Miskolc Mathematical Notes HU e-ISSN 1787-2413
Vol. 26 (2025), No. 2, pp. 559-577 DOI: 10.18514/MMN.2025.4509

NEW GENERALIZED FOURIER TRANSFORMS AND THEIR
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Abstract. This article presents new generalized definitions of Fourier, Fourier sine, Fourier co-
sine, inverse Fourier, inverse Fourier sine and inverse Fourier cosine transforms, which encom-
pass various studies on the generalized Fourier transforms in the existing literature. We also
give some fundamental properties such that linearity, shifting, differentiability and convolution.
Moreover, the solutions to the ordinary electric current differential equation and the fractional
motion differential equation are obtained through the use of the generalized Fourier and inverse
Fourier transforms. Subsequently, the solutions to the partial diffusion differential equation are
obtained through the use of the generalized Fourier sine, inverse Fourier sine, Fourier cosine, and
inverse Fourier cosine transforms. Furthermore, we illustrate the relations of the new general-
ized Fourier transforms with other the generalized Fourier transforms available in the literature.
Finally, we provide tables of the new generalized Fourier transforms, and then graphs of the
approximate behaviours of the solution of the ordinary electric current differential equation.
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1. INTRODUCTION

The Fourier transform is an integral transformation that is popular in many fields
such as medicine, astronomy, physics, chemistry, biology and engineering sciences.
In the most general sense, the Fourier and inverse Fourier transforms in [12] for the
function u belonging to the Schwartz space, respectively, are defined by

(1)) (w) = a(w) = /R exp(iwt)u(t)di, (w € R)
and

F aw)]() = % /]R exp(—iwt)i(w)dw, (t €R).
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The Fourier transform has become a powerful technique due to its multi-purpose use
in various branches of science. For example, each person’s voice can be expressed as
a sum of sine and cosine. Since the frequency spectrum of each sound is different,
the sum of the sines and cosines will have a different frequency. Thus, with the
Fourier transform, we can find out who the sound belongs to. Similarly, the Fourier
transform can be used in phenomena such as light waves, tides in the ocean, solar
motion, electric current and thermal conductivity. Again, the Fourier transform can
also be used for solutions of ordinary, partial and fractional differential equations.

For studies on the generalization of the Fourier transform in the literature (see for
example [4,5,8-12, 14] and reference therein).

The objective and importance of this article is to introduce new generalized Four-
ier, inverse Fourier, Fourier sine, inverse Fourier sine, Fourier cosine and inverse
Fourier cosine transforms, covering the existing literature on various generalized
Fourier transform studies. Subsequently, solutions of miscellaneous ordinary, partial
and fractional differential equations are obtained with the help of the newly defined
generalized Fourier transforms, thereby extending the application areas of integral
transforms.

We set the rest of this article as follows: Section 2 presents the fundamental con-
cepts that are essential to the article. In Section 3, the new generalized Fourier, Four-
ier sine, and Fourier cosine transforms with and their inverse transforms are defined,
and subsequently some of their properties are presented. In Section 4, solutions to the
ordinary electric current differential equation, fractional motion differential equation,
and partial diffusion differential equation are obtained through the use of the new
generalized Fourier transforms. Section 5 elucidates the relationships between the
generalized Fourier transforms that have been previously identified in the literature
and the new generalized Fourier transforms that are introduced in this article. Ad-
ditionally, at the end of the article, tables of the new generalized Fourier transforms
and approximate graphs of the solutions to the ordinary electric current differential
equation are presented.

2. PRELIMINARIES

This section presents the fundamental concepts that is required throughout the
article. This includes the following: the Schwartz space, Lizorkin space, convolution,
Dirac delta function and fractional integral and derivative operators.

The Schwartz space [15] is defined by

n

t’”d—u(t)

S(R) = {u € C”: sup I

< oo, Vmyn€ No}.

The V(R) set be as follows:
V(R) = {v eSR): vM(0)=0, ne NO} :
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Then the Lizorkin space [13] is given by
O(R) = {p € S(R): F[p] € V(R)}.

The convolution [2] of functions u and v for ¢ € R is defined by

u(t) #v(t) = / u(t —)v(t)de

R
or

v(t) % u(t) = / vt —)u(t)d.

R
The Dirac delta function [3] is given by

5(1) = 0, fort+#0,
B oo, fort =0.

Also the following equation [3] holds true:

/ u(1)8(1)dt = u(0). @1
R
The Riemann-Liouville fractional integral (RLFI) [7] of order [ is defined by

BB = 1"(1|3) [ (- 9Pumdn, (e R (B) > 0).

Let m—1 < R(B) < m for m € N. The Riemann-Liouville fractional derivative
(RLFD) [7] of order B is given by

L DPu(t) = r(n:—g)j; /_t TP u(odn, (R R(B) > 0).

Let m—1 < R(B) < m for m € N. The Caputo fractional derivative (CFD) [7] of
order B is defined by

<pbu(t) = F(ml_ﬁ) /’ (TP @, (€ R R(B) > 0).

3. NEW GENERALIZED FOURIER TRANSFORMS AND THEIR PROPERTIES

This section introduces new generalisations of the Fourier, inverse Fourier, Fourier
sine, inverse Fourier sine, Fourier cosine and inverse Fourier cosine transforms, and
presents some of their fundamental properties.

Definition 1. Let u € ¢(R), p: R —+ R —{0}, g: R — R and w,7 € R. Then, the
generalized Fourier and inverse Fourier transforms, respectively, are defined as:

oD (W) = pitg(w) = pl() /R exp (w1 ) ur)ar 3.1)
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1
1857 ] (€)= 28 [ exp (<) iy )@ a6

exp <iw‘1(°‘)t> — )P ('_i|W|q(°°)t) , forw <0,
exp (ilw|?®z),  forw>0.

Definition 2. Letu € (R), p: R—R—{0},q: R—R" and w,r € R} . Then, the
generalized Fourier sine and inverse Fourier sine transforms, respectively, are defined
as:

55, [u(n)](w) = 3a,0w) = p(at) /R sin (wqw)t) w(t)dr (3.3)
and
53, [pig(w)] (1) = %i /R g sin (w‘f<°°>t) S (W@ ldw,  (3.4)

Definition 3. Let u € ¢(R), p: R - R—{0}, g: R — R" and w,r € R{. Then,
the generalized Fourier cosine and inverse Fourier cosine transforms, respectively,
are defined as:

$alul))w) = s () = p(@) [ _cos (w®r) u(e)as 63
and
8q " [pag(w)] (1) = Z((gi/w cos (wqm)t) Sag (W@ ldw. (3.6

Remark 1. If we take p(a) = g(a) = 1 in the equations (3.1), (3.2), (3.3), (3.4),
(3.5) and (3.6), we obtain classic Fourier, inverse Fourier, Fourier sine, inverse Four-
ier sine, Fourier cosine and inverse Fourier cosine transforms in [3], respectively.

It should also be noted that throughout this article the generalized Fourier, inverse

Fourier, Fourier sine, inverse Fourier sine, Fourier cosine and inverse Fourier cosine

transforms will be denoted by the symbols 3§, p&;l, »Sqs b ;1, p8q and ;S;l

respectively.

Theorem 1. Let u,v € ¢(R), p: R - R—{0}, ¢: R — R" and A, Ay, w,t € R.
Then,

pSq[Maue(t) +Aav ()] (W) = R pg[u(1)](w) + A2 pq[v(1)](w).

Proof. Using the ,§, transform, we have

pSq [Mu(t) +Rav(1)] (w) = My (P(Ot) /ReXp (iwqm)t) u(t)dt)
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+ <p((x) /R exp (iwq(“)t) v(t)dt>
=M p8y[u()]|(W) + A2 pSq[v(0)](W). O
Theorem 2. Letu € ¢(R), p: R - R—{0}, ¢: R — R and w,t € R. Then,

palult —x)](w) = exp (1 ©x ) ) [u(0)] ).

Proof. Using the ,§, transform, we have
pSalult—=2))w) = p(et) [ exp (r)u(e —x)dr, (¢ —x=7)
=p(a) /Rexp (iw"(“) (x+‘c)) u(t)de

= exp (iwq(o‘)x> p(o) /R exp (iwq(“)r> u(t)de

=exp (iwq(o‘)x> pSqlu(®)](w). O
Theorem 3. Let u € 0(R), p: R >R —{0}, g: R = R" and w,t € R. Then,
o8 [1(0)] ) = (1) 5 luo)] (w) 37)

Proof. Let us prove the result by contradiction. For n = 1, we have
o [00)] () = plot) [ exp (iw®r) o ()t
= <—iwq(°‘)> p(oc)/ exp (iw"(“)t> u(t)dt
R
= (=) ()] ().

For n = k, let the equation be true:

80 [ 0)] 09) = (~w®) ()] (). (3)

For n = k+ 1, considering the equation (3.8), we obtain
»84q [u(kﬂ)(t)] (w) = p(oc)/Rexp (iwq(“)t> u® D (1)dr
(—iwq<°°)) p(oc)/ exp (iwq(“)t) u® (t)dr
R
k
(i@ (—iw )" Fylu(e)) )

@) ()] ). 0
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Theorem 4. Let u,v € ¢(R), p: R —+R—{0}, g: R = R* and w,t € R. Then,

oTalu(t) % v(t)) (w) = P%’q[”(l‘)}(";)(&)gﬂv(t)](w) (3.9)

Proof. Using the convolution and ,§, transform, we have
Salu(t) + ()] (w) = pla) /]R exp (w1 ) (u(r) +v(e) )
_ () _
p(oc)/Rexp (zw t)/Ru(t x)v(x)dxdr.

Considering Fubini’s theorem and taking T =17 —x, we get
Lo [u(t) % v(1)] () = p() / v(x) / exp (7@ (v+7) ) u(r)dndr. (3.10)
R R
Multiplying and dividing the right side of (3.10) by function p(a), we obtain

. g(o p(OL) . oo
pSqlu(t) xv(t)](w) = p(a) /Rexp (zw‘I( )x) v(x)dx @ /Rexp (zwq( )17) u(t)dt
_ pSqu®)](w) p4[v(1)](w) -
p(®) '
Theorem 5. Let p: R — R —{0}, ¢g: R — R" and w,t € R. Then,
pSq[8(1)] (W) = p(av). 3.11)

Proof. Considering equation (2.1) in the ,§, transform, we have
pBal3(0))(w) = p(@) [ exp (in®r) 8(0)ar
= p(a). O
Theorem 6. Let u € O(R), p: R - R—{0}, g: R — R* and w,t € R{. Then,
Pl (D)) (w) = —wt ) 5T [u(r)] (w),
PBalu" (O)(w) = =2 ST [u(0)](w) +w @ p(eu(0).  (B.12)

Proof. Using the function «’(¢) in the ;§, transform, we have
pSqlu' ()] (w) = p(a) /+ sin (wq(a)t) u'(t)de
RO

— i@ (o)) / cos (wi@r) u(r)d
RO

= =@ 53, [u(t)](w).

Using the function «”(¢) in the &, transform, we get

Bl O)00) = ple) [ _sin (wir) o' (1)t
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= —w!@p(a) /

a0
- cos (w t) u (t)dr

— w2 () / sin (w9 ) u(e)de 97 p(t)u(0)
RO
— W) 55 ()] () + 9 plcu(0). =
Theorem 7. Letu € o(R), p: R - R—{0}, g: R — R* and w,t € R{. Then,
58l ()] (w) = wi 5Fg[u())(w) — p(e)u(0),
5l (D) (w) = —wH @ 5Z[u(1))(w) — p()u (0). (3.13)
Proof. Using the function «’'(¢) in the 5§, transform, we have

3l 0] () = p(o0) | _cos (w1 ) u/(0)
=@ p(a) /R _sin (w“‘“r) u(t)dt — p(o)u(0)
= w9 5, [u(0)] () — p(a)u(0).

Using the function u”(¢) in the 5§, transform, we get

Bl O] ) = p(@) [ _cos (wir)u' (1)
— @) () /R sin (w99 ) (1)de — plo0) (0)

= w2 p(a) [ cos (wi®t) u(r)dr — p(oa)u’ (0)
Ry

= —w®) 53 ()] (w) — p()u' (0). O
Theorem 8. Let p: R — R —{0}, g: R = R" and w,t € R{. Then,
11 —1?
c—1 _ an2a() - -
3, [exp( aw )] (1) @ \/cﬁexp ( o > . (3.14)

Proof. Using the function exp ( —awzq(“)) in the ggq—‘ transform, we have

55, [exp (—aw® @) | (1) = %i /R cos (w1 ) W@ exp (—an(®) au,
0

Using the formula cos (wq(o‘)t) = % [exp (iwq“")t) +exp (—iwq(“)t)} , we get

1‘,”&;1 [exp (—awzq(“)ﬂ (1)

= ZEZ;; /R+ exp (—awzq(“)) (exp (iwq(“)t> +exp (—iwq(“)t)) wi @~ dy,
0
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By making the necessary arrangements, we obtain
cr—1 2 g1 1
pSq [exp (—aw ‘1(0‘))} (1) = m%exp <_4a
i\ 2
X / exp | —awi@— = wd @~ 1dy
R 2a
i\ 2
+/ exp | —a i@ 4 1L wi @~y |
R 2a

Taking y = (wq(“) — ) andz= (wq(“) + 4, we have

5&;1 [exp (7aw2q(oc)>} (t)

_ L1 < >[/ exp (—ay* dy+/ exp ( az)dz}

pla)m
Considering the formula [ exp (—ax?) dx = /%, we get
11 —t?
ca—1 L 2q(a) - _
pSq [exp( aw )] (1) @ \/aTteXp < i ) . O

Theorem 9. Let p: R - R—{0}, g: R = R" and w,t € Rj. Then,

33, [ exp< awzq(“)ﬂ(t) p(l)z\tf%/z (’2). (3.15)

Proof. Using the function exp ( ) in the gsq_l transform, we have

c—1 2 _ q(a) 2 —1 2
53, [exp (—aw® @) ] (1) = O /R o (11990 ) w1 exp (@) .
Considering equation (3.14), we get

11 —*\  q(a)2 @), . ql@)—1 24(a)
——exp () = /Rg cos (wq t) w? exp (—aw g )dw.

p(a) Vazm 4da ) pla)m

Differentiating both sides of the last equation according to the parameter ¢, we obtain

1

2
24(0) !
pSq [ exp( aw )}(t) o )2ﬁa3/2 ( >
Theorem 10. Letv € O(R), p: R - R—{0}, ¢: R = R* and w,t € R. Then,

0

by [P )] () = (=7 9) Togw), O<HB <. @G16)
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Proof. There is a relationship between the convolution of the functions u4 (¢) and
v(t) and the RLFI as follows:

—Py(t) = up (1) % v(0). (3.17)
Here the function u (¢) is as follows:
P
wo(f) = TOL fort >0,
0, forr <O0.

Applying the ,§, transform to the equation (3.17) and considering the equation (3.9),
we have

b |-lPV()] (9) = e (1) (1)) ()
_ pSq [ur ()] (W) pTa[v(1)](w)
pla
= (—iwq(“)> 7Bp\7q(w). O

Theorem 11. Let v € 0(R), p: R >R —{0}, ¢: R—>R" and w,t € R, m € N,
m—1<R(B) <m. Then,

, B
50 [-=DPv()| () = (=iw @) 5, (w),  (R(B) >0).
Proof. The relationship between the RLFD and the RLFI is as follows:

a n—
Wﬁmpjﬁﬁg %m)

By choosing _mI,("_B)v(t) = g(t), we have
—DiV(r) = "),

and then applying the ,§, transform and considering equation (3.7), we get
b8 [-=DPV(0)] () = 3, [ ()] ()
= (=iwt@)" g (). (3.18)
Applying the ,§, transform to the equation g(t) = ,mlt(nfﬁ)v(t), we obtain
pBale] ) = 3y k" Pv(o)| (),
and then considering equation (3.16), we have

~(n-P)
pla(w) = (=iwt @) o (w). (3.19)
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Using equation (3.19) in equation (3.18), we get

54 [Pv(0)] 00) = (=) 5, ). 0
Theorem 12. Let v € 0(R), p: R >R —{0}, ¢: R > R" and w,t € R, m € N,
m—1<R(B) < m. Then,
80 [DP0)] () = (~iw®)” oy 0. (R(B) > 0).
Proof. The relationship between the CFD and the RLFI is as follows:
_DPy(r) = PO (1),
By choosing v(") (1) = g(t), we have
_DPv(t) = 1" Pg(n).
Applying the ,§, transform and considering equations (3.7) and (3.16), we get

34 [,;D?V(,)} (w) = (—iwq(“))*”fﬁ) ()
= (—iwq(“)> P (—iwq(“))npﬁq(w)

= (7iwq(0¢)> Bp\?q(w). O

Corollary 1. The ,§, transform of the RLFD and CFD operators overlap.

4. APPLICATIONS

In this section, solutions to ordinary electric current differential equation, par-
tial diffusion differential equation and fractional motion differential equation are ob-

tained by means of the ,3,, ,,g;l, ST pSS’;l, 53, and 53;1 transforms.

Problem 1. Let the ordinary electric current differential equation be given as:

dI(r) B
LT +RI(t) =E(t),

where L is inductance, I is current, R is resistance and E is applied electromagnetic
force.

Taking E(t) = 6(¢) and applying the ,§, transform to the ordinary electric current
differential equation and considering the equation (3.11), we have
di(t)
LSy | Sg | 00)+ R 5 0] 00) = 34 [8(0)] (w)

—iLw!®) )3 [1(1)] (W) + R 3 [1(1)] (w) = p().
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That is,
__ po)

pSq1(1)] (W) = R iLwd@ 4.1
Applying the pS;I transform to equation (4.1), we get

o 1 ex —7 q((x)t q(OL)—]

1) = 4% —/ P - )W 4.2)
L 2mi/r (F —wal®)
1

Since w = (%) @ pole point in equation (4.2), using the Cauchy’s residue theorem

[16], we obtain

 g(o) 2mi _(R\7@
I(t) = T%Res (w— <1L> >

g(a) . (% - Wq((x)) exp (—iw‘l(“)t) wale)—1
=——= lim -
L 5 (R —wa(@)

v (§)70

(a)—1

(a) Rt (R ‘v@
o - (o
= L eXp _— - .
L L iL
Problem 2. Let the fractional motion differential equation be given as:
/(1) 4+ M (D (1)) D2y (0) = £(0),
where A, Ay € Rand 0 < R(P) < 1.

Applying the ,§, transform to the fractional motion differential equation, we have

pBaFO]09) = 0 D)) () + Mt g [-=DP¥(0)] () 422 g (1)) ()

= (=) ) )+ ha () 3 0] ()
+A2 p8q (1)) ().
That is,
Bl (0)] () |
(_iwq(m))2 +2A (—iw‘l(o‘))B +22

pSq (1)) (W) =

By choosing A(w) = (—iwq(o‘))2 +A (—iw‘l("‘))B + A2, we get

p8a ()] (w) = W-

Taking ,§,[g(1)] = ﬁ, we obtain
pSq V()] (W) = pSq [F ()] (W) g [(1)] (W),
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and then applying the pS;l transform, we have

() = pTg " [p8q (0] (w)pS [8(1)] (w)] (7).
Applying the ,,3;1 transform to equation (3.9), we get
_ 84 [pSalF@](w) pBgle ()] (w)] (1)
p(a) '
Multiplying and dividing the right side of (4.3) by function p(a), we obtain

() = mp&,l [8alF (D] (w) pTql8(D)] (W)] (1)

Using equation (4.4) in equation (4.5), we have

¥(1) = p(a) (f(t) *g(t)),

and then using the convolution, we get

(0= plo) [ ft—T)(mee.

f(t)*g(t)

Applying the ,,3;1 transform to the equation ,§, [g(¢)] (w) = ﬁ, we obtain

_ g(a) 1 . g(o wa(@-1
g(t)= p(oc)27t/]ReXp (—zwq( )t) A dw.

Using equation (4.7) in equation (4.6), we have

q(a)/ / e w7t
t)=—— r—71 - T
0= JoJos - (i )(_iwq<a>)2+x1 (—iwa@)P 4,

Problem 3. The initial and boundary conditions
(@) u(r,0)=0, 0<t<eoo

®) u(0,&)=1&), &£€>0, u(t,&)—0 as oo
©) u(0,€)=f(€), £€>0, u(t,§) —0 as 1o

and partial diffusion differential equation

ou 0’u

are given. Here K is constant.

The 3, transform of a function u(z,&) is given by

FBalu(t,)) () = iy (.8) = p(o0) [ sin (1) u(r. E)r

4.3)

4.4)

(4.5)

(4.6)

4.7)

dwdr.
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Considering equation (3.12) and applying the ;§, transform to the partial diffusion
differential equation and the initial condition (a), we have

T pi0n.2) =< (W pla)u0.8) = i (108))
iy (w,0) = 0.
Using the boundary condition (b), we get
7 O (bl (.8} = 10 p(0) £(8) 0™ 2ty (1,2).

The solution of the last equation is obtained by

512 (w,E) = ki@ / f@)exp (—o9(E 1)) dr.

Applying the 3§, transform, we have

u(1.8) = xp(@) [ ") 557" [ exp (w9 1)) ] (e

By choosing a = k(§ — 1) in equation (3.15) and using in the last equation above, the
solution of the given partial diffusion differential equation with the help of the ;3§
transform is obtained by

u(t,§) zx/ﬁ/ 3/2 exp (4@) dr.

The 5§, transform of a function u(z,§) is given by

5t ) (w) = ity (&) = p(0) [ cos (W) ulr,E)e.

Ry

Considering equation (3.13) and applying the ;§, transform to the partial diffusion
differential equation and the initial condition (a), we have

d / o) cn
g2 (a0 8)} = (= p(ou'(0,8) = iy (1.5 )
slig(w,0) = 0.
Using the boundary condition (c), we get
d
gE {91 (n.8)} = —xp(e)f(8) —ww™(® [, (..

The solution of the last equation is obtained by

€
51, (0.8) = —p(@) [ " r(x)exp (—rn ) € ) ar.
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Applying the 55, transform, we have

u(t,&) = —xp(a) /0 1) 55" exp (—w2@ (g 1)) | (r)ar.

By choosing a = x(§ — 1) in equation (3.14) and using in the last equation above, the
solution of the given partial diffusion differential equation with the help of the ;3§
transform is obtained by

__ x5 ) 2
u(t,&)——\/;/o meXp<4K(§—t)>dt'
5. CONCLUSION

In this article, we introduced the generalized Fourier (5§, 55, and ;3§,) and in-
verse Fourier ( pS;I, » ;1 and S’q_l) transforms and examine their certain properties.
Our motivation in doing this was to define integral transforms that has a more gen-
eral form than many Fourier-like integral transforms found in the literature. We also
presented tables of ,§,, 5§, and ;§, transformations in Table 1, Table 2 and Table 3,
respectively. Then, we use generalized Fourier, Fourier sine, Fourier cosine and in-
verse Fourier, Fourier sine, Fourier cosine transforms to arrive the analytical solutions
of ordinary electric current, partial diffusion and fractional motion problems. Finally,
we examined the behavior for different g(o) values of the approximate solutions of
the ordinary electric current problem in Figure 1.

We should say that the solutions of the application problems we obtained with the
generalized Fourier and inverse Fourier transforms are in full agreement with the res-
ults obtained in the literature for g(o) = 1 (see for example [1, 3,6]). As a result of
these applications, we found that the newly defined generalized Fourier transforms
are much more general and are quite compatible with both ordinary, partial and frac-
tional problems. We would like to note that in this research generalized Fourier
transforms play a very important role in finding analytical solutions for both ordin-
ary, partial and fractional problems, and therefore the results presented in this article
are very important for their implementation.

We conclude this research by presenting some generalized Fourier transforms that
have been recently presented to the literature and their relations with new generalized
Fourier transforms (,§, 584 and ;§,) below.
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e The generalized Fourier transform defined by Luchko et al. [9] is as follows:
(Fot) (w) = /Rexpa (i) u()dr, (ued(R), weR, 0< o< 1)
and its relationship with the ,§, transform is as follows:
131 [ (w) = (Fat) (w).

e The generalized Fourier transform defined by Romero and Luque [12] is as
follows:

Falil(w) = |

exp (iwét) u(t)dt, (wedR),weR 0<a<l)
R

and its relationship with the ,§, transform is as follows:
11 [u] () = Falu] ().

e The generalized Fourier transform defined by Kumar [&] is as follows:

Qufuow) = [

exp (iw%t> u(t)dt, (u€od(R), w>0, u<p;pupecR’)
R

and its relationship with the ,§, transform is as follows:
150 [u] (W) = Qulu](w).

e The generalized Fourier sine and Fourier cosine transforms defined by Mahor
et al. [10] are as follows:

7 w) = /R sing (wr)%u(r)(d0)%,  (w>0,0< o< 1),

0

Fw) = /R cose(wn)®u()(d)%, (w>0,0<a<1)

0

and their relationship with the ;§, and ;§, transforms are as follows:
R
1 :
31 [u(0)](w) = £ (w).
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TABLE 1. ,§, transform table

u(t) pBqlu(t)](w) = p(0t) fpexp (iw?¥)t) u(r)dr | Conditions
exp (—ar?) plo)/Fexp (=) a>0
exp (—alt) P(0) (7% ) a>0
Hi(a— I 2p(0) (7))

exp (—ar)H(7) e a>0
5(1) p(e)
sin(at) —p()in [§ (—w!® —a) —§ (—wi(® +a)]
cos(ar) p(o)T [8 (—w® —a) +8 (—w9® +a)]
¢ : constant 2p()emd (wi(@)
u(t) 5 (2) SATLIO AT
(1) (—iw(®) 3 (1)) (w)
/(1) (=@ 3 u(0)] (w)
W) (1) (=i )" (o)) (w)
0 (—iwt@) P 3 ()] (w) 0<R(B) <1
_Dfu(1) (=@ ()] () R(B) >0
0 (=) 3 (D)) () R(B) >0
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TABLE 2. ;§, transform table

ult) $8alu()](w) = p(e0) [y sin (W @) u(r)dr | Conditions
exp (—at) p(o) (#%) a>0
texp (—at) p(o) <(22j”“:‘:2))2> a>0
aztﬁ p((x)nexpz(fawq(“)) a>0
H(a—1) ) (W) a0
u'(1) w5 [u(t))(w)
u'(1) —w) 5, ()] (w) +w p(et)u(0)
TABLE 3. ;§, transform table
u(r) 58qlu(t)](w) = p(a) ng cos (wq<a>t) u(t)dt | Conditions
exp (—at) p(a) <m) a>0
texp (—at) p(o) <(“22J:W;q($))2) a>0
ﬁ p((x)‘itexpz(afawqm)) a>0
sin(uw"(“))
H(a—t) p(o) < T ) a>0
(1) w53, (1)) (w) — p(e)u(0)
u(1) — w2 5F [u(r)] (w) — plo)u (0)
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(A) Approximate behaviours for L = 10 and R = 10.
0.25 T
1 1.0
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5
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)
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)
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(B) Approximate behaviours for L = 10 and R = 20.
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() Approximate behaviours for L = 10 and R = 30.

FIGURE 1. Approximate behaviours corresponding to the different
values of the function g(a) for solving the ordinary electric current
differential equation.
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