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Abstract. Using a variational formulation we consider the Dirichlet-to-Neumann operator
on a connected open set Ω ⊂ R

d of finite volume, assuming only that the surface measure
is locally finite on the boundary. Then the boundary may have infinite measure and trace
properties become delicate. We show that this has consequences for the kernel of the
Dirichlet-to-Neumann operator and characterise the situation in which a trace on Ω both
exists and is unique.
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1. Introduction

With the use of form methods we investigate trace properties of elements in H1(Ω)

for a fairly general open set Ω ⊂ R
d. We assume only that Ω is connected, has finite

volume and that the natural surface measure is locally finite on the boundary Γ.

The possible irregularity of Γ may cause either nonexistence or nonuniqueness of the

trace on Ω. We obtain characterisations of existence and uniqueness of the trace

on Ω in terms of the Dirichlet-to-Neumann operator on Γ.

In [1] a variational Dirichlet-to-Neumann operator was used to study trace prop-

erties on bounded domains with rough boundary. In [6] similar domains were in-

vestigated via the principal eigenvalue of the related Robin problem. We seek to

extend the results of [1] to the case in which Ω is unbounded with finite volume.

It is hence possible in our setting for the boundary to have infinite surface mea-

sure. The treatment of this case constitutes our principal endeavour. When the

boundary has finite surface measure, every constant function always has a trace. In
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Lemma 3.1 we characterise the situation in which the constant function b has a trace

in case the boundary has infinite surface measure. We subsequently present an ex-

ample of a domain with infinite surface measure such that the trace exists but is not

unique.

In order to formulate our main results, we introduce some notation. Throughout

this paper we denote by Ω ⊂ R
d a nonempty connected open set with finite volume,

where d > 2. We write Γ = ∂Ω and provide Γ with the (d−1)-dimensional Hausdorff

measure σ. We assume that σ is locally finite on Γ. By a compactness argument one

obtains that σ(Γ ∩ Br(x)) < ∞ for all x ∈ R
d and r > 0. Therefore, the Lebesgue

measure |Γ ∩Br(x)| = 0 for all x ∈ R
d and r > 0, and |Γ| = 0.

If Ω is bounded with Lipschitz boundary Γ, it is well known that there exists

a unique trace operator on H1(Ω). Under our hypotheses, however, such a map-

ping cannot be defined. Indeed, for a function u ∈ H1(Ω) both nonexistence and

nonuniqueness of the trace are possible, see [3], Examples 4.2 and 4.3, or [10], Exam-

ple 6.5. We therefore adopt the following generalised notions for the existence and

uniqueness of a trace.

Let u ∈ H1(Ω). We call ϕ ∈ L2(Γ) a trace of u if there exists a sequence (un)n∈N

in H1(Ω)∩Cc(Ω) such that limun = u in H1(Ω) and limun|Γ = ϕ in L2(Γ). Since we

require that σ is locally finite on Γ, one deduces via truncation, as for example in the

proof of Theorem 4.5, that ϕ is a trace of u if and only if ϕ is an approximate L2(Γ)

trace of u in the sense of Sauter, see [10].

We say that the trace on Ω is unique if 0 ∈ L2(Γ) is the only trace of 0 ∈ H1(Ω).

By [2], Lemma 4.14, there exists a Borel set Γ0 ⊂ Γ such that

{ϕ ∈ L2(Γ): ϕ is a trace of 0} = L2(Γ0).

Hence, the trace on Ω is unique if and only if σ(Γ0) = 0. Since Γ0 may prevent

uniqueness of the trace, we call its complement Γr = Γ \ Γ0 the regular part of the

boundary.

In order to define the Dirichlet-to-Neumann operator on Γ, we adopt the follow-

ing generalised notion of the normal derivative. If u ∈ L1,loc(Ω), we denote by

∆u ∈ D(Ω)′ the distributional Laplacian applied to u. Let u ∈ H1(Ω). We say

that u has a normal derivative if ∆u ∈ L2(Ω) and there exists an element ψ ∈ L2(Γ)

such that ∫

Ω

∇u · ∇v +

∫

Ω

(∆u)v =

∫

Γ

ψv

for all v ∈ H1(Ω) ∩ Cc(Ω). Then the Stone-Weierstraß theorem provides that ψ is

unique. We write ∂νu = ψ.
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Finally we introduce the Dirichlet-to-Neumann operator N in L2(Γ). Let

ϕ, ψ ∈ L2(Γ). We write ϕ ∈ D(N ) and Nϕ = ψ if there exists an element

u ∈ H1(Ω) such that ∆u = 0, ϕ is a trace of u and u has a normal derivative with

∂νu = ψ. In Theorem 2.3 we shall show that N is well-defined using a form method

presented in [2]. As a consequence, N is a positive self-adjoint operator in L2(Γ).

If Ω is bounded, then kerN = CbΓ+L2(Γ0) by [1], Proposition 4.1. In the general

case, however, the kernel of N depends on the measure of Γr. Throughout this paper

the field is the complex numbers C.

Theorem 1.1.

(a) If σ(Γr) <∞, then kerN = CbΓr
+ L2(Γ0).

(b) If σ(Γr) = ∞, then kerN = L2(Γ0).

Consequently, we obtain the following characterisation of uniqueness of the trace.

Corollary 1.2. The following are equivalent.

(i) The trace on Ω is unique.

(ii) dimkerN <∞.

(iii) dimkerN 6 1.

We prove Theorem 1.1 and Corollary 1.2 in Section 3. In Example 3.3 we construct

a domain for which σ(Γ) = ∞ whilst σ(Γr) <∞.

If an element of H1(Ω) has a trace, then it must belong to the closure of

H1(Ω) ∩ Cc(Ω). We define

H̃1(Ω) = H1(Ω) ∩Cc(Ω)
H1(Ω)

.

In Section 4 we establish the following characterisation of the case in which each

element of H̃1(Ω) has a unique trace in L2(Γ).

Theorem 1.3. The following are equivalent.

(i) Every element of H̃1(Ω) has a unique trace.

(ii) There exists a constant c > 0 such that
∫

Γ

|u|2 6 c

(∫

Ω

|∇u|2 +

∫

Ω

|u|2
)

for all u ∈ H1(Ω) ∩ Cc(Ω).

(iii) There exists a constant c > 0 such that
∫

Γ

|u|2 6 c

∫

Ω

|∇u|2

for all u ∈ H1(Ω) ∩ Cc(Ω) with
∫
Γ u = 0.

(iv) 0 /∈ σess(N ).
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The above extends [1], Theorem 1.3, where a similar characterisation was provided

for the case when Ω is bounded. The major difference between the proof of the above

and that of [1], Theorem 1.3, is the treatment of the case σ(Γ) = ∞.

This paper is organised as follows. In Section 2 we characterise the Dirichlet-

to-Neumann operator N in terms of a j-sectorial sesquilinear form. In Section 3

we consider the situation in which the trace is unique. We prove Theorem 1.1 and

Corollary 1.2 and obtain that uniqueness of the trace has consequences for the kernel

and range of N . In Section 4 we introduce a trace map on Ω and examine the case in

which every element of H̃1(Ω) has a trace before proving Theorem 1.3. Finally, we

show that if σ(Γ) = ∞ andN has compact resolvent, then the operatorN is bijective.

2. The Dirichlet-to-Neumann operator

In this section we describe the Dirichlet-to-Neumann operatorN using form meth-

ods. As a consequence, one deduces that N is single-valued and hence well-defined.

Let H be a Hilbert space. Let a : D(a) × D(a) → C be a sesquilinear form and

let j : D(a) → H be a linear map. The form a is called j-sectorial if there exist γ ∈ R

and θ ∈ [0, 12π) such that

a(u)− γ‖j(u)‖2H ∈ Σθ

for all u ∈ D(a), where Σθ = {reiα : r ∈ [0,∞) and α ∈ [−θ, θ]}.

We use the following version of [2], Theorem 3.2, to characterise N .

Theorem 2.1. Let H be a Hilbert space. Let a : D(a)×D(a) → C be a sesquilin-

ear form and j : D(a) → H a linear map. Suppose that j has dense range and a is

j-sectorial. Then there exists an operator A in H such that for all ϕ, ψ ∈ H , one has

that ϕ ∈ D(A) and Aϕ = ψ if and only if there exists a sequence (un)n∈N in D(a)

such that

(I) lim
n→∞

j(un) = ϕ in H ,

(II) lim
n,m→∞

Re a(un − um) = 0 and

(III) lim
n→∞

a(un, v) = (ψ, j(v))H for all v ∈ D(a).

Moreover, the operator A is m-sectorial.

P r o o f. See [2], Theorem 3.2 (b) and (c). �

In the situation of Theorem 2.1, we call A the operator associated with (a, j).

Define the sesquilinear form l : D(l)×D(l) → C by

l(u, v) =

∫

Ω

∇u · ∇v,

where D(l) = H1(Ω) ∩Cc(Ω). Define j : D(l) → L2(Γ) by j(u) = u|Γ.
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In Theorem 2.3 we shall prove that N is equal to the operator in L2(Γ) associated

with (l, j). We first verify that j(D(l)) = L2(Γ).

Lemma 2.2. The map j has dense range.

P r o o f. Let f ∈ L2(Γ) and ε > 0. Since Γ is locally compact and σ is regular

by [7], Theorem 2.1, there exists a function ϕ ∈ Cc(Γ) such that ‖f − ϕ‖L2(Γ)<ε.

There exists a bounded open set U ⊂ R
d such that suppϕ ⊂ U . By the Stone-Weier-

strass theorem there exists a function χ ∈ C∞
c (Rd) such that ‖ϕ− χ|Γ∩U‖C(Γ∩U) <

εσ(Γ ∩ U)−1/2. Further, there exists a function τ ∈ Cc(R
d) such that 0 6 τ 6

b, τ |suppϕ = b and supp τ ⊂ U . Then ‖ϕ − (τχ)|Γ∩U‖C(Γ∩U) < εσ(Γ ∩ U)−1/2.

Therefore, ‖ϕ − (τχ)|Γ‖L2(Γ) < ε. Now (τχ)|Ω ∈ D(l) and ‖f − j((τχ)|Ω)‖L2(Γ) 6

‖f − ϕ‖L2(Γ) + ‖ϕ− (τχ)|Γ‖L2(Γ) < 2ε. �

In what follows we frequently use the following estimate due to Maz’ya. One

deduces from Example 3.6.2/1 and Theorem 3.6.3 in [9] and (24) in [4] that there

exists a constant cM > 0 such that

(2.1)

∫

Ω

|u|2 6 cM

(∫

Ω

|∇u|2 +

∫

Γ

|u|2
)

for all u ∈ H1(Ω) ∩ Cc(Ω). Here we use that Ω has finite volume and that the

boundary Γ is equipped with the (d− 1)-dimensional Hausdorff measure σ.

Theorem 2.3. The form l is j-sectorial. Let A be the operator associated

with (l, j). Let ϕ, ψ ∈ L2(Γ). Then the following are equivalent.

(i) ϕ ∈ D(A) and Aϕ = ψ.

(ii) There exists an element u ∈ H1(Ω) such that ∆u = 0, ϕ is a trace of u and u

has a normal derivative with ∂νu = ψ.

In particular, A is equal to the Dirichlet-to-Neumann operator N alluded to in

the introduction. Moreover, N is positive and self-adjoint.

P r o o f. The proof proceeds as in [1], Theorem 3.3. For the sake of self-

containment, we include the argument. Note that by Lemma 2.2 the map j has

dense range. Moreover, since l(u) =
∫
Ω |∇u|2 ∈ [0,∞) for all u ∈ D(l), the form l is

j-sectorial. By [2], Remark 3.5, it follows from the positivity and symmetry of the

form l that the operator A is positive and self-adjoint.

Let ϕ, ψ ∈ L2(Γ). Then it remains to show the equivalence.

(i) ⇒ (ii). By definition there exists a sequence (un)n∈N in H
1(Ω) ∩ Cc(Ω) such

that limun|Γ = ϕ in L2(Γ), lim
n,m→∞

∫
Ω
|∇(un−um)|2 = 0 and lim

∫
Ω
∇un ·∇v =

∫
Γ
ψv
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for all v ∈ H1(Ω)∩Cc(Ω). Then lim
n,m→∞

∫
Γ
|un−um|2 = 0. Let cM > 0 be as in (2.1).

Then ∫

Ω

|un − um|2 6 cM

(∫

Ω

|∇(un − um)|2 +

∫

Γ

|un − um|2
)

for all n,m ∈ N, so (un)n∈N is a Cauchy sequence in H
1(Ω). Hence, there exists an

element u ∈ H1(Ω) such that limun = u in H1(Ω). So ϕ is a trace of u. Moreover,

∫

Ω

∇u · ∇v = lim
n→∞

∫

Ω

∇un · ∇v =

∫

Γ

ψ v

for all v ∈ H1(Ω) ∩ Cc(Ω). Choosing v ∈ C∞
c (Ω) in the above then yields that

∆u = 0. Therefore, ∫

Ω

∇u · ∇v +

∫

Ω

(∆u) v =

∫

Γ

ψv

for all v ∈ H1(Ω) ∩ Cc(Ω). Then u has a normal derivative in L2(Γ) and ∂νu = ψ.

Hence, ϕ ∈ D(N ) and Nϕ = ψ, so A ⊂ N .

(ii) ⇒ (i). Since ϕ is a trace of u, there exists a sequence (un)n∈N in D(l) such

that limun = u in H1(Ω) and limun|Γ = ϕ in L2(Γ). Then lim
n,m→∞

l(un − um) = 0.

Since ∆u = 0, it follows from the definition of the normal derivative that

lim
n→∞

l(un, v) =

∫

Ω

∇u · ∇v =

∫

Ω

∇u · ∇v +

∫

Ω

(∆u) v =

∫

Γ

ψ v

for all v ∈ D(l). So ϕ ∈ D(A) and Aϕ = ψ. �

It is a remarkable consequence of Theorem 2.1 that although an element of H1(Ω)

may have more than one trace, the operator N remains well-defined.

3. Uniqueness of the trace

In this section we consider the situation in which the elements of H1(Ω) each

have at most one trace. Many characterisations and sufficient conditions have been

obtained by Sauter, see [10]. For example, if Ω has a continuous boundary, then the

trace on Ω is unique. We shall obtain a characterisation in terms of the dimension

of the kernel of the Dirichlet-to-Neumann operator, see Corollary 1.2.

We begin with the observation that the measure of Γr determines whether or not

the constant function bΩ has a trace.

Lemma 3.1.

(a) If σ(Γr) <∞, then bΓr
is a trace of bΩ.

(b) If σ(Γr) = ∞, then bΩ does not have a trace.
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P r o o f. (a) Let χ ∈ C∞
c (Rd) be such that 0 6 χ 6 b and χ|B1(0) = b. For

each n ∈ N define χn ∈ C∞
c (Rd) by χn(x) = χ(n−1x). Let ε > 0. Then there

exists a number n ∈ N such that ‖χn|Ω − bΩ‖H1(Ω) < ε and ‖χn|Γr
− bΓr

‖L2(Γ) < ε.

Moreover, since χn|Γ0
∈ L2(Γ0), it follows that χn|Γ0

is a trace of 0. So there exists

a funtion v ∈ H1(Ω) ∩ Cc(Ω) such that ‖χn|Γ0
− v|Γ‖L2(Γ) < ε and ‖v‖H1(Ω) < ε.

Write w = χn|Ω − v. Then w ∈ H1(Ω) ∩Cc(Ω) and

‖w − bΩ‖H1(Ω) 6 ‖χn|Ω − bΩ‖H1(Ω) + ‖v‖H1(Ω) < 2ε.

Moreover,

‖w|Γ − bΓr
‖L2(Γ) 6 ‖χn|Γr

− bΓr
‖L2(Γ) + ‖χn|Γ0

− v|Γ‖L2(Γ) < 2ε.

Hence, bΓr
is a trace of bΩ.

(b) Suppose to the contrary that there exists an element ϕ ∈ L2(Γ) such that ϕ

is a trace of bΩ. Then there exists a sequence (un)n∈N in H
1(Ω) ∩ Cc(Ω) such that

limun = bΩ in H
1(Ω) and limun|Γ = ϕ in L2(Γ). Let χ ∈ C∞

c (Rd). Then (χun)n∈N

is a sequence in H1(Ω)∩Cc(Ω) with limχun = χ|Ω in H1(Ω) and lim(χun)|Γ = χ|Γϕ

in L2(Γ). So χ|Γϕ is a trace of χ|Ω. Alternatively, clearly χ|Γ is a trace of χ|Ω = χ|Ω
in H1(Ω). Hence, (χ|Γϕ)|Γr

= (χ|Γ)|Γr
. So ϕ = b on Γr ∩ [χ 6= 0]. By a covering

argument one deduces that ϕ|Γr
= bΓr

σ-a.e. Then σ(Γr) 6
∫
Γ
|ϕ|2 < ∞. This is

a contradiction. �

We are now able to characterise the kernel of the Dirichlet-to-Neumann operator.

P r o o f of Theorem 1.1. Note first that for all ϕ ∈ L2(Γ0), the choice u =

0 ∈ H1(Ω) yields that ∆u = 0, ϕ is a trace of u and ∂νu = 0. So ϕ ∈ kerN and it

follows that L2(Γ0) ⊂ kerN .

(a), ⊃. Since ∆bΩ = 0 and ∂νbΩ = 0, it follows from Lemma 3.1 (a) that

bΓr
∈ D(N ) and N bΓr

= 0. Then CbΓr
+ L2(Γ0) ⊂ kerN by the linearity of N .

(a), ⊂. Let ϕ ∈ kerN . Without loss of generality we may assume that ϕ ∈ L2(Γr).

Since Nϕ = 0, there exists an element u ∈ H1(Ω) such that ∆u = 0, ϕ is a trace of

u and ∂νu = 0. So
∫

Ω

∇u · ∇v = −

∫

Ω

(∆u)v +

∫

Γ

(∂νu)v = 0

for all v ∈ H1(Ω) ∩ Cc(Ω). Moreover, u ∈ H̃1(Ω) since u has a trace. Let (un)n∈N

be a sequence in H1(Ω) ∩ Cc(Ω) such that limun = u in H1(Ω). Then
∫

Ω

|∇u|2 = lim
n→∞

∫

Ω

∇u · ∇un = 0.

So u is constant, since Ω is connected. Without loss of generality we may assume

that u = bΩ. Then ϕ = bΓr
by Lemma 3.1 (a). Hence, kerN ⊂ CbΓr

+ L2(Γ0).
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(b) Let ϕ ∈ kerN . Without loss of generality we may again assume that

ϕ ∈ L2(Γr). Then there exists a u ∈ H1(Ω) such that ∆u = 0, ϕ is a trace of u

and ∂νu = 0. Arguing as in the above, one deduces that u is constant. If u 6= 0, we

may assume without loss of generality that u = bΩ. Then u does not have a trace

by Lemma 3.1 (b). Hence, u = 0 and ϕ = 0 ∈ L2(Γ0). �

We use a measure-theoretic property to characterise uniqueness of the trace.

P r o o f of Corollary 1.2. If σ(Γ0) > 0, then by [8], Exercise 264Y (g), the

space Γ0 is atomless, because d > 2 by assumption. So dimL2(Γ0) = ∞ if σ(Γ0) > 0.

Now Corollary 1.2 follows from Theorem 1.1. �

Corollary 3.2. Suppose that the trace on Ω is unique.

(a) If σ(Γ) <∞, then dimkerN = 1.

(b) If σ(Γ) = ∞, then N is injective.

It is well known that there exist unbounded domains in R
3 with finite surface

measure. We conclude this section with an example of an unbounded domain with

finite volume such that σ(Γ0) = ∞ whilst σ(Γr) <∞. The following is a modification

of [1], Example 4.4, see also Figure 1 in [1].

Example 3.3. For all (a, b) ∈ R
2 and r > 0 denote by

C(a, b ; r) =
{
(x, y, z) ∈ R

3 :
√
(x− a)2 + (y − b)2 6 r and z ∈ [0, 1]

}

the closed cylinder centred at (a, b, 0) ∈ R
3 with radius r and height 1. Let n ∈ N.

Write Bn = [0, 2−n]× [2n, 2n+ 1]× [−2−n, 0] and consider the set

Ωn = Bn ∪
⋃

k∈N

k⋃

i=1

C

(
2−(k+n), 2n+

i

k + 1
; 4−kn

)
.

Then |Ωn| = 2−2n +
∑
k∈N

kπ4−2kn < ∞. We may connect Bn to Bn+1 via a tiny

tube Tn such that Ωn ∪ Tn ∪ Ωn+1 is connected,
∑
n∈N

|Tn| < ∞ and
∑
n∈N

σ(∂Tn) < ∞.

Define

Ω = Int

(⋃

n∈N

Ωn ∪ Tn

)
.

Then

|Ω| =
∑

n∈N

2−2n +
∑

n∈N

∑

k∈N

kπ4−2kn +
∑

n∈N

|Tn| <∞.

Hence, Ω is a connected open set with finite volume.
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We first consider Γ0. Fix n ∈ N. We shall show that {0}× [2n, 2n+1]× [0, 1]⊂ Γ0,

up to a set of zero σ-measure. For all m ∈ N define the function um ∈ H1(Ω)∩Cc(Ω)

by um(x, y, z) = (0 ∨ 3m z ∧ 1) · b[0,2−m+4−m](x) · bΩn

(x, y, z). Then

‖um‖2H1(Ω) 6
∑

k∈N

k+n>m

kπ4−2kn +
∑

k∈N

k+n>m

kπ32m4−2kn3−m
6

∑

k∈N

k+n>m

kπ4−2k(1 + 3m)

for all m ∈ N. It follows that limum = 0 in H1(Ω). Since

σ(∂Ωn) = 4 · 2−n + 2 · 2−2n +
∑

k∈N

k(2π4−kn + π4−2kn) <∞,

the dominated convergence theorem provides that limum|Γ = b{0}×[2n,2n+1]×[0,1]

in L2(Γ). Then b{0}×[2n,2n+1]×[0,1] ∈ L2(Γ) is a trace of 0 and therefore the set

{0} × [2n, 2n+ 1]× [0, 1] ⊂ Γ0, up to a σ-nullset. Hence,

⋃

n∈N

{0} × [2n, 2n+ 1]× [0, 1] ⊂ Γ0

and σ(Γ0) = ∞. Moreover,

σ(Γr) 6
∑

n∈N

σ(Γr ∩ ∂Ωn) +
∑

n∈N

σ(∂Tn)

6
∑

n∈N

(4 · 2−n + 2 · 2−2n) + π

∑

n∈N

∑

k∈N

k (2 · 4−kn + 4−2kn) +
∑

n∈N

σ(∂Tn) <∞,

as required.

4. Existence of the trace

We now investigate the situation in which the elements of H̃1(Ω) each have at least

one trace. This section culminates in the proof of Theorem 1.3, which characterises

the situation in which every element of H̃1(Ω) has a unique trace.

We begin by introducing a trace map on H1(Ω). Define

H1
σ(Ω) = {u ∈ H1(Ω): there exists a ϕ ∈ L2(Γ) such that ϕ is a trace of u}.

Then there exists a unique well-defined map

Tr: H1
σ(Ω) → L2(Γr)
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such that Tru is a trace of u ∈ H1
σ(Ω). Clearly H

1(Ω) ∩ Cc(Ω) ⊂ H1
σ(Ω) and

Tru = u|Γr
for all u ∈ H1(Ω) ∩ Cc(Ω). We identify L2(Γr) with the subspace

of L2(Γ) consisting of functions that vanish σ-a.e. on Γ0. It follows from the Maz’ya

inequality (2.1) that

(4.1)

∫

Ω

|u|2 6 cM

(∫

Ω

|∇u|2 +

∫

Γr

|Tru|2
)

for all u ∈ H1
σ(Ω). Define the norm

‖u‖H1
σ
(Ω) =

(∫

Ω

|∇u|2 +

∫

Γr

|Tru|2
)1/2

on H1
σ(Ω). Then Tr is continuous with respect to the norm ‖·‖H1

σ
(Ω) on H

1
σ(Ω).

It is, however, worth noting that the map Tr: (H1
σ(Ω), ‖·‖H1(Ω)) → L2(Γr) is not

continuous in general. A counterexample can be found in [5], Remark 3.5 (f).

By (4.1) the norm

u 7→ (‖u‖2H1(Ω) + ‖Tru‖2L2(Γr)
)1/2

is equivalent to ‖·‖H1
σ
(Ω) on H

1
σ(Ω). Moreover, the inclusion H

1
σ(Ω) →֒ L2(Ω) is

continuous.

As in [4], Proposition 5.5, the Maz’ya inequality (4.1) implies that Γr is not trivial.

Proposition 4.1. We have σ(Γr) > 0.

P r o o f. Suppose σ(Γr) = 0. Then bΓr
is a trace of bΩ by Lemma 3.1 (a). Apply-

ing (4.1) to u = bΩ provides that |Ω| = 0, which is a contradiction. �

Corollary 4.2. If the C0-semigroup generated by −N is irreducible, then the

trace on Ω is unique.

P r o o f. Let S be the C0-semigroup generated by −N . Suppose S is irreducible.

If ϕ ∈ L2(Γ0), then ϕ ∈ kerN by Theorem 1.1, so Nϕ = 0 and Stϕ = ϕ ∈ L2(Γ0)

for all t > 0. Hence, StL2(Γ0) ⊂ L2(Γ0) for all t > 0. Since S is irreducible, this

implies that either σ(Γ0) = 0 or σ(Γr) = 0. But σ(Γr) > 0. �

Next we extend the form l and map j to the completion of the form domain D(l),

yielding an alternate characterisation of N . First define the map Φ: (D(l), ‖·‖l) →

H1
σ(Ω)⊕ L2(Γ0) by

Φ(u) = (u, u|Γ0
),
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where ‖u‖l = (l(u) + ‖j(u)‖2L2(Γ)
)1/2 for all u ∈ D(l). Then Φ is an isometry with

dense range and it follows that the space H1
σ(Ω) ⊕ L2(Γ0) corresponds to the com-

pletion of the pre-Hilbert space (D(l), ‖·‖l). We identify D(l) with Φ
(
D(l)

)
in the

natural manner.

Define the sesquilinear form l̃ : (H1
σ(Ω)⊕ L2(Γ0))× (H1

σ(Ω)⊕ L2(Γ0)) → C by

l̃((u, ζ), (v, η)) =

∫

Ω

∇u · ∇v.

Then l̃ is continuous and l̃(Φ(u),Φ(v)) = l(u, v) for all u, v ∈ D(l). Moreover, the

map ̃ : H1
σ(Ω)⊕ L2(Γ0) → L2(Γ) defined by

̃((u, ζ)) = Tru+ ζ

is the continuous extension of j to H1
σ(Ω) ⊕ L2(Γ0) and l̃ is ̃-elliptic, that is, there

are µ, ω > 0 such that

µ‖(u, ζ)‖2H1
σ
(Ω)⊕L2(Γ0)

6 Re l̃(u, ζ) + ω‖̃((u, ζ))‖2L2(Γ)

for all (u, ζ) ∈ H1
σ(Ω) ⊕ L2(Γ0). Actually, one can choose µ = ω = 1. The next

proposition states that the Dirichlet-to-Neumann operatorN is equal to the operator

associated with (̃l, ̃).

Proposition 4.3. Let ϕ, ψ ∈ L2(Γ). Then ϕ ∈ D(N ) and Nϕ = ψ if and only if

there exists a pair (u, ζ) ∈ H1
σ(Ω)⊕ L2(Γ0) such that ̃((u, ζ)) = ϕ and

l̃((u, ζ), (v, η)) = (ψ, ̃((v, η)))L2(Γ)

for all (v, η) ∈ H1
σ(Ω)⊕ L2(Γ0).

P r o o f. The claim follows from Theorem 2.3 together with [2], Proposition 3.3.

�

We denote by N̂ the part of the operator N in L2(Γr). We next show that N̂

is equal to the operator in L2(Γr) associated with (̃l|H1
σ
(Ω)×H1

σ
(Ω),Tr). As a conse-

quence N̂ , is positive and self-adjoint.

Proposition 4.4. Let ϕ, ψ ∈ L2(Γr). Then ϕ ∈ D(N̂ ) and N̂ϕ = ψ if and only

if there exists an element u ∈ H1
σ(Ω) such that Tru = ϕ and

∫

Ω

∇u · ∇v = (ψ,Tr v)L2(Γ)

for all v ∈ H1
σ(Ω).
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P r o o f. ⇒ Suppose first that ϕ ∈ D(N̂ ) and N̂ϕ = ψ. Then ϕ ∈ D(N ) and

Nϕ = ψ. By Proposition 4.3 there exists a pair (u, ζ) ∈ H1
σ(Ω) ⊕ L2(Γ0) such that

̃((u, ζ)) = ϕ and

l̃((u, ζ), (v, η)) = (ψ, ̃((v, η)))L2(Γ)

for all (v, η) ∈ H1
σ(Ω)⊕ L2(Γ0). Then Tru = ϕ and

∫

Ω

∇u · ∇v = l̃((u, ζ), (v, 0)) = (ψ,Tr v)L2(Γ)

for all v ∈ H1
σ(Ω).

⇐ Suppose that u ∈ H1
σ(Ω) is such that Tru = ϕ and

∫
Ω
∇u · ∇v = (ψ,Tr v)L2(Γ)

for all v ∈ H1
σ(Ω). Then

l̃((u, 0), (v, η)) =

∫

Ω

∇u · ∇v = (ψ,Tr v)L2(Γ)

= (ψ,Tr v)L2(Γ) + (ψ, η)L2(Γ) = (ψ, ̃((v, η)))L2(Γ)

for all (v, η) ∈ H1
σ(Ω)⊕ L2(Γ0). So ϕ = ̃((u, 0)) ∈ D(N ) and Nϕ = ψ, by Proposi-

tion 4.3. Since ϕ, ψ ∈ L2(Γr), the claim follows. �

We next characterise when every element of H̃1(Ω) has a trace.

Theorem 4.5. The following are equivalent.

(i) Every element of H̃1(Ω) has a trace.

(ii) There exists a constant c > 0 such that

(4.2)

∫

Γr

|u|2 6 c

(∫

Ω

|∇u|2 +

∫

Ω

|u|2
)

for all u ∈ H1(Ω) ∩ Cc(Ω).

(iii) There exists a constant c > 0 such that

∫

Γr

|u|2 6 c

∫

Ω

|∇u|2

for all u ∈ H1(Ω) ∩ Cc(Ω) with
∫
Γr

u = 0.

(iv) 0 /∈ σess(N̂ ).

In fact, if σ(Γr) = ∞, then each of the statements (i)–(iv) is false.
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P r o o f. If σ(Γr) <∞, then the proof is similar to the proof of [1], Theorem 6.1.

From now on suppose that σ(Γr) = ∞. We shall show that each statement is false.

(i) Let χ ∈ C1
c (R

d) be such that 0 6 χ 6 b and χ|B1(0) = b. For all n ∈ N define

χn ∈ C1
c (R

d) by χn(x) = χ(n−1x). Then χn|Ω ∈ H1(Ω)∩Cc(Ω) and lim
n→∞

χn|Ω = bΩ

in H1(Ω). So bΩ ∈ H̃1(Ω). But bΩ does not have a trace by Lemma 3.1 (b). So (i)

is false.

(ii) Suppose to the contrary that there exists a constant c > 0 such that (4.2)

is valid for all u ∈ H1(Ω) ∩ Cc(Ω). Let χ ∈ C1
c (R

d) be such that 0 6 χ 6 b and

χ|B1(0) = b. For each n ∈ N define χn ∈ C1
c (R

d) by χn(x) = χ(n−1x). Then

χn|Ω ∈ H1(Ω) ∩ Cc(Ω) and |(∇χn)(x)| = n−1|(∇χ)(n−1x)| 6 ‖∇χ‖∞/n for all

x ∈ R
d. Hence,

∫

Γr

|χn|
2 6 c

(∫

Ω

‖∇χ‖2∞
n2

+

∫

Ω

|χn|
2

)
6 c

(
‖∇χ‖2∞
n2

|Ω|+ |Ω|

)

for all n ∈ N. Then by Fatou’s lemma one deduces that

σ(Γr) =

∫

Γr

lim inf
n→∞

χ2
n 6 c|Ω| <∞,

a contradiction.

(iii) Suppose that (iii) is valid. We shall prove that (ii) is then valid. Again

let χ ∈ C1
c (R

d) be such that 0 6 χ 6 b and χ|B1(0) = b. For all n ∈ N define

χn ∈ C1
c (R

d) by χn(x) = χ(n−1x). Then χn|Ω ∈ H1(Ω)∩Cc(Ω). By Proposition 4.1

we may assume without loss of generality that
∫
Γr

χn 6= 0. Let u ∈ H1(Ω)∩Cc(Ω) and

write un = u − αnχn|Ω, where αn =
∫
Γr

u/
∫
Γr

χn for all n ∈ N. Then limαn = 0

and limαn∇χn = 0 in L2(Ω). Since un ∈ H1(Ω) ∩ Cc(Ω) and
∫
Γr

un = 0, it follows

that
∫

Γr

|u|2 6 2

∫

Γr

|un|
2 + 2

∫

Γr

|αn χn|
2
6 2c

∫

Ω

|∇u− αn ∇χn|
2 + 2

∫

Γr

|αn χn|
2

for all n ∈ N. Moreover,

∫

Γr

|αn χn|
2 = |αn|

2

∫

Γr

χ2
n 6 |αn|

2

∫

Γr

χn = αn

∫

Γr

u

for all n ∈ N. Hence, taking the limit n→ ∞ yields that

∫

Γr

|u|2 6 2c

∫

Ω

|∇u|2.

Hence, (ii) is valid. This is a contradiction.
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(iv) Suppose that (iv) is valid. We shall prove that (ii) is valid. Since ker N̂ = {0}

by Theorem 1.1 (b) and 0 /∈ σess(N̂ ) by assumption, there exists a positive δ > 0

such that (N̂ϕ, ϕ)L2(Γr) > δ‖ϕ‖2L2(Γr)
for all ϕ ∈ D(N̂ ). We use Proposition 4.4.

Write l̂ = l|H1
σ
(Ω)×H1

σ
(Ω). Let u∈H

1
σ(Ω). Suppose Tru∈D(N̂ ) and l̂(u, v) =

(N̂ Tr u,Tr v)L2(Γr) for all v ∈ H1
σ(Ω). Then δ‖Tru‖

2
L2(Γr)

6 (N̂ Tru,Tru)L2(Γr) =

l̂(u, u). Hence, by density, [2], Proposition 2.3 (ii), one deduces that δ‖Tru‖2L2(Γr)
6

l̂(u, u) for all u ∈ V (̂l) = {u ∈ H1
σ(Ω): l̂(u, v) = 0 for all v ∈ kerTr}. Finally, let

u ∈ H1
σ(Ω). By [2], Theorem 2.5, there are u1 ∈ kerTr and u2 ∈ V (̂l) such that

u = u1 + u2. Then symmetry of l̂ gives

δ‖Tru‖2L2(Γr)
= δ‖Tru2‖

2
L2(Γr)

6 l̂(u2, u2)

= l̂(u, u)− 2Re l̂(u2, u1)− l̂(u1, u1) 6 l̂(u, u)

and (ii) is valid. This is a contradiction. �

Finally, we characterise the case in which every element of H̃1(Ω) has a unique

trace.

P r o o f of Theorem 1.3. (i)⇒(iv). Suppose that every element of H̃1(Ω) has

a unique trace. Then 0 /∈ σess(N̂ ) by Theorem 4.5 (i) ⇒ (iv). Moreover, σ(Γ0) = 0,

so N = N̂ and it follows that (iv) is valid.

(iv) ⇒ (iii). Since 0 /∈ σess(N ), one has that dimkerN <∞. So σ(Γ0) = 0 by

Corollary 1.2. Hence, N = N̂ and Γ = Γr. Then the claim follows from Theo-

rem 4.5 (iv) ⇒ (iii).

(iii) ⇒ (ii). If σ(Γ) = ∞, then the implication follows from an argument similar

to the proof that condition (iii) in Theorem 4.5 is false in case σ(Γr) = ∞, by

replacing Γr with Γ. Hence, we may assume that σ(Γ) < ∞. We shall show that

L2(Γ0) = {0}. Then Γ = Γr and the claim follows from Theorem 4.5 (iii) ⇒ (ii).

Let c > 0 be as in (iii) and let ϕ ∈ L2(Γ0). Then there exists a sequence (un)n∈N

in H1(Ω) ∩ Cc(Ω) such that limun = 0 in H1(Ω) and limun|Γ = ϕ in L2(Γ).

Moreover, by Lemma 3.1 (a) one has that bΓr
is a trace of bΩ, so there exists a se-

quence (vn)n∈N in H
1(Ω)∩Cc(Ω) such that lim vn = bΩ in H

1(Ω) and lim vn|Γ = bΓr

in L2(Γ). By Proposition 4.1 we may assume without loss of generality that
∫
Γ vn 6= 0

for all n ∈ N. For all n ∈ N write αn =
∫
Γ
un/

∫
Γ
vn and wn = un − αn vn. Then

wn ∈ H1(Ω) ∩ Cc(Ω) and
∫
Γ wn = 0. Therefore,

(4.3)

∫

Γ

|wn|
2 6 c

∫

Ω

|∇wn|
2

for all n ∈ N. Moreover, limαn = α, where α =
∫
Γ u/σ(Γr). So limwn = −αbΩ

in H1(Ω) and limwn|Γ = ϕ− αbΓr
in L2(Γ). Taking the limit n → ∞ in (4.3) then
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yields that ∫

Γ0

|ϕ− αbΓr
|2 6 c · 0 = 0.

Hence, ϕ− αbΓr
= 0 and ϕ = 0. Therefore, L2(Γ0) = {0}.

(ii) ⇒ (i). We first show that the trace on Ω is unique. Let ϕ ∈ L2(Γ0). Then

there exists a sequence (un)n∈N in H
1(Ω) ∩ Cc(Ω) such that limun = 0 in H1(Ω)

and lim un|Γ = ϕ in L2(Γ). By assumption there exists a constant c > 0 such that

∫

Γ

|un|
2 6 c

(∫

Ω

|∇un|
2 +

∫

Ω

|un|
2

)

for all n ∈ N. Then ϕ = lim un|Γ = 0 and the trace on Ω is unique. Hence, Γ = Γr

and it follows from Theorem 4.5 (ii) ⇒ (i) that every element of H̃1(Ω) has a trace.

�

Corollary 4.6. If σ(Γ) = ∞ and N has compact resolvent, then N is bijective.

P r o o f. Since (I + N )−1 is compact, it follows that 0 /∈ σess(N ). So by The-

orem 1.3 (iv)⇒(i), the trace on Ω is unique. Hence, Γ = Γr and Theorem 1.1 (b)

provides that N is injective. Next, the Fredholm operator I − (I +N )−1 has closed

range. Since

N (I +N )−1 = (I +N − I)(I +N )−1 = I − (I +N )−1,

one deduces that R(N ) = R(N (I + N )−1) is closed. Then R(N ) = R(N ) =

(kerN )⊥ = L2(Γ). Therefore, N is surjective. �
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