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Abstract

Consensus-based optimization (CBO) is a versatile multi-particle optimization method for

performing nonconvex and nonsmooth global optimizations in high dimensions. Proofs of

global convergence in probability have been achieved for a broad class of objective functions

in unconstrained optimizations. In this work we adapt the algorithm for solving constrained

optimizations on compact and unbounded domains with boundary by leveraging emerging

reflective boundary conditions. In particular, we close a relevant gap in the literature by

providing a global convergence proof for the many-particle regime comprehensive of con-

vergence rates. On the one hand, for the sake of minimizing running cost, it is desirable

to keep the number of particles small. On the other hand, reducing the number of particles

implies a diminished capability of exploration of the algorithm. Hence numerical heuris-

tics are needed to ensure convergence of CBO in the few-particle regime. In this work, we
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also significantly improve the convergence and complexity of CBO by utilizing an adaptive

region control mechanism and by choosing geometry-specific random noise. In particular,

by combining a hierarchical noise structure with a multigrid finite element method, we are

able to compute global minimizers for a constrained p-Allen–Cahn problem with obstacles,

a very challenging variational problem.
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1 Introduction

In this paper we are concerned with theoretical guarantees for global optimization, namely

ensuring computability of global minimizers

x∗ ∈ argmin
x∈D

E(x) (1.1)
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of a possibly nonconvex and nonsmooth objective function E : D ⊂ R
d → R. Here D is

a domain in R
d and D its closure. This problem can be rightfully considered the ultimate

challenge of mathematical optimization, because there are no clear directional or geometrical

principles to guide the search for global minima [1, 2]. Local optimization techniques like

gradient descent or (quasi-)Newton’s methods struggle with nonconvex problems because

they often get trapped in possibly numerous local minima. Even solving a simple polynomial

equation can highlight these limitations, requiring multiple independent runs and possibly

randomizing the initial conditions to be able to find all solutions.

Very-many-runs first or second order methods and metaheuristics, such as Simulated

Annealing, Genetic Algorithms, Particle Swarm Optimization, Ant Colony Optimization,

and other evolution strategies [3, 4], have achieved extraordinary empirical successes in

global optimization and have been extensively benchmarked, as evidenced by platforms like

COCO [5]. For Simulated Annealing the convergence in probability can be guaranteed by the

large time analysis of the corresponding Fokker–Planck equation with vanishing diffusion by

leveraging log-Sobolev inequalities as forms of Polyak–Łojasiewicz conditions, see [6] and

the older results [7–9]. Unfortunately, the theoretically guaranteed rate of convergence in time

O(log log(t)/ log(t)) of Simulated Annealing is rather poor, see [6, Theorem 4.1]. Instead,

proving the global convergence of the widely used multi-agent methods Genetic Algorithms

[10] and Particle Swarm Optimization [11] with quantitative rates has remained an elusive

challenge for decades, until recent breakthroughs did connect these to multi-agent dynamics

[12–15]. More specifically, the most recent groundbreaking paradigm of Consensus-Based

Optimization (CBO) [16] introduced by Pinnau et al. and its first analytical description [15]

by Carrillo et al. have introduced the right mathematical tools for attacking the long-standing

problem of rigorously proving global convergence for such methods. CBO aims at fusing

the cooling strategy of Simulated Annealing [7–9, 17, 18] towards Gibbs equilibria with the

space exploration by multiple particles/explorers as in Particle Swarm Optimization [11, 19]

by taking advantage of a consensusmechanism as in the Cucker–Smale alignmentmodel [20]

or the Hegselmann–Krause opinion formation model [21], in which an average orientation or

opinion is obtained from the individual observations. For the case D = R
d of unconstrained

optimization as first introduced and addressed in [16], the equations defining the iterates Xi
k

of the CBO algorithm read (i = 1, . . . , N labelling the particles, and k = 0, . . . , K denoting

the iterates)

Xi
(k+1)�t = Xi

k�t − �tλ(Xi
k�t − Xα(ρN

k�t )) + √
�tσ |Xi

k�t − Xα(ρN
k�t )|Ni

k(0, 1), (1.2)

where E is the objective function to be minimized, Xα(ρN
k�t ) = 1

∑N
i=1 ωE

α (Xi
k�t )

∑N
i=1 X

i
k�tω

E
α

(Xi
k�t ) is called the instantaneous consensus-point,ω

E
α (x) = e−αE(x) is theGibbsweight, and

Ni
k(0, 1) is an independent standard Gaussian random vector. The other constants λ, σ,�t, α

are all positive parameters of the algorithm, describing drift strength, volatility, time dis-

cretization, and inverse temperature respectively. The initial optimizers Xi
0 are drawn i.i.d.

at random according to a given probability distribution ρ0. The choice of the weight function
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Fig. 1 Collocation of Consensus-Based Optimization (CBO) within the global optimization land-
scape. Here SA=“Simulated Annealing", PSO=“Particle Swarm Optimization", CH=“Consensus Hop-
ping", ES=“Evolution Strategies", MMS=“Minimizing Movement Scheme" (or Proximal Point Method),
TR=“Trust-Region", SGD=“Stochastic Gradient Descent". A full explanation of the connections is reported
in the Appendix

ωE
α (x) comes from the well-known Laplace’s principle [22, 23], which states that for any

probability measure μ ∈ P(Rd), there holds

lim
α→∞

(

− 1

α
log

(ˆ
Rd

ωE
α (x)μ(dx)

))

= inf
x∈supp(μ)

E(x) . (1.3)

The algorithm (1.2) has a very simple formulation (it can be implemented in couple of lines

of code) with a computational cost of O(N ) and is easily parallelizable, see, e.g., [24, 25].

Moreover, it is based on sole pointwise evaluations of the objective function E , hence, it does
not require any higher order information.

Since 2017 CBO has attracted enormous attention in virtue of its elegant formulation, its

ability of breaking locality, and its astounding potential of providing a blueprint for proving

convergence of other evolution strategies such as local Monte Carlo, Metropolis–Hastings,

CMA-ES, see [26], andParticle SwarmOptimization, see [13, 14, 27]. In Figure 1we illustrate

how CBO is collocated within the global optimization landscape, with a full explanation of

the relationships with different relevant methods in the Appendix.

Several proofs of global convergence of CBO have been proposed [15, 31–34], promi-

nently the most comprehensive one of one of us and collaborators [28], which provides

global convergence in probability with quantitative convergence rates depending on�t → 0,

N → ∞, α → ∞ under mild conditions on E , namely local Lipschitz continuity and local

growth at minimizers. This convergence result is based first on proving that the dynamics for

�t → 0 and N → ∞ in (1.2) can be described by its mean-field approximation [35–37]

dXt = −λ
(
Xt − Xα(ρt )

)
dt + σ |Xt − Xα(ρt )|dBt . (1.4)
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where Xα(ρ) =
´
xωE

α (x)dρ(x)´
ωE

α (x)dρ(x)
andρt = Law(Xt ), which fulfills the nonlinear Fokker–Planck

equation

∂tρt = λ div
(
(x − Xα(ρt )) ρt

)+ σ 2

2
�
(|x − Xα(ρt )|2ρt

)
. (1.5)

The large time behavior of (1.5) that finally explains the convergence of (1.2) is a particularly

challenging problem, because (1.5) does not fulfill a recognizable gradient flow structure and

it is not prone to more common techniques such as entropy dissipation methods. For this

reason, in [28] an ad hoc technique based on a quantitative version of Laplace’s principle,

see [28, Proposition 21 and Proposition 23], had to be devised resulting in proving that,

for α large enough, the squared Wasserstein distance W2
2(ρt , δx∗) (here x∗ is the assumed

unique global minimizer of E) is a natural Lyapunov functional for (1.5) at finite time, with

exponential decay

W 2
2 (ρt , δx∗) ≤ W 2

2 (ρ0, δx∗)e−(1−θ)(2λ−dσ 2)t , (1.6)

for a suitable θ ∈ (0, 1) for t ∈ [0, T ∗] and W 2
2 (ρT ∗ , δX∗) ≤ ε. The meaning of (1.6)

is that, remarkably, in the many-particle limit the fundamental mechanism of CBO is to

transform a nonconvex optimization problem into the canonical problem of minimizing the

squared distance to the globalminimizer. Hence, the average trajectories of the particlesmove

precisely in straight lines towards the global minimizer, demonstrating robust convergence

even in the presence of a nonconvexity. Standard results of numerical approximation of

solutions of SDEs [38] one obtains that the numerical scheme (1.2) converges for�t → 0 to

a system of SDE; a quantitative mean-field limit [36, Theorem 2.6] for N → ∞ shows that

the SDE system converges in suitable sense to the mean-field model (1.4); finally the large

time analysis of (1.5) allows to conclude (1.6). The combination of these three approximation

levels yields [28, Theorem 3.8], showing convergence in probability of (1.2)

P

(∣
∣
∣
∣
1

N

N∑

i=1

Xi
T ∗ − x∗

∣
∣
∣
∣

2

≤ ε

)

≥ (1.7)

1 −
[
ε−1(CNA�t + CMFAN

−1 + C0e
−(1−θ)(2λ−dσ 2)T ∗

) + δ
]
,

where ε, δ, θ are arbitrarily small positive constants and T ∗ = �t K is a sufficiently large

running time depending on ε.

In the meanwhile, the original CBOmodel [16] has been adapted to address a multitude of

different problems, namely solving formultipleminimizers, saddle point problems, equilibria

of games, multiobjective optimizations and more. It has been also employed with success in

a large spectrum of real-life applications. The related literature is quite vast by now. Rather

than attempting to include a necessarily incomplete account of this very fast growing field,

we refer to the review paper [39], and to [40] for a more recent and relatively comprehensive

report. Below we limit ourselves to recall the relevant results, which are more focused on the

specific subject of the present work.

In the following let D � R
d be an open convex set with the boundary ∂D and, by D we

denote again the closure ofD. The scope of the present paper is to close one of a relevant gaps
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left in the literature, that is providing a suitable formulation for CBO and related theoretical

guarantees to solve global optimization problems of the type (1.1) constrained on convex

domains with boundary.

It should be mentioned that the results included in this paper are not the only recent

contribution aiming at formulating a CBO method for constrained optimization.

The first appearing work in this direction is [41], where the authors analyze a fully dis-

crete CBO scheme like (1.2) with a correction implemented by an orthogonal projection

onto D, see also (1.8) below, for the case where the domain is convex. While in the paper

the authors offer guarantees of convergence to a consensus point, they do not go so far to

provide convergence rates to global minimizers in terms of number N of particles as in

(1.7). Successive contributions [42, 43] formulated the constrained optimization problem as

a unconstrained optimization with penalty. While [43] is focused on the formulation of the

method and numerical results, the convergence proof in mean-field law in [42] is based on

the analysis of large time behavior of a Fokker–Planck equation as in (1.5) and makes use

of [28, Theorem 3.7]. While in this paper the domain D does not need to be convex, the

result relies on the fundamental assumption that the penalization is exact ([42, Assumption

A1]) and, again, it does not achieve convergence rates in terms of number N of particles as

in (1.7). The more recent paper [44] contributes with a CBO model for equality constrained

optimizations (hence the domain D is a manifold described globally as zero set of a smooth

function) and provides a proof of convergence in mean-field law, following the blueprint of

[28, Theorem 3.7]. Finally, in the series of papers [45–47], two of us introduced and analyzed

formulations of CBO for optimizations over compact hypersurfaces with no boundary, pro-

viding proof of local convergence with quantitative estimates for problems on hyperspheres

in [46, 47].

In the present paper we analyze the following CBO scheme, which was already introduced

in [41]:

Algorithm: CBO on convex domains with boundary

Given a time horizon T > 0 and a time discretization t0 = 0 < �t < · · · < K�t =
T of [0, T ], we define

Xi
(k+1)�t = 
D

(
Xi
k�t − �tλ

(
Xi
k�t − Xα(ρN

k�t )
)

(1.8)

+ σD(Xi
k�t − Xα(ρN

k�t ))N
i (0,�t)

)

Xi
0 ∼ ρ0, i = 1, . . . , N , (1.9)

where {Ni (0,�t)}Ni=1 are independent Gaussian random vectors with zero mean

and covariance matrix �tIdd , D(·) denotes the diagonal matrix produced by its

argument, and 
D is the orthogonal projection onto the closed convex set D.
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Let us stress at this point that the only relevant assumption on the initial distribution ρ0

is that it has the 16-th moment bounded (Lemma 4.4). Hence, except for this concentration

assumption, we can choose quite freely how the initial particles are picked.

For the main results we need the following assumptions, here summarized informally (for

details see Assumptions 1-3):

Assumptions

(A1) D is a sufficiently regular convex domain (Assumption 1).

(A2) The objective function E is locally Lipschitz continuous with at most linear

growth of the Lipschitz constant and it enjoys a quadratic growth (Assumption

2).

(A3) The objective function E has a polynomial growth in the vicinity of the unique

minimizer x∗ (Assumption 3).

A few comments on the assumptions are in order: condition (A1), in particular, the con-

vexity of the domain, is useful for ensuring well-posedness of the SDE model underlying

Algorithm (1.8) and for certain inequalities such as (5.8) to promote convergence.The convex-

ity cannot be easily relaxed because of the need forwell-definiteness of orthogonal projections


D in (1.8). In fact, the analysis of SDEs with reflecting boundary conditions in non-convex

domains remains a significant mathematical challenge, as standard techniques based on con-

vex projection (the Skorokhod Problem) are not directly applicable. In assumption (A2) we

require at most local Lipschitz continuity of E and its quadratic growth in order to ensure

the well-posedness of certain continuous models (2.1) and (2.4) and for proving their mean-

field relationships. This latter assumption can be relaxed to other polynomial growth, see,

e.g., [36]. Instead, assumption (A3) is crucial to prove global convergence to x∗. While

we currently restrict our analysis to the case of a unique global minimizer x∗, owing to the

quantitative Laplace principle presented in Proposition 5.1, this assumption can be relaxed

as done in recent papers [34, Theorem 4.9], [48, Theorem 3.22] by utilizing the qualitative

Laplace principle instead. Note here that all these models can find only one of the global

minimizers, depending on the initial particle distribution. To simultaneously identify mul-

tiple global minimizers, specially designed CBO models with localizing kernels have been

introduced in [40, 49]. Examples of functions fulfilling Assumption (A2) are the objectives

of lasso and ridge regression, or empirical risk functions with, for instance, the least squares

loss and weight decay. Moreover, several standard benchmark functions in optimization [50],

such as the nonconvex Rastrigin or Ackley function obey also Assumption (A3).

This paper contributes with the following advances:

• First theoretical guarantees for the scheme (1.8) for constrainedCBOon convex domains;

• New constrained mean-field formulation enabling Wasserstein-type contractivity with

reflective boundaries;

• Clarification that boundaries do not destroy exponential convergence, even when mini-

mizers lie on the boundary;
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• Extension of the quantitative Laplace principle to bounded domains, allowing treatment

of boundary minimizers;

• Simpler convergence proofs than existing ones of the unconstrained theory.

More details about novelties are provided in Section 3. We summarize our main result as

follows:

Theorem 1.1 Assume (A1)-(A3) and fix ε > 0, 2λ > σ 2, and α > 0 large enough (depending

on ε and ρ0). Let {(Xi
k�t )k=1,...,K }Ni=1 be the iterations generated by the Euler–Maruyama

scheme (1.8), where K�t = T∗, and T∗ is large enough (depending on ε > 0 and α > 0).

Then the final iterations fulfill the following quantitative error estimate

E

⎡

⎣

∣
∣
∣
∣
∣

1

N

N∑

i=1

Xi
K�t − x∗

∣
∣
∣
∣
∣

2⎤

⎦ ≤ 3CNA�t log(1/�t) + 3CMFA
1

N
+ 3ε , (1.10)

where CMFA comes from Theorem 4.3, and CNA depends on λ, σ , α, d, T∗, N and E .

Remark 1.1 A few comments about the assumptions and quantitative error bound are in order:

• The stability assumption 2λ > σ 2 is essentially sharp for unconstrained minimizations

and the large particle regime and not an artifact of the theory; on bounded domains

numerical experiments show that it can be slightly violated, see Figure 4 in Section

6.1.1;

• The time T∗ depends on ε and α and increases as ε vanishes and α diverges; these

dependencies are determined in Theorem 5.4;

• Given the generality of the objective functions we consider (Assumption (A2)), which

includes problems intrinsically affected by the curse of dimension, we cannot exclude

a super-polynomial dependency of the constants CN A and CMFA on the dimension d .

However, in multiple optimization problems of practical relevance in high dimension,

CBO performs far better than other state of the art methods such as CMA-ES (see for

instance recent breakthrough experiments in humanoid robots [51]);

• Connected to the previous point, how large N needs to be for the quantitative bound to

be meaningful (1.10) is problem/objective dependent, through the constant CMFA, for

which we can provide only a worst case analysis in as Theorem 4.3.

This result goes beyond the abovementioned previous contributions [41, 42, 44] as it provides

a quantitative rate of convergence with respect to relevant parameters of the algorithm,

namely number of iterations K , time discretization step �t , and number of particles N .

Moreover, differently from [42], we do not need to impose exact penalizations. Moreover,

while our previous work [45–47] for optimizations on hyperspheres obtained results of local

convergence, Theorem 1.1 ensures global convergence in probability for problems on convex

domains with boundary. Indeed, a simple application of Markow inequality allows to obtain

from (1.10) convergence in probability with a quantitative estimate of the type (1.7), hence

we do not stress it here further.
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The quantitative estimate (1.10) does explain well the observed behavior of the algorithm,

as we will show in Section 6.1 with numerical experiments. Nevertheless, it is particularly

meaningful for the many-particle regime N � 1, especially because the constant CMFA

shows exponential dependence on α and, depending on the objective function E , this may be

reflected in an exponential dependence on the dimension d , see, e.g., [28].

On the one hand, for the sake of minimizing running cost, it is certainly desirable to

keep the number of particles quite small instead. On the other hand, reducing the number

of particles implies a diminished capability of the algorithm of exploration the optimization

domain and forming a consensus on the location of the global minimizer. Hence numerical

heuristics are needed to ensure that CBO in the few-particle regime mimics and behaves as

the many-particle one.

As the second relevant contribution of this paper, in thisworkwe also significantly improve

the convergence and complexity of CBO in the few-particle regime by utilizing an adaptive

region control mechanism and by choosing geometry-specific random noise. In particular,

we show that these new heuristics are extremely powerful, allowing to solve the global

optimization of the Rastrigin function in dimension d = 100 with or without constraints,

a problem that was so far completely out of reach of CBO methods, as it was becoming

extremely challenging for CBO already for moderated dimensions (d = 20), see, e.g., [16,

42, 52, 53]. It remains an open and very challenging problem to provide theoretical guarantees

for such heuristics for the few-particle regime.

Moreover, in order to test our novel approach beyond standard benchmark optimizations

much tested in previouswork, see, e.g., [16, 42, 52, 53], in this paperwe apply for the first time

CBO for solving a challenging problem in scientific computing. In particular, by integrating

a hierarchical noise structure in a multigrid finite element method, we demonstrate how the

CBO scheme (1.8) can be effectively applied to compute global minimizers for a constrained

p-Allen–Cahn problem, both with and without obstacles. Given the existence of continua of

(local) minimizers of p-Allen–Cahn energies, such global variational problems are extremely

challenging. We consider this successful test a breakthrough that paves the way for further

applications of CBO in scientific computing, highlighting once more its versatility and ease

of implementation. A complete theoretical study of these numerical results is left for future

research.

Summary of results

The results of this paper are split into two specific directions:

(i) A theoretical analysis of the Algorithm (1.8) as fully described in the Theorem

1.1 under the Assumptions (A1)-(A3). The results aremeaningful for the number

of particles N large.

ii) A set of heuristics for the few particle regime, which are not covered by the

theory. Namely enhanced volatility to promote exploration, and projection onto

shrinking balls to promote concentration.

123



Journal of Global Optimization

The paper is organized as follows. In Section 2 we provide a concise explanation of the

architecture of the proof of Theorem 1.1, which is based on the asymptotic approxima-

tion by auxiliary mean-field models for �t → 0 and N → ∞. In Section 4 we address

the well-posedness of such models and we quantify the approximation rate for N → ∞,

by establishing a quantitative mean-field limit. Section 5 is dedicated then to the proof of

Theorem 1.1. In Section 6 we introduce new heuristics to improve the complexity for the

few-particle regime and we illustrate their efficacy in solving constrained optimizations for

well-known benchmark cases and for a constrained p-Allen–Cahn problem with obstacles.

2 Architecture of the proof of themain result

While the proof of Theorem 1.1 builds on the blueprint of [28], it requires nevertheless major

and nontrivial technical adaptations to deal with the boundary of D. In particular, thanks

to the convexity of D and the emergence of reflecting boundary conditions (see below), we

obtain inequalities, such as (5.8), which play at our favor in crucial estimates. Moreover, we

need to devise new observations, such as Proposition 5.2 and Proposition 5.5, to deal with

the case where the minimizer x∗ may lay precisely on the boundary, a situation, which is

actually quite common in practical scenarios. See more details in Section 3 on the relevance

of the analytic advances of this paper and their insights.

Now, to make sense of Theorem 1.1 and how it is obtained, we need to introduce further

notations. For x ∈ ∂D, we denote by Hx the set of all supporting hyperplanes of D at x . By

an outward normal vector n(x) at x ∈ ∂D one means any outward unit vector perpendicular

to some H ∈ Hx . Moreover, we denote by Nx the set of all outward unit normal vectors at

x ∈ ∂D. Indeed, there is a possibility that #(Nx ) = ∞ if the boundary ∂D lacks smoothness

in the vicinity of x . In our current study,we do not require the boundary smoothness condition,

thanks to the results established byTanaka [54]. For later use let us denote [N ] := {1, · · · , N }.
In the following, we outline the architecture of the proof of our main result Theorem 1.1.

The proof is divided into three steps, and the results obtained in each step are summarized

in Fig. 2.

2.1 Step 1: convergence of the numerical scheme for1t → 0

The proof of Theorem 1.1 is based on observing first that the iterations (1.8) converge in

suitable sense for �t → 0 to the solution of the following Skorokhod stochastic differential

equations (SDEs)

⎧
⎪⎨

⎪⎩

dXi
t = −λ(Xi

t − Xα(ρN
t ))dt + σD(Xi

t − Xα(ρN
t ))dBi

t − dLi
t , (2.1a)

Li
t =

ˆ t

0
n(Xi

s)d|Li |s, |Li |t =
ˆ t

0
I∂D(Xi

s)d|Li |s , i ∈ [N ] (2.1b)
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Theorems
4.1 & 4.2

Theorem
4.3

Theorems
5.4 & 5.7

Theorem
5.8

Well-posedness
Particle

approximation
Large time
analysis

Global
convergence

Fig. 2 Scheme of results: in Section 4 we address the well-posedness of (2.1) and (2.4) and their relationship
via mean-field limit N → ∞. In Section 5 we analyze the large time behavior and we derive the global
convergence of the numerical scheme (1.8)

where n(Xi
s) ∈ NXi

s
if Xi

s ∈ ∂D, {Bi{t≥0}}Ni=1 are N independent Brownian motions and

{Li{t≥0}}Ni=1 are continuous reflecting processes associated to {Xi{t≥0}}Ni=1 with bounded total

variation, which prevent particles leaving the domain. Moreover, |L|it denotes the total vari-
ation of Li

s on [0, t], namely

|L|it = sup
∑

k

|Li
tk − Li

tk−1
|, (2.2)

where the supremum is taken over all partitions such that 0 = t0 < t1 < · · · < tn = t . Here,

again the consensus point is defined as

Xα(ρN
t ) =

´
D xωE

α (x)ρN (t, dx)´
D ωE

α (x)ρN (t, dx)
, ρN (t, dx) = 1

N

N∑

i=1

δXi
t
dx . (2.3)

2.2 Step 2: mean-field limit for N → ∞

As N → ∞, we further prove that theCBOdynamics (2.1)will well approximate the solution

of the following mean-field kinetic Mckean–Vlasov type equation
⎧
⎨

⎩

dXt = −λ(Xt − Xα(ρt ))dt + σD(Xt − Xα(ρt ))dBt − dLt , (2.4a)

Lt =
ˆ t

0
n(Xs)d|L|s, |L|t =

ˆ t

0
I∂D(Xs)d|L|s , (2.4b)

where

Xα(ρt ) =
´
D xωE

α (x)ρ(t, dx)´
D ωE

α (x)ρ(t, dx)
, (2.5)

with ρ(t, x) being required to be the law of Xt , which makes the set of equations (2.4)

nonlinear and self-consistent.

Equations (2.1) and (2.4) are known as Skorokhod SDEs, analogous to the one-

dimensional case initially studied by Skorohkhod in [55]. The extension of Skorokhod SDEs

to domains beyond just a half-line or half-space was first addressed by Tanaka in [54], where

the domainD is assumed to be convex. This convexity condition was subsequently relaxed by

Lions and Sznitman in [56] together with an admissibility condition that essentially requires

D to be approximated in someway by smooth domains. This admissibility conditionwas later
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eliminated by Saisho in [57]. Finally, for a comprehensive review of stochastic differential

equations with reflection, we refer the reader to [58].

A direct application of Itô’s formula, the law ρt := ρ(t, ·) of X at time t is a weak

solution to the following nonlinear Vlasov–Fokker–Planck equation with non-flux boundary

condition
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∂tρt = λ∇ · ((x − Xα(ρt ))ρt ) + σ 2

2

d∑

k=1

∂2xk ,xk ((x − Xα(ρt ))
2
kρt ), x ∈ D, t > 0

(2.6a)

〈(x − Xα(ρt ))ρt , n(x)〉 +
d∑

k=1

∂xk ((x − Xα(ρt ))
2
kρt )nk(x) = 0, x ∈ ∂D . (2.6b)

with the initial data ρ0(x) = Law(X0). Indeed for any test function φ ∈ C2(D) with

∂xkφ(x)nk(x) = 0 on ∂D for all k = 1, . . . , d , using Itô’s lemma deduces

dφ(Xt ) =∇φ(Xt ) · [−λ(Xt − Xα(ρt ))dt + σD(Xt − Xα(ρt ))dBt ]

− ∇φ(Xt ) · n(Xt )I∂D(Xt )d|L|t + σ 2

2
∂2xk xkφ(Xt )(X

i
t − Xα(ρt ))

2
kdt . (2.7)

Then taking expectation on both sides implies that ρt (x) = Law(Xt ) is a weak solution to

(2.6).

2.3 Step 3: large time analysis of themean-field model

The combination of the above mentioned quantitative approximations for�t → 0, N → ∞,

and the analysis of the large time behavior of the solution ρt of (2.6) or its underlying process

Xt of (2.4) yields the estimate (1.10) ofTheorem1.1. The details of the proof follow inSection

5.

During the revision of this paper, we got aware of the independently developed work [59],

which addressed the same class of mean-field models as (2.4). While well-posedness and

particle approximation of the model were developed also in this latter paper, the proof of

convergence to minimizers for CBO is based on a variance analysis, which requires bounded

objectives f , bounded domain D, and have a suboptimal scaling of the parameters λ, σ

depending on α (compare the condition 2λ > σ 2(1 + e2α( fmax− fmin)) in [59, Theorem 5.2]

with the optimal one 2λ > σ 2 as in our Theorem 1.1). Moreover, in contrast to Theorem 1.1,

in [59] no proof of convergence of the numerical scheme (1.8) was achieved.

3 Main technical challenges

This paper provides the first rigorous proof of global convergence for CBO in convex domains

with boundaries by developing a new mean-field formulation and analytic framework that

extends Wasserstein contractivity and the quantitative Laplace principle to constrained set-
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tings. The main insights of our novel analysis is that the presence of a boundary does not

destroy the exponential-in-time contractivity of CBO towards global minimizers and that the

algorithm (1.8) is precisely the right one to discretize the dynamics. In particular, we aim

to address a significant gap in the literature: although the numerical scheme (1.8) has been

known since its initial formulation in [41], no proof of global convergence has been provided

to date. This gap arises for two main reasons. First, a proper analytical approach was devel-

oped only very recently in [28] for unconstrained optimization. Second, the approach in [28]

relies on contractivity estimates involving the Wasserstein distance, as in (1.6). While this

argument works well for unconstrained optimization, it has remained elusive how to adapt

it to domains with boundaries, and how the presence of boundaries would affect estimates

involving Wasserstein-like distances. To emphasize such difficulty, let us reiterate that in

all existing CBO literature on constrained optimization, authors have consistently sought to

avoid dealing directly with boundaries [41–47]. (The only exception is the recent work [59]

already discussed above at the end of the previous section.) One of the main contributions of

this paper is the identification of a proper formulation of the mean-field approximation (2.4),

which enables inequalities such as (5.8) that are crucial in estimates involving Wasserstein-

like distances, such as (5.4). Without finding the right formulation and carefully developing

the entire argument, it is by no means obvious that adapting the system to reflective boundary

conditions would permit contractivity of the functional (5.4), making this a central and non-

trivial achievement of our work. Indeed, for minimizers precisely at the boundary, one could

have been concerned that reflecting boundary conditions could contribute to counteract the

convergence, an effect that the theoretical results of the present paper eventually excludes,

at least for convex domains (for nonconvex domains, this issue remains open).

Another central technical tool used in the paper [28] is the so-called quantitative Laplace

principle, which was again formulated to work for problems defined on the entire Euclidean

space. Proposition 5.1, Proposition 5.2, Proposition 5.5, and Corollary 5.3 finally allow for

the adaptation to bounded domains. Without such a proper formulation, it would have not

been possible to deal with the analysis for the global minimizers laying precisely at the

boundary of the domain, a situation very common in optimization.

As a further contribution, the proofs of convergence as in Theorem 5.4 and Theorem 5.7

are simpler compared to the formulation in [28], offering a more straightforward approach

to further developments.

Although these theoretical results are already significant advances for the reliable use of

CBO for constrained optimization, we felt interesting to explore how flexible and effective

CBOcan be for constrained optimization, by pushing a bit further the boundaries of numerical

experiments beyond classical benchmarks [50] as reported so many times in other previous

studies [16, 42, 52, 53, 59]. Therefore, we introduce novel heuristics tailored to few-particle

regimes, including adaptive region control and geometry-dependent noise. The numerical

experiments we report demonstrate that, even with a small number of particles, with such

heuristics CBO can successfully solve problems that previous studies could not address. We

also explore new challenging applications, such as the reliable computation of ground states
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of nonconvex energies, and show for the first time in theCBO literature that the p-Allen–Cahn

variational problem with obstacles can be solved efficiently and robustly, highlighting the

adaptability of CBO to various geometries and problems.

4 Well-posedness andmean-field limit

Let us now study in details the well-posedness of the models (2.3)-(2.4) and their mean-field

relationship. First, we introduce the Condition (B) from [54] for a convex domain D.

Assumption 1 There exists ε > 0 and δ > 0 such that for any x ∈ ∂D we can find an open

ball Bε(x0) = {y ∈ R
d : |y − x0| < ε} satisfying Bε(x0) ⊂ D and |x − x0| ≤ δ.

One can see that the above assumption always holds if D is bounded or if d = 2.

Assumption 2 Throughout this section we are interested in the objective function E ∈ C(D),

for which

1. it holds that E ≤ E(x) for all x ∈ D and satisfies

∀x, y ∈ D, |E(x) − E(y)| ≤ LE (1 + |x | + |y|)|x − y| ; (4.1)

2. there exist some constants cu, c�,Cu,C� > 0 such that

∀x ∈ D, c�|x |2 − C� ≤ E(x) − E and

∀x ∈ D, E(x) − E ≤ cu |x |2 + Cu . (4.2)

4.1 Well-posedness

To keep the notation concise in what follows, let us denote the state vector of the entire

particle system (2.1) by X ∈ C([0,∞), R
Nd) with X(t) = Xt = (

(X1
t )

T , . . . , (XN
t )T

)T
for

every t ≥ 0. Equation (2.1) can then be reformulated as

dXt = − diag (λ)F(Xt ) dt + diag (σ )M(Xt ) dBt − dLt (4.3)

with (Bt )t≥0 being a standard Brownian motion in R
Nd and definitions

Lt :=
(
(L1

t )
T , . . . , (LN

t )T
)T

F(Xt ) :=
(
F1(Xt )

T , . . . , FN (Xt )
T
)T

with Fi (Xt ) =
(
Xi
t − Xα(ρN

t )
)

∈ R
d

M(Xt ) := diag
(
M1(Xt ), . . . , M

N (Xt )
)

with Mi (Xt ) = D
(
Xi
t − Xα(ρN

t )
)

∈ R
d .

The diag operator in the definition ofMmaps the input matrices onto a block-diagonal matrix

with them as its diagonal, and diag (λ) and diag (σ ) are Nd × Nd-dimensional diagonal

matrices, whose entries are λ and σ .
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Lemma 4.1 Assume the cost function E satisfies Assumption 2-(1). Let N ∈ N, α > 0 be

arbitrary. Then for any X, X̂ ∈ DN
satisfying |X|, |X̂| ≤ R, it holds that

|Fi (X)| ≤ 2|Xi | + |X| ≤ 2|X| (4.4)

and

|Fi (X) − Fi (X̂)| ≤ 2
(
2 + RLE (1 + 2R)α exp

(
α(E R − E R)

)) |X − X̂|∞ , (4.5)

all i ∈ [N ], where LE comes from (4.1), E R := max|x |≤R E(x), E R := min|x |≤R E(x),

|X|∞ := maxi=1,...,N |Xi | for any X ∈ R
Nd , and | · | denotes the standard Euclidean norm.

Proof Recall that,

Fi (X) = Xi −
∑N

j=1(X
i − X j )ωE

α (X j )
∑N

j=1 ωE
α (X j )

, (4.6)

then the estimate (4.4) follows directly. Now we prove (4.5). For any i ∈ [N ], we have

Fi (X) − Fi (X̂) = Xi − X̂ i +
∑N

j=1(X
i − X j )ωE

α (X j )
∑N

j=1 ωE
α (X j )

−
∑N

j=1(X̂
i − X̂ j )ωE

α (X̂ j )
∑N

j=1 ωE
α (X̂ j )

=Xi − X̂ i +
∑N

j=1(X
i − X̂ i + X̂ j − X j )ωE

α (X j )
∑N

j=1 ωE
α (X j )

+
∑N

j=1(X̂
i − X̂ j )

(
ωE

α (X j ) − ωE
α (X̂ j )

)

∑N
j=1 ωE

α (X j )

+
N∑

j=1

(X̂ i − X̂ j )ωE
α (X̂ j )

∑N
j=1

(
ωE

α (X j ) − ωE
α (X̂ j )

)

∑N
j=1 ωE

α (X j )
∑N

j=1 ωE
α (X̂ j )

=:Xi − X̂ i + I1 + I2 + I3 . (4.7)

It is not difficult to see that

|I1| ≤ |Xi − X̂ i | + |X − X̂|∞ ≤ 2|X − X̂|∞ . (4.8)

Using assumption (4.1) one can further compute that

|I2| ≤
∑N

j=1 |X̂ i − X̂ j |α exp
(−α((1 − c)E(X j ) + cE(X̂ j ))

)
LE (1 + |X j | + |X̂ j |)|X j − X̂ j |

N exp(−αE R)

≤ 2RLE (1 + 2R)α exp
(
α(E R − E R)

)
∑N

j=1 |X j − X̂ j |
N

≤ 2RLE (1 + 2R)α exp
(
α(E R − E R)

) |X − X̂|∞ , (4.9)

where c ∈ [0, 1] comes from the mean-value theorem. Similarly, we also have

|I3| ≤ 2RLE (1 + 2R)α exp
(
α(E R − E R)

) |X − X̂|∞ . (4.10)

Putting all the above terms together yields the required estimate. ��

Now for any fixed number N of particles, one obtains the well-posedness of the particle

system (4.3).
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Theorem 4.1 Let D satisfy Assumption 1 and E satisfy Assumption 2-(1). Then for each

N ∈ N and any initial data {Xi
0}Ni=1 ∈ DN

satisfying E[|X0|2] < ∞, there exists a pathwise

unique solution (Xt ,Lt )t∈[0,T ] to the particle system (2.1) or (4.3) for any T > 0, and it

satisfies E
[
sup0≤t≤T |Xt |2

]
< ∞.

Proof Lemma 4.1 deduce that Fi , i ∈ [N ] is locally Lipschitz continuous and has sublinear
growth. Consequently, both F and M are locally Lipschitz continuous and have sublinear

growth. If additionallywehave the non-explosion criterion [60, Theorem3.5] or [61, Theorem

3.1], then it guarantees the well-posedness of the particle system (2.1) or (4.3) according to

[54, Theorem 4.1]. Indeed, applying Itô’s formula leads to

d|Xi
t − Xi

0|2 = 2(Xi
t − Xi

0) · [−λ(Xi
t − Xα(ρN

t ))dt + σD(Xi
t − Xα(ρN

t ))dBi
t − dLi

t ]
+ σ 2|Xi

t − Xα(ρN
t )|2dt . (4.11)

Using the convexity of D one has

(Xi
t − Xi

0) · dLi
t = (Xi

t − Xi
0) · n(Xi

t )I∂D(Xi
t )d|Li |t ≥ 0 . (4.12)

Then (4.4) implies that for all τ > 0

E

[

sup
0≤t≤τ

|Xi
t − Xi

0|2
]

≤λ

ˆ τ

0
E[|Xi

s − Xi
0|2] + E[|Fi (Xs)|2]ds + σ 2

ˆ τ

0
E[|Fi (Xs)|2]ds

+ 2σE

[

sup
0≤t≤τ

∣
∣
∣
∣

ˆ t

0
(Xi

s − Xi
0) · D(Xi

s − Xα(ρN
s ))dBi

s

∣
∣
∣
∣

]

≤C
ˆ τ

0
E[|Xi

s − Xi
0|2]ds + C

ˆ τ

0
E[|Xs |2]ds

+ 2σE

[

sup
0≤t≤τ

∣
∣
∣
∣

ˆ t

0
(Xi

s − Xi
0) · D(Xi

s − Xα(ρN
s ))dBi

s

∣
∣
∣
∣

]

.

It follows from Burkholder–Davis–Gundy inequality that

E

[

sup
0≤t≤τ

∣
∣
∣
∣

ˆ t

0
(Xi

s − Xi
0) · D(Xi

s − Xα(ρN
s ))dBi

s

∣
∣
∣
∣

]

≤CE

[(ˆ τ

0
|Xi

s − Xi
0|2|Fi (Xs)|2ds

)1/2
]

≤CE

⎡

⎣

(

sup
0≤t≤τ

|Xi
t − Xi

0|2
ˆ τ

0
|Fi (Xs)|2ds

)1/2
⎤

⎦

≤1

2
E

[

sup
0≤t≤τ

|Xi
t − Xi

0|2
]

+ C
ˆ τ

0
E[|Fi (Xs)|2]ds

≤1

2
E

[

sup
0≤t≤τ

|Xi
t − Xi

0|2
]

+ C
ˆ τ

0
E[|Xs |2]ds .
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This yields that

E

[

sup
0≤t≤τ

|Xi
t − Xi

0|2
]

≤ C
ˆ τ

0
E[|Xi

s − Xi
0|2]ds + C

ˆ τ

0
E[|Xs − X0|2]ds + CE[|X0|2] ,

which leads to

E

[

sup
0≤t≤τ

|Xt − X0|2
]

≤ C
ˆ τ

0
E[|Xs − X0|2]ds + CE[|X0|2] . (4.13)

Therefore Gronwall’s inequality concludes that

E

[

sup
0≤t≤τ

|Xt − X0|2
]

≤ CE[|X0|2] exp(Cτ) ∀τ > 0 (4.14)

where C > 0 depend only on λ, σ and N . Namely, the solution exists globally in time for

each fixed N . ��

In order to prove the well-posedness of the mean-field dynamics (2.4), we need the fol-

lowing stability estimate from [15, Lemma 3.2]:

Lemma 4.2 Let E satisfy Assumption 2-(1) and ρ, ρ̂ ∈ P4(D) withˆ
|x |4dρ(dx),

ˆ
|x |4dρ̂(dx) ≤ K .

Then it holds that

|Xα(ρ) − Xα(ρ̂)| ≤ c0W2(ρ, ρ̂) , (4.15)

where c0 depends only on α, LE and K and W2 is the 2-Wasserstein distance defined in Table

1.

We will also need the following estimate on Xα(ρ) [36, Proposition A.3]:

Lemma 4.3 Let E satisfy Assumption 2-(2) and ρ ∈ Pp(D). Then there exists some constant

c1 > 0 depending only on cu, c�,Cu,C�, α such that it holds

|Xα(ρ)| ≤
(

c1

ˆ
D

|x |pρ(dx)

) 1
p

for p ≥ 1 . (4.16)

Theorem 4.2 Let D satisfy Assumption 1, E satisfy Assumption 2, and the initial data ρ0 ∈
P4(D). Then there exists a unique process X ∈ C([0, T ];D), T > 0 satisfying the mean-field

dynamic (2.4) in strong sense with ρ ∈ C([0, T ];P2(D)).

Proof We follow the proof of [20, Theorem 3.1, Theorem 3.2]. For any given u ∈
C([0, T ]; R

d), using [54, Theorem 4.1] we may uniquely solve the following linear SDE

⎧
⎨

⎩

dXt = −λ(Xt − ut )dt + σD(Xt − ut )dBt − dLt , (4.17a)

Lt =
ˆ t

0
n(Xs)d|L|s, |L|t =

ˆ t

0
I∂D(Xs)d|L|s , (4.17b)
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Table 1 Notation Table. Further notations will be recalled in the text.

Notation Definition

E The cost function one wishes to minimize.

x∗ The unique global minimizer of E .
D The closure of a convex domain D.

∂D The boundary of D.

|D| The diameter of D.

n(x) An outward normal vector at x ∈ ∂D.


D(·) The orthogonal projection onto D.

| · | The standard Euclidean distance.

‖ · ‖∞ The L∞ norm.

Pp(R
d ) The set of probability measures on R

d with a finite pth-moment.

W2(μ, ν) The 2-Wasserstein distance between probability measures μ, ν ∈ P2(R
d ). Namely,

W 2
2 (μ, ν) := infγ∈�(μ,ν)

˜
Rd×Rd |x − y|2γ (dx, dy) ,

where �(μ, ν) is the set of all couplings between μ and ν.

Br (x) An open ball with origin x and radius r .

with the initial data X0 distributed according to ρ0 ∈ P4(D). In particular supt∈[0,T ] E[|Xt |4]
≤ K for some K < ∞ depends only on E[|X0|4], T , λ and σ . Let us denote by gt =
Law(Xt ) ∈ P(D) then g ∈ C([0, T ];P2(D)). Indeed, for any t < s, t, s ∈ (0, T ), it follows

from [54, Theorem 3.1] we have

|Xt − Xs |2 ≤ 2
ˆ t

s
(Xτ − Xs) · [−λ(X τ − uτ )dτ + σD(X τ − uτ )dBτ ]

+
ˆ t

s
σ 2|X τ − uτ |2dτ. (4.18)

Then taking expectation on both sides implies

E[|Xt − Xs |2] ≤ 2λ
ˆ t

s
E[|Xτ − Xs | · |X τ − uτ |]dτ + σ 2

ˆ t

s
E[|X τ − uτ |2]dτ

≤ λ

ˆ t

s
E[|X τ − uτ |2]dτ + (σ 2 + λ)

ˆ t

s
E[|X τ − u1τ |2]dτ

≤ C |t − s| , (4.19)

for someC > 0 depending only on λ, σ, K and ‖u‖∞. Thus we haveW2(gt , gs) ≤ C |t−s| 12 .
Set

Xα(gt ) =
´
D xωE

α (x)g(t, dx)´
D ωE

α (x)g(t, dx)
, (4.20)

which provides the self-mapping property of the map

T : C([0, T ]; R
d) → C([0, T ]; R

d) with u �→ T (u) = Xα(g) (4.21)
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for which we show to be compact later.

Applying Lemma 4.2 we obtain

|Xα(gt ) − Xα(gs)| ≤ c0W2(gt , gs) ≤ c0C |t − s| 12 , (4.22)

which indicates the Hölder continuity of t �→ Xα(gt )with the exponent 1/2. This implies the

compactness of T because of the compact embedding C1/2([0, T ]; R
d) ↪→ C([0, T ]; R

d).

Now let u ∈ C([0, T ]; R
d) satisfy u = ξT (u) for some ξ ∈ [0, 1]. In particular, there exists

g ∈ C([0, T ];P2(D)), i.e. the law of solution X to SDE (4.17) such that u = ξ Xα(g).

Then according to Lemma 4.3, we have for all t ∈ (0, T ), it holds |ut |2 = ξ2|Xα(gt )|2 ≤
τ 2c1

´
D |x |2gt (dx) . Following similar computations as in (4.11)-(4.13) it yields an estimate

on supt∈[0,T ]
´
D |x |2gt (dx) = supt∈[0,T ] E[|Xt |2] < ∞. This implies ‖u‖∞ < ∞. Finally,

applying the Leray–Schauder fixed point theorem provides a fixed point u for T thereby a

solution to (2.4). As for the uniqueness, we can follow similar arguments in [20, Theorem

3.1] by using Lemma 4.2. The details are omitted here. ��

4.2 Mean-field limit

Now let {(Xi
t )t≥0}Ni=1 be N independent copies of solutions to the mean-field dynamics (2.4),

so they are i.i.d. with the same distribution ρ. First, one can prove the following moment

estimates for empirical measures.

Lemma 4.4 Let E satisfy Assumption 2, and suppose that ρ0 ∈ P2p(D) for any p ≥ 2.

1. Consider particle system (2.1) with ρ⊗N
0 − distributed initial data, and let ρN

t be the

corresponding empirical measure. Then there exists some constant c2 > 0 independent

of N such that it holds

sup
t∈[0,T ]

{

sup
i∈[N ]

E[|Xi
t |p] + E[ρN

t [|x |p]] + E[|Xα(ρN
t )|p]

}

< c2 . (4.23)

2. Consider particles {(Xi
t )t≥0}Ni=1 with ρ⊗N

0 − distributed initial data, and let ρN
t be the

corresponding empirical measure. Then there exists some constant c2 > 0 independent

of N such that it holds

sup
t∈[0,T ]

{

sup
i∈[N ]

E[|Xi
t |p] + E[ρN

t [|x |p]] + E[|Xα(ρN
t )|p]

}

< c2 . (4.24)

Proof Arguments for (1) and (2) are parallel. Here we only prove (1) for the case p = 4.

Indeed, for any fixed i ∈ [N ] applying Itô’s formula leads to

d|Xi
t − Xi

0|4 = 4|Xi
t − Xi

0|2(Xi
t − Xi

0) · [−λ(Xi
t − Xα(ρN

t ))dt (4.25)

+ σD(Xi
t − Xα(ρN

t ))dBi
t − dLi

t ] + 6σ 2|Xi
t − Xi

0|2|Xi
t − Xα(ρN

t )|2dt .
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Using the convexity of D and taking expectation on both sides one has

dE[|Xi
t − Xi

0|4]
≤3(λ + σ 2)E[|Xi

t − Xi
0|4dt + (λ + 3σ 2)E[|Xi

t − Xα(ρN
t )|4]dt

≤3(λ + σ 2)E[|Xi
t − Xi

0|4dt + 8(λ + 3σ 2)E[|Xi
t |4]dt + 8(λ + 3σ 2)E[|Xα(ρN

t )|4]dt
≤3(λ + σ 2)E[|Xi

t − Xi
0|4dt + 8(λ + 3σ 2)E[|Xi

t |2]dt + 8(λ + 3σ 2)c1E[(ρN
t [|x |4])]dt ,

where in the last inequalityweusedLemma4.3.Notice that here Itô’s integral termdisappears,

namely

E

[
4|Xi

t − Xi
0|2(Xi

t − Xi
0) · σD(Xi

t − Xα(ρN
t ))dBi

t

]
= 0 (4.26)

because it satisfies,

E

[ˆ t

0

∣
∣
∣4|Xi

s − Xi
0|2(Xi

s − Xi
0) · σD(Xi

s − Xα(ρN
s ))

∣
∣
∣
2
ds

]

≤ C
ˆ t

0
E

[
|Xi

s |8 + |Xi
0|8
]
ds < ∞, (4.27)

which can be guaranteed by the assumption ρ0 ∈ P8(D).

Since particles are exchangeable, it implies that

E[ρN
t [|x |4]] = E[|Xi

t |4] . (4.28)

Thus we have

dE[|Xi
t − Xi

0|4] ≤3(λ + σ 2)E[|Xi
t − Xi

0|4dt + 8(λ + 3σ 2)(1 + c1)E[|Xi
t |4]dt

≤3(λ + σ 2)E[|Xi
t − Xi

0|4dt + 64(λ + 3σ 2)(1 + c1)E[|Xi
t − Xi

0|4]dt
+64(λ + 3σ 2)(1 + c1)E[|Xi

0|4]dt
Gronwall’s inequality gives that

sup
t∈[0,T ],i∈[N ]

E[|Xi
t |4] ≤ C (4.29)

for some C > 0 independent of N . Then estimate (4.23) follows from (4.28) and Lemma

4.3. ��

Then we recall a large deviation bound estimate from [36, Lemma 3.7]:

Lemma 4.5 Let E satisfy Assumption 2, and ρN
t be the empirical measure associated to

the particles {(Xi
t )t∈[0,T ]}Ni=1 satisfying (2.4) up to any time T > 0, which are i.i.d. with

common distribution ρ satisfying supt∈[0,T ]
´
D |x |4ρt (dx) < ∞. Then there exists some

constant c3 > 0 depending only on E, α, T and supt∈[0,T ]
´
D |x |4ρt (dx) such that

sup
t∈[0,T ]

E[|Xα(ρN
t ) − Xα(ρt )|2] ≤ c3N

−1 . (4.30)

Moreover, we will also need the following improved stability estimate [36, Corollary 3.3] on

Xα(ρ):
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Lemma 4.6 Suppose E satisfy Assumption 2. Then for all R > 0 there exists some constant

L > 0 depending only on LE , R, α such that

|Xα(ρ) − Xα(ρ̂)| ≤ LW2(ρ, ρ̂), ∀ (ρ, ρ̂) ∈ P2,R(D) × P2(D) , (4.31)

where P2,R(D) := {ρ ∈ P2(D) : ´
D |x |2ρ(dx) ≤ R}.

Compared to Lemma 4.2, here L depends only on the second moment bound of measure ρ.

This lemma leads to the following mean-field limit estimate:

Theorem 4.3 Assume that D satisfies Assumption 1 and E satisfies Assumption 2. For any

T > 0, let {(Xi
t )t∈[0,T ]}Ni=1 and {(Xi

t )t∈[0,T ]}Ni=1 be the solutions to the interacting particle

system (2.1) and the mean-field dynamics (2.4) respectively up to time T with the same

initial data {(Xi
0)}Ni=1 (i.i.d. distributed according to ρ0 ∈ P16(D)) and Brownian motions

{(Bi
t )t∈[0,T ]}Ni=1. Then there exists some CMFA > 0 depending only on λ, σ , α, T , E and

supt∈[0,T ] E[|X1
t |8] such that

sup
t∈[0,T ]

sup
i=1,...,N

E[|Xi
t − X

i
t |2] ≤ CMFAN

−1 . (4.32)

Proof Notice that

d(Xi
t − X

i
t ) = −λ(Xi

t − X
i
t )dt + λ(Xα(ρN

t ) − Xα(ρt ))dt

+ σD(Xi
t − X

i
t )dB

i
t + σD(Xα(ρt ) − Xα(ρN

t ))dBi
t − dLi

t + dL
i
t , (4.33)

which by applying Itô’s formula leads to

d(Xi
t − X

i
t )
2 = 2(Xi

t − X
i
t ) · [−λ(Xi

t − X
i
t )dt + λ(Xα(ρN

t ) − Xα(ρt ))dt]
+ 2(Xi

t − X
i
t ) · [σD(Xi

t − X
i
t )dB

i
t + σD(Xα(ρt ) − Xα(ρN

t ))dBi
t − dLi

t + dL
i
t ]

+ σ 2[(Xi
t − X

i
t + (Xα(ρt ) − Xα(ρN

t ))2dt] . (4.34)

Using the fact that

(Xi
t − X

i
t ) · dLi

t = (Xi
t − X

i
t ) · n(Xi

t )I∂D(Xi
t )d|Li |t ≥ 0 , (4.35)

(Xi
t − X

i
t ) · dLi

t = (Xi
t − X

i
t ) · n(X

i
t )I∂D(X

i
t )d|Li |t ≤ 0 , (4.36)

and taking expectation on both sides of (4.34) deduce

dE[|Xi
t − X

i
t |2] ≤ −(λ − 2σ 2)E[|Xi

t − X
i
t |2]dt + (λ + 2σ 2)E[|Xα(ρN

t ) − Xα(ρt )|2]dt
≤ − (λ − 2σ 2)E[|Xi

t − X
i
t |2]dt + 2(λ + 2σ 2)E[|Xα(ρN

t ) − Xα(ρN
t )|2]dt + 2(λ + 2σ 2)E[|Xα(ρN

t )

− Xα(ρt )|2]dt
≤ − (λ − 2σ 2)E[|Xi

t − X
i
t |2]dt + 2(λ + 2σ 2)E[|Xα(ρN

t ) − Xα(ρN
t )|2]dt + 2(λ + 2σ 2)c3

1

N
dt ,

(4.37)

where in the third inequality we have used Lemma 4.5. We now bound the term

E[|Xα(ρN
t ) − Xα(ρN

t )|4] ≤ 8E[|Xα(ρN
t )|4] + 8E[|Xα(ρN

t )|4] ≤ 16c2 .
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In order to deal with the non-Lipschitz property of the weighted mean Xα(ρ), we introduce

for each t ∈ [0, T ] the event

AN ,t :=
{

ω ∈ � : 1

N

N∑

i=1

|Xi
t (ω)|2 ≥ R

}

, (4.38)

where R > supt∈[0,T ] E[|X1
t |2] is fixed. Then according to [36, Lemma 2.5] we have the

following bound

P(AN ,t ) ≤ CN−2 , ∀t ∈ [0, T ] (4.39)

holds if supt∈[0,T ] E[|X1
t |8] < ∞, which is guaranteed by Lemma 4.4 under the assumption

that ρ0 ∈ P16(D). Then one splits the term

E[|Xα(ρN
t ) − Xα(ρN

t )|2]
= E[|Xα(ρN

t ) − Xα(ρN
t )|2I�/AN ,t ] + E[|Xα(ρN

t ) − Xα(ρN
t )|2IAN ,t ]

≤ E[|Xα(ρN
t ) − Xα(ρN

t )|2I�/AN ,t ] + (E[|Xα(ρN
t ) − Xα(ρN

t )|4])1/2(P(AN ,t ))
1/2

≤ E[|Xα(ρN
t ) − Xα(ρN

t )|2I�/AN ,t ] + 4c1/22 C
1

N
. (4.40)

Meanwhile, the improved stability Lemma 4.6 concludes that

E[|Xα(ρN
t ) − Xα(ρN

t )|2I�/AN ,t ] ≤ CE[W2(ρ
N
t , ρN

t )2] ≤ CE

⎡

⎣ 1

N

∑

i∈[N ]
|Xi

t − X
i
t |2
⎤

⎦

= CE[|Xi
t − X

i
t |2] , (4.41)

which leads to

dE[|Xi
t − X

i
t |2] ≤ CE[|Xi

t − X
i
t |2]dt + 4c1/22 C

1

N
dt . (4.42)

Thus applying Gronwall’s inequality concludes the desired estimate. ��

5 Global convergence to theminimizer

In this section, we present our main result about the global convergence in mean-field law

for cost functions satisfying the following conditions.

Assumption 3 Throughout this section we are interested in the objective function E ∈ C(D),

for which

1. there exists a unique x∗ ∈ D such that E(x∗) = min
x∈D

E(x) =: E .
2. there exists some E∞, R0, η, ν > 0 such that

η|x − x∗| ≤ |E(x) − E|ν for all x ∈ BR0(x
∗) ∩ D , (5.1)

E∞ < E(x) − E for all x ∈ (BR0(x
∗))c ∩ D . (5.2)
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3. For any q > 0, there exists some r ∈ (0, R0] such that

|E(x) − E| ≤ q, for all x ∈ Br (x
∗) ∩ D . (5.3)

In this section we define

V(t) := E[|Xt − x∗|2] , (5.4)

then one has the following lemma

Lemma 5.1 The functional V(t) defined in (5.4) satisfies

dV(t)

dt
≤ −(2λ − σ 2)V(t) + 2(λ + σ 2)V(t)

1
2 |x∗ − Xα(ρt )| + σ 2|x∗ − Xα(ρt )|2 (5.5)

Proof It is easy to compute that

d|Xt − x∗|2 = 2(Xt − x∗)dXt + σ 2|Xt − Xα(ρt )|2dt . (5.6)

which implies

dV(t) = −2λE[(Xt − x∗) · (Xt − Xα(ρt ))]dt − 2E[(Xt − x∗) · n(Xt )I∂D(Xt )d|L|t ]
+ σ 2

E[|Xt − Xα(ρt )|2]dt
≤ −2λE[(Xt − x∗) · (Xt − Xα(ρt ))]dt + σ 2

E[|Xt − Xα(ρt )|2]dt
= −2λV(t) − 2λE[(Xt − x∗) · (x∗ − Xα(ρt ))] + σ 2

E[|Xt − Xα(ρt )|2]
≤ −(2λ − σ 2)V(t) + 2(λ + σ 2)V(t)

1
2 |x∗ − Xα(ρt )| + σ 2|x∗ − Xα(ρt )|2 , (5.7)

where in the second inequality we have used the fact that

− 2(Xt − x∗) · n(Xt ) ≤ 0 (5.8)

for all Xt ∈ ∂D and x∗ ∈ D, since D is convex and n(Xt ) is the outward normal vector at

Xt . This completes the proof. ��

In the following, we shall use the notation for a �∞-ball with a radius r and the center

x∗, i.e. Br (x∗) := {x : |x − x∗|∞ ≤ r}. Let us quantify the maximum discrepancy for the

objective function E around the minimizer x∗, namely for s > 0,

Es := sup
x∈Bs (x∗)∩D

|E(x) − E| . (5.9)

Proposition 5.1 Assume that E satisfies Assumption 3. For any t > 0 and s ∈ (0, R0] let Es
be defined as in (5.9), 0 < q ≤ E∞

2 , and r := max{s ∈ (0, R0] : Es ≤ q} then we have

|x∗ − Xα(ρt )| ≤ (2q)ν

η
+ exp (−αq)

ρt
({x ∈ D : x ∈ Br (x∗)})

ˆ
D

|x − x∗|ρt (dx) . (5.10)

Proof Let r̃ ≥ r > 0, and using Jensen’s inequality one can deduce

|x∗ − Xα(ρt )| ≤
ˆ
B̃r (x∗)∩D

|x − x∗| ωα(x)ρt (dx)

‖ωα(·)‖L1(ρt )

+
ˆ

(B̃r (x∗))c∩D
|x − x∗| ωα(x)ρt (dx)

‖ωα(·)‖L1(ρt )

.

(5.11)
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The first term is bounded by r̃ since |x − x∗| ≤ r̃ for all x ∈ B̃r (x∗). Moreover, it follows

from Markov’s inequality that

‖ωα(·)‖L1(ρt ) ≥ exp(−α(Er + E))ρt ({x ∈ D : exp(−αE(x)) ≥ exp(−α(Er + E))})
= exp(−α(Er + E))ρt ({x ∈ D : E(x) ≤ (Er + E)})
≥ exp(−α(Er + E))ρt ({x ∈ D : x ∈ Br (x

∗)}) . (5.12)

Then for the second term we haveˆ
(B̃r (x∗))c∩D

|x − x∗| ωα(x)ρt (dx)

‖ωα(·)‖L1(ρt )

≤ 1

exp(−α(Er + E))ρt ({x ∈ D : x ∈ Br (x∗)})
ˆ

(B̃r (x∗))c∩D
|x − x∗|ωα(x)ρt (dx)

≤ exp(−αminx∈(B̃r (x∗))c∩D E(x))

exp(−α(Er + E))ρt ({x ∈ D : x ∈ Br (x∗)})
ˆ

(B̃r (x∗))c∩D
|x − x∗|ρt (dx)

=
exp

(
−α(minx∈(B̃r (x∗))c∩D E(x) − Er − E)

)

ρt ({x ∈ D : x ∈ Br (x∗)})
ˆ

(B̃r (x∗))c∩D
|x − x∗|ρt (dx) . (5.13)

Thus for any r̃ ≥ r > 0 we obtain

|x∗ − Xα(ρt )| (5.14)

≤̃r +
exp

(
−α(minx∈(B̃r (x∗))c∩D E(x) − Er − E)

)

ρt ({x ∈ D : x ∈ Br (x∗)})
ˆ

(B̃r (x∗))c∩D
|x − x∗|ρt (dx) .

Next we choose r̃ = (q+Er )ν
η

, then it holds that

r̃ = (q + Er )ν

η
≥ Eν

r

η
=
(
supx∈Br (x∗)∩D |E(x) − E|

)ν

η
≥ sup

x∈Br (x∗)∩D
|x − x∗| = r (5.15)

by using Assumption 3. Additionally one notice that

min
x∈(B̃r (x∗))c∩D

E(x) − E ≥
⎧
⎨

⎩

E∞, if x ∈ (BR0(x
∗))c ∩ (B̃r (x∗))c ∩ D ,

(̃rη)
1
ν , if x ∈ BR0(x

∗) ∩ (B̃r (x∗))c ∩ D .
(5.16)

Thus, since (̃rη)
1
ν = q + Er ≤ 2q ≤ E∞, we have

min
x∈(B̃r (x∗))c∩D

E(x) − Er − E ≥ (̃rη)
1
ν − Er = q + Er − Er = q . (5.17)

Inserting this and the definition of r̃ into (5.14), we conclude the result. ��

To eventually apply the above proposition, one needs to ensure that ρt ({x ∈ D : x ∈
Br (x∗)}) = P(Xt ∈ Br (x∗) ∩D) is bounded away from 0 for a finite time horizon T . To do

so, we employ a rather technical argument inspired from [28, Proposition 23], and introduce
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the mollifier φ
x0
r : R

d → R, with r > 0 and x0 ∈ D defined by

φx0
r (x) :=

⎧
⎪⎨

⎪⎩

∏d
k=1 exp

(

1 − r2

r2−(x−x0)2k

)

, if x ∈ Br (x0) ∩ D

0, else .

(5.18)

So we have Im(φr ) = [0, 1], supp(φr ) = Br (x0) ∩ D, φr ∈ C∞
c (Rd) and

∂xkφ
x0
r (x) = −2r2

(x − x0)k
(
r2 − (x − x0)2k

)2 φr (x),

∂2
x2k

φx0
r (x) = 2r2

(
2
(
2 (x − x0)2k − r2

)
(x − x0)2k − (r2 − (x − x0)2k

)2

(
r2 − (x − x0)2k

)4

)

φr (x) .

(5.19)

The proof will be split into two cases:

5.1 Global convergence proof whenD is bounded

In this subsection we assume that D is bounded. Namely, there exists some diameter 0 <

|D| < ∞ such that |D| = maxx,y∈D |x − y|. First, we get the following result, whose proof
is postponed to the Appendix.

Proposition 5.2 Let (Xt )0≤t≤T be the solution to (2.4) up to any time T > 0. Then for any

x0 ∈ D and r > 0, there exists some constant ϑ > 0 depends only on d, r , λ, σ and |D| such
that

P(Xt ∈ Br (x0) ∩ D) ≥ E[φx0
r (X0)] exp(−ϑ t) (5.20)

holds for all t ∈ [0, T ], where φ
x0
r is defined as in (5.18).

This result directly implies

Corollary 5.3 Let (Xt )0≤t≤T be the solution to (2.4) up to any time T > 0. Then for any

r > 0, let x̃∗ ∈ D and 0 < r̃ ≤ r be choosen such that B̃r (̃x∗) ⊂ Br (x∗). Then there exists

some constant ϑ > 0 depends only on d, λ, σ and |D| such that

P(Xt ∈ Br (x
∗) ∩ D) ≥ E[φ x̃∗

r̃ (X0)] exp(−ϑ t) (5.21)

holds for all t ∈ [0, T ]. Especially when x∗ ∈ D one can choose x̃∗ = x∗ and r̃ = r .

Proof Case 1: if x∗ ∈ D, then one may let x0 = x∗ in Proposition 5.2 and immediately gets

P(Xt ∈ Br (x
∗) ∩ D) ≥ E[φx∗

r (X0)] exp(−ϑ t) . (5.22)

Case 2: if x∗ ∈ ∂D, then we can always find some x0 = x̃∗ ∈ D and 0 < r̃ < r such that

B̃r (̃x∗) ⊂ Br (x∗). Using Proposition 5.2 again one yields

P(Xt ∈ Br (x
∗) ∩ D) ≥ P(Xt ∈ B̃r (̃x

∗) ∩ D) ≥ E[φ x̃∗
r̃ (X0)] exp(−ϑ t) . (5.23)

��
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Now we are ready to prove the global convergence result, which provides a rate for the

variance function V(t) = E[|Xt − x∗|2] within a prescribed time-range.

Theorem 5.4 Assume that E satisfies Assumption 3, and λ, σ satisfy 2λ > σ 2. Further-

more assume the initial data satisfies V(0) > 2ε for any prescribed accuracy ε > 0, and

E[φ x̃∗
r̃ (X0)] > 0 with x̃∗, r̃ to be determined later. Let τ ∈ (0, 1) and choose α to be

sufficiently large satisfying

α ≥ ϑTε − log( 12c5E[φ x̃∗
r̃ (X0)])

c4
, (5.24)

where ϑ comes from Corollary 5.3,

Tε := 1

(1 − τ)(2λ − σ 2)
log

(
V(0)

ε

)

, c5 := min

⎧
⎨

⎩

τ(2λ − σ 2)

4(λ + σ 2)
,

√
τ(2λ − σ 2)

2σ 2

⎫
⎬

⎭
,

and

c4 := 1

2
min

⎧
⎨

⎩

(

η
c5

√
ε

2

) 1
ν

, E∞

⎫
⎬

⎭
, r :=

{

max
s∈(0,R0]

: Es ≤ c4

}

,

and x̃∗ ∈ D and 0 < r̃ < r are choosen such that B̃r (̃x∗) ⊂ Br (x∗). Then there exists some
0 < T∗ ≤ Tε such that V(t) satisfies

V(t) ≤ V(0) exp(−(1 − τ)(2λ − σ 2)t) for all t ∈ [0, T∗) . (5.25)

and it reaches the prescribed accuracy at time T∗, namely V(T∗) = ε.

Proof We define

Tα := inf {t ≥ 0 : V(t) = ε} , (5.26)

and for all t ∈ [0, Tα] let

Cα(t) := c5
√
V(t) = min

⎧
⎨

⎩

τ(2λ − σ 2)

4(λ + σ 2)
,

√
τ(2λ − σ 2)

2σ 2

⎫
⎬

⎭

√
V(t) . (5.27)

Here the time Tα represents the first time when the variance V(t) reaches the prescribed

accuracy ε, and it depends on α because V does. It is obvious that Tα > 0 is because of

the assumption on the initial data that V(0) > 2ε. According to the definition of Tα one has

V(t) > ε for all t ∈ [0, Tα) and V(Tα) = ε. Next we will prove that Tα ≤ Tε and V(t)

decreases exponentially on [0, Tα).

Case Tα ≤ Tε: It follows from Proposition 5.1 that for all t ∈ [0, Tα)

|x∗ − Xα(ρt )| ≤ (2qα
t )ν

η
+ exp

(−αqα
t

)

ρt ({x ∈ D : x ∈ Br (x∗)})
ˆ

|x − x∗|ρt (dx)

≤ (2qα
t )ν

η
+ exp

(−αqα
t

)

ρt ({x ∈ D : x ∈ Br (x∗)})
√
V(t) , (5.28)
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where we have constructed

qα
t := 1

2
min

{(

η
Cα(t)

2

) 1
ν

, E∞

}

. (5.29)

Then it holds

c4 = 1

2
min

⎧
⎨

⎩

(

η
c5

√
ε

2

) 1
ν

, E∞

⎫
⎬

⎭
< qα

t ≤ 1

2
E∞ (5.30)

because Cα(t) > c5
√

ε. Moreover, here we let

r =
{

max
s∈[0,R0]

: Es ≤ c4

}

. (5.31)

By construction, these choices satisfy r ≤ R0 and
(2qα

t )ν

η
≤ Cα(t)

2 .

Moreover, ρt ({x ∈ D : x ∈ Br (x∗)}) = P(Xt ∈ Br (x∗) ∩ D) ≥ E[φ x̃∗
r̃ (X0)] exp(−ϑ t)

holds according to (5.21), where ϑ depends only on d, r , λ, σ and |D|. This concludes that
for all t ∈ [0, Tα)

|x∗ − Xα(ρt )| ≤ Cα(t)

2
+ exp (−αc4) exp (ϑTε)

E[φ x̃∗
r̃ (X0)]

√
V(t) ≤ Cα(t) , (5.32)

where we choose α ≥ α0 with

α0 = ϑTε − log( 12c5E[φ x̃∗
r̃ (X0)])

c4
. (5.33)

Let us recall the upper bound for the time derivative of V(t) given in Lemma 5.1:

dV(t)

dt
≤ −(2λ − σ 2)V(t) + 2(λ + σ 2)V(t)

1
2 |x∗ − Xα(ρt )| + σ 2|x∗ − Xα(ρt )|2 . (5.34)

Then using the definition of c5 and the estimate from (5.32) one can deduce that

dV(t)

dt
≤ −(1 − τ)(2λ − σ 2)V(t) , (5.35)

which by Gronwall’s inequality leads to

V(t) ≤ V(0) exp(−(1 − τ)(2λ − σ 2)t) for t ∈ [0, Tα) . (5.36)

Case Tε < Tα: By the definition of Tα we know V(t) > ε for all t ∈ [0, Tε]. Then
following the same argument as in the first case, one can conclude

V(t) ≤ V(0) exp(−(1 − τ)(2λ − σ 2)t) for t ∈ [0, Tε] . (5.37)

Using the this estimate the fact that Tε = 1
(1−τ)(2λ−σ 2)

log(V(0)
ε

) implies V(Tε) ≤ ε, which

is a contradiction. Thus this case can never happen. ��
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5.2 Global convergence proof whenD is unbounded

In this subsection we consider the case where D is unbounded, namely a finite diameter |D|
does not exist. Therefore, Proposition 5.2 and Corollary 5.3 need some adjustments. Firstly,

following the proof of Proposition 5.2 it is easy to get

Proposition 5.5 Let (Xt )0≤t≤T be the solution to (2.4) up to any time T > 0. For any fixed

x0 ∈ D, assume that supt∈[0,T ] |x0 − Xα(ρt )| ≤ B for some B > 0. Then for any r > 0,

there exists some constant ϑ > 0 depends only on d, r , λ, σ and B such that

P(Xt ∈ Br (x0) ∩ D) ≥ E[φx0
r (X0)] exp(−ϑ t) (5.38)

holds for all t ∈ [0, T ], where φ
x0
r is defined as in (5.18).

Proof Compared to Proposition 5.2, the additional assumption on the upper bound B com-

pensates for the lack of an upper bound on |D|. The proof is basically identical to the one of
Proposition 5.2 except we shall bound |(Xt − Xα(ρt ))k | in (6.25) differently as follows

|(Xt − Xα(ρt ))k | ≤ |(Xt − x0)k | + |(x0 − Xα(ρt ))k | ≤ √
cr + B .

��

This implies the following result immediately similar to the bounded domain case.

Corollary 5.6 Let (Xt )0≤t≤T be the solution to (2.4) up to any time T > 0. For any r >

0, let x̃∗ ∈ D and 0 < r̃ < r be choosen such that B̃r (̃x∗) ⊂ Br (x∗). Assume that

supt∈[0,T ] |̃x∗ − Xα(ρt )| ≤ B for some B > 0. Then there exists some constant ϑ > 0

depends only on d, r , λ, σ and B such that

P(Xt ∈ Br (x
∗) ∩ D) ≥ E[φ x̃∗

r̃ (X0)] exp(−ϑ t) (5.39)

holds for all t ∈ [0, T ]. Especially when x∗ ∈ D one can choose x̃∗ = x∗ and r̃ = r .

Now we are ready to prove the global convergence result as in Theorem 5.4

Theorem 5.7 Assume that E satisfies Assumption 3, and λ, σ satisfy 2λ > σ 2. Furthermore,

assume the initial data satisfies V(0) > 2ε for any prescribed accuracy ε > 0, and ρ0({x ∈
D : x ∈ Br0(x

∗)}) > 0, E[φ x̃∗
r̃ (X0)] > 0 with x̃∗, r̃ to be determined later. Let τ ∈ (0, 1)

and choose α to be sufficiently large satisfying

α ≥ max

{
− log

( 1
2c5ρ0({x ∈ D : x ∈ Br0(x

∗)}))
q0

,
ϑTε − log( 12c5E[φ x̃∗

r̃ (X0)])
c4

}

,

(5.40)

where ϑ comes from Proposition 5.6,

Tε := 1

(1 − τ)(2λ − σ 2)
log

(
V(0)

ε

)

, c5 := min

⎧
⎨

⎩

τ(2λ − σ 2)

4(λ + σ 2)
,

√
τ(2λ − σ 2)

2σ 2

⎫
⎬

⎭
,
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q0 := 1

2
min

⎧
⎨

⎩

(

η
c5

√
V(0)

2

) 1
ν

, E∞

⎫
⎬

⎭
, c4 := 1

2
min

⎧
⎨

⎩

(

η
c5

√
ε

2

) 1
ν

, E∞

⎫
⎬

⎭
,

r0 :=
{

max
s∈(0,R0]

: Es ≤ q0

}

, r :=
{

max
s∈(0,R0]

: Es ≤ c4

}

,

and x̃∗ ∈ D and 0 < r̃ < r are chosen such that B̃r (̃x∗) ⊂ Br (x∗). Then there exists some

0 < T∗ ≤ Tε such that V(t) satisfies

V(t) ≤ V(0) exp(−(1 − τ)(2λ − σ 2)t) for all t ∈ [0, T∗) . (5.41)

and it reaches the prescribed accuracy at time T∗, namely V(T∗) = ε.

Proof We define

Tα := inf
{
t ≥ 0 : V(t) = ε or |x∗ − Xα(ρt )| = 2c5

√
V(0)

}
, (5.42)

and for all t ∈ [0, Tα] define

Cα(t) := c5
√
V(t) = min

⎧
⎨

⎩

τ(2λ − σ 2)

4(λ + σ 2)
,

√
τ(2λ − σ 2)

2σ 2

⎫
⎬

⎭

√
V(t) . (5.43)

Here the time Tα represents the first time when the variance V(t) reaches the prescribed

accuracy ε or |x∗ − Xα(ρt )| = 2c5
√
V(0), and it depends on α because V does.

Now we show that Tα > 0. It follows from Proposition 5.1 that

|x∗ − Xα(ρ0)| ≤ (2q0)ν

η
+ exp (−αq0)

ρ0({x ∈ D : x ∈ Br (x∗)})
ˆ

|x − x∗|ρ0(dx)

≤ (2q0)ν

η
+ exp (−αq0)

ρ0({x ∈ D : x ∈ Br (x∗)})
√
V(0) , (5.44)

where we have constructed

q0 := 1

2
min

⎧
⎨

⎩

(

η
c5

√
V(0)

2

) 1
ν

, E∞

⎫
⎬

⎭
. (5.45)

Then it holds q0 ≤ 1
2E∞. Moreover, here we let

r0 =
{

max
s∈[0,R0]

: Es ≤ q0

}

. (5.46)

By construction, these choices satisfy r0 ≤ R0 and
(2q0)ν

η
≤ c5

√V(0)
2 . This means that

|x∗ − Xα(ρ0)| ≤ c5
√
V(0)

2
+ exp (−αq0)

ρ0({x ∈ D : x ∈ Br0(x
∗)})

√
V(0) . (5.47)

If now we choose α sufficiently large, e.g., α ≥ α0 with

α0 = − log
( 1
2c5ρ0({x ∈ D : x ∈ Br0(x

∗)}))
q0
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then one has

|x∗ − Xα(ρ0)| ≤ c5
√
V(0).

This together with V(0) ≥ 2ε implies Tα > 0.

According to the definition of Tα one has

V(t) > ε and |x∗ − Xα(ρt )| < 2c5
√
V(0), for all t ∈ [0, Tα) ,

and at t = Tα , it holds V(Tα) = ε or |x∗ − Xα(ρTα )| = 2c5
√
V(0). Next we will prove that

Tα ≤ Tε and V(t) decreases exponentially on [0, Tα).

Case Tα ≤ Tε: It follows from Proposition 5.1 that for all t ∈ [0, Tα)

|x∗ − Xα(ρt )| ≤ (2qα
t )ν

η
+ exp

(−αqα
t

)

ρt ({x ∈ D : x ∈ Br (x∗)})
√
V(t) , (5.48)

where we have constructed

qα
t := 1

2
min

{(

η
Cα(t)

2

) 1
ν

, E∞

}

. (5.49)

Then it holds

c4 = 1

2
min

⎧
⎨

⎩

(

η
c5

√
ε

2

) 1
ν

, E∞

⎫
⎬

⎭
< qα

t ≤ 1

2
E∞ (5.50)

because Cα(t) > c5
√

ε. Moreover here we let

r =
{

max
s∈[0,R0]

: Es ≤ c4

}

. (5.51)

By construction, these choices satisfy r ≤ R0 and
(2qα

t )ν

η
≤ Cα(t)

2 .

Next we choose x̃∗ ∈ D and 0 < r̃ < r such that B̃r (̃x∗) ⊂ Br (x∗). Then we have

sup
t∈∈[0,Tα)

|̃x∗ − Xα(ρt )| ≤ |̃x∗ − x∗| + sup
t∈∈[0,Tα)

|x∗ − Xα(ρt )| < r + 2c5
√
V(0) =: B .

Moreover according to (5.39) it holds that

ρt ({x ∈ D : x ∈ Br (x
∗)}) = P(Xt ∈ Br (x

∗) ∩ D) ≥ E[φ x̃∗
r̃ (X0)] exp(−ϑ t) ,

where ϑ depends only on d, r , λ, σ and B. This concludes that for all t ∈ [0, Tα)

|x∗ − Xα(ρt )| ≤ Cα(t)

2
+ exp (−αc4) exp (ϑTε)

E[φ x̃∗
r̃ (X0)]

√
V(t) ≤ Cα(t) , (5.52)

where we choose α ≥ α0 with

α0 = ϑTε − log( 12c5E[φ x̃∗
r̃ (X0)])

c4
. (5.53)

Let us recall the upper bound for the time derivative of V(t) given in Lemma 5.1:

dV(t)

dt
≤ −(2λ − σ 2)V(t) + 2(λ + σ 2)V(t)

1
2 |x∗ − Xα(ρt )| + σ 2|x∗ − Xα(ρt )|2 . (5.54)
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Then using the definition of c5 and the estimate from (5.52) one can deduce that

dV(t)

dt
≤ −(1 − τ)(2λ − σ 2)V(t) , (5.55)

which by Gronwall’s inequality leads to

V(t) ≤ V(0) exp(−(1 − τ)(2λ − σ 2)t) , for t ∈ [0, Tα) . (5.56)

This implies

|x∗ − Xα(ρTα )| ≤ Cα(Tα) = c5
√
V(Tα) ≤ c5

√
V(0) .

Then, by the definition of Tα we must have V(Tα) = ε.

Case Tε < Tα:By the definition of Tα we know V(t) > ε and |x∗ −Xα(ρt )| < 2c5
√
V(0)

for all t ∈ [0, Tε]. Then following the same argument as in the first case, one can conclude

V(t) ≤ V(0) exp(−(1 − τ)(2λ − σ 2)t) , for t ∈ [0, Tε] . (5.57)

Using the this estimate the fact that Tε = 1
(1−τ)(2λ−σ 2)

log(V(0)
ε

) implies V(Tε) ≤ ε, which

is a contradiction. Thus this case can never happen. ��

5.3 Quantitative convergence result for the numerical scheme

Wewill use the Euler–Maruyama scheme from [62] to solve the particle system (2.1) numer-

ically. For this purpose we define the orthogonal projection operator


D(x) := argmin
z∈D

|x − z| , for x ∈ R
d . (5.58)

Note that for a given x ∈ R
d , the projection 
D(x) exists and is uniquely determined due

to the convexity of D. Given a time horizon T > 0 and a time discretization t0 = 0 < �t <

· · · < K�t = T of [0, T ]. Then the Euler–Maruyama scheme amounts to:

Xi
(k+1)�t = 
D

(
Xi
k�t − �tλ(Xi

k�t − Xα(ρN
k�t )) + σD(Xi

k�t − Xα(ρN
k�t ))N

i (0,�t)
)

Xi
0 ∼ ρ0, i = 1, . . . , N , (5.59)

where {Ni (0,�t)}Ni=1 are independent Gaussian random vectors with zero mean and covari-

ance matrix �tIdd . Now collecting results from Theorem 4.3 and Theorem 5.4 we can

establish a quantitative convergence result for the numerical scheme (5.59). We do so by

controlling the following discrete counterpart of (5.4):

VN (t) := W 2
2 (ρN

t , δx∗) = E

⎡

⎣

∣
∣
∣
∣
∣

1

N

N∑

i=1

Xi
t − x∗

∣
∣
∣
∣
∣

2⎤

⎦ , t = k�t, k ∈ [K ] . (5.60)

We are now ready to prove the main result of this paper (cf. Theorem 1.1):

Theorem 5.8 Under the assumptions of Theorem 4.3 and Theorem 5.4 (or Theorem 5.7),

let {(Xi
k�t )k=1,...,K }Ni=1 be the iterations generated by Euler–Maruyama scheme (5.59) with

K�t = T∗, where T∗ comes from Theorem 5.4 (or Theorem 5.7) such that V(T∗) = ε for any
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prescribed accuracy ε > 0. Then the final iterations fulfill the following quantitative error

estimate

VN (T∗) ≤ 3CNA�t log(1/�t) + 3CMFA
1

N
+ 3ε , (5.61)

where CMFA comes from Theorem 4.3, and CNA depends on λ, σ , α, d, T∗, N and E .

Proof Recall that {(Xi
t )t∈[0,T∗]}Ni=1 and {(Xi

t )t∈[0,T∗]}Ni=1 are are solutions to the CBO particle

system (2.1) and N independent copies of solutions to the mean-field dynamics (2.4) up to

time T∗ = K�t respectively. Then we split the error

VN (T∗) ≤3E

⎡

⎣

∣
∣
∣
∣
∣

1

N

N∑

i=1

(Xi
K�t − Xi

T∗)

∣
∣
∣
∣
∣

2⎤

⎦+ 3E

⎡

⎣

∣
∣
∣
∣
∣

1

N

N∑

i=1

(Xi
T∗ − X

i
T∗)

∣
∣
∣
∣
∣

2⎤

⎦ (5.62)

+3E

⎡

⎣

∣
∣
∣
∣
∣

1

N

N∑

i=1

X
i
T∗ − x∗

∣
∣
∣
∣
∣

2⎤

⎦ ,

which divide the overall error into an approximation error of the Euler scheme, themean-field

limit estimate error and the optimization error in mean-field law. The first term on the right

hand side of (5.62) can be estimated by applying the result from [62, Theorem 3.2], which

yields

E

⎡

⎣

∣
∣
∣
∣
∣

1

N

N∑

i=1

(Xi
K�t − Xi

T∗)

∣
∣
∣
∣
∣

2⎤

⎦ ≤ CNA�t log(1/�t) .

The second term can be bounded by using estimate from Theorem 4.3, which establishes

E

⎡

⎣

∣
∣
∣
∣
∣

1

N

N∑

i=1

(Xi
T∗ − X

i
T∗)

∣
∣
∣
∣
∣

2⎤

⎦ ≤ CMFA
1

N
.

Finally the third term follows from Theorem 5.4 or Theorem 5.7, and it holds

E

⎡

⎣

∣
∣
∣
∣
∣

1

N

N∑

i=1

X
i
T∗ − x∗

∣
∣
∣
∣
∣

2⎤

⎦ ≤ ε .

��

6 Numerical experiments and applications

In this section, we present numerical experiments, which are performed in Python, partially

based on CBXpy [63], and are available for reproducibility at https://github.com/echnen/

CBO-with-boundaries. Let us introduce now the rationale of these experiments.

The success of theCBOalgorithm lies in its unique blend of exploration and exploitation. It

achieves exploration through the diffusion of a large number of particles, while exploitation is

facilitated by harnessing collective information to form a consensus point that approximates

the global minimizer. The synergy of these effects–exploration through particle diffusion
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and exploitation via the consensus point–becomes increasingly powerful as the number of

particles grows. Theorem 5.8 guarantees that, as the number of particles N increases, the

algorithm converges in expectation at a rate of O(N−1). This indicates that the accuracy

improves significantly with more particles. However, the constants in the error bound (5.62),

especiallyCMFA, can increase exponentially with certain problem parameters, such as dimen-

sionality. Consequently, it is challenging to directly apply these convergence results when

using the CBO algorithm (5.59) with a limited number of particles N . In the few-particle

regime, the effectiveness of the CBO algorithm exploration and exploitation mechanisms

diminishes. To ensure successful convergence even with fewer particles, we must augment

these mechanisms with specialized heuristics. These enhancements should enable the algo-

rithm to keep dynamics similar to those observed with a large number of particles, thereby

preserving its effectiveness despite the reduced particle count.

In this section, we introduce two key strategies to enhance the exploration and exploitation

capabilities of the CBO algorithm in a few-particle regime.

1. Enhanced exploitation: To improve exploitation, we leverage the insight that the con-

sensus point typically remainswithin an exponentially shrinking region around the global

minimizer. Indeed, combining (5.32) or (5.52), for which

|x∗ − Xα(ρt )| �
√
V(t)

with the exponential decay in (5.25) or (5.41)

V(t) ≤ V(0) exp(−(1 − τ)(2λ − σ 2)t) for all t ∈ [0, T∗) .

we conclude that there is an exponentially shrinking trust-region {x ∈ R
d : |x −

Xα(ρt )| � exp(−(1 − τ)(λ − σ 2/2)t)} in which we can assume that particles are

moving with high-probability. Based on this observation, even with fewer particles,

we will—optimistically—constrain them to stay within progressively shrinking balls

centered around the consensus-point, following a carefully planned shrinking sched-

ule. Admittedly, such optimism would be misplaced if few particles would not explore

enough, but this is counteracted by the Heuristic 2. which enforces at the same time an

enhanced exploration1.

2. Enhanced exploration: We propose a heuristic that boosts exploration by increasing

the volatility in the noise. Specifically, we allow the noise variance σ 2 to exceed 2λ,

contrary to the conditions set by Theorem 5.4. This adjustment aims to compensate for

the reduced number of particles by providing greater variability in their movements.

1 Another reasoning supporting Heuristic 1. is that trust-region methods [64], which are connected to CBO as
explained in the Appendix, are known to converge (at least to local minimizers). While in trust-region methods
the search is based on a quadratic interpolation and a guess-and-accept/reject mechanism for the trust radius,
in CBO the search is based on stochastic exploration and the definition of consensus-point, which determine
the trust-region. We refer to the Appendix for more insights.
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These enhancements are designed to ensure that the dynamics of the algorithm remain effec-

tive and similar to those observed with a larger number of particles, even when operating in

a few-particle regime.

To our knowledge, these two enhancement mechanisms–boosting exploration through

increased noise volatility and enhancing exploitation by constraining particles to shrinking

regions around the global minimizer–have not been explored in the existing literature. How-

ever, they enable us to obtain numerical results that were previously unobserved in previous

numerical experiments, see, e.g., [16, 42, 52, 53].

For example, it has been well-documented that the standard CBO algorithm struggles

to minimize the Rastrigin function in higher dimensions (e.g., d ≥ 20), regardless of how

reasonably large is the number of particles used. Remarkably, our enhanced CBO imple-

mentation surpasses this dimensionality barrier, demonstrating consistent convergence with

a moderate number of particles. This breakthrough suggests that our approach can signifi-

cantly improve the algorithm performance in high-dimensional optimization problems. We

illustrate these findings in Section 6.1 and Section 6.2.

Moreover, as noted in [31, 65, 66], incorporating anisotropic noise or jump process

noise can significantly enhance exploration in the few-particle regime, especially for high-

dimensional optimization problems. This observation implies that adaptively shaping the

noise based on the specific application is a crucial heuristic for optimizing the performance

of the CBO algorithm. Tailoring the noise to suit the problem at hand can provide additional

benefits, particularly when dealing with complex, high-dimensional landscapes.

Below, we will demonstrate how these adaptive noise strategies, combined with our pre-

viously discussed enhancements, contribute to improved convergence and robustness of the

CBO algorithm even with a reduced number of particles. In particular, in Section 6.3 we

explore the efficient computation of global minimizers of 1D p-Allen–Cahn energies with

boundary conditions and additional obstacle constraints. The problem is solved by combin-

ing a hierarchical approximation and noise shaping within a multigrid finite element method.

Given the existence of continua of (local) minimizers of the p-Allen–Cahn energy, the vari-

ational problems is extremely challenging. Yet, our hierarchical CBO solver does converge

robustly to the global minimizer by using very few particles, despite the high-dimensionality

of the optimization problem and, very importantly, without starting from initial data in the

vicinity to the sought solution. To our knowledge, this is the first example in the literature of

use of CBO for solving problems in scientific computing. These very promising results sug-

gest that CBO could be employed to solve other challenging nonlinear equations, certainly

a very interesting direction for future research.
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Fig. 3 Domains and initial particles considered in Section 6.1 in dimension d = 2. The contoured orange
shadow represents the Rastrigin function

6.1 Effect of the parameters

In this section, we explore the effect of the parameters for the convergence of (5.59) consid-

ering a standard nonlinear multimodal function for testing, i.e., the Rastrigin function:

R(x) := 10d +
d∑

i=1

(x2i − 10 cos(2πxi )) , for x := (x1, . . . , xd) ∈ R
d , (6.1)

which we aim to minimize over the convex and nonconvex domains depicted in Figure 3.

In our numerical implementation, three key heuristics have been applied. The first, which

is quite common, involves using an increasing sequence of parameters α generated by the

update rule:

αk := α0 + k

K
(αK − α0) , for all k ∈ {0, . . . , K } , (6.2)

where K ∈ N is the final iteration of the method, and α0, αK > 0 are starting and final

parameters defined by the user. If not specified otherwise, we set α0 = 106 and αK = 109.

Similarly, we use default values of λ = 1, N = 1000, �t = 10−2, and run each simulation

1000 for iterations.

The next two are the two novel enhancements introduced in this paper, which we detail

below.

Heuristic 1 (Enhanced Exploitation) At each iteration number k ∈ N, we consider a ball

centered on the consensus point Xα(ρN
k�t ) with radius R := γ maxi {|Xi

k�t − Xα(ρN
k�t )|}

with γ ∈ (0, 1] and project every particle Xi
(k+1)�t onto this ball.

It is important to note that the parameter γ should be considered as an additional hyperpa-

rameter and should be tuned by the user. The second heuristic enhances particle exploration

by allowing the noise variance σ 2 to exceed the theoretical bound 2λ:

Heuristic 2 (Enhanced Exploration)Given a drift parameter λ > 0, we exceed the admissible

noise level σ = √
2λ given by Theorem 5.4 by setting σ = S

√
2λ for S > 1.

We anticipate that, based on our experiments, a good choice for S is 5, independent of the

dimension of the problem. Higher values of S can also be considered, especially when used

123



Journal of Global Optimization

Fig. 4 Logarithm of the residual to the solution at final iteration, i.e., ln
(V̂N (T )

)
for V̂N (t) defined as in

(6.3) for different parameter’s choices. The green line indicates the values of λ and σ for which the final
residual coincides with the initial residual to the solution ln

(V̂N (0)
)
and therefore separates the (numerical)

converging regime from the non-converging one. For this parameter study, we consider dimension d = 2,
α0 = αK = 106, and run each simulation for 100 iterations

in conjunction with Heuristic 1, as this combination helps mitigate excessive exploration

away from the consensus point.

6.1.1 The effect of � and �

In this section, we investigate the effect of the parameters λ and σ in the presence of con-

straints. We consider2 �1 = [−6.12, 5.12]2, fix α0 = αK = 106, and pick 100 choices of

λ and σ spaced evenly in a logarithmic scale from 10−1 to 102.5 and from 10−1 to 101.1,

respectively. We initialize the particles sampling from a Gaussian distribution with mean

(5.12, 5.12)/
√
2 and variance 10, in this way the initial discrete distribution is likely to cover

the whole domain while not being centered on the optimal solution, but actually on a local

(non global) minimizer. We apply a further projection to the domain for those particles that

fell outside �. Once the initial measure is fixed, for each λ and σ we let the algorithm run

for 100 iterations and keep track of the error at the last iteration. This is computed in each

iteration t by an empirical approximation of VN (t) according to (5.60), namely,

V̂N (t) := 1

N

N∑

i=1

|Xi
t − x∗|2 , (6.3)

where x∗ ∈ R
d is the optimal solution, in this case x∗ = 0. For the sake of comparison,

we run exactly the same experiment with � = R
2, i.e., simply dropping the additional

projection onto the bounded domain and by considering the same initialization without the

further projection onto �. Additionally, we repeat the same experiment with isotropic noise,

for which the critical line (at least for unbounded domains) is 2λ − dσ 2 = 0, compare, e.g.,

[28]. We plot all the logarithmic values of these errors in Figure 4.

We learn that utilizing anisotropic noise and introducing constraints do in fact influence

the convergence of the CBO scheme allowing for larger diffusion parameters. Indeed, in

2 Note that the tiltedness of the domain is intentional.
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Figure 4 we observe that in these cases, the critical line 2λ−σ 2 = 0 is no longer sharp. This

interesting behaviour, which gives a first numerical evidence of the effectiveness of Heuristic

2, is completely unexpected and suggests that the analysis in these settings could be further

refined. We leave these intriguing questions for future work.

6.1.2 Ablation study on the heuristics

In this ablation study, we show that the combination of Heuristics 1 and 2 can indeed be

beneficial in practice, and only with both heuristics being active, solving problems in high

dimensions becomes feasible. Specifically, we consider dimensions ranging in d = 2, 15, 20

and consider Heuristics 2 with S = 5, i.e., we make the non-feasible parameter choice:

λ = 1 , and σ = 5
√
2λ . (6.4)

Note that these values fall outside the range of admissible parameters in Theorem 5.4. To

test the influence of the parameter γ in Heuristics 1, we considered two possible scenarios:

�1 := [−6.12, 5.12]d , and �2 := [0, 11.24]d .

Note that in the latter, the global minimizer lies on the boundary of �. We initialize the

particles sampling from a Gaussian with mean (5.12, . . . , 5.12)/
√
d, and variance 10. Some

initial particles might fall out of �: We fix this by projecting all of these onto �. We run the

algorithm 20 times in each case and show the results in the two top rows of Figure 5. For

the sake of comparison, we also repeat the experiment with a parameter choice that is indeed

admissible in the sense of Theorem 5.4, namely, σ = √
2λ and λ = 1, and show the results

in the two bottom rows of Figure 5.

In this example, we observe that Heuristic 1 has a beneficial effect on the performance of

the proposed method. Specifically, as demonstrated in the top two rows of Figure 5, it can

significantly attenuate oscillations, which is a particularly desirable effect in optimization

[67]. Additionally, in other cases, such as in the bottom row of Figure 5 (left graphic), it

can markedly speed up convergence. It is also worth noting that we did not encounter any

instance where Heuristics 1 with γ ≥ 1/2 deteriorated the convergence performance of the

method. However, we did not present cases with γ < 1/2 as those indeed performed poorly.

The influence of the heuristics is further quantified in Table 2. We display the success rate

for the scenarios run on �2, i.e., the second and fourth row of Figure 5, whereby a run is

considered successful if W 2
2 (ρN

T , δx∗) < 10−10. It becomes apparent that both heuristics

have to be active for optimizations in high dimensions to become feasible.

To further corroborate our numerical heuristics,we runAlgorithm (1.8) in the same setting,

fixing the dimension to d = 5 and choosing � = R
d . We consider 20 values of S evenly

spaced in [0.5, 10], first applying Heuristic 1 (γ = 0.75) and then disabling it (γ = 1). For

each value of S, we repeat the experiment five times and report the final residual at time

T = 10 in Figure 6. The figure illustrates the positive impact of Heuristic 2, which achieves

its best performance for S � 5, in agreement with the choice made in (6.4).
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Fig. 5 Error decrease as a function of time for the dimensions: d = 2, 15, 20. In each case, we run the
algorithm 20 times and display the average in thicker lines. In the first and second row, Heuristics 1. and 2. are
active for σ = 5

√
2λ and γ < 1, while in the third and fourth row only Heuristics 1. is active and we show

the behavior for the critical value σ = √
2λ, as in standard CBO

Table 2 Success rate depending on Heuristic 1 (�: γ = 0.75, ×: γ = 1) and Heuristic 2 (�: σ = 5
√
2λ,

×: σ = √
2λ) being on or off. We define success as W 2

2 (ρN
T , δx∗ ) < 10−10 and, in each scenario, run the

algorithm 20 times on �2 = [0, 11.24]d

Heuristic 1 (γ = 0.75) Heuristic 2 (σ = 5
√
2λ) d = 2 d = 15 d = 20

× × 0% 0% 0%

� × 100% 0% 0%

× � 90% 35% 25%

� � 100% 95% 80%
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Fig. 6 Final residual as a function of the exploration parameter S in Heuristic 2, first with Heuristic 1 enabled
and then without it. The vertical red linemarks the critical stability threshold at S = 1.We consider σ = S

√
2λ

with λ = 1

Fig. 7 Error decrease as a function of time for d = 100 with parameters (6.4). In each case, we run the
algorithm 20 times and display the average with a thicker line. Curves (a) and (b) represent the � = �2 and
� = R

d cases employing Heuristics 1 (γ = 0.95) and 2 (σ = 5
√
2λ, λ = 1), while (c) represents the standard

CBO (σ = √
2λ, λ = 1) for � = R

d

Eventually, we consider a relatively difficult high dimensional problem with d = 100.

We consider the constraint � := �2 and initialize the particles as above by sampling from a

Gaussian distribution with mean (5.12, . . . , 5.12)/
√
d and variance 10 and projecting onto

the domain.We run 20 independent experiments by considering all enhancements: Increasing

parameters α as in (6.2), Heuristic 1 with γ = 0.95 and Heuristic 2 with S = 5, and show

the residual decrease as a function of the iterations in Figure 7. For comparison, we also

show the performance in the unconstrained setting but employing Heuristic 1 and Heuristic

2, and in the unconstrained setting without employing any heuristic. While the latter does

not converge to an optimal solution, in the first two cases the parameter choice (6.4) allows

us to optimize the Rastrigin function in d = 100 dimensions, a result never obtained so far

in the literature with CBO.

6.1.3 Quantitative comparisons with respect to N

We compare the performance of the standard CBO method (λ = 1, σ = √
2λ), CBO with

enhanced exploration (λ = 1, σ = 5
√
2λ, γ = 1), and CBO with both enhanced exploration
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Fig. 8 Quantitative comparison of CBO variants and PSO. In each case, we run the algorithm 20 times and
display the average of the discrete Wasserstein distance after 1000 iterations

and enhanced exploitation (λ = 1, σ = 5
√
2λ, γ = 0.75). As a benchmark, we include a

particle swarm optimization (PSO) algorithm based on [11], which is implemented as part

of the PySwarms package [68]. Unless specified otherwise, parameters are as chosen in

Section 6.1.1. We study the performance of all methods using increasing particle numbers

N ∈ {1, 2, 4, . . . , 214}, applied to the Rastrigin problem in dimensions d = 5, 10, 15, 20

on the domain �1. The particles of each method are initialized and constrained to remain

within the domain. Each simulation is run 20 times, and performance is measured by the

mean discrete Wasserstein distance of all runs evaluated after 1000 iterations. A low score

on this measure indicates that all runs perform well, while a single poor result skews the

performance measure towards a high score. The results are displayed in Figure 8.

While the overall performance of all methods improves with the number of particles,

none of the algorithms reliably solves the optimization problem with N ≤ 128 particles. The

CBO variants with enhanced exploration effectively handle the optimization problem when

using more than N = 1024 particles, with the variant with enhanced exploitation (γ = 0.75)

outperforming all other methods. The standard CBO performs well for d = 5 and N ≥ 2048,

but its performance deteriorates in higher dimensions. The PSO algorithm, on the other hand,

struggles to reliably solve the optimization problem across all scenarios, while all considered

CBO variants yield better or at least similar results.

6.2 Performance over nonconvex domains

Motivated by the excellent results achieved,wedecided to test themethod further by exploring

nonconvex domains, despite the current lack of theoretical backing. Specifically, for each

dimension d = 2, 15, 20 we consider two cases:

�i+2 := Br (0) \ (B1(xi ) ∪ B1(−xi )) , i = 1, 2 ,

For the following experiment, we consider the default parameters outlined in Section 6.1 and

choose λ = 1 as well as σ = 5
√
2λ. As shown in Figure 9, the proposed method is able to

deliver excellent performances also in the case of a nonconvex domain with shape �3. How-
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Fig. 9 Residual decrease as a function of the iterations over two nonconvex domains, for details refer to
Section 6.2

ever, we believe that the anisotropic bias of the noise along axes makes this case particularly

lucky and likely explains the significant difference in Figure 9 between optimizing on �3 or

�4. This intriguing result suggests that optimal performance might be achievable only with

an adaptive covariance of the noise. Unfortunately, we have yet to model, implement, and

analyze a version of CBO with adaptive covariance, but some techniques in this direction,

such as those in [69], seem to open the door to such variations also for CBO diffusion.

In the next section, we move away from standard benchmarks, such as the Rastrigin

function, and present results on the use of CBO for solving partial differential equations with

constraints.

6.3 Solving a PDE problemwith an obstacle

Partial differential equations and optimization problems are inherently intertwined, as many

PDE systems emerge as gradient flows of free energy functionals. Noticeably, the Allen–

Cahn and Cahn–Hilliard equations can be derived as the L2 and H−1 gradient flows of the

Ginzburg–Landau (GL) free energy functional, respectively, see, e.g., [70, 71]. By employing

CBO with hierarchically structured noise, we efficiently compute the global minimizer of a

variational p-Allen–Cahn-type problem within a finite element framework.

Let EGL(v) be the p-GL free energy functional over the integral [0, 1]

EGL(v) =
ˆ

[0,1]
1

p
|∇v(s)|p + 1

ε2
F(v(s))ds, (6.5)

where F(v) = (v − w1)
2(v − w2)

2 is a so-called double well potential. The minimization

problem reads as

v∗ = argmin
v∈V EGL (v) , (6.6)
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where V = {v ∈ W 1,p[0, 1] | v(0) = v0, v(1) = v1}. We discretize the continuous mini-

mization problem using the finite element method. The interval [0, 1] is discretized into M

one-dimensional elements Tj = [( j − 1)h, jh], j = 1, . . . , M of equal length h = M−1,

and we define the finite element space VM

VM = {
v ∈ V v|Tj ∈ P1(Tj ),∀ j ∈ {1, . . . , M}}. (6.7)

Expanding v ∈ VM in terms of first-order Lagrange basis functions {φ j }Mj=0, such that

v = ∑M
j=0 φ j x j , whereby x0 = v0, xM = v1, we obtain the discrete formulation

x∗ = arg min
x∈RM−1

M∑

j=1

(
h

p

∣
∣
∣
∣
x j − x j−1

h

∣
∣
∣
∣

p

+ 1

ε2
F̃j

)

. (6.8)

The integral over the double-well potential F̃j = ´ jh
( j−1)h F(v(t))dt can be calculated

numerically or even analytically. The optimization problem is high-dimensional with d =
M − 1 and can be associated with VM,0 = span {φ j , j = 1, . . . , M − 1}. Due to the double-
well potential, numerous local minima do exist, which, depending on ε, retain arbitrarily

steep basins of attraction. Since the GL free energy function depends on the gradient of v,

Gaussian noise is badly suited for the optimization, as it does not reflect the smoothness

of the solution. Therefore, naively applying CBO for fine discretizations requires a large

number of particles, small time steps, and large times, and thus, becomes unfeasible due to

the computational cost.

6.3.1 Hierarchical structured noise

We overcome these limitations using a hierarchical approach similar to a multi-grid method.

We set M = 2m and solve subsequently the optimization problem over a nested sequence of

finite element spaces V2 ⊂ V4 ⊂ V8 ⊂ . . . ⊂ V2m using the final particle distribution of the

previous run as the initial particle distribution of the following. Thereby, we exploit that CBO

solves the coarse problem efficiently and can find the solution for fine resolutions, provided

that the initial particle distribution is sufficiently close to the solution. Similar hierarchical

approaches are well studied in the context of solving obstacle problems; see [72–74].

Alternatively, the hierarchical approach can be implemented using the highest resolu-

tion and solely changing the noise of the algorithm. During the i th run, at each time step

and for every particle, we replace the standard anisotropic noise vector β = σD(X j
k�t −

Xα(ρN
k�t ))N

j (0,�t) ∈ R
d defined in (1.8) with β i ∈ R

d , such that

β i
l =

ˆ 1

0
φm
l (s)

2i−1∑

k=1

φi
k(s)βk2(m−i)ds, l = 1, . . . , 2m − 1, (6.9)

where {φm
l }2m−1

l=1 and {φi
k}2

i−1
k=1 are first-order Lagrangian bases of V2m ,0 and V2i ,0, respec-

tively. Accordingly, the initial particle distribution of the first CBO run is drawn with respect

to the coarsest resolution. We note that by this construction, we automatically decrease the
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(a) i = 3 (b) i = 4 (c) i = 5

Fig. 10 Particle distributions and consensus points at the end of the CBO runs for different M = 2i

(a) Energy for different i (b) Consensus for different i

Fig. 11 Development of the energy 11aand the consensus points at the end of CBO runs with dimensions
d = 2i − 1, i = 2, . . . , 7 and w2 = 0.75 (gray dotted line)

correlation length of our noise with each refinement step. The resulting particle distributions

are visualized in Figure 10cba.

For the numerical experiment, we choose v0 = 0.5, v1 = 1, w1 = 0.25, w2 = 0.75,

ε−2 = 500, p = 1.5 and consider spatial resolutions with M = 2i , i = 2, . . . , 7 elements.

The parameters of the algorithm are chosen as�t = 10−2, N = 20d = 2540, λ = 1, σ = 7,

and α = 106. We use 100 iterations at every resolution except the finest, and 1000 iterations

at the finest level. As visualized in Figure 11a, the energy of the consensus of the CBO run

quickly decreases with every refinement step, requiring only a few iterations before reaching

the optimizer of the current resolution, and thus, stagnating until the next refinement step.

Figure 11bshows the convergence of the consensus points at the end of every refinement

step, whereby the optimal solutions of coarse resolutions, e.g., i = 2, may qualitatively

differ from those of fine resolutions. By incorporating hierarchically structured noise and

tailoring the algorithm’s randomness to the specific optimization problem, we effectively

solve a 127-dimensional problem using only 2540 particles and 1500 iterations.
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Fig. 12 Various obstacles and consensus points for the p-Allen–Cahn problem described in Section 6.3.1 with
p = 1.5, ε−2 = 500. The obstacle constraints influence the consensus point despite not being active

6.3.2 Obstacle problem

Bridging the gap between global optimization on bounded domains and the finite element

formulation previously discussed, we impose an obstacle constraint to the p-Allen–Cahn

problem. Specifically, we enforce that the solution v(x) satisfies g(x) ≤ v(x) ≤ f (x) at all

grid points of the finest level x ∈ {0, h, 2h . . . , 1}. Thus, the resulting discrete optimization

problem is defined within a convex 127-dimensional hypercuboid. To reduce the complexity,

we impose the constraints only at the grid points of the current resolution, beginning with

a coarse obstacle and progressively refining it in tandem with the noise resolution. Thus,

the solution obtained under coarse obstacle constraints can exhibit qualitative differences

compared to those obtained with finer resolutions. Different obstacle constraints and the

corresponding consensus points are visualized in Figure 12, emphasizing the influence of the

constraints on the consensus despite not being active.

We apply the CBO to different parameter combinations for p and ε with 1000 and 10000

iterations for the coarser and the finest resolution, respectively. Note that for p = 1, ε−2 =
2000 and p = 1.5, ε−2 = 10000, there exist multiple global optimizers. The development of

the energy of the best particle and the final consensus point are visualized in Figure 13. As the

obstacle evolves across varying refinement levels, a solution that was previously optimal may

become infeasible or suboptimal following the refinement step, resulting in a non-monotonic

energy curve. The progression of the energy associated with the best-performing particle is

plotted relative to the minimal energy achieved at the current resolution. CBO converges

fast for coarse resolution yet requires more iterations as the resolution of the obstacle and

noise becomes finer. In Figure 13a, for p = 1 and p = 1.25, the energy curve exhibits a

plateau before eventually declining as the algorithm overcomes a local minimizer. We obtain

qualitatively good solutions, even for parameter settings characterized by local minima with

steep basins of attraction.

By incorporating hierarchically structured noise, we obtain efficiently the global mini-

mizer of the 1D p-Allen–Cahn energy discretized by low order H1-conforming elements

with a reasonably small number of particles. This advancement extends the applicability of

CBO to a broader class of PDE-related problems. Furthermore, it highlights the potential of
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(a) Energy development, −2 = 2000 (b) Consensus points, −2 = 2000

(c) Energy development, p = 1.5 (d) Consensus points, p = 1.5

Fig. 13 Development of the energy of the best particle and the consensus point of different p-Allen–Cahn
problemswith an obstacle. The gray dotted lines in (B) and (D) show the double-well potential withw1 = 0.25
and w2 = 0.75

problem-specific noise to enhance algorithmic performance, to significantly decrease com-

putational costs by reducing the number of particles, and to identify global optimizers in even

higher-dimensional spaces.
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Appendix

Consensus-based optimization within the global optimization landscape

Here, we refer to Figure 1, which illustrates how Consensus-Based Optimization (CBO) fits

within the broader landscape of global optimization. We begin with the original 2017 paper

[16], where the authors introducedCBO as a hybrid approach, combining elements of Particle

Swarm Optimization (PSO) and Simulated Annealing (SA). While the connections in [16]

were initially based on arguments by analogy, subsequent works have rigorously established

them. In particular, [14, 27] showed that CBO can be derived as the zero-inertia limit of a

suitably formulated version of PSO. This insight enabled the first rigorous analysis of global

convergence for PSO, as proposed in [13].

The fact that CBO is a form of SA was made rigorous in the paper [28], where one of us

proved that as the number of particles N → +∞ and for α → +∞, each particle tends to

the solution of the following annealed Langevin dynamics:

dX(t) = −∇F(X(t)) + σ |X(t) − x∗|dBt ,

where F(x) = λ
2 |x − x∗|2.

Further surprising connections of CBO with other relevant global optimization methods

have been derived in [26] through the Euler-Maruyama approximation of the CBO dynamics

(1.2):

Xi
(k+1)�t = Xi

k�t − �tλ(Xi
k�t − Xα(ρN

k�t )) + √
�tσ |Xi

k�t − Xα(ρN
k�t )|Ni

k(0, 1),

(6.10)

By scaling λ = 1
�t one obtains

Xi
(k+1)�t = Xα(ρN

k�t )) + √
�tσ |Xi

k�t − Xα(ρN
k�t )|Ni

k(0, 1), (6.11)

and, consequently, the so-called Consensus Hopping scheme (CH) as introduced in [26]

XCH
k+1 = Xα(N (XCH

k , σ 2
k )), (6.12)

which is the consensus point of a Gaussian centered in the previous consensus point with a

suitable variance σ 2
k . Let us first notice that the CH scheme is an instance of (1, λ) Evolution
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Strategies (ES), with μ = 1 parent and λ = N offspring3. Proofs of global convergence

for ES were obtained long ago, for instance in [76, 77], using arguments based on Markov

chains. However, most classical proofs of global convergence for ES do not provide explicit

convergence rates. Based on the connection between CBO and ES obtained through (6.10)–

(6.12), it is now possible to also establish exponential convergence rates, as discovered in the

forthcoming paper [29]. Connections between CBO and ES have been further investigated

in [30].

By the Laplace principle, the explicit expression for the consensus point in (6.12) can be

approximated, for a suitable scaling of α → ∞ with respect to σk → 0, by

XCH
k+1 = Xα(N (XCH

k , σ 2
k )

=
 
Rd

x e
−α

(

E(x)+ 1
2σ2k α

|x−XCH
k |2

)

dx

≈ arg min
x∈Rd

E(x) + 1

2τ
|x − XCH

k |2, (6.13)

which can be readily recognized as a Minimizing Movement Scheme (MMS) or a Proximal

Point Method. In other words, the iteration of CH follows approximately a Gradient Descent

(GD), a surprising connection that was recently made rigorous in [26], where it was shown

that CBO can be interpreted as a suitable stochastic relaxation of GD.

Furthermore, the MMS is just one instance of a broader class of proximal point schemes

of the form

Xk+1 = arg min
x∈Rd

E(x) + 1

pτ p−1 |x − Xk |p, (6.14)

for any 1 < p < ∞. As p → +∞, such schemes converge to

Xk+1 = arg min
x∈B(Xk ,Rτ )

E(x), (6.15)

which restricts the search for the next approximation to an optimal point within aTrust Region

(TR). Notice that for τ → 0 suitable piecewise interpolations of both iterations in (6.14) and

(6.15) converge to a gradient flow trajectory with different time reparametrizations, a well-

known insight since the 1993 groundbreaking work of De Giorgi [78]. Hence, the conceptual

path from (6.12) to (6.15) illustrates how CBO is also connected to both GD and TRmethods

[64]. We conclude mentioning the work [79] where Genetic Algorithms (GA) are also put in

connection to CBO through kinetic models [80].

In conclusion, CBO occupies a very central position (Figure 1) within a composite land-

scape of related methods for global optimization. In light of these connections, the powerful

mathematical techniques very recently developed for analyzing the global convergence of

CBO (starting with [15, 28, 31–34]), as further developed in this paper, have also enabled

3 We recall that a (μ, λ)-Evolution Strategy [75] maintains a population of μ candidate solutions, called
parents. In each iteration, the algorithm generates λ new candidate solutions, called offspring, by applying a
“mutation" to the parents. The mutation operator typically adds random perturbations drawn from a normal
distribution to the parent solutions. (Compare (6.12).)
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further breakthroughs, such as describing the global convergence of PSO [13] and deriving

convergence rates for ES [29]. We believe that, given their broad applicability, the signifi-

cance of these mathematical techniques cannot be overstated, and they have the potential to

inspire further advances in global optimization; this paper wants to represent a meaningful

contribution in that direction.

Proof of Proposition 5.2

Proof To simplify the notation, in the following, we drop the subscript x0 in φ
x0
r , and it is

easy to compute

dE[φr (Xt )]
dt

=
d∑

k=1

E[T1,k(Xt ) + T2,k(Xt )] (6.16)

with

T1,k := −λ(Xt − Xα(ρt ))k∂xkφr (Xt ) and T2,k := σ 2

2
(Xt − Xα(ρt ))

2
k∂

2
x2k

φr (Xt ) . (6.17)

Here the boundary term disappears because supp(φr ) = Br (x0) ∩ D ⊂ D. For each k =
1, . . . , d , let us define the subsets

K1,k := {x ∈ D : |(x − x0)k | >
√
cr} (6.18)

and

K2,k :=
{

x ∈ D : − λ(x − Xα(ρt ))k(x − x0)k(r
2 − (x − x0)

2
k)

2 (6.19)

> c̃r2
σ 2

2
(x − Xα(ρt ))

2
k(x − x0)

2
k

}

(6.20)

where c̃ := 2c − 1 ∈ (0, 1). Then we decompose Br (x0) according to

Br (x0) = (
Kc
1,k ∩ Br (x0)

) ∪ (K1,k ∩ Kc
2,k ∩ Br (x0)

) ∪ (K1,k ∩ K2,k ∩ Br (x0)
)

(6.21)

and one considers each of these subsets separately.

Subset Kc
1,k ∩ Br (x0) : We have |(Xt − x0)k | ≤ √

cr for each Xt ∈ Kc
1,k . For T1,k , we

use the expression of ∂xkφr and get

T1,k(Xt ) = 2r2λ
(
Xt − Xα (ρt )

)
k

(
Xt − x0

)
k

(
r2 − (Xt − x0

)2
k

)2 φr (Xt ) (6.22)

≥ −2r2λ

∣
∣
(
Xt − Xα (ρt )

)
k

∣
∣
∣
∣
(
X − x0

)
k

∣
∣

(
r2 − (Xt − x0

)2
k

)2 φr (Xt ) ≥ −2λ(
√
cr + |D|)√c

(1 − c)2r
φr (Xt )

(6.23)

=: −ϑ1φr (Xt ) , (6.24)
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where in the last inequality we have used

∣
∣
(
Xt − Xα (ρt )

)
k

∣
∣ ≤ ∣

∣
(
Xt − x0

)
k

∣
∣+ ∣∣(Xα (ρt ) − x0)k

∣
∣ ≤ √

cr + |D|. (6.25)

Similarly for T2,k one obtains

T2,k(Xt ) (6.26)

= σ 2r2
(
Xt − Xα (ρt )

)2
k

2
(
2
(
Xt − x0

)2
k − r2

) (
Xt − x0

)2
k −

(
r2 − (Xt − x0

)2
k

)2

(
r2 − (Xt − x0

)2
k

)4 φr (Xt )

≥ −σ 2(
√
cr + |D|)2(2c + 1)

(1 − c)4r2
φr (Xt ) =: −ϑ2φr (Xt ) . (6.27)

Subset K1,k ∩ Kc
2,k ∩ Br (x0) : As Xt ∈ K1,k we have |(Xt − x0)k | >

√
cr . We observe

that T1,k(Xt ) + T2,k(Xt ) ≥ 0 for all Xt satisfying

(

−λ
(
Xt − Xα (ρt )

)
k

(
Xt − x0

)
k + σ 2

2

(
Xt − Xα (ρt )

)2
k

)(
r2 − (Xt − x0

)2
k

)2
(6.28)

≤σ 2 (Xt − Xα (ρt )
)2
k

(
2
(
Xt − x0

)2
k − r2

) (
Xt − x0

)2
k . (6.29)

Indeed, this can be verified by first showing that

− λ
(
Xt − Xα (ρt )

)
k

(
Xt − x0

)
k

(
r2 − (Xt − x0

)2
k

)2
(6.30)

≤ c̃r2
σ 2

2

(
Xt − Xα (ρt )

)2
k

(
Xt − x0

)2
k (6.31)

= (2c − 1)r2
σ 2

2

(
Xt − Xα (ρt )

)2
k

(
Xt − x0

)2
k (6.32)

≤
(
2
(
Xt − x0

)2
k − r2

) σ 2

2

(
Xt − Xα (ρt )

)2
k

(
Xt − x0

)2
k , (6.33)

where we have used the fact that Xt ∈ K1,k ∩ Kc
2,k and c̃ = 2c − 1. One also notice that

σ 2

2

(
Xt − Xα (ρt )

)2
k

(
r2 − (Xt − x0

)2
k

)2 ≤ σ 2

2

(
Xt − Xα (ρt )

)2
k (1 − c)2r4 (6.34)

≤ σ 2

2

(
Xt − Xα (ρt )

)2
k (2c − 1)r2cr2 (6.35)

≤ σ 2

2

(
Xt − Xα (ρt )

)2
k

(
2
(
Xt − x0

)2
k − r2

) (
Xt − x0

)2
k (6.36)

by using (1 − c)2 ≤ (2c − 1)c. Hence (6.28) holds and we have T1,k(Xt ) + T2,k(Xt ) ≥ 0.

Subset K1,k∩K2,k∩Br (x0) :Notice thatwhen (Xt )k = (Xα(ρt ))k ,wehaveT1,k = T2,k =
0, so in this case there is nothing to prove. If (Xt )k �= (Xα(ρt ))k , or σ 2(Xt − Xα(ρt ))

2
k > 0
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(σ > 0), we exploit Xt ∈ K2,k to get
(
Xt − Xα (ρt )

)
k

(
Xt − x0

)
k

(
r2 − (Xt − x0

)2
k

)2 ≥ − ∣∣(Xt − Xα (ρt )
)
k

∣
∣
∣
∣
(
Xt − x0

)
k

∣
∣

(
r2 − (Xt − x0

)2
k

)2 (6.37)

>
2λ
(
Xt − Xα (ρt )

)
k

(
Xt − x0

)
k

c̃r2σ 2
∣
∣
(
Xt − Xα (ρt )

)
k

∣
∣
∣
∣
(
Xt − x0

)
k

∣
∣

≥ − 2λ

c̃r2σ 2 .

(6.38)

Using this, T1,k can be bounded from below

T1,k(Xt ) = 2r2λ
(
Xt − Xα (ρt )

)
k

(
Xt − x0

)
k

(
r2 − (Xt − x0

)2
k

)2 φr (Xt ) (6.39)

≥ − 4λ2

c̃σ 2 φr (Xt ) =: −ϑ3φr (Xt ) . (6.40)

Moreover since Xt ∈ K1,k and 2(2c − 1)c ≥ (1 − c)2 implied by the assumption, one has

2
(
2
(
Xt − x0

)2
k − r2

) (
Xt − x0

)2
k ≥

(
r2 − (Xt − x0

)2
k

)2
, (6.41)

which yields that T2,k(Xt ) ≥ 0.

Concluding the proof: Collecting estimates from above, we get

dE[φr (Xt )]
dt

=
d∑

k=1

E[T1,k(Xt ) + T2,k(Xt )]

=
d∑

k=1

(

E[(T1,k(Xt ) + T2,k(Xt ))IK1,k∩K2,k∩Br (x0)]

+ E[(T1,k(Xt ) + T2,k(Xt ))IK1,k∩Kc
2,k∩Br (x0)]

+ E[(T1,k(Xt ) + T2,k(Xt ))IKc
1,k∩Br (x0)]

)

≥ − d(ϑ1 + ϑ2 + ϑ3)E[φr (Xt )] =: −ϑE[φr (Xt )] . (6.42)

An application of Gronwall’s inequality concludes that

P(Xt ∈ Br (x0)) ≥ E[φr (Xt )] ≥ E[φr (X0)] exp(−ϑ t) . (6.43)
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