner. (34)

t—>+o0

In view of (3.4), we conclude that for any € > 0, there exists ¢, > t; such that u(x, y,t) < e for all (x, y) € Q
and t > t,. It follows from arguments similar to those in the proof of ref. [26, Theorem 1.1] that

1itm+infS(-, -,t) >z uniformly on Q. (3.5)
—+00
Inequalities (3.3) and (3.5) imply that lim,_,, . S(-, -, ) = z uniformly on Q. The proof is completed. O

Theorem 3.4. Assume that A,(p, f,(2)) < 0; see Table 1. Then system (1.4) is uniformly persistent in the sense that
there exists € > 0 such that the solution (S(x, y, t), u(x, y, t)) of system (1.4) satisfying

litm+inf S(-,-,t) > eand litm+inf u(-,-,t) > € uniformly on Q.

Proof. We first claim that there exists ¢; > 0 such that lim inf, S(-, -, t) > €. It follows from Lemma 3.2 that

t—+00
S, > DyAS — K, f,(S) inQXR,.

The comparison principle for parabolic equations implies that S(x, y, t) > S(x, y, t) for all (x, y) € Qandt >0,
where S(x, Yy, t) is the solution to

S, =DyAS,, —K,fi(S) inQxR,,
DyVS-v+b(x,y)S = H(x,y) onoQXxR,, (3.6)

850x,y,0) = Sy(x, y) on Q.
By arguments similar to those in ref. [33, Lemmas 2.2 and 4.2], we conclude that S(-, -, t) — Zg, uniformly on Qas
t — 400, where z; is the unique positive steady state of system (3.6). Hence, we have thatlim inf,_  S(.,-, ) >

€1, where ¢; = mingzy .
Next, we aim to apply the abstract persistence theory in refs. [34], [35]. With this in mind, we let

P, = {(s,u) € QX CQ):S>0,u>0 onﬁ},

PY = {(S,u) € P:u#0},

oP) = P\P? = {(S,u) € P,:u=0}.

Clearly, 0P$ contains the steady state (z, 0). Define @, as the solution semiflow generated by system (1.4) on P;. It
follows from the standard parabolic regularity theory that @, is compact for any ¢t > 0. By Lemma 3.2, we have
that @, is point dissipative. Then it follows from ref. [36, Theorem 2.6] that ®, has a global compact attractor
that attracts each bounded set in P;.

Let M), = {(S,, Uy) € OP): ®(S, uy) € P, V t > 0} and w;((S,, Up)) be the omega limit set of the forward
orbit y;((Sy, up)) := {@(Sy, Uy): t > 0}. We then claim that

Ugs,upen; @1((So, Up)) = {(2, 0)}.
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In fact, for any (Sy, uy) € M/, we have @,(S;, uy) € de forallt > 0. Hence, u(x, y,t) = 0 on Qforallt > 0. Then

S(x, y, t) satisfies system (2.7). It follows that lim,_,  , S(:, -, t) = z uniformly on Q. This claim is valid.
We now show that (z, 0) is a uniform weak repeller. That is, there exists 6, > 0 such that for all (S, uy) € P‘l),

lim sup [|P,(S,, tp) — (z,0)]|, = Sp-

t—->+00

If not, then for any 6 > 0, there exists (S, uy) € P{ such thatlim sup,._, ., [|P(Sy. ty) — (2, 0)||, < 6. This implies
that there exists ¢, > 0 such that for ¢ > ¢,

By the continuity of function f;(S), we can choose € > 0 small such that for all (x,y) € Qandt> to, f1(S) >
f1(2) — €. Thus, we obtain

U, > D(p)uy, + D(1 = pluy, + (fi(2) —€)u  in Q X (£, +00).

In view of (S, uy) € PV, it follows from the maximum principle that u(x, y, t)) > Oforall(x,y) € Q. Hence, there
exists k > 0 such that u(-, -, t;) > k@,, where @, := @,(p, f,(2)) is the principal eigenfunction of problem (2.10)
corresponding to the principal eigenvalue A, := A,(p, f,(2)). Let fi(x, y, t) = kehi+)b=D g (x, y)forall (x, y) € Q
and t > ¢,. Then @ satisfies

i, = D(P)it, +D(1— Plityy, + (fi(2) — €)X in QX (ty, +00),

(D(p)ii,, DA — p)ﬁy) v+ b, Y)i=0 ondQ X (ty,+00),

ux,y,t)) = k@(x,y) on Q.

By the comparison principle for parabolic equations, we conclude that u(x, y, t) > u(x, y, t) for all (x,y) € Q
and t > t,. Since 4,(p, f1(2)) < 0, we can choose € > 0 small such that A,(p, f;(2)) + € < 0. This implies that
lim,_, u(, -, t) = +o0, which contradicts (3.7). Hence, (z, 0) is a uniform weak repeller and {(z, 0) } is an isolated
invariant set in P;.

Define a continuous function D;: P; — [0, + o0) by Dy(S, u) := mingu(x, y) for any (S, u) € P;. It is easy to
see that D (0, +00) C Pf, and D, satisfies the condition that if D;((S,u)) > 0 or (S,u) € Pf with D,((S,u)) = 0,
then D;(P,(S,u)) > 0 for all ¢t > 0. Thus D, is a generalized distance function for the semiflow ®,: P, — P, [35].
Moreover, the stable set W3({(z,0)}) N Dy 1(0, +00) = @. Therefore, no subset of {(z, 0)} forms a cycle in M"). It
follows from [ref. 35, Theorem 3] that there exists €, > 0 such that

min Dl((87 u)) > 627
(S, wew((Sy,uy))

oo UC, - ©) > €, uniformly on Q. Set ¢ = min{ey, €,}. This
completes the proof. O

which implies that for any (S,, u,) € P(1)’ lim inf

For another single-species model (1.5), analogous results can be obtained by similar arguments.

Theorem 3.5. For system (1.5), one of the following statements is valid.
() Assumethat A,(q, f,(z)) > 0; see Table 2. Then the steady state (z, 0) of system (1.5) is globally asymptotically
stable.
(ii) Assume that A,(q, f,(2)) < 0; see Table 2. Then system (1.5) is uniformly persistent.
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3.2 Further study on positive steady states

In order to better understand the coexistence states of system (1.4), we further study the following steady-state
system.
DyAS — fi(Su =0,

D(pu + D1 — puy, + fi(SHHu=0  in€Q, 68)
DoVS - v+ b(x, y)$ = H(X, y), '
(D(p)uy, DA = puy) - v+b(x,y)u=0 onoQ.
We first derive a priori estimates for the positive solutions to system (3.8).
Lemma 3.6. Assume that (S, u) is a nonnegative solution to system (3.8) with S # 0 and u # 0. Then

M A(p, fil2) <0; .
(i) 0 < S <z and there exists a positive constant C such that 0 < u < C on Q.

Proof. Ttis easy to see thatS > 0,u > 0on Q by the strong maximum principle. By the equation for S, we have

Noting that z is the unique positive steady state of system (2.7), we conclude that S < z by the upper and lower
solution method.
By the equation for u, we have 4,(p, f;(S)) = 0. In view of Lemma 2.2(ii) and 0 < S < z, we have

A(p, fi(2)) < Ay(p, f1(8)) = 0.

By applying integration by parts to the first two equations of system (3.8) over €2, we obtain

/bu=/(H—bS).
0Q 0Q

Clearly, there exist a constant € > 0 and a non-empty subset I'; C I', (recall that b(x, y) > 0 in I';) such that

e/us/bu=/(H—bS)§/H.
0Q 0Q 0Q

r

b(x,y) > € on I';. Thus, we have

This implies that there exists C, > 0 such that mingu < minu < C,. Note that the domain Q C R?is assumed to
2

be bounded and strictly convex, and its boundary 0Q2 is a C>** smooth curve. The Harnack inequality implies the

existence of a constant C; > 0 such that maxsu < C;mingu. Therefore, there exists a constant C > 0 satisfying

0 < u < C throughout Q. O

Next, we analyze the structure and linear stability of the nonnegative solutions to the steady-state system
(3.8) using a bifurcation approach; see, e.g., [32], [37]. Taking p as the bifurcation parameter, we construct a posi-
tive solution branch that bifurcates from the semi-trivial branch I', := {(p, z, 0): p € [0, 1]}. By Proposition 2.8,

we have that for D, = Dj, the critical value p* satisfies p* € [0, %) if F; < 0,and p* € <%1] if F; > 0. We define
1

pi= min{p*,é}, p:= max{ p*%}
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To facilitate the understanding of the bifurcation phenomena described in Theorems 3.7-3.9, we present
schematic bifurcation diagrams illustrating two representative scenarios for the solutions (S, u) of system (3.8),
with respect to the parameters p and D,; see Figure 1.

Theorem 3.7. Assume that D, = D} and F; # 0. Then one of the following statements is valid.
(D) If p* =0 (respectively, p* = 1), then system (3.8) admits a continuum of positive solutions that bifur-

cates from the semi-trivial solution branch Fp at <% z, 0). This continuum can be extended to the plane

{(1,S,u):S > 0,u > 0 on Q} (respectively, {(0,S,u):S > 0,u > 0onQ}).
(i) If0 < p* <1, then there exist two continua of positive solutions to system (3.8), bifurcating from the semi-
trivial solution branch I, at the points (p, z,0) and (D, z, O), respectively. Each of these continua can be

extended to the planes {(0,S,u):S > 0,u > 0 on Q} and {(1,S,u):S > 0,u > 0 on Q}, respectively.

That is, system (3.8) has at least one positive solution if and only if p € [0,1]\[p, pl. Furthermore, if p € [0,1] is

sufficiently close to % or p*, then the positive solution is linearly stable.

Remark3.8. If F; =0, then p=p = %, and consequently, 4,(p, f,(2)) < 0 for any p € [0, 1]\{%}; see Table 1.
Since system (3.8) is continuous in all parameters within the specified range, it can be concluded that system
(3.8) admits at least one positive solution if and only if p € [0, 1]\ { % }, and the positive solution is linearly stable

if p is sufficiently close to %

Proof of Theorem 3.7. Itis easy to see that F;, # 0 implies that p* # % andif 0 < p* < 1, then 4,(p*, f1(2)) = 0.By
Lemma 2.1, we deduce that necessarily F(p*; f,(z)) # 0. Hence, we can prove that both (%, z, 0) and (p*,z,0)

are bifurcation points with respect to I',,. For brevity, we present the proof only for (%,z, 0), as the case of
(p*,z,0) can be treated analogously. To enhance clarity, the proof is structured in three distinct steps.
Step 1. Local bifurcation. Let w = z — S. Then system (3.8) is equivalent to
DyAw + fi(z —wu =0,
D(pu, +D(1 = pluy, + fiz—wu=0 inQ, 39
DyVw - v+ b(x,y)w =0, .
(D(p)uy, DA = pluy) - v+ bx,y)u=0 onoQ.

Here w and u in the boundary conditions are interpreted as the traces of w € W' (Q) and u € W>"(Q) on 0Q;
see, e.g., [24, Theorem 1.6] and Remarks there. Define T;: (0,1) X X; — ¥; X [W“(dQ)]2 by

DyAw + fi(z — w)u
D(p)u,, + D(1 = pluy, + fi(z — wiu
D,\Vw - v+ b(x, y)w
(D(p)uy, D1 — pluy) - v + b(x, y)u

T,(p,w,u) = (3.10)

where X; = [Wz’r(Q)]2 and Y, = [Lr(Q)]2 with r € (1, 00). Then W2' () embeds compactly in C(Q); see, e.g.,
[24, Theorem 1.7]. Let D, ,, T;(p, 0, 0) be the Fréchet derivative of T, (p, w, u) with respect to (w, u) at (0, 0). It is
easy to see that D,,, ,,T;(p, 0, 0) is a Fredholm operator with index zero.
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Set Dy T1(35 0, 0)(eh, y) T = 0 with (b, y) # (0,0), ie,

DyA¢ + fi(2)y =0,

DAy + fi(2)y =0 in Q,
DV -v+bx,y)p =0,
DyVy -v+b(x,y)y =0 ondf.

By Lemma 2.3, we have /11<%, fl(z)> = 0. Thus, the kernal ofD(mel(%, 0, 0) is

A (DT (3:0.0) ) = span{ (o, wo)).

Here y is a positive principal eigenfunction of problem (2.1) with p = % and h = f(z). The variational character-
ization of /11@, 0) (see, e.g., equation (2.2)) implies that /11(%, 0) > 0. Thus, we have ¢, = (DOA)_l(— fi(2wy)

with the boundary conditions D,V - v + b(x, y)¢p, = 0, and ¢, > 0 on Q by the general maximum principle
[38].
We next claim that the rangle of DTy (% 0, 0) is

R (Do Ti(2:0.0)) = { (¢, 2.8) € ¥y x (W@ b (" £.) =0,

where [;: ¥; X [W“(()Q)]2 — R s alinear functional in (Y1 X [W“(()Q)F))k defined by

ll(‘l"*,ll’*,gl’é:z) =/W*W0_/§z‘//0-
0Q

Q

In order to prove this claim, we need to consider the following problem
DyA¢ + fil2)y = ¢,
DyAy + fi2)y =yw*  inQ,

(31D
DyVep-v+bx,y)p = ¢,
D,\Vy - v+ b(x,y)y =&, onoQ.
We begin by examining the problem
DyAy + fi2)y = y* in Q,
(3.12)

D,\Vy - v+ b(x,y)y =&, onoQ.
Clearly, there exists a constant M > 0 such that M — f;(z) > 0 on Q. Problem (3.12) is equivalent to
—DyAy + (M — fi(2))y =My —y* inQ,
D\Vy -v+b(x,y)y =&, onoQ.

It follows from the standard elliptic regularity theory (see, e.g., [24, Theorem 1.6]) that for any &, € W' (0Q),
the following problem

—DAy + (M- fi(2))y =0 inQ,
D\Vy - v+ b(x,y)y =&, onoQ

has a unique solution y € W2"(Q), denoted by y,. Setting { := y — y;, we have
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—DyAY + (M — f(2))r =My —y*  inQ,
(3.13)
DoV - v+ b(x,y)y =0 on 0.

Denote
K:=M(-DyA+M — fl(z))_1 and ¥: =M@ +yy) —y*,

where K:L"(Q) - W2"(Q) with r € (1, c0). The Rellich-Kondrachov theorem implies that for any r, W' (Q)
embeds compactly in L'(Q); see, e.g., [39, Theorem 9.16]. Thus, K is compact on L"(Q). Then problem (3.13) is
equivalent to

(I-KVY =My, —y*. (3.14)

Note that y, satisfies

(3.15)
DyVyy - v+ bx, Yy, =0 onoQ.

By direct computation, we have that with the boundary conditions D,Vy - v + b(x, y)y = 0,
N —K*) = J\/((—DOA - ;q(z))*) = span{y, }.
It follows from the Fredholm alternative theorem (see, e.g., [39, Theorem 6.6]) that equation (3.14) has a solution

if and only if

(Wo, My — y*) = /(Mlm — ¥ )y =0,
Q
where (, ) denotes the scalar product in the duality pairing. Here

/MW1W0:/(DoAllfl"‘fl(Z)%)Wo:/gzll/o-
Q Q 00

Therefore, problem (3.12) has a solution y = + y; if and only if [, y*y, — [;, &w, = 0. By the standard
elliptic regularity theory, we conclude that for any ¢* € L'(Q), w € W*"(Q) and & € W' (0Q), the following
problem

DyAp=¢* — filz)y inQ,
D,V -v+bx,y)p=¢& onoQ

has a unique solution ¢ € W>"(Q). This completes the proof of the claim.
We then check the transversality condition

1 T 1
Dy Ti(5:0:0) (- wo) " & R(DuTi(5:0,0) ).
Direct computation gives
0

(l_) - Q) ((Woler = (Wo)yy)
. .

(1-—) - 2) ((VIO)X’ _(Wo)y) v

1
Dp(w,u)Tl<i’0’O>(¢OﬂW0)T =

and

(DT (3:0.0) (o)) = =(5-D) [ () = (w),)?).

IfF, # 0, then
ll<Dp(w,u)T1<%,0,0>(¢0,WO)T) £0.
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Thus, the transversality condition is satisfied.
Let

Z, = (Q,‘P)eXlz/‘P%:O .
Q

Then span{(¢,, y;)} ® Z; = X;. By applying the standard bifurcation theorem from a simple eigenvalue [40],
we conclude that there exist s, > 0 and C* curve

(p(s), @(s), W(S)): (—So,Sp) = RX Zy,
such that (i) p(0) = % (ii) @(0) = 0, ¥(0) = 0, (iii) T, ( p(s), w(s), u(s)) = 0 for |s| < s, where
(p(s), w(s), u(s)) = (p(s), (g + D(5)), s(wo + P(s))).
Let S(s) = z — w(s). Noting that ¢y, y, > 0 on Q, we conclude that the bifurcation branch
I = {(p(s),8(5),u(s)):0 < s < 50}

is exactly the positive solution to system (3.8).

Lemma 3.6(i) implies that there is no positive solution to system (3.8) when 4,(p, f,(2)) > 0. Thus, we con-
clude that for 0 < s < s, the derivative p’(s) < 0 when F(%; fl(z)> > 0, and p’(s) > 0 when F(%; fl(z)> <0.
This implies that
(a) if F(%; fl(z)> > 0, then the positive solution branch I I’ lies to the left, which implies that there exists

o_ > 0 small such that system (3.8) has at least one positive solution when p € % —-o_, % ;

b) if F(%; fl(z)) < 0, then the positive solution branch F1+ lies to the right, which implies that there exists

o, > 0 small such that system (3.8) has at least one positive solution when p € (% % +o, )

Step 2. Local stability. We then investigate the linear stability of the bifurcation solutions lying on the local
branch I I’ Based on Step 1 of this proof, it is easy to see that 0 is an I,-simple eigenvalue of D(w,u)Tl<%’ 0, 0),

where the map Io: X; — Y; X [W'' (69)]2 is defined by I,(¢h, w) = (¢, y, 0, 0). Then by [41, Corollary 1.13], there
exist continuously differentiable functions

p = (pi(p),uy(p)), s (0,(8),v4(s))

defined on the eighborhoods of p = % and s = 0, respectively, mapping onto R X X;, such that

1 1
P1<§) =0, u1<§) = (d)OvWO)T’ 0,(0) =0, v, (0) = (¢0aW0)Tv
and
Doy (P 0, 00,(p) = (py(PIuy(p), 0) for [p- | <1

D1 T1(P(S), w(s), u(s))vy(s) = (04(s)Vy(5),0)"  for |s| < 1.

It follows from ref. [41, Theorem 1.16] that pi(%) # 0. Furthermore, for |s| <« 1, if ¢,(s) # 0, then g,(s) has the

same sign as —sp’(s)p{(% )
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Noting that u,(p) = (¢(p), w(p)) satisfies
DyAp(p) + fi(2)w(p) = py(P)P(D),
D(p)(w(P)),, + DU = p)(w(p),, + L@W(P) = p(pw(p)  nQ,
DyV(p) - v+ b(x, y)p(p) =0,
(D(P)w(p)),, DA — p)y(p)),) - v +b(x, y)yw(p) =0 on oL,

(3.16)

we have y(p) > 0for |p — %l < 1since w(%) =y, > 0. Hence, p;(p) is the principal eigenvalue of the second
equation in (3.16), i.e., p;(p) = —A,(p, f1(2)) when |p — %| < 1. Recalling equation (2.4), we have that

Ay) == = (-2)r(i0)

2 p=t

It follows from Step 1 of this proof that for 0 < s < s, the derivative p’(s) < 0 when F (%, fl(z)> > 0, and

p'(s) > Owhen F %; fi(z2) ) < 0. We then conclude that for 0 < s < s,
@) ifF(%; £i2)) > 0, then p;G) < 0and p/(s) < 0, which implies g,(s) < 0;

(b) 1fF(§; fl(z)) <0, then p;(§) > 0and p/(s) > 0, which implies g,(s) < 0.

Therefore, the bifurcation solutions to system (3.8) that lie on the local branch F1+ are linearly stable.

Step 3. Global bifurcation. By invoking the global bifurcation framework for Fredholm operators [42], the
local branch F;L is extended to a global branch.

By [40, Theorem 3.3], we conclude that for any (p, w, u) € (0,1) X X, the Fréchet derivative Dy T1(p, w, u)

is a Fredholm operator with index zero and T;:(0,1) X X; — Y; X [WL”((?Q)]2 is C! smooth. Similar to the
definition in ref. [42, Theorem 1.2], let C, be the component of the set of nontrivial solutions to T;(p, w,u) = 0,

such that (% 0,0) € C,. Set
C={(p,Su):S=z—w,(p,w,u) € Cy}.
Let ClJr be the connected component of C;\ { (p(s), S(s), u(s)): —s; < s < 0}. Then F1+ C ClJr . It follows from ref.
[42, Theorem 1.2] that C1+ satisfies one of the following alternatives:
(1) 1itisnotcompactin (0,1) X X;;
(ii) it contains a point (p, z, 0) with p # % ;
(iii) it contains a point (p, z + @, ¥), where (D, V) # (0, 0) and (D, P) € Z,.

We define .
xr={swex:s>0u>0 onQ}.
Consequently, we have C; N ((0,1) X X;7) # @. Let C;* = C; N ((0,1) X X;"). Then C;* consists of the local positive
solution branch l"f near the bifurcation point <% z, O) and Cl* C C;r .
Suppose (iii) holds. For any (p, z + ®,¥) € C;r with (D, W) # (0,0), we have (p, z + D, V) € C1*’ which

implies that ¥ > 0 on Q. Hence, /Q Wy, > 0, which contradicts (®, ¥) € Z,. Therefore, (iii) is impossible.
Suppose (ii) holds. Then there exists a sequence of points {(p,, S,, u,)} C C*, which convergesto (p, z, 0) on

(0,1) x X_;r By the equation for u, in system (3.8), we have 4,(p,, f1(S,)) = 0. Letting n — oo, we get 4,(p, f1(2)) =
0 by continuity. Recall that /11<%, fl(z)> = 0. Without loss of generality, we assume p > % It follows from

Lemma 2.1 that A,(p, f1(2)) > 0 for all p € <%i)> However, by Lemma 3.6(i), we have that if there exists
Py € <% i)) such that (py, S, u) € 61*’ then 4,(py, f1(2)) < 0, which is a contradiction. Hence, the component C1+

cannot connect (%, z, 0) and (p, z,0) in (0, 1) X X;, meaning that (p, z, 0) & C1+ . Thus, (ii) can not occur.
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The alternative (i) for C;r is equivalent to “the closure of Cl’r intersects 0((0,1) ><X1’r ) or is unbounded in
norm of (0,1) ><X1+ ”. It follows from Lemma 3.6 and the standard elliptic regularity theory that any positive
solution (S, u) to system (3.8) remains bounded in X1+ uniformly for all p € [0,1]. Thus, (i) implies that there
exists a point (p, S, i) € (C_f\{ (%, z, 0) }) N d((0,1) x X" ), which is the limit of a sequence {(p,,S,.u,)} C C.
We only consider the case where F; > 0, i.e.,

F=_ " 90A4(p, £1(2))

> 0.
D-D  0p p=l
—_ 2

A similar analysis can be applied to another case where F; < 0. If F; > 0, then there exists € > 0 such that

M(p, fi(@) > 0forall p € <% % + €>. This implies that there is no point (p,S,u) € C; for p € <% % + e), and

that p satisfies 0 < p < % which in turn implies that 4,(p, f;(z)) < 0. Hence, ([3,3, i) € 0((0, 1) ><X1+) implies
that:

@ 3> 0andS(x,,y,) = 0 for a point (x,, y,) € Q; or

() @ > 0and i(x, y,) = 0 for a point (x;, y,) € &; or

3 p=0and$>0,u>00nQ,ie, ()X

It follows from the strong maximum principle that § > 0 on Q. Hence, (1) is impossible. By applying the strong
maximum principle again, we conclude that (2) implies & = 0, which leads to (S, &t) = (z, 0).

Suppose (S, it) = (z,0). Then the sequence {(p,,S,,u,)} satisfies p, — p and (S,, u,) = (z,0) in X, as n —
oo. By the equation for u, in system (3.8), we have A,(p,, f1(S,)) = 0. Letting n — oo, we get 4,(p, f(2)) = 0 by
continuity, which contradicts 4,(p, f;(z)) < 0.

The remainning possibility is p = 0 with S > 0,% > 0on Q, which implies that the global bifurcation branch
C1+ meets the plane {(0,S,u):S>0,u>0 on ﬁ} at the point (0, S, 1) as p — 0. This completes the proof. []

By arguments similar to those in the proof of Theorem 3.7, and recalling Propositions 2.9 and 2.10 (or Table 1),
we derive the following conclusions.

Theorem 3.9. One of the following statements is valid.

() Assume that Dy > D} and 0 < pj < % < p; <1 Then system (3.8) has at least one positive solution if and
only if p € [0, 1]\[p§, pf] Furthermore, if p is sufficiently close to p; or pj, then the positive solution is
linearly stable.

(i) Assume that 0 < Dy < Dj, and that there exist p* and p’ such that either 0 < p* < p; < % or % < p*<
pi <1 Then system (3.8) has at least one positive solution if and only if p € [0,1]\ [ P, pj] Furthermore,
if p is sufficiently close to p* or p%, then the positive solution is linearly stable. In particular; if p = % then
(z — 64, 0,) is the unique globally attractive positive solution, as stated in Lemma 2.7.

Remark 3.10. In case (i) where D, > D7, if p; = 0and p; = 1, then the set [0, 1]\ [ Py p;‘] is empty. Consequently,
system (3.8) admits no positive solution for any p € (0, 1). By arguments similar to those in Remark 3.8, in case
(ii) where 0 < D, < Dy, if there exists p} € <0, %) U <%1> such that p; = p* = p, then system (3.8) admits
at least one positive solution if and only if p € [0, 1]\{ p’;} and the positive solution is linearly stable if p is
sufficiently close to p.
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Consider another single-species steady state model

DyAS — f,(S)v =0,

D(@Quy + DA =@y, + [,(S)v=0  inQ, 317)
DOVS V4 b(X,y)S = H(X,y), '

(D(Q)vy, DA = Q)vy) - v+ b(x, y)v =0 on Q.

As shown in Table 2, when D, = D;‘, the critical value g¢* satisfies ¢* € [0, %) if F, < 0,and ¢* € <% 1] if F, > 0.
We define 1 1
q:= min{q*, 5 } q:= max{q*, 2 }

Then we can derive the following results in a similar manner.

Theorem 3.11. One of the following statements is valid.

() Assume that D, = D; and F, # 0. Then system (3.17) has at least one positive solution if and only if q €
[0,1]\[g,?1]. Furthermore, if q € [0,1] is sufficiently close to % or q*, then the positive solution is linearly
stable.

(i) Assume that Dy > Dy and 0 < q; < % < g; <1 Then system (3.17) has at least one positive solution if and
only if q € [0,11\|q}, q}|. Furthermore, if q is sufficiently close to g} or q;, then the positive solution is
linearly stable.

(iii) Assume that 0 < D, < Dj, and that there exist q* and q7 such that either 0 < q* < q} < % or % <qF <
@} < 1. Then system (3.17) has at least one positive solution if and only if q € [0, 1]\ [qj, qj] Furthermore,
if q is sufficiently close to q* or g, then the positive solution is linearly stable. In particular, if q = %, then
(z — 0,, 0,) is the unique globally attractive positive solution.

Remark 3.12. In case (i) where D, = D}, if F, = 0, then q= q= % Consequently, system (3.17) admits at least
one positive solution if and only if g € [0, 1]\ { % }, and the positive solution is linearly stable if g is sufficiently
close to % In case (ii) where D, > Dy, if g; = 0 and ¢ = 1, then the set [0, 1]\ [q(’; qi"] is empty. Thus, system (3.17)
admits no positive solution for any q € (0, 1). In case (iii) where 0 < D, < Dj, ifthere exists q; € (0, %) U (%, 1>
such that ¢} = q* = ¢, then system (3.17) admits at least one positive solution if and only if g € [0, 1]\{qj‘£},
and the positive solution is linearly stable if q is sufficiently close to g7 .

4 Dynamics of the two-species model
This section is devoted to investigating the dynamic behavior of system (1.1)-(1.3). With this in mind, we first
show that this system has a unique solution (S(x, y, t), u(x, y, t), v(x, y, t)), which is defined for all ¢ > 0 and is
bounded. The proof is similar to that of Lemma 3.2, we thus omit it here.
Lemma 4.1. System (1.1)-(1.3) admits a unique solution (S(x, y, t), u(x, y, t), v(x, y, t)) for all (x, y) € Qandt > 0.
Moreover, there_exist positive constants p,, p, depending on the initial values Sy(x, y), uy(x, y), vy(X, y), such that
forall(x,y) € Qandt > 0,

0<Sx,y,t) < py, 0<ulx,y,t) <p,, 0<0(x,y,t) < p,.

In particular, the solution (S(x, y, t), u(x, y, t), v(x, y, t)) is ultimately bounded.
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The proof of the following result is similar to that of Theorem 3.3, and thus, we omit it here.

Theorem 4.2. Assume that A,(p, f1(2)) > 0 and A,(q, f,(2)) > 0; see Tables 1 and 2. Then the steady state (z, 0, 0)
of system (1.1)-(1.3) is globally asymptotically stable.

Recalling Lemma 2.7 and D; = D*( f2(2)), we conclude that if 0 < Dy < D; and q = % then system (1.5)
admits a unique globally attractive positive steady state (z — 6,, 8,), where 0, is the unique positive solution
to system (2.9) with f] replaced by f,. Recalling Tables 1 and 2, we have the following conclusions.

Theorem 4.3. The following statements is valid.
() Assume that 0 <D, < Dj and p = % and that there exist q* and q’ such that either 0 < q* < q3} < % or

% < q* < q; <1 Then the positive steady state (z — 6, 01, 0) of system (1.1)-(1.3) is globally asymptotically

stable for q € (q*, q%).
(i) Assume that 0 <D, < Dj and q = % and that there exist p* and p’ such that either 0 < p* < p} < % or

% < p* < pi <1 Thenthe positive steady state (z — 6,, 0, 8,) of system (1.1)-(1.3) is globally asymptotically
stable for p € (p*, p*).

Proof. By Lemma 4.1, the solution (S(x,y,?),ux,y,t),v(x,y,t) of system (1.1)-(1.3) satisfies S(x,y,t) >
0,ulx,y,t) > 0,v(x,y,t) > 0forall (x,y) € Qand ¢t > 0. Hence, we have
S; < DyAS — fi(S)u
4.1
u, =DyAu+ fi(Slu INnQXR,.

Let w(x,y,t) = Sk, y,t) + u(x, y, t). The comparison principle for parabolic equations implies that w(x, y, t) <
w(x, y,t) for all (x, y) € Q and t > 0, where w is the solution to

w, =Dy Aw MQXR,,
DyVw - v+ b(x,y)w =H(x,y) ondQXR,, 4.2)

w(x,y,0) = Sy(x,y) + uy(x, y) > 0 on Q.

Thus, for all (x,y) € Q and t> 0, we have S(x,y,t)+u(x,y,t) < wx,y,t), or equivalently, S(x,y,t) <
w(x, y,t) — u(x, y, t). It follows from Lemma 2.5 that w(-, -, t) — z uniformly on Qas t — +oo. This implies that
for any € > 0, there exists T; > OsuchthatS < z+e¢ —uforall(x,y) € Qandt > T,. The comparison principle
for parabolic equations implies that v(x, y, t) < 0(x, y, t) for all (x, y) € Qandt > T,, where 0 is the solution to

0, =D(@Q0 + D — Q)0y, + frlz+e—wo  in QX (T}, +00),
(D(@),, DA = @)v,) - v+ b(x,y)0 =0 on 0Q X (T, +0), 4.3)
o(x, v, T,) = v;(x, y, T) on Q.

Note that if there exist ¢* and g7 such that either 0 < ¢* < ¢7 < % or % <q* <q; <1 then 4(q, f(2)) > 0
for g € (q*, qj‘r); see Table 2. By Lemma 2.2(i), one may select e sufficiently small so that 4,(q, f5(z — €)) > 0.
Consequently, it follows from Lemma 2.2(ii) that

M(q, filz+e—w) > A(q, flz—e) > 0.

By applying the separation of variables to system (4.3), we conclude that o(-, -, t) — 0 uniformly on Qast— 400
in an exponential manner, which implies

tli{n v(-,-,t) =0 uniformly on Qinan exponential manner. 4.4)
—T00
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Substituting S < w — u into the equation for u in system (1.1)—(1.3), we obtain that
U, < DyAu+ fi(w —wu in QX (0, +00).

By applying the comparison principle for parabolic equations again, we conclude that u(x, y, t) < u(x, y, t) for
all (x, y) € Qand t > 0, where 1 is the solution to

i, =DyAl+ (0 — Wi NQXR,,
DyVu-v+bx,y)i=0 onoQxXR,, 4.5)
i(x, y,0) = uy(x,y) > 0 on Q.

Note that w(., -, t) = z uniformly on Q as t — +oo, and that 0, is the unique positive solution to system (2.9).
Then by arguments similar to those in the proof of ref. [9, Theorem 3.2], we deduce that if 0 < D, < Dj, i.e,

/11<%, fl(z)) < 0, then 6, is the unique globally attractive positive steady state of system (4.5). Hence,

limsupu(-,-,t) <6; uniformly on Q. (4.6)

t—=+o00 -

In view of (4.4), we have that for any € > 0, there exists T, > 0 such that v(x, y, t) < € for all (x,y) € Q and
t > T,. It follows from Lemma 4.1 that

S, > DyAS — [(Su— fy(p)e  in QX (T, +00).

Recall that w = S + u. The comparison principle for parabolic equations implies that w(x, y, t) > w.(x, y, t) for
all (x,y) € Qand t > T,, where w, is the solution to

(we)t =D0Awe _fz(p1)€ il’IQX(Tz, +00),
DyVw, - v+ b(x,y)w, = H(X,y) on 0Q X (T,, +o0), (%))

w,(x,y,T,) = S0, y, T,) + u(x,y,T,) >0 on Q.

Hence, S(x,y,t) > w.(x,y,t) — ulx, y,t) for all (x,y) € Qand ¢ > T,. Substituting it into the equation for u in
system (1.1)—(1.3), we obtain that

u, > DyAu+ fi(w, —wu in Q X (T,,4+00).

By the comparison principle for parabolic equations, we conclude that u(x, y, t) > u(x, y, t) for all (x, y) € Q
and t > T,, where u is the solution to

u,=DyAu+ filw, —wu  inQX(T,,+0c0),

DyVu-v+bx,y)u=0 onodQx(T,,+oc0),

ulx,y, T,) =ulx,y,T,) on Q.

By arguments similar to those in ref. [33, Lemmas 2.2 and 4.2], we conclude that w,(-, -, t) — z, uniformly on Q
as t — +oo, where z, is the unique positive steady state of system (4.7). Moreover, it follows from the standard
elliptic regularity theory that lim,_,z, = z uniformly on Q. By applying arguments similar to those presented
above, we conclude

liminfu(,~,t) > 6; uniformly on Q. (4.8)
Inequalities (4.6) and (4.8) imply that lim,, u(.,-,t) =6, uniformly on Q. Similarly, we deduce that
lim,_, S(,-, ) =z — 6, uniformly on Q. The proof is completed. O
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Theorems 3.7-3.11 and the corresponding Remarks imply that for all other parameters fixed, there exist
semi-trivial steady states (Sip, uip, 0) fori=1,...,k;, where k; > 1, if and only if p satisfies 4,(p, fi(z)) < 0.

Similarly, there exist semi-trivial steady states <S{I 0, vé) for j=1,...,k,, where k, > 1, if and only if g sat-
isfies A,(q. f,(2)) < 0. In particular, if g = ., then k; = 1 and (slp, ), 0) =(2-0,,6,,05if p="1, thenk, =1
and (S;, 0, vé) =(z-6,,0,6,). Moreover, it follows from Lemma 3.6 that all of Sip,Sé <zon Q. Hence, by

Lemma 2.2(ii), 4, (p, fi(2)) < /11<p, ﬁ(sé)) and A, (q, f,(2)) < /11<q, f2<8ip>> forany (p,q) € [0,1)%and1<i <
k,1<j<k,.

Theorem 4.4. Assume that Al<q, f2<81p>> <O0foranyi=1,...,k; and /ll(p, ﬁ(sé)) <OQforanyj=1,...,k,.
Then system (1.1)-(1.3) is uniformly persistent in the sense that there exists ¢ > 0 such that the solution
S&, y, 1), ulx, y, 1), v(x, y, t)) of system (1.1)-(1.3) satisfying

litm+inf SG-,-,t) >0, litm+inf u(-,-,t) > o, and litm+inf u(-,-,t) > o uniformly on Q.

Proof. This proof is similar to that of Theorem 3.4, so we only sketch it here. By the comparison principle for
parabolic equations, Lemma 4.1 and [33, Lemmas 2.2 and 4.2], there exists ¢; > 0 such thatlim inf, ,,  S(-,-, ) >
o,. Let

P= {(S,u, v) € C(Q) X C(Q) X C(Q):S > 0,u> 0,0 >0 onﬁ},

P’ = {(S,u,v) EP:uz0andv 0},
0P’ =P\P’ = {(S,u,v) EP:u=0o0rv =0}

Define ¥, as the solution semiflow generated by system (1.1)—(1.3) on P, where ¥, is compact and point dissipa-
tive. By [36, Theorem 2.6], we conclude that ¥, has a global compact attractor that attracts each bounded set in
p.

Set © := (S, Up, V). Define M, :={© € 0P*: ¥,0 € 9P°, V t > 0}, and let w(®) denote the omega limit
set of the forward orbit y+ (@) := {¥,©:t > 0}. It is easily observed that

Uoew,@(©) = {(z, 0,0), (sip,uip,0>, (sg,o, u{{) i=1..,kandj=1,...,k with k. k > 1}.

Similar to the proof of Theorem 3.4, we conclude by contradiction thatif 4, (p, £,(z)) < 0or 4,(q, f,(2)) <0,
then (z, 0,0) is a uniform weak repeller for P°. We now claim that if /11<q, f2<81p>> < 0, then <Slp, ulp, 0) is a

uniform weak repeller for PP. That is, there exists 04 > 0 such that for all (S, uy, vy) € PO,

lim sup|[%,(Sy, g, ) — (s;,ulp,o)nw > §,.

t—>+00

Ifnot, then for any > 0, there exists (Sy, Uy, vy) € P° such thatlim sup,_, .. [|¥,(Sy, Ug, Ug) — (Slp, ulp, 0) lo < 0.
This implies that there exists T, > 0 such that for ¢ > T,

ISC, 8 = S llo < 8, UG, -, 1) = U lloo < 8, 10, -, Dl < 6. 4.9)

By the continuity of function f;(S), we can choose € > 0 small such that for all (x, y) € Qandt> Ty, f1(S) >
fl<81p) — €. Thus, we obtain

v, > DyAv + (]‘1(8;) - e)v in Q X (T, +00).

In view of (S, uy, vy) € PO, it follows from the maximum principle that v(-, -, Ty) > 0. Hence, there exists k¥ > 0
suchthato(-, -, Ty) > k@, (q, £ (Slp) ) where ¢, (q, £ (Slp) ) is the principal eigenfunction corresponding to the
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principal eigenvalue /11<q, f> (Slp) ) Letv(x,y,t) = Ke<’11<q‘fz(slzj))+€>(T0_‘)gol<q, f2<31p>> for all (x, y) € Q and
t > T,,. Then v satisfies

v, =DyAv + (fz(slp) - €>g in Q X (T, +00),

DyVv -v+Db(x,y)v =0 ondQ X (T, +00),

LESROEITACNACS) on Q.

By the comparison principle for parabolic equations, we conclude that v(x, y, t) > v(x, y, t) for all (x,y) € Q
and t > T,. Since /ll(q, f2<81p)) < 0, there exists a sufficiently small € > 0 such that /11<q, ]3(81!,)) +e<0.
This implies that lim,_, | v(., -, t) = +o00, which contradicts (4.9). This claim is valid. Similarly, we deduce that
if /ll(q,fz(sip)) <0 and /11(p,f1(sg')) <Oforalli=1,...,k; and j=1,...,k, with k, k, > 1, then all of
(S"p, u"p, 0) and (Sé, 0, vé) are uniform weak repellers for P°.

Define a continuous function D: P — [0, +00) by D(S, u, v) : = {minﬁu(x, y), minﬁu(x, y)} forany (S, u,v) €
P.Itiseasytosee that D1(0, +00) C P°, and D satisfies that if D((S, u, v)) > 0or (S, u, v) € P° with D((S, u, v)) =
0, then D(¥,(S, u, v)) > 0 forall t > 0. Thus D is a generalized distance function for the semiflow ¥,: P — P [35].

Denote E:=E,U (U:LEip) U (U?:lEé), where E, ={(z,0,0)}, E; = {(Sip,u"p,0>} and Eé =

{ <S{1 0, Ué) } By arguments presented above, we conclude that all of the sets EO,E;,E(;, wherei=1,...,k;
and j=1,...,k, with k;,k,>1, are isolated in P. Moreover, the stable set WS(E) N D70, +c0) =
WS(Eip) A D0, +00) = WS<E{Z') AD(0,+00) = @, where i=1,...,k; and j=1,...,k, with k,k, > 1
Therefore, no subset of E forms a cycle in M (’). It follows from ref. [35, Theorem 3] that there exists o, > 0 such
that

D((S,u,v)) > oy,

min
(S,u,0)Ew,((Sy,Uy,Vy))

which implies that for any (S, uy, v,) € P°, lim inf,_, _u(-, -, ) > 0, and lim inf,_,, ., v(-, -, ) > &, uniformly on

Q.Seto = min{ o, 0, }. This completes the proof. O

5 Further study on coexistence of the two-species model

In this section, we aim to further investigate the structure and stability of the positive steady states of system
(1.1)-(1.3). Hence, we focus on the positive solutions to the following steady-state system

DyAS — fi(S)u — f,(S)v =0,
D(p)uy, + D(1 - pluy, + fi(Su =0,

D(@uy + DA = oy, + fL(S)v=0  inQ, 6
DyVS-v+Db(x,y)S = H(x,y), .

(D(puy, D1 = pluy) - v + b(x, y)u =0,
(D(Q)vy, D(1 = Q)vy) - v+ b(x, y)v =0 on Q.

It is easy to see that system (5.1) has the following three types nonnegative solutions.
(1) There always exists the trivial solution (z, 0, 0).
(ii) There exists at least one semi-trivial solution of the form (Sp, Up, 0), where Sp >0, u, > 0 on ﬁ, if and
only if p satisfies A4,(p, f1(2)) < 0 with all other parameters fixed; see Theorems 3.7-3.9. Moreover, there
exists at least one semi-trivial solution of the form (Sq, 0, vq), where Sq >0, Vg > 0 on ﬁ, if and only if q
satisfies 4,(q, f,(2)) < 0 with all other parameters fixed; see Theorem 3.11. In particular, (1) if p = % and
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0 <D, <Dj, then the semi-trivial solution (S p> Ups 0) = (z — 0,,0,,0) is unique; 2)if g = % and 0 < D, <
D3, then the semi-trivial solution (Sq, 0, vq) =(z-0,0,08,)1is uni_o_[ue.
(iii) The existence of positive solutions (S, u, v), where S, u, v > 0 on €, is to be determined.

We can readily analyze the linear stability of (z, 0, 0), (z — 6, 8, 0) and (z — 0,, 0, 8,) using eigenvalue analysis.

Theorem 5.1. The following statements is valid.
() (z,0,0) is linearly stable if A(p, fi(2)) > 0 and A,(q, f,(2)) > 0, and it is unstable if A,(p, f1(2)) <0 or
M(q, f5(2)) < 0; see Tables 1 and 2.
(i) Assume that p = % and 0 < Dy < Dj. Then (z — 6,,0,,0) is linearly stable if A,(q, f,(z — 6,)) > 0, and it is
unstable if A,(q, f,(z —6,)) < 0.
(iii) Assume that q = % and 0 < Dy < Dj. Then (z — 6,0, 0,) is linearly stable if A,(p, fi(z — 6,)) > 0, and it is
unstable if A,(p, f1(z — 6,)) < 0.

Proof. The proof of part (i) is standard and omitted here. We present the proof for part (ii) only, as part (iii)
follows similarly. Let w = z — S. Then system (5.1) is equivalent to

DyAw + fi(z — wu+ fo(z—w)v =0,
DyAu+ fi(z—wu=0,
D(@Q)vy + DA —qQvyy, + filz—wv=0  inQ, 62)
DyVw - v+ bx,y)w =0,
DyVu-v+bx,y)u=0,
(D(@)vy, D1 = Q)v,) - v+ b(x,y)v =0 on Q.
Consider the following linearized eigenvalue problem for system (5.2) at (6, 8,, 0),
DyAS — fi(z = 66, + fi(z — O + fo(z—60)9 + AL =0,
DyAn + fi(z—0))n — f{(z - 00, + An =0,
D)8y + DA — Yy, + fo(z—0))9+ A9 =0 inC,
subject to the homogeneous boundary conditions. Let y = { — 5. Then (£, y, 9) satisfies
DyA¢ — fi(z = 0)6:¢ + fi(z — 0 + fo(z — 69 + AL = 0,
DyAy — fo(z—0)9+ Ay =0, (5.3)
D(@)dy + DA — )Yy + fr(z— 09+ A9 =0 inQ

subject to the homogeneous boundary conditions. It is easy to see that A is an eigenvalue of problem (5.3) if and
only if 4 is an eigenvalue of the following three operators,

Li:=DyA — f/(z = 6))6,, I,:=DyA, I;:=D(q)0y, + D(1 — )0y, + f,(z — 6,).

It follows from the variational characterization of the principal eigenvalue (see, e.g., equation (2.2)) that the
principal eigenvalues of I; and I, are positive. Moreover, the principal eigenvalue of I5 is equal to 4,(q, f,(z — 6,)).
This completes the proof. O

Then we derive a priori estimates for the positive solutions to system (5.1). The proof is similar to that of
Lemma 3.6, we thus omit it here.
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Lemma 5.2. Assume that (S, u, v) is a nonnegative solution to system (5.1) with S # 0, u # 0 and v # 0. Then
@D  A4(p, fi(2) < 0and A,(q, f1(2)) < 0; .
(i) 0 < S <z and there exist positive constants C,, C, such that 0 <u < C,and0 < v < C, on Q.

Next, by taking q as the bifurcation parameter, we derive the corresponding branches of positive solutions;
see, e.g., [17], [43]-[45].

5.1 Local bifurcation and stability

We begin by examining the branch of positive solutions to system (5.1) that bifurcates from the semi-trivial
branchI', = {(q,z — 6,, 6,,0): q € [0,1]}. For technical reasons, we need to impose the following conditions.
H) p= % and 0 < D, < Dj, which ensures that I', # .

(H2) There exists § € (0,1) such that 4,(q, f,(z — 6,)) = 0.

(H3) F(q; fy(z — 6,)) # 0, where F is defined in (2.6).

Lemma 5.3. Assume that (H1)—(H3) hold. Then there exists a C' curve
= = {(q(s), S(s), u(s), v(s)): s € (—5y,8,)},

such that ((q(s), S(s), u(s), v(s))) is a solution to system (5.1) for any s € (=s,, s;), and the solution is positive for
any s € (0, s;), where

S(s) =z — 0, — s(&y + W(s)), us) = 6, + s(n, + U(s)) and v(s) = s(I + V(5)).
Here,
q(0) =g, W(0)=0, U(0) =0, V(0) =0 and (W(s),U(s), V(s)) € Z,
where Z = {(W,U,V) € X: [, V8, =0} with 9, being a positive principal eigenfunction corresponding
MG, fo(z — 6)), and ({, n,) satisfies
DALy — fi(z = 00,8y + fi(z — 0y + fy(z — 6)9y =0,
DoAny+ fi(z— 0y — f,(z—0))6,{, =0  inQ,
DoV, - v+ b(x, y)§, =0,
DoV, - v+ b(x,y), =0 on dQ.

Remark 5.4. The concavity of 4,(q, f,(z — 6,)) with respect to q implies that there exist at most two bifurcation
points of positive solutions bifurcating from the semi-trivial branch I,

Proof of Lemma 5.3. Let X = [W2" (Q)]3 and Y = [L” (Q)]3 with r € (1, c0). Then W"(€) embeds compactly in
C(ﬁ). In system (5.2), w, u, v in the boundary condition are interpreted as the traces of w, u, v € W2T(Q) on 0Q;
see, e.g., [24, Theorem 1.6] and Remarks there. Define T:(0,1) X X — Y X [W'"(0Q)] 3 by

DyAw + fi(z — wu+ fo(z — w)v
DyAu+ fi(z — w)u
D(@)vy + D1 = vy, + fo(z — w)v
DyVw - v+ bx, y)w '
DyVu-v+bx,yu
(D(q)v,, D1 — q)vy) -v+b(x, y)v

T(q, w,u,v) = (5.4)
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Let D, ,,.,»T(q, 0, 01, 0) be the Fréchet derivative of T(q, w, u, v) with respect to (w, u, v) at (6, 8,, 0). It is easy
to see that D, , ,,T(q, 01, 6, 0) is a Fredholm operator with index zero.
Set Dy 1.0y T(d, 63, 61,0)(C, 1, NT = 0 with (£, 5, 9) # (0,0,0), ie,

DyA¢ — ﬂ(z —0))0.L + filz—0)n+ fr(z—6,)9=0,
DyAn + fi(z — 0 — fi(z — 6)6,¢ = 0,
D@8 +DU— Iy, + f(z—6)9=0 inQ,
DyV¢ - v+ b(x,y)¢ =0,
DyVn-v+b(x,y)n =0,
(D@9, D1 —§)9,) - v+b(x,y)d =0 on oL,

ma
(a,+z-6,)*"

where the function f](z — 6;) = Suppose 9 = 0 on Q. Then (€, n) satisfies

DyAL — fi(z = 60)6,¢ + fi(z— 0, =0,

DoAn— fiz— 60, + fiz—O)y=0 inQ,
DyVE - v+b(x,y){ =0,
DyVn-v+bx,y)p =0 onoQ.

Let y = { — 5. Then y satisfies
Ay=0 inQ,

DyVy -v+bx,y)y =0 onoQ.
The strong maximum principle implies that y = 0,i.e,{ =#xon Q. Hence, ¢ satisfies
DAL+ (fiz—60) — f(z—6)6,){ =0  inQ,
DyV{-v+bx,y)l =0 ondQ.

It follows from Lemma 2.2(ii) and the equation for u in system (5.1) that
1 1
j’l(i’ fl(z - 91) - fll(z - 91)61> > )«1<£, fl(Z - 91)> =0.

The general maximum principle [38] implies that { =# =0 on Q. This contradicts the condition ¢,n,9 +#
(0,0,0). Hence, 9 # 0 on Q. Moreover, based on the analysis above, we conclude that the operator

e (PR fE=000, fiz—0)
—fl(z=0)8, DyA+ fi(z—0)

is invertible with the boundary conditions D,V{ - v + b(x, y){ = 0, D,V# - v + b(x, y)n = 0 on d€2. Note that
AM(q, f,(z — 6;)) = 0. We then deduce that the kernel

N (D unT(4.64,6,0)) = span{ (&, 19, 9o) }»

where 9, is a positive principal eigenfunction of problem (2.1) with p = ¢, h = f,(z — 6,), and ({,, ,) is the
unique solution to
Ay ne)" = (—fy(z = 0)9,,0)7  inQ,

DyV¢, - v+ b(x, y)¢, = 0,
DoV, - v+ b(x,y)n, =0 on Q.
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We next claim that the rangle of D, , ., T(q, 6, 6;,0) is
R(D(w,u,u)T(q\s gls 019 O))

={ (C*9 ’7*’19*9 617 52’ 63) € Y X [WLr(aQ)]gz Z(C*7 71*719*7 51’ ‘52’ 53) = 0}7

where [ Y X [W“(GQ)]3 — R s a linear functional in (Y X [W“(()Q)]3>* defined by
@ 9 i) = [900,- [ &,
Q 0Q

In order to prove this claim, we need to consider the following problem

DyA¢ — fl’(z - 00,8+ fiz—0)n+ fo(z—0,)9 = {7,
DyAn + fi(z = 0 — f,(z = 6)6:¢ = n*,
D@, + DU =PIy, + fr(z—60))9=9" inQ,
DyVE - v+Db(x, ), =&,
DoV - v+ b,y =&,
(D@3, DL —P)I,) - v+ b(x,y) =& onoQ.

(5.5)

By arguments similar to those in the proof of Theorem 3.7, we conclude that the problem
D@ + DA — Iy, + fr(z—0)I =9* inQ,
(D@D, DA = PI) - v+ blx, ) =& onoQ

has a solution, denoted by 8,, if and only if /, 9°9, — /., &;9, = 0. It follows from the standard elliptic regu-
larity theory that for any constant ¢ < 0 and &, &, € W''(0€), the problem

DyA + ¢ =0,
DyAn+cn=0 inQ,
DyV¢ -v+Dbx,y)¢ =&,
DyVy-v+bx,yn=¢& onodQ
has a unique solution, denoted by (¢,, #,). Substituting 9 = 9, into problem (5.5) and setting & = ¢ — ¢, 77 =

n — 1y, we obtain )
AC DT =(g,8)" inQ,

DyVE - v+bx, )¢ =0, (5.6)
DyVii-v+bx,y)n=0 onoL,

where
&=+ (fl(z—0)0,+ )& — filz—0)n, — f,(z—0,)9,,

&=n"+f{(z—0)0,5 + (c— filz—0,))m,.
Since the operator A is invertible with the boundary conditions DOVgZ -V +b(x,y){ = 0,DyVij - v+ b(x, y)ij =

0 on 0Q, we conclude that for any ¢*, n* € L'(Q), {1,111, 9; € W2'(Q), problem (5.6) always have a unique solu-
tion. Therefore, (&*,n*,9%,&,&,,&) € Y X [W”(aQ)]3 is in the range R(Dy,, ., T(q, 6;,6,,0)) if and only if
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We then check the transversality condition

Dq(w,u,v)T(q\’ 91’ 01v 0)(§0’ ’70» '90)T ¢ R(D(w,u,y)T((iy 61, 91, 0)) (5.7)

By direct computation, we have

Dq(w,u,u)T(q’ 0,,6,,0)(&, 1> 19O)T = >

(D — D)((8p)y, —(8y)y) - v

and
(D ey TG 85, 61, 0y 1. 99)T) = (D — D) / 9 (90 — (90),.)
Q

- (5—2)/'90((190)xs —()y) - v

= —(1_3—2)/ (((’90)X)2 - <(19°)Y>2)'

IfF(q; f,(z — 6,)) # 0, then
l<Dp(w,u)T(q’ 01,6,,0) (&, 7o '90)T> # 0.

This implies that the transversality condition is satisfied.
Let

Z= (W,U,V)EX:/V190=O .
Q

Then span{(¢y, 1y, 3y)} @ Z = X. By applying the standard bifurcation theorem from a simple eigenvalue [40],
we conclude that there exist s, > 0 and C! curve

(q(s), W(s),U(s), V(s)): (=51, 81) » R X Z,
such that (i) q(0) = ¢, (i) W(0) = 0, U(0) = 0, V(0) = 0, (iii) T(q(s), w(s), u(s), U(s)) = 0 for |s| < s;, where
(q(s), w(s), u(s), v(s)) = (q(s), 0y + s(&y + W(s)), 0, + s(11y + U(s)), s(I + V(s))).
Let S(s) =z — w(s) = z — 0, — s(§, + W(s)). Noting that 9, > 0 on Q, we conclude that the bifurcation branch
IH = {(q(s),S(s), u(s), v(s)): 0 < s < s, }

is exactly the positive solution to system (5.1). The non-trivial nonnegative solutions to system (5.1) near (¢, z —
0., 0,,0) lie on either the branch {(q,z — 6,,0,,0): q € [0,1]} or the branch FI. This completes the proof. []

We then investigate the linear stability of the bifurcation solution near the bifurcation point (¢, z — 6,, 6,, 0).

Lemma 5.5. Assume that (H1)-(H3) hold. If |, f(z— 91)C019g > 0, then the bifurcation solutions to system (5.1)
that lie on the local branch F: are linearly stable.
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Proof. According to the proof of Lemma 5.3, it is clear that 0 is an Iy-simple eigenvalue of D,,, , ,,T({, 6;, 0;,0),
where the map I;: X — Y X [W“(&Q)]3 is defined by Iy(£,7,9) = (£, 7, 9,0,0,0). Then by [41, Corollary 1.13],
there exist continuously differentiable functions

q~ (p(@,u(q), s+ (a(s),v(s))
defined on the eighborhoods of § and 0, respectively, mapping onto R X X, such that
p() =0, u(q) = (&, 7, 95) " 0(0) =0, V(0) = (£, 710, 9),

and
DiounnT(q, 64,61, 00u(q) = (p(q)u(q),0)"  for

q- %’ <1,
Dy T(q(3), w(s), u(s), v(s))v(s) = (o(s)v(s), 0)" for |s] < 1.

It follows from ref. [41, Theorem 1.16] that p’(§) # 0 and o(s) has the same sign with —sq’(s)p’(§) if o(s) # 0 and
Is| < 1.
Noting that u(q) = (£(q), n(q), 9(q)) satisfies

DyAS(q) — f,(z - 0)0,L(q) — fi(z — 0)n(q) + fo(z — 0))9(q) = p(q)¢(q),
DyAn(q) + fi(z — 0)n(q) + f,(z — 0)6:£ () = p(@In(q),

D(@)(9(@),, + DL - (), + f,(z— )@ = p(I(@)  InQ,
(5.8)
DyVE() - v+ bx,y)¢(q) =0,

DyVn(q) - v+ b(x, y)n(q) = 0,

(P@(9(9),. D0 = (9@), ) - v+b(x, @) =0 on 0,

we have (q) > 0 for |q — | < 1since 3(§) =9, > 0 on Q. Hence, p(q) is the principal eigenvalue of the third
equation in (5.8), i.e., p(q) = —A,(q, f>(z — 8,)) when |q — §| < 1. Recalling equation (2.4), we conclude that

_0A(q, f,(z—6,))

o = —(D — D)F(4; fo(z — 6,)) # 0.

a=q

o=

Then we compute ¢’ (0) by the formula [46, equation (4.5)],

_ (L,D? T(4, 6,,6,,0) [(4’07 Mos 90) T (£o, o 190)T] )

(w,u,v)

'(0) = = )
1 2(L Dy, (4, 61, 61, 0)(Ey, Mg, ")

where [ Y X [W”(()Q)]3 — R is a linear functional in (Y X [W”(()Q)]syk (see the proof of Lemma 5.3) defined
by
@ 9ty = [ 90— [ &9,
Q 20

To this end, we compute

(2 — 0)0,58 = 2f] (2 — 0)ono — 2 (2 — 67)09,
1”(Z - 91)91§§ - 2f1’(z — 0)&mg

R =2f1(z — 0,),9
DY, ) T, 61,601, 0)[(Lo, 10> 99) T (oo 110, 99) ] = 2 10° °

0
0
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Hence, we have

éfz’(z — 01)4,’019(2]

q0)=—-— '
D -D)f ((W0))* = (90),)")
Q

The denominator on the right-hand side of this equation has the same sign as F(§; f;(z — 6,)). Under the
assumption that fQ fz’ (z - 01)C019[2) > 0, we conclude thatfor 0 < s <« 1,

() if F(4; f,(z — 6,)) > 0,then p’ (4) < 0 and ¢'(s) < 0, which implies o(s) < 0;

(i) ifF(q; fo(z — 6)) < 0, then p’(4) > 0 and ¢'(s) > 0, which implies o(s) < 0.

Therefore, the bifurcation solutions to system (5.1) that lie on the local branch F: are linearly stable. O

Similarly, we conclude that there is a branch of positive solutions to system (5.1) bifurcating from the
semi-trivial branch I', = {(p,z — 0,,0, 6,): p € [0,1]}. For technical reasons, we need to impose the following
additional conditions.

(H1*) q= % and 0 < D, < Dj, which ensures that I, # @.
(H2*) There exists p € (0,1) such that 4,(p, f;(z — 6,)) = 0.
(H3*) F(p; fi(z — 6,)) # 0, where F is defined in (2.6).

Lemma 5.6. Assume that (H1*)-(H3*) hold. Then there exists a C* curve
= = {(p(s), S(s), u(s), v(s)):s € (=53, 5},

such that ((p(s), S(s), u(s), v(s))) is a solution to system (5.1) for any s € (—s,, S,), and the solution is positive for
any s € (0, s,), where

S(s) =z — 0, — (&, + W(s)), u(s) = s(i, + U(s)) and v(s) = 6, + s(J, + V(s)).

Here,
p(0) = p, W(0) =0,0(0) =0, 7(0)=0and (W(s), U(s), V(s)) € Z,

where Z = {((W,0,V) € Xx: fgﬁﬁo =0} with #, being a positive principal eigenfunction corresponding
M, filz — 6,)), and (C, I,) satisfies

DyACy — f(z — 0,00, + fo(z — )90 + fi(z — )ity = 0,
DoAYy + fo(z = 6,8, — £,z = 0,)0,5, =0 inQ,

DyVE&, - v+blx,y)¢, =0,
DoV, -v+b(x,y), =0 onoQ.

Moreover; if [, fiz— 02)82’ Oﬁﬁ > 0, then the bifurcation solutions to system (5.1) that lie on the local branch F: =
{(p(s),S(s),u(s), v(s)) € T'>:s € (0,5,) } are linearly stable.

Remark 5.7. The concavity of 4,(p, f;(z — 8,)) with respect to p implies that there exist at most two bifurcation

points of positive solutions bifurcating from the semi-trivial branch I",,.

5.2 Global bifurcation

In this subsection, we extend the local solution branches F: and F: in Lemmas 5.3 and 5.6 by applying the global
bifurcation results for Fredholm operators.
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Initially, we extend the local solution branches F;“. Before proceeding, we first introduce a few additional
assumptions. Consider

- = Mm&z BN )
h@a = 5@ (a; + 2)(a, + 2) (my = m;) ma, @ m|
It is easy to see that if one of the following condition holds, then f;(2) <, # f,(2) on Q.

W my>my,% <™ 0<z< # BTN onQ
[ %% my—m,

a:
@ m=m, <

1 1
@ m<my, * <

@ mj > mya—ma, e}
@4 m<m,, « > ml,z >, # e on Q.

We now present two additional conditions.

(H4) mane[o’l]ﬂl(qy f(2)) = i1(qm, fz(z)) > 0.
H5) @) my; =my a > a,;or@2)m <my, % <M

my
Here, (H5) implies that f;(h) < f,(h) for any h > 0 on Q. Define

Yq = {(q,S, Uv) ERXX:S>0,u>0,v>0,(q,S,u,v) satisfies system (5.1) with p = %}

Theorem 5.8. Assume that (H)—(H5) hold. If () § > ; and F(§; fy(z — 6,)) > 0, 0r (i) § < ; and F(§; fy(z — 6,)) <
0, then there exists a continuum C:; of Y, bifurcating from I, at (4, z — 0,, 6, 0) and meeting another semi-trivial
branch {(q, Sg»0,09): 4(q, f5(2)) < 0} at the point (g, S3, 0, vy), where q satisfies /11@, fl(Sq)) = 0. In particular,
system (5.1) has at least one positive solution for any q between § and §.

Proof. In view of ref. [40, Theorem 3.3], we conclude that for any (g, w, u, v) € (0,1) X X, the Fréchet derivative
DyunT(q, w, u, v)is a Fredholm operator with index zero; recall (5.4) for the definition of operator T. Moreover,
T:(0,1) XX - Y X [W“(GQ)]3 is C' smooth. Similar to the definition in ref. [42, Theorem 1.2], let C'q be the
component of the set of nontrivial solutions to T(q, w, u, v) = 0 with (4, 6, 6,,0) € c ¢ Set

C,={(q.Su,v):S=z—w,(qw,uv) €C,}.

Let C{'; be the connected component of Cq\{(q(s), S(s), u(s), v(s)): —s; < s < 0}. Then I“I - C(;r. It follows from
ref. [42, Theorem 1.2] that C; satisfies one of the following alternatives:
(i) itisnot compactin (0,1) X X;
(i) it contains a point (g, z — 6,, 6,,0) with § # §;
(iii) it contains a point (q,z — 6, + W, 60, + U, V), where (W, U, V) # (0,0,0) and (W, U, 2) € Z.

We set .
Xt = {(S,u,u)eX:S>0,u>0,U>0 onQ}.

Consequently, C, N ((0,1) X X*) # @. Let C; = C,N((0,1) X X*). Then C;‘ consists of the local positive solution
branch F: near the bifurcation point (¢, z — 6;, 6,, 0) and e C;r.

Suppose (iii) holds. For any (¢,z — 6, + W,0,+ U, V) € C;r with (W, U, V) £ (0,0, 0), we have (q,z — 6, +
w,0,+U,V) e C;‘, which implies that V > 0 on Q. Hence, /Q V3, > 0, which contradicts (W, U, V) € Z.

Suppose (ii) holds. Then we may construct a sequence {(q,, S, U, U,)} C C; converging to (¢, z — 6,,6,,0)
in (0,1) X X*+. By the equation for v, in system (5.1), we have 4,(q,. f>(S,)) = 0.Letting n — oo, we get 4,(q, f,(z —
0,)) = 0 by continuity. (H2) implies that 4,(q, f,(z — 6,)) = 0. Without loss of generality, we assume § < §.
It follows from Lemma 2.1 that 4,(q, f,(z — 6,)) < 0 for all q € [0,1]\(¢, §). Note that max,e(1;41(q, >(2)) =
MG, f5(2)) = 0 and A,(q, £,(2)) < 44(q, f>(z — 6,)) < 0 for all g € [0,11\(4, §); see Lemma 2.2(ii) and (H4). From
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this, we deduce that g, € (¢, §). However, Lemma 5.2() implies that if A,(qy,, f,(2)) > 0, then system (5.1)
has no nonnegative solution (S, u, v) such that (q,,S,u,v) € C;. Hence, the component C;r cannot connect
(4,z—0,,0,,0)and (¢, z — 6,,60,,0) in (0,1) X X, meaning that (§,z — 6,,60,,0) & C;r. Thus, (ii) can not occur.

The alternative (i) for C; is equivalent to “the closure of C;r intersects d((0,1) X X*) or is unbounded in
norm of (0,1) X X*”; see, e.g., the proof of ref. [40, Theorem 4.7]. It follows from Lemma 5.2 and the standard
elliptic regularity theory that any positive solution (S, u, v) to system (5.1) is bounded in X* uniformly for all
q € [0, 1]. Thus, (i) implies that there exists a point (§, S, &t, ¥) € (C_:{‘\{(ci, z—0,,0,,0)})Na((0,1) X X*t), which
is the limit of a sequence {(q,, S, u,, U,)} C G

We only consider the case where § > % and F(q; f,(z — 6,)) > 0, i.e, W l4=¢ > 0. The same analyt-
ical framework can be applied to other cases. In view of Lemma 2.1 and (H4), 4,(q, f,(2)) attains a unique maxi-
mum ata point q,,, € (4, 1] such that 4,(q,,, f,(2)) > 0. However, Lemma 5.2(i) implies thatif 4,(q,,, f,(2)) > 0, then
system (5.1) has no nonnegative solution (S, u, v) such that (g, S, u, v) € C;I". Hence, we conclude that the com-

ponent C;r cannot intersect with the plane {(1,8, u,v):S,u,v>0 on ﬁ}. Thus, (q, S,i,0) € 9((0,1) X X1)
implies that

M > 0andS(x,,y,) = 0 for a point (x, y,) € Q; or

(2) ©>0and iu(x;,y;) = 0for apoint (x;, y;) € Q;or

(3) D> 0and d(x,,y,) = 0for a point (x,, y,) € Q; or

4 g=0andS>0,i>0,0>00nQ ie, (S, )€ X

It follows from the strong maximum principle that S > 0 on Q. Hence, (1) is impossible. .
(4) implies that the bifurcation branch C(;r meet the plane {(0,S,u,v):S,u,v >0 onQ} at the point

(0,8, 1, D) as ¢ — 0. By the equations for u and v in system (5.1), we have /11<%, f1(8)> = 4(0, f5(8)) =0. In

view of Lemma 2.2(ii) and (H5), we have /11<%, fZ(S)) < /11(%, f1(8)> = 0. It follows from Lemma 5.2(ii) and
(H4) that A,(qp,, f5(S) > A,(q,,, f,(2)) > 0. By the concavity of 4,(q, f,(S)) with respect to g on [0, 1], we deduce
that0 < g, < % However, in the case where § > % and F(g; f,(z— 6,)) > 0,i.e, %}f‘el))l q¢=¢ > 0, noting that
MG f5(Z — 01) > A(q. f5(2)) > 0, we deduce g, > G > % which is a contradiction.

By applying the strong maximum principle again, we conclude that (2) and (3) imply &a=0 or D=0,
which leads to the following three alternatives: (a) (S, &, D) = (z, 0, 0); (b) (S, &t, D) = (z — 6;, 6;,0); (¢) (S, &, D) =
(Sq, 0, vq).

Suppose (S, &I, D) = (z,0,0). Then the sequence {(q,, S, U,, U,)} satisfies g, - § and (S, u,, v,) = (z,0,0)
in X as n — co. By the equation for u, in system (5.1), we have /116, fl(Sn)) = 0. Letting n — oo, we get

/11(%, fl(z)> = 0 by continuity. In view of Lemma 2.3 and (H1), we have /11<%, fl(z)) < 0, a contradiction.
Suppose (S, @i, D) = (z — 0,,6,,0). Then using similar arguments as those in the analysis of case (ii), we
obtain that 4,(q, f,(z — 6,)) = 0 and if § # ¢, then (§,z — 6,,0,,0) & C;, which leads to a contradiction.
The remainning possibility is (S, @i, ) = (83,0, vg), which implies that the global bifurcation branch C;
meet another semi-trivial branch {(q, Sq, 0, vq): Mg, f,(2)) < 0} at the point (g, Sq,O, vq), where ¢ satisfies
/11(%, f1(85{)> = 0. This completes the proof. O

Remark 5.9. Theorem 5.8 implies that (q,S;, 0,v;) is a bifurcation point from the semi-trivial branch
{(q, Sq» 0, 09): A41(g, f3(2)) < 0}.

Similarly, we extend the local solution branches F:. For technical reasons, we need to impose the following
additional conditions.
(H4*)  max o 4(Pps £i(2) = A4 (P, /1(2)) 2 0.
a

(H5) @ my=mya <azor@Qm>my, %> "
1 1
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Here, (H5*) implies that f;(h) < f,(h) for any h > 0 on Q. Define

Yp = {(p,S, Uv) ERXX:S>0,u>0,0>0,(p,S,u,v) satisfies system (5.1) with ¢ = %}

Theorem 5.10. Assume that (H1*)-(H5*) hold. Then if (i) p >} and F(p; fy(z - 6,)) > 0, or (i) p < ; and
F(p; fi(z — 0,)) < 0, then there exists a continuum C;; of Y, bifurcating from I', at (p,z — 6,,0,86,) and meet-
ing another semi-trivial branch {( p,Sp,up,O):/ll( p, f1(2)) < O} at the point (fJ,Sﬁ,up,O), where p satisfies

/11<%, fz(Sﬁ)> = 0. In particular, system (5.1) has at least one positive solution for any p between p and p.

Remark 5.11. Theorem 5.10 implies that (ﬁ,Sﬁ,up,O) is a bifurcation point from the semi-trivial branch
{(p, Sp,up,O): M(p, f1(2)) < 0}.

6 Numerical simulation

We perform numerical experiments in this section to enhance the qualitative understanding of the results and to
gain further insights. The computations are primarily executed with FreeFEM++, an open-source finite element
software [47]. We first assume that the domain Q is fixed and defined as a disk of radius 2 centered at the origin.
Specifically, 0Q = {(x,y):x =2cos 8, y =2sin 8, 0 € [0,2x)}. Moreover, we assume that

’4 2
3

FH={(x,y)60£2:x=2cos 0,y =2sin 9’9€<Z Szﬂ)}

I, = {(X,)’)G@Q:X:Z cos §,y=2sin 0,60 € (—%
T

For x =2cos 0,y = 2sin 0, we take

-

o %(1+cos 40), (x,y) €Ty,
0, (x,y) € 0Q\I',

L

3
2(1+4cos 46), x,y) €Ty,
H(X,y)=<2( ) y H

0, (x,y) € 0Q\T'y,.

6.1 The principal eigenvalue

We first consider 4,(p, f;(2)), which is the principal eigenvalue of problem (2.1) with h = f;(z). The parameter
values are given in this subsection as follows

D=01, D=10, a, =5.

Figure 2 displays numerical results for the principal eigenvalue A,(p, f;(2)), where p € [0,1] and m; =
0.2,0.25,0.3. From this figure, we observe that A,(p, f;(2)) is a concave function with respect to p. Moreover,
for all p € [0, 1], A,(p, f1(2)) decreases uniformly as m, increases. This observation aligns with the conclusions
of Lemmas 2.1 and 2.2(ii).

6.2 The two-species model

Now we investigate system (1.1)—(1.3). In this subsection, we fix the parameter values as follows

D=01,D=10, m;=02 my,=03, =4, a,=5, S, =0, uy =3, v, =3.
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0.04

—_—m; =02
my = 0.25

my =0.3 ||

Ai(p; f1(2))

-0.1f

sl : : ,
O'120 0.2 0.4 06 0.8 1 Figure 2: The principal eigenvalue A,(p, f,(2)), where p €

p [0,17and m, = 0.2,0.25,0.3.

Figure 3 displays numerical results for the evolution of ||S(-, -, )|z« (@), [IUC:, -, Oz gy and U, -, Ol =)
for system (1.1)-(1.3), where (p,q) = (0.7,0.05), (0.7, 0.5), (0.15, 0.5), (0.0948, 1). In both subfigures (a)—(b),
[lo(-, -, )]l =y reaches a steady state, while |ju(-, -, t)||;» (o) diminishes asymptotically to zero. By comparing
subfigures (a)-(b), we observe that when (p, q) = (0.7, 0.05), the value of ||v(., -, )| »(q, at equilibrium is sig-
nificantly higher than when (p, q) = (0.7, 0.5). This suggests that as the anisotropic diffusion of the surviving
population v becomes stronger, the population distribution tends to become more concentrated. This implies
that anisotropic diffusion may benefit the survival of the population. In subfigure (c), ||u(., -, t)|| ~(q) reaches
a steady state, while ||v(-, -, t)|| ;«(q, gradually approaches zero. In subfigure (d), both curves progressively sta-
bilize to steady states. The numerical simulations shown in Figure 3 have the same parameters except for the
diffusion strategies (p, q). This indicates that variations in the diffusion strategies can have complex and diverse
effects on the dynamics of system (1.1)-(1.3).

Figure 4 depicts the spatiotemporal dynamics of (S, u, v) for system (1.1)-(1.3). The simulation parameters
are identical to those in Figure 3(d). The figure shows points on the curves in Figure 3(d) in the x — y plane. It
can be observed from the figure that the diffusion patterns of the two populations are not identical. Further-
more, based on Figures 3(d) and 4, it can be observed that the single-directional diffusion strategy leads to the
aggregation of the population within localized regions. This suggests that anisotropic diffusion provides more
possibilities for species coexistence.

Then we further study the steady states of system (1.1)-(1.3). All parameters remain unchanged except for
(p, @. Figure 5 displays numerical results for the bifurcation diagrams of steady states for system (1.1)-(1.3),
where g = 0.5 and the bifurcation parameter p ranging from 0 to 1. This figure shows that wheng = 0.5and p €
[0,1]1\[0.13,0.18], the two populations undergo competitive exclusion, whereas when g = 0.5, p € (0.13, 0.18),
both populations coexist. By comparing the values m1 < ’"2 , it is clear that the population u has lower survival
capability than v. However, when p takes smaller values the population u can still survive as one of the com-
petitors in competitive exclusion or coexist with the population v. This once again demonstrates that anisotropic
diffusion introduces a rich variety of changes to the dynamics behavior of this system.

6.3 The rectangular model

Finally, we present numerical simulations for some scenarios with Q = [0, 1]%, a setting that has not yet been
addressed in the theoretical analysis. These simulations could be valuable in guiding future research and
exploration.

For ease of comparison, the parameters used in Figures 6 and 7, except for Q, b, H, are the identical to those
employed in the previous numerical simulations. Here, we first assume that

[y ={(x,y)€dQx=1,0<y<1}, [y ={(x,y) €0Q:x=0,0<y<1}.
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Figure 3: The evolution of [|S(-, -, 1)l ,e0(qys 1U(-, -, D)l;e0() @ND [|U(-, -, E)]l 00 () fOr system (1.1)-(1.3), where (p, ) = (0.7, 0.05), (0.7, 0.5),
(0.15, 0.5), (0.0948, 1). The thicker parts of the curves in this figure are caused by dense oscillations.

Take
1
(14 cos(2y — D),
by =1 2 ( y — 1)
09
'§ (1+ cos(2y — D),
H(x,y) =3 2
09

x,y) €Ty,
(x,y) € 0Q\[',,

(X,)’) € f‘]—h
(x,y) € 0Q\I',.

Figure 6 displays the spatiotemporal dynamics of (S, u, v) obtained under the prescribed parameter setting.
We find that the system appears to reach equilibrium more quickly. However, unlike the case when Q is a disk,
both populations u and v tend to approach very small values, which seems to suggest that both populations may

eventually go extinct.
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Figure 4: The solution (S, u, v) for system (1.1)-(1.3) at different moments, where (p, g) = (0.0948, 1).
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We then consider another scenario where

f‘}): {x,y) €E0Q:x=10<y<1},
f“}l= {(x,y) €0Q:x=10,0<y <1},

Figure 5: Bifurcation diagrams of steady states for system
(1.1)-(1.3), whereg = 0.5and p € [0, 1].

2 ={xy)€o0<x<1y=1},
2 ={0y)€0Q0<x<1y=0}.
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Figure 6: The solution (S, u, v) for system (1.1)-(1.3) at different moments, where (p, g) = (0.0948, 1).

Take

~

S+ coszy—Da), ey el
booy) =\ 2 (1+cosx— D), (xy) €T,
0, (x,y) € 0Q\ ([ NT%),
; (1+ cos(2y — D), x,y)ert,
H(x,y) =1 %(1 + cos(2x — ), x,y) € fﬁl,
0, (x,y) € 0Q\ (I, nI2).

-~

Figure 7 displays the spatiotemporal dynamics of (S, u, v) obtained under the prescribed parameter setting.
Similarly, the system appears to reach equilibrium more quickly, with both populations u and v approaching
near-zero levels, indicating a potential trajectory toward extinction for both species.
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Figure 7: The solution (S, u, v) for system (1.1)-(1.3) at different moments, where (p, g) = (0.0948, 1).

Furthermore, we also identified coexistence of the two species by varying other parameters, as illustrated
in Figures 8 and 9. The time required to reach equilibrium is comparable to that observed when Q is a disk. The
parameter values used in the numerical simulation shown in Figure 8 are

D=01,D=10, m; =02, my=03, a, =4, a,=6.07, S, =0, uy =3, v, =3,

and _
1 A,
—(1+ cos(2y — D), x,y)ely,
b(x,y) =4 0! Y ) e .
0, (x,y) € 0Q\I'},
1 A
~(14 cos(2y — Dx), x,y)ely,
H(X,y) —J 2( -y ) Yy H A
0, (x, y) € 0Q\I'y,

while those used in Figure 9 are

D=01,D=10, m; =02, my =03, a, =24243, a, =5, S, =0, u, =3, v, =3,
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Figure 8: The solution (S, u, v) for system (1.1)-(1.3) at different moments, where (p, ) = (0.01,1).

and .
% (1+cos2y—Dx), (y) e},
b(x, y) =1 % (1+cos2x —Dx),  (xy) el?,
0, (x,y) € 0Q\ (I} nT%),
g (1+cos2y—Dr), (x,y)el},
H(x,y) =3 %(1 + cos(2x — 1)7:), x,y) e l:%,,
LO’ (x,y) € 0Q\ (I, nI2).

A comparison between the parameter settings in Figures 6 and 8 suggests that coexistence of the two pop-
ulations occurs only when both b(x, y) and H(x, y) are relatively small. By comparing the parameters used in
Figures 8 and 9, it can be observed that although the values of b(x, y) differ, their integrals over d€2 are identical.
The same holds true for H(x, y). Consequently, the non-zero regions of b(x, y) and H(x, y) in Figure 9 are larger
than those in Figure 8, which results in relatively smaller maximum values for b(x, y) and H(x, y).
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Figure 9: The solution (S, u, v) for system (1.1)-(1.3) at different moments, where (p, g) = (0.01,1).

7 Discussion

In this paper, we investigate an unstirred chemostat model for two competing populations in a bounded two-
dimensional domain. Population dispersal is assumed to be anisotropic, with direction-specific probabilities
interpreted as strategies.

We initially investigated the single-species models (1.4) and (1.5). Our findings demonstrate that there exists
a unique continuous open interval contained within [0, 1] such that the steady state (z, 0) is globally asymp-
totically stable when the dispersal strategy is located in the interval; see Theorems 3.3 and 3.5(1). Moreover, the
single-species model is uniformly persistent when the dispersal strategy is outside the interval; see Theorems 3.4
and 3.5(ii). Moreover, we found that the single-species model admits at least one positive steady state when the
conditions for uniform persistence in the model are satisfied; see Theorems 3.7-3.11. Additionally, the positive
steady state is locally asymptotically stable when the dispersal strategy is near the outer boundary of the interval;
see Theorems 3.7-3.11.

Then we investigated the two-species model (1.1)-(1.3). We classified the dynamical behavior of the model
into three scenarios based on the diffusion strategies: (i) extinction (see Theorem 4.2); (ii) competitive exclusion
(see Theorem 4.3); (iii) coexistence (see Theorem 4.4). Before studying the coexistence steady states of the model,
we deduced the conditions for the linear stability of several special solutions; see Theorem 5.1. This provided
a reference for selecting bifurcation points in the following. In the bifurcation analysis, we observed that the
solution structure of the model is more complex. Furthermore, the parameter conditions constructed to clas-
sify the dynamic behavior of the model cannot be directly applied to the bifurcation analysis, necessitating the
development of new parameter conditions; see Lemmas 5.3, 5.5 and 5.6. Additionally, we further studied the
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linear stability of the positive steady states when (p, q) is located in a very small part in [0, 1]?; see Lemmas 5.5
and 5.6. Finally, we provide sufficient conditions for the coexistence steady states in the two-species model; see
Theorems 5.8 and 5.10.

Based on the analysis of the models above, we found that it is more beneficial for the species to choose one
direction only. Because our conclusion shows that the diffusion strategies leading to extinction or competitive
exclusion are often positioned in the middle of their feasible area, with no distinct directional bias. This finding is
in agreement with the results of ref. [18]. Therefore, anisotropic diffusion provides more possibilities for species
coexistence.

This paper raises several interesting questions. One of the key questions is whether more precise conditions
can be established for the existence of coexistence equilibria in system (1.1)-(1.3), and how the structure of all
possible equilibria can be comprehensively and accurately characterized.
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