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Abstract
This study investigates the application of adaptive Type-I progressive hybrid censor-
ing techniques for the estimation of failure times in step-stress partially accelerated 
life tests. We employ a Logistic-Exponential distribution to model the lifetimes of 
the test units and derive the maximum likelihood estimators for both the model pa-
rameters and the acceleration factor. Furthermore, we introduce an adaptive Type-I 
hybrid progressive censoring scheme to enhance the robustness of our analysis. To 
assess and compare the efficacy of the estimators under various hybrid censoring 
scenarios, we conduct a comprehensive Monte Carlo simulation study. Performance 
metrics, including mean squared error and bias, are utilized to facilitate a rigorous 
comparison of the estimators’ effectiveness.

Keywords  Adaptive Type-I progressive hybrid censoring · Life testing · Logistic-
exponential distribution · Type-I progressive hybrid censoring · Simulation study

Mathematics Subject Classification  60E05 · 62E15

1  Introduction

In the context of accelerated life testing, Type-I and Type-II censoring schemes rep-
resent two prevalent methodologies for managing censored data. The conventional 
Type-I censoring scheme operates by terminating the experiment at a predetermined 
time point, resulting in a fixed duration while the number of observed failures varies. 
In contrast, the Type-II censoring scheme is characterized by its continuation until a 
specified number of failures is observed, which yields a fixed count of failures while 
the experimental duration becomes variable. A significant limitation inherent in these 
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traditional censoring schemes is the inability of researchers to ascertain both the time 
endpoint and the failure count in advance. To mitigate this limitation, hybrid cen-
soring schemes have been introduced, integrating aspects of both Type-I and Type-
II censoring. This hybrid approach enhances flexibility in experimental design and 
facilitates more robust data analysis. For further insights, refer to the works of Bal-
akrishnan [1], Balakrishnan and Aggarwala [2], and Balakrishnan and Iliopoulos [3].

Consider a situation where n denotes the number of units under evaluation. We 
assume that the lifetimes of these sampled units are independent and identically dis-
tributed (iid) random variables. Let x1:n ≤ x2:n ≤ · · · ≤ xn:n represent the ordered 
lifetimes of these units. The life test is terminated when either a predetermined num-
ber m (where m < n) of the n units have failed, or when a specified time T0 is 
reached. Consequently, the conclusion of the life test occurs at a random time denoted 
by min(xm:n, T0). It is generally assumed that the failed units are not replaced during 
the course of the experiment, thereby maintaining the integrity of the test conditions.

Under a progressive Type-I hybrid censoring scheme, the experimenter estab-
lishes predefined parameters for both the testing duration and the allowable num-
ber of failures among the n units participating in the life testing experiment. The 
experiment is concluded at time T = min(xm:n, T0). Upon the occurrence of the 
first failure, R1 units are randomly selected from the remaining n − 1 units and sub-
sequently removed from the experiment. Following the failure of the second unit, 
R2 units are randomly chosen from the remaining n − 2 − R1 units for removal. 
This sequential process persists until the termination condition T = min(xm:n, T0) 
is satisfied. At this juncture, the number of surviving units is represented as 
R∗

j = n − j − R1 − R2 − · · · − Rj , where j denotes the total number of failures 
recorded up to the time T = min(xm:n, T0), and R1, R2, . . . , Rj  are predetermined 
integers signifying the units removed at each instance of failure.

Under progressive hybrid censoring schemes, the experimenter often lacks prior 
knowledge or certainty regarding the precise termination time of the test. To address 
this challenge, Liang and Yang [4] proposed an alternative approach known as the 
adaptive Type-I progressive hybrid censoring scheme, which they utilized for esti-
mating parameters within the exponential distribution framework. This adaptive 
scheme guarantees that the life testing experiment concludes at a predetermined fixed 
time T0 and has been demonstrated to produce more efficient estimators compared to 
the traditional Type-I hybrid censoring scheme.

Lin et al. [5] investigated maximum likelihood and Bayesian estimation methods 
for the two-parameter Weibull distribution utilizing the adaptive Type-I progressive 
hybrid censoring scheme. While there has been some research addressing step-stress 
partially accelerated life tests (SS-PALT) within the context of this adaptive scheme, 
a comprehensive study specifically focusing on this application remains limited. The 
present study aims to estimate the failure times of test units in SS-PALT by employ-
ing the adaptive Type-I progressive hybrid censoring scheme. In this framework, we 
assume that the failure times of the test units are governed by a Logistic-Exponential 
distribution. Also, see Shakoor and Khan [6].

Using the Logistic-Exponential distribution under adaptive Type-I progressive 
hybrid censoring in SS-PAL allows for flexible modeling of time-to-event data, 
particularly in scenarios where data may be censored due to the nature of the test-
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ing process. The Logistic-Exponential distribution is advantageous for its capacity 
to accommodate datasets exhibiting both extreme values and varying hazard rates, 
making it particularly suitable for practical applications in reliability engineering 
and survival analysis. By integrating adaptive Type-I progressive hybrid censoring, 
researchers can dynamically adjust testing conditions based on interim results, opti-
mizing resource allocation while maintaining robust statistical power. Moreover, fur-
ther applications can be seen in the area of censored samples data from a half-normal 
distribution which are detailed by Khawar Kiani et al. [7]. For nonresponses cases 
one can see Basit and Bhatti [8] and Basit et al. [9].

This paper is organized as follows. Section 2 explores the properties of the Logistic-
Exponential distribution and analyzes adaptive Type-I hybrid censoring techniques 
for estimating failure times in SS-PALT. Section 3 introduces the likelihood function 
that pertinent to SS-PALT. Section 4 present an application using real-world data and 
a simulation study, respectively. Finally, Section 5 offers concluding remarks and 
discusses implications for future research.

2  Model and Methods

2.1  Model

A continuous random variable X is said to follow a Logistic-Exponential distribution, 
abbreviated as X ∼ LE(α, β), if its probability density function (PDF) is given as

	
f(x; α, β) = αβ(eαx − 1)β−1eαx

(1 + (eαx − 1)β)2 , x > 0,� (1)

where α > 0 is the scale parameter and the shape parameter β > 0. The correspond-
ing distribution function of (1) is given by

	
F (x; α, β) = (eαx − 1)β

1 + (eαx − 1)β
, x > 0.� (2)

The reliability function on the support of X is

	
F̄ (x; α, β) = 1

1 + (eαx − 1)β
, x > 0.

To make things easier and clearer, Table 1 provides a notation table.
The PDF under SS-PALT is given by

	
f(x) =

{
f1(x), if 0 < x ≤ τ,
f2(x), if x > τ,
0, otherwise.

� (3)
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We can apply the variable-transformation technique to Eq. (1) along with the model 
proposed by DeGroot and Goel [10]:

	
X =

{
T, if T ≤ τ,
τ + λ−1(T − τ), if T > τ,

where T is the lifetime of an item under usual operating conditions, τ  is the stress 
change time, and λ > 1 is the acceleration factor. Therefore, Eq. (3) can be written 
taking into consideration that f1(x) is as given in (1) and f2(x) is given by

	
f2(x) = αβ(eα(τ+λ−1(x−τ)) − 1)β−1eα(τ+λ−1(x−τ))

(
1 + (eα(τ+λ−1(x−τ)) − 1)β

)2 .� (4)

The scale parameter α adjusts with the acceleration factor λ. As λ increases, the 
effective scale of the distribution increases, leading to a higher rate of failure. The 
shape parameter β may also be influenced by stress conditions but is generally treated 
as constant in many models. However, it could be modeled to change, reflecting dif-
ferent failure mechanisms under varying stress. The link function is applied on the 
time scale through the transformation that modifies the time variable T. For T ≤ τ , 
X remains T, while for T > τ , the transformation adjusts the time to reflect stress 
effects, explicitly extending the time to failure.

The chosen transformation reflects observed behaviors in materials under stress. 
When an item is subjected to stress beyond a certain threshold τ , the lifetime is effec-
tively extended or adjusted according to the acceleration factor λ.

Under the progressive Type-I hybrid censoring scheme, the life test is concluded at 
a random time min(Xm:m:n, T0), where 0 < T0 < ∞ and 1 ≤ m ≤ n are predeter-
mined constants. The ordered failure times resulting from the experiment are denoted 
as x1:m:n ≤ x2:m:n ≤ · · · ≤ xj:m:n. Specifically, the experiment terminates at time 
t0 = xm:m:n if the mth progressively censored observed failure occurs before time 
T0 (i.e., xm:m:n < T0). Conversely, if the mth failure occurs after T0, the experiment 
concludes at time T0, with the condition xj:m:n < T0 < xj+1:m:n, and all remaining 
surviving units are censored at this time. Here, j represents the number of failures 
that occur prior to min(xm:m:n, T0).

Symbol Description
n Number of units under evaluation
m Predetermined number of failures to be observed
τ Stress change time
T0 Specified time for terminating the experiment
j Total number of failures recorded up to termination time
{Ri} Set of units removed from the experiment at each failure
R∗

j Number of surviving units after j failures
R∗∗

j
Final censored count of surviving units under the adaptive
Type-I progressive hybrid censoring scheme

nu Number of failures observed under normal conditions

Table 1  Notation Table 
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Under the SS-PALT scheme, units are initially subjected to a normal stress level 
S0. At time τ , the stress is increased to S1. Let m denote the predetermined number 
of failures to be monitored under both stress levels. The termination time T0 and the 
removal sequences (R1, R2, . . . , Rτ , . . . , Rj) are established in advance. At the time 
of the ith failure xi:m:n, Ri units are removed from the experiment. Additionally, 
at the stress change time τ , Rτ  units are withdrawn from the remaining survivors, 
and this process continues accordingly. The observed data in the SS-PALT under the 
Type-I progressive hybrid censoring scheme is given by:
Case I: xm:m:n < T0

	

S0 = (x1:m:n, R1), (x2:m:n, R2), . . . , (xnu:m:n, Rnu
), (τ, Rτ ),

S1 = (xnu+1:m:n, Rnu+1), (xnu+2:m:n, Rnu+2), . . . , (xm−1:m:n, Rm−1), (xm:m:n, R∗
j ).

Case II: xm:m:n = T0

	

S0 = (x1:m:n, R1), (x2:m:n, R2), . . . , (xnu:m:n, Rnu
), (τ, Rτ ),

S1 = (xnu+1:m:n, Rnu+1), (xnu+2:m:n, Rnu+2), . . . , (xm:m:n = T0, Rm = R∗
j ).

Case III: xm:m:n > T0

	

S0 = (x1:m:n, R1), (x2:m:n, R2), . . . , (xnu:m:n, Rnu
), (τ, Rτ ),

S1 = (xnu+1:m:n, Rnu+1), (xnu+2:m:n, Rnu+2), . . . , (xj:m:n, Rj), (T0, R∗
j ),

where nu represents the number of failures observed under normal conditions. The 
total number of failures j and the final censored count R∗

j  in the SS-PALT scheme for 
each case are defined as follows:

	




j > m, R∗
j = n − m −

∑m
i=1 Ri if τ < xm:m:n < T0,

j = m, R∗
j = n − m −

∑m
i=1 Ri if xm:m:n = T0,

j < m, R∗
j = n − j −

∑j
i=1 Ri if xm:m:n > T0.

For the adaptive Type-I progressive hybrid censoring scheme, suppose n items 
are subjected to testing, and let the ordered lifetimes of these units be represented 
as y1:n ≤ y2:n ≤ · · · ≤ yn:n. If the mth failure occurs prior to the time T0 (i.e., 
ym:m:n < T0), the test will not be halted; instead, it will continue to observe fail-
ures until T0 is reached, without any further removals. Once time T0 is attained, all 
remaining units, denoted as R∗∗ = n − j −

∑
j Rj , are removed from the experi-

ment, and the test concludes automatically. The observed data in the SS-PALT under 
the adaptive Type-I progressive hybrid censoring scheme is given by:

Case I: xm:m:n < T0

	

S0 = (x1:m:n, R1), (x2:m:n, R2), . . . , (xnu:m:n, Rnu
), (τ, Rτ ),

S1 = (xnu+1:m:n, Rnu+1), (xnu+2:m:n, Rnu+2), . . . , (xm−1:m:n, Rm−1),
(xm:m:n, Rm), (xm+1:m:n, 0) . . . (xj:m:n, 0), (T0, R∗∗

j ).
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Case II: xm:m:n = T0

	

S0 = (x1:m:n, R1), (x2:m:n, R2), . . . , (xnu:m:n, Rnu
), (τ, Rτ ),

S1 = (xnu+1:m:n, Rnu+1), (xnu+2:m:n, Rnu+2), . . . , (xm:m:n = T0, Rm = R∗∗
j ).

Case III: xm:m:n > T0

	

S0 = (x1:m:n, R1), (x2:m:n, R2), . . . , (xnu:m:n, Rnu
), (τ, Rτ ),

S1 = (xnu+1:m:n, Rnu+1), (xnu+2:m:n, Rnu+2), . . . , (xj:m:n, Rj), (T0, R∗∗
j ),

where nu denotes the number of failures observed under normal conditions. The total 
number of failures j and the final censored count R∗∗

j  in the SS-PALT scheme for 
each case are expressed as follows:

	




j > m, R∗∗
j = n − j −

∑m
i=1 Ri if τ < xm:m:n < T0,

j = m, R∗∗
j = n − m −

∑m
i=1 Ri if xm:m:n = T0,

j < m, R∗∗
j = n − j −

∑j
i=1 Ri if xm:m:n > T0.

Under the adaptive progressive Type-I hybrid censoring scheme, the experimenter 
has the flexibility to adjust the value of T0 to optimize the experimental duration and 
enhance the likelihood of observing additional failures. This scheme ensures that the 
life testing experiment concludes at a fixed time T0, thereby improving the efficiency 
of statistical inference. Moreover, it facilitates better control over the total number 
of failures, allowing the observed failures to remain close to the target number m. 
This control contributes to producing more accurate and reliable results. For further 
details, see Lone et al. [11].

2.2  Maximum Likelihood Estimation

Using the adaptive progressive hybrid censoring scheme, the likelihood function 
under the SS-PALT for the j ordered lifetime data set is given by:

	

L(α, β, λ) =
nu∏
i=1

f1(xi:m:n) [S1(xi:m:n)]Ri [S1(τ)]Ri

×
m∏

i=nu+1
f2(xi:m:n)

[
S2(xi:m:n)

]Ri [S2(T0)]R
∗∗
i ,

where R∗∗
j = n −

∑
i Ri − j, with j = nu + na. Here, nu represents the number of 

failed units under normal use conditions, and na denotes the number of failed units 
under accelerated conditions. Additionally,
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S1(x) = 1
1 + (eαx − 1)β

.

S2(x) = 1
1 + (eα(τ+λ−1(x−τ)) − 1)β

.

Denote g1(x; α) = eαx − 1 and g2(x; α, λ) = eα(τ+λ−1(x−τ)) − 1, the likelihood 
function under SS-PALT is becoming as

	

L(α, β, λ) = (αβ)nue

nu∑
i=1

xi nu∏
i=1

g1(xi; α)β−1(1 + (g1(xi; α))β)−(Ri+2)(1 + (g1(τ ; α))β)−Ri

× (αβ)me

m∑
i=nu+1

g2(x;α,λ) m∏
i=nu+1

(g2(x; α, λ))β−1(1 + (g2(xi; α, λ))β)−(Ri+2)

× (1 + (g2(T0; α, λ))β)−R∗∗
i .

In order to simplify the calculations significantly, we utilize the log-likelihood func-
tion, as follows:

	

ln L(α, β, λ) =
nu∑
i=1

xi +
j∑

i=nu+1
g2(x; α, λ) + (nu + m) ln(α) + (nu + m) ln(β)

+ (β − 1)

(
nu∑
i=1

ln(g1(xi; α)) +
j∑

i=nu+1
ln(g2(xi; α, λ))

)

−
nu∑
i=1

(Ri + 2) ln(1 + (g1(xi; α))β) −
j∑

i=nu+1
(Ri + 2) ln(1 + (g2(xi; α, λ))β)

−
nu∑
i=1

Ri ln(1 + (g1(τ ; α)) −
j∑

i=nu+1
R∗∗

i ln(1 + (g2(T0; α, λ))β).

Now, differentiating with respect to α, β and λ, and equating to zero, the likelihood 
equations are respectively obtained as:

	

∂ ln L

∂α
= nu + m

α
+

j∑
i=nu+1

∂g2(xi; α, λ)
∂α

+ (β − 1)
nu∑
i=1

g′
1(xi; α)

g1(xi; α)

+ (β − 1)
j∑

i=nu+1

∂g2(xi; α, λ)
∂α

1
g2(xi; α, λ)

−
nu∑
i=1

(Ri + 2) β(g1(xi; α))β−1g′
1(xi; α)

1 + (g1(xi; α))β

−
j∑

i=nu+1
(Ri + 2)

β(g2(xi; α, λ))β−1 ∂g2(xi;α,λ)
∂α

1 + (g2(xi; α, λ))β
−

nu∑
i=1

Ri
g′

1(τ ; α)
1 + g1(τ ; α)

−
j∑

i=nu+1
R∗∗

i

β(g2(T0; α, λ))β−1 ∂g2(T0;α,λ)
∂α

1 + (g2(T0; α, λ))β
= 0,

where g1(x; α) and g2(x; α, λ) are defined as before and
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g′
1(x; α) = xeαx.

∂g2(x; α, λ)
∂α

= eα(τ+λ−1(x−τ)) (
τ + λ−1(x − τ)

)
.

	

∂ ln L

∂β
= nu + m

β
+

nu∑
i=1

ln(g1(xi; α)) +
j∑

i=nu+1
ln(g2(xi; α, λ))

−
nu∑
i=1

(Ri + 2) (g1(xi; α))β ln(g1(xi; α))
1 + (g1(xi; α))β

−
j∑

i=nu+1
(Ri + 2) (g2(xi; α, λ))β ln(g2(xi; α, λ))

1 + (g2(xi; α, λ))β

−
nu∑
i=1

Ri
(g1(τ ; α))β ln(g1(τ ; α))

1 + (g1(τ ; α))β
−

j∑
i=nu+1

R∗∗
i

(g2(T0; α, λ))β ln(g2(T0; α, λ))
1 + (g2(T0; α, λ))β

= 0,

and

	

∂ ln L

∂λ
=

j∑
i=nu+1

∂g2(xi; α, λ)
∂λ

+ (β − 1)
j∑

i=nu+1

1
g2(xi; α, λ)

∂g2(xi; α, λ)
∂λ

−
j∑

i=nu+1
(Ri + 2) β(g2(xi; α, λ))β−1

1 + (g2(xi; α, λ))β

∂g2(xi; α, λ)
∂λ

− R∗∗
i

β(g2(T0; α, λ))β−1

1 + (g2(T0; α, λ))β

∂g2(T0; α, λ)
∂λ

= 0,

where

	
∂g2(xi; α, λ)

∂λ
= −αλ−2(x − τ)eα(τ+λ−1(x−τ)) (

τ + λ−1(x − τ)
)

.

Obtaining closed-form solutions for the nonlinear equations mentioned above is 
nearly impossible. Consequently, we employ an iterative technique to find the max-
imum likelihood estimates (MLEs) of the parameters α, β, and λ. This approach 
allows us to derive the asymptotic distribution of θ̂ = (α̂, β̂, λ̂).

The asymptotic variances of the maximum likelihood estimators are represented 
by the elements of the inverse of the Fisher information matrix. The Fisher informa-
tion matrix for α̂, β̂, λ̂, denoted as J(α̂, β̂, λ̂) = E(I; α̂, β̂, λ̂), consists of elements 
Iij  for i, j = 1, 2, 3. Under the adaptive progressive hybrid censoring scheme, these 
elements are the negative of the second partial derivatives of the log-likelihood func-
tion, as shown below:

	

I = −




I11 = ∂ ln L
∂α2 I12 = ∂ ln L

∂α∂β I13 = ∂ ln L
∂α∂λ

I21 = ∂ ln L
∂β∂α I22 = ∂ ln L

∂β2 I23 = ∂ ln L
∂β∂λ

I31 = ∂ ln L
∂λ∂α I32 = ∂ ln L

∂λ∂β I33 = ∂ ln L
∂λ2



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Here, we focus on the diagonal elements, i.e., I11, I22 and, I33, as they are essential 
for calculating the variances and determining the confidence intervals.

	

I11 = ∂ ln L

∂α2 = −nu + m

α2 +
j∑

i=nu+1

∂2g2(xi; α, λ)
∂α2

+ (β − 1)
nu∑
i=1

g′′
1 (xi; α)g1(xi; α) − (g′

1(xi; α))2

(g1(xi; α))2

+ (β − 1)
j∑

i=nu+1

(
∂2g2(xi; α, λ)

∂α2 · 1
g2(xi; α, λ)

−
( ∂g2(xi;α,λ)

∂α )2

(g2(xi; α, λ))2

)

−
nu∑
i=1

(Ri + 2) β(β − 1)(g1(xi; α))β−2g′′
1 (xi; α) + β(g1(xi; α))β−1g′′

1 (xi; α)
1 + (g1(xi; α))β

+
nu∑
i=1

(Ri + 2)
(

β(g1(xi; α))β−1g′
1(xi; α)

1 + (g1(xi; α))β

)2

−
j∑

i=nu+1
(Ri + 2)

β(β − 1)(g2(xi; α, λ))β−2 ∂2g2(xi;α,λ)
∂α2 + β(g2(xi; α, λ))β−1 ∂2g2(xi;α,λ)

∂α2

1 + (g2(xi; α, λ))β

+
j∑

i=nu+1
(Ri + 2)

(
β(g2(xi; α, λ))β−1 ∂g2(xi;α,λ)

∂α

1 + (g2(xi; α, λ))β

)2

−
nu∑
i=1

Ri
g′′

1 (τ ; α)(1 + g1(τ ; α)) − (g′
1(τ ; α))2

(1 + g1(τ ; α))2

−
j∑

i=nu+1
R∗∗

i

β(β − 1)(g2(T0; α, λ))β−2 ∂g2(T0;α,λ)
∂α + β(g2(T0; α, λ))β−1 ∂2g2(T0;α,λ)

∂α2

1 + (g2(T0; α, λ))β

+
j∑

i=nu+1
R∗∗

i

(
β(g2(T0; α, λ))β−1 ∂g2(T0;α,λ)

∂α

1 + (g2(T0; α, λ))β

)2

,

where g′
1(x; α) and ∂g2(x; α, λ)/∂α are defined as before and

	

g′′
1 (x; α) = x2eαx.

∂2g2(x; α, λ)
∂α2 = eα(τ+λ−1(x−τ)) (

τ + λ−1(x − τ)
)2

.

By substituting these functions into the equation above, one can obtain I11, result-
ing in a lengthy but well-structured expression. Similarly, the same process can be 
applied to I22 and I33. This is illustrated below:
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I22 = ∂2 ln L

∂β2 = −nu + m

β2 −
nu∑
i=1

(Ri + 2) g1(xi; α)β [ln(g1(xi; α))]2

1 + g1(xi; α)β

+
nu∑
i=1

(Ri + 2)
(

g1(xi; α)β ln(g1(xi; α))
1 + g1(xi; α)β

)2

−
j∑

i=nu+1
(Ri + 2) g2(xi; α, λ)β [ln(g2(xi; α, λ))]2

1 + g2(xi; α, λ)β

−
nu∑
i=1

Ri
g1(τ ; α)β [ln(g1(τ ; α))]2

1 + g1(τ ; α)β

+
j∑

i=nu+1
(Ri + 2)

(
g2(xi; α, λ)β ln(g2(xi; α, λ))

1 + g2(xi; α, λ)β

)2

+
nu∑
i=1

Ri

(
g1(τ ; α)β ln(g1(τ ; α))

1 + g1(τ ; α)β

)2

−
j∑

i=nu+1
R∗∗

i

g2(T0; α, λ)β [ln(g2(T0; α, λ))]2

1 + g2(T0; α, λ)β

+
j∑

i=nu+1
R∗∗

i

(
g2(T0; α, λ)β ln(g2(T0; α, λ))

1 + g
(
2T0; α, λ)β

)2

,

and

	

I33 = ∂2 ln L

∂λ2 =
j∑

i=nu+1

∂2g2(xi; α, λ)
∂λ2 + (β − 1)

j∑
i=nu+1




∂2g2(xi;α,λ)
∂λ2

g2(xi; α, λ)
−

(
∂g2(xi;α,λ)

∂λ

g2(xi; α, λ)

)2



−
j∑

i=nu+1
(Ri + 2)

β[g2(xi; α, λ)]β−1 ∂2g2(xi;α,λ)
∂λ2 + β(β − 1)[g2(xi; α, λ)]β−2

(
∂g2(xi;α,λ)

∂λ

)2

1 + [g2(xi; α, λ)]β

+
j∑

i=nu+1
(Ri + 2)

(
β[g2(xi; α, λ)]β−1 ∂g2(xi;α,λ)

∂λ

1 + [g2(xi; α, λ)]β

)2

−
j∑

i=nu+1
R∗∗

i

β[g2(T0; α, λ)]β−1 ∂2g2(T0;α,λ)
∂λ2 + β(β − 1)[g2(T0; α, λ)]β−2

(
∂g2(T0;α,λ)

∂λ

)2

1 + [g2(T0; α, λ)]β

+
j∑

i=nu+1
R∗∗

i

(
β[g2(T0; α, λ)]β−1 ∂g2(T0;α,λ)

∂λ

1 + [g2(T0; α, λ)]β

)2

,

where

	
∂2g2(xi; α, λ)

∂λ2 = 2αλ−3(x − τ)eα(τ+λ−1(x−τ)) + α2λ−4(x − τ)2eα(τ+λ−1(x−τ)).
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The exact mathematical expressions for J(α, β, λ) = E(I, α, β, λ) are complex to 
derive. Consequently, we can use the observed Fisher information matrix in place 
of the theoretical Fisher information matrix. The variance-covariance matrix can be 
approximated as Vij = I−1

ij . The asymptotic distribution of the maximum likelihood 
estimator can be expressed as follows (see Miller [12]).

	

[
(α̂ − α), (β̂ − β), (λ̂ − λ)

]
∼ N3(0, V ).� (5)

Given that V  is a function of the parameters α, β, and λ, we substitute the corre-
sponding maximum likelihood estimates (MLEs) to derive an estimate of V , which 
we denote as V̂ . Utilizing this estimate, we can construct approximate 100(1 − γ)% 
confidence intervals for the parameters α, β, and λ as follows:

	 α̂ ± Zγ/2

√
V̂11, β̂ ± Zγ/2

√
V̂22, λ̂ ± Zγ/2

√
V̂33,

where Zγ  is the upper 100γ-th percentile of the standard normal distribution.

3  Real Data Analysis

In this section, we analyze a real data set originally presented by Lieblein and Zelen 
[13]. This data set, frequently cited in subsequent research, provides the number of 
million revolutions before failure for 23 ball bearings. The data is as follows: 17.88, 
28.92, 33.00, 41.52, 42.12, 45.60, 48.48, 51.84, 51.96, 54.12, 55.56, 67.80, 68.64, 
68.64, 68.88, 84.12, 93.12, 98.64, 105.12, 105.84, 127.92, 128.04, 173.40.

The dataset consists of n = 23 observations, with a mean of 72.22, a median of 
67.80, and a standard deviation of 36.66. The minimum value in the dataset is 17.88, 
while the maximum is 173.40. The first quartile (Q1) and third quartile (Q3) values 

50
10

0
15

0

Fig. 1  The box-plot for 23 ball bearings 
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are 47.04 and 95.88, respectively, indicating a moderate spread around the central 
value. The box-plot is given in Fig. 1:

The P-P plots for the Logistic, Exponential, Logistic-Exponential, and Normal dis-
tributions are given in Fig. 2. The P-P plot visually evaluates how closely the empiri-
cal data follows the theoretical distribution. If the points closely follow the reference 
line, it suggests a good fit. It is evident that the Logistic-Exponential distribution fits 
the given data well.

Figure 3 shows histograms with the fitted PDFs (left panel) and empirical and 
theoretical CDFs (right panel) for the Logistic, Exponential, Logistic-Exponential, 
and Normal distributions. All parameters used here are provided in Table 2.

The maximum likelihood estimates and standard errors for involved parameters of 
the Logistic-Exponential, Exponential, Logistic, and Normal distributions are given 
in Table 2. The result shown in this table indicates a variety of distributions that could 
model different data types. The Logistic-Exponential distribution suggests increasing 
event rates, while the normal distribution indicates significant variability. The pro-

0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

P−P Plot for Logistic−Exponential

Observed CDF

F
itt

ed
 C

D
F

0.2 0.4 0.6 0.8 1.0

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

P−P Plot for Exponential

Observed CDF

F
itt

ed
 C

D
F

0.2 0.4 0.6 0.8 1.0

0.
2

0.
4

0.
6

0.
8

1.
0

P−P Plot for Normal

Observed CDF

F
itt

ed
 C

D
F

0.2 0.4 0.6 0.8 1.0

0.
2

0.
4

0.
6

0.
8

1.
0

P−P Plot for Logistic

Observed CDF

F
itt

ed
 C

D
F

Fig. 2  P-P plots for the Logistic, Exponential, Logistic-Exponential, and Normal distributions, using 
the parameters provided in Table 2
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vided standard errors give insight into the reliability of these estimates, with smaller 
values indicating more precise estimates.

To compare the two distribution models, we utilize criteria such as the Kol-
mogorov-Smirnov (KS) test, Akaike Information Criterion (AIC), Corrected Akaike 
Information Criterion (CAIC), and Bayesian Information Criterion (BIC) for the data 
set. A model is considered better if it yields lower values for KS, AIC, and CAIC.

	

AIC = −2 ln(L) + 2k.

CAIC = AIC + 2k(k + 1)
n − k − 1

.

BIC = −2 ln(L) + k ln(n).

In the Kolmogorov-Smirnov test, a small p-value (typically p < 0.05) indicates that 
there is significant evidence against the null hypothesis, suggesting that the sample 
does not come from the specified distribution. A large p-value indicates that the data is 
consistent with the specified theoretical distribution. The results are given in Table 3.

The values in Table 3 suggest that the Logistic-Exponential distribution provides 
a superior fit compared to all other models.

Distribution Parameter 1 SE Param-
eter 2

SE

Logistic-exponential α = 0.0106 0.0011 β = 2.36310.4135
Exponential λ = 0.0138 0.0029 NA NA
Normal µ = 72.2243 7.6451 σ = 36.66475.4059
Logistic Location = 

68.2713
7.4521 Scale = 

20.4619
3.5552

Table 2  Maximum likelihood 
estimates and standard errors 
for parameters

 

Histogram with Fitted PDFs

Data

D
en

si
ty

0 50 100 150

0.
00

0
0.

00
5

0.
01

0
0.

01
5

Logistic−Exp
Exp
Normal
Logistic

0.00

0.25

0.50

0.75

1.00

50 100 150
Data

C
um

ul
at

iv
e 

D
is

tr
ib

ut
io

n 
F

un
ct

io
n 

(C
D

F
)

Logistic−Exponential Exponential Normal Logistic

Empirical and Theoretical CDFs for Different Distributions

Fig. 3  The histogram with the PDFs (left) and the empirical and theoretical CDFs (right), using the 
parameters provided in Table 2
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4  Simulation

In this section, Monte Carlo simulation techniques were employed to estimate the 
unknown parameters of the distribution and the acceleration factor (AF). The maxi-
mum likelihood estimates (MLEs) for Type-I Progressive Hybrid Censoring Scheme 
(PHCS) are compared based on Root Mean Square Errors (RMSEs) and Relative 
Absolute Biases (RABs). The simulation was conducted with predetermined values 
for n, m, τ  and T0.

A Markov Chain Monte Carlo (MCMC) algorithm is employed to obtain samples 
from the Logistic-Exponential distribution. Rather than sampling directly from this 
distribution, we can utilize the Metropolis-Hastings algorithm, which serves as an 
extension of the traditional rejection-acceptance sampling method. For more details 
on MCMC and the Metropolis-Hastings algorithms, one may refer to the book by 
Robert and Casella [14]. The proposed algorithm is outlined as follows:

Step 1. Choose the values of n and θ = (α, β, λ).
Step 2. Choose a starting point x(t) such that ψ(x(t)) > 0.
Step 3. Generate Yt from a proposal distribution q(y|x(t))), where q is symmetric.
Step 4. Set X(t+1) = Yt with probability ρ(x(t), Yt) or otherwise set X(t+1) = x(t) 
with probability 1 − ρ(x(t), Yt), where ρ(x, y) is defined as: 

	
ρ(x, y) = min

(
1,

ψ(y)q(x|y)
ψ(x)q(y|x)

)
.

 Here, ψ(·) represents the target density.

Step 5. Evaluate the MLEs.
Step 6. Continue the process until the chain has stabilized and the samples repre-
sent the target distribution accurately.

From Tables 4 and 5, the results show that larger sample sizes (n = 150, 200) gener-
ally yield more precise estimates of the parameters α = 0.2, β = 0.1, and λ = 1.5, 
as indicated by lower RMSE and RAB values. This improvement in accuracy with 
increasing n is consistent with statistical theory, as larger samples enhance estimation 
reliability. These findings suggest that, under an adaptive Type-I progressively hybrid 
censoring scheme, larger sample sizes and moderate censoring levels are preferable 
for reliable parameter estimation.

Figure 4 presents the results from the MCMC algorithm applied to the SS-PALT 
model under adaptive Type-I progressively hybrid censored data. The figure illus-

Table 3  The values of −logL, AIC, CAIC, BIC, KS test and p-value
Distribution −logL AIC CAIC BIC KS-Statistic KS p-value
Logistic-Exponential 113.244 230.489 231.089 232.760 0.10802 0.92499
Exponential 121.435 244.870 245.060 246.005 0.30679 0.02029
Normal 115.489 234.977 235.577 237.248 0.18851 0.34319
Logistic 195.243 394.485 395.085 396.756 0.14474 0.66837

1 3

    7   Page 14 of 19



Journal of Statistical Theory and Applications…

Ta
bl

e 
4 

M
LE

, R
M

SE
 a

nd
 R

A
B

 v
al

ue
s u

nd
er

 A
PH

C
 fo

r t
he

 tr
ue

 p
ar

am
et

er
s α

=
0.

2,
 β

=
0.

1 ,
 a

nd
 λ

=
1.

5,
 a

nd
 fo

r d
iff

er
en

t v
al

ue
s o

f n
,m

,τ
,  a

nd
 T

0
Sc

he
m

e
(n

, m
)

τ
T

0
M

LE
R

M
SE

R
A

B
α

β
λ

α
β

λ
α

β
λ

1
(8

0,
 5

0)
0.

6
0.

8
0.

67
69

0.
11

10
1.

84
89

0.
48

31
0.

01
10

0.
34

89
2.

41
57

0.
10

98
0.

23
26

2
(1

00
, 6

0)
0.

6
0.

8
0.

57
21

0.
10

89
1.

77
30

0.
37

67
0.

00
89

0.
27

30
1.

88
34

0.
08

85
0.

18
20

3
(1

20
, 7

0)
0.

6
0.

8
0.

44
68

0.
10

59
1.

68
20

0.
25

25
0.

00
59

0.
18

20
1.

26
23

0.
05

90
0.

12
13

4
(1

50
, 1

00
)

0.
6

0.
8

0.
24

69
0.

10
12

1.
53

50
0.

04
91

0.
00

12
0.

03
50

0.
24

57
0.

01
16

0.
02

33
5

(2
00

, 1
00

)
0.

6
0.

8
0.

21
89

0.
10

04
1.

51
40

0.
01

95
0.

00
04

0.
01

40
0.

09
74

0.
00

44
0.

00
93

1
(8

0,
 5

0)
0.

7
0.

8
0.

75
45

0.
11

18
1.

90
58

0.
55

91
0.

01
18

0.
40

58
2.

79
54

0.
11

79
0.

27
05

2
(1

00
, 6

0)
0.

7
0.

8
0.

50
32

0.
10

65
1.

72
30

0.
31

12
0.

00
65

0.
22

30
1.

55
60

0.
06

46
0.

14
86

3
(1

20
, 7

0)
0.

7
0.

8
0.

36
18

0.
10

33
1.

61
90

0.
16

46
0.

00
33

0.
11

90
0.

82
31

0.
03

30
0.

07
93

4
(1

50
, 1

00
)

0.
7

0.
8

0.
24

69
0.

10
11

1.
53

50
0.

04
91

0.
00

11
0.

03
50

0.
24

57
0.

01
13

0.
02

33
5

(2
00

, 1
00

)
0.

7
0.

8
0.

20
93

0.
10

02
1.

50
70

0.
00

99
0.

00
02

0.
00

70
0.

04
94

0.
00

20
0.

00
47

1
(8

0,
 5

0)
0.

6
1

0.
72

54
0.

11
20

1.
88

50
0.

53
06

0.
01

20
0.

38
50

2.
65

28
0.

12
05

0.
25

67
2

(1
00

, 6
0)

0.
6

1
0.

44
70

0.
10

57
1.

68
20

0.
25

22
0.

00
57

0.
18

20
1.

26
08

0.
05

69
0.

12
13

3
(1

20
, 7

0)
0.

6
1

0.
43

86
0.

10
56

1.
67

50
0.

24
14

0.
00

56
0.

17
50

1.
20

71
0.

05
59

0.
11

67
4

(1
50

, 1
00

)
0.

6
1

0.
31

24
0.

10
25

1.
58

39
0.

11
81

0.
00

25
0.

08
39

0.
59

03
0.

02
46

0.
05

59
5

(2
00

, 1
00

)
0.

6
1

0.
24

69
0.

10
11

1.
53

50
0.

04
91

0.
00

11
0.

03
50

0.
24

57
0.

01
10

0.
02

33
1

(8
0,

 5
0)

0.
7

1
0.

65
74

0.
11

01
1.

83
15

0.
46

42
0.

01
01

0.
33

15
2.

32
11

0.
10

12
0.

22
10

2
(1

00
, 6

0)
0.

7
1

0.
47

73
0.

10
61

1.
70

30
0.

27
95

0.
00

61
0.

20
30

1.
39

77
0.

06
15

0.
13

53
3

(1
20

, 7
0)

0.
7

1
0.

35
05

0.
10

36
1.

61
20

0.
15

67
0.

00
36

0.
11

20
0.

78
37

0.
03

62
0.

07
47

4
(1

50
, 1

00
)

0.
7

1
0.

25
65

0.
10

13
1.

54
20

0.
05

87
0.

00
13

0.
04

20
0.

29
37

0.
01

32
0.

02
80

5
(2

00
, 1

00
)

0.
7

1
0.

24
80

0.
10

11
1.

53
50

0.
04

80
0.

00
11

0.
03

50
0.

24
00

0.
01

07
0.

02
33

1
(8

0,
 5

0)
0.

8
1

0.
62

63
0.

10
90

1.
81

50
0.

43
77

0.
00

90
0.

31
50

2.
18

85
0.

09
05

0.
21

00
2

(1
00

, 6
0)

0.
8

1
0.

52
33

0.
10

69
1.

73
67

0.
32

95
0.

00
69

0.
23

67
1.

64
77

0.
06

93
0.

15
78

3
(1

20
, 7

0)
0.

8
1

0.
40

95
0.

10
42

1.
65

35
0.

21
29

0.
00

42
0.

15
35

1.
06

46
0.

04
20

0.
10

24
4

(1
50

, 1
00

)
0.

8
1

0.
27

45
0.

10
15

1.
55

60
0.

07
91

0.
00

15
0.

05
60

0.
39

54
0.

01
47

0.
03

73
5

(2
00

, 1
00

)
0.

8
1

0.
20

96
0.

10
02

1.
50

70
0.

00
96

0.
00

02
0.

00
70

0.
04

80
0.

00
16

0.
00

47

1 3

Page 15 of 19      7 



Journal of Statistical Theory and Applications            (2026) 25:7 

Ta
bl

e 
5 

M
LE

, R
M

SE
 a

nd
 R

A
B

 v
al

ue
s u

nd
er

 A
PH

C
 fo

r t
he

 tr
ue

 p
ar

am
et

er
s α

=
0.

2,
 β

=
0.

1 ,
 a

nd
 λ

=
1.

5,
 a

nd
 fo

r d
iff

er
en

t v
al

ue
s o

f n
,m

,τ
,  a

nd
 T

0
Sc

he
m

e
(n

, m
)

τ
T

0
M

LE
R

M
SE

R
A

B
α

β
λ

α
β

λ
α

β
λ

1
(8

0,
 5

0)
0.

9
1

0.
73

36
0.

11
03

1.
88

84
0.

54
16

0.
01

03
0.

38
84

2.
70

80
0.

10
34

0.
25

89
2

(1
00

, 6
0)

0.
9

1
0.

43
60

0.
10

47
1.

67
50

0.
24

40
0.

00
47

0.
17

50
1.

22
00

0.
04

69
0.

11
67

3
(1

20
, 7

0)
0.

9
1

0.
35

33
0.

10
28

1.
61

20
0.

15
39

0.
00

28
0.

11
20

0.
76

94
0.

02
82

0.
07

47
4

(1
50

, 1
00

)
0.

9
1

0.
27

62
0.

10
14

1.
55

60
0.

07
74

0.
00

14
0.

05
60

0.
38

69
0.

01
36

0.
03

73
5

(2
00

, 1
00

)
0.

9
1

0.
21

92
0.

10
04

1.
51

40
0.

01
92

0.
00

04
0.

01
40

0.
09

60
0.

00
38

0.
00

93
1

(8
0,

 5
0)

0.
6

1.
2

0.
73

45
0.

11
32

1.
89

20
0.

54
07

0.
01

32
0.

39
20

2.
70

37
0.

13
18

0.
26

13
2

(1
00

, 6
0)

0.
6

1.
2

0.
50

44
0.

10
71

1.
72

40
0.

31
01

0.
00

71
0.

22
40

1.
55

03
0.

07
14

0.
14

93
3

(1
20

, 7
0)

0.
6

1.
2

0.
36

18
0.

10
38

1.
61

90
0.

16
46

0.
00

38
0.

11
90

0.
82

31
0.

03
80

0.
07

93
4

(1
50

, 1
00

)
0.

6
1.

2
0.

28
58

0.
10

20
1.

56
30

0.
08

70
0.

00
20

0.
06

30
0.

43
49

0.
01

96
0.

04
20

5
(2

00
, 1

00
)

0.
6

1.
2

0.
21

89
0.

10
05

1.
51

40
0.

01
95

0.
00

05
0.

01
40

0.
09

74
0.

00
47

0.
00

93
1

(8
0,

 5
0)

0.
7

1.
2

0.
57

77
0.

10
83

1.
78

00
0.

39
03

0.
00

83
0.

28
00

1.
95

14
0.

08
28

0.
18

67
2

(1
00

, 6
0)

0.
7

1.
2

0.
50

52
0.

10
63

1.
72

34
0.

30
92

0.
00

63
0.

22
34

1.
54

60
0.

06
27

0.
14

90
3

(1
20

, 7
0)

0.
7

1.
2

0.
29

49
0.

10
23

1.
57

00
0.

09
71

0.
00

23
0.

07
00

0.
48

57
0.

02
29

0.
04

67
4

(1
50

, 1
00

)
0.

7
1.

2
0.

27
48

0.
10

17
1.

55
60

0.
07

88
0.

00
17

0.
05

60
0.

39
40

0.
01

71
0.

03
73

5
(2

00
, 1

00
)

0.
7

1.
2

0.
20

93
0.

10
02

1.
50

70
0.

00
99

0.
00

02
0.

00
70

0.
04

94
0.

00
21

0.
00

47
1

(8
0,

 5
0)

0.
8

1.
2

0.
76

24
0.

11
21

1.
91

30
0.

57
04

0.
01

21
0.

41
30

2.
85

20
0.

12
13

0.
27

53
2

(1
00

, 6
0)

0.
8

1.
2

0.
50

52
0.

10
63

1.
72

40
0.

30
92

0.
00

63
0.

22
40

1.
54

60
0.

06
28

0.
14

93
3

(1
20

, 7
0)

0.
8

1.
2

0.
38

10
0.

10
37

1.
63

30
0.

18
38

0.
00

37
0.

13
30

0.
91

91
0.

03
75

0.
08

87
4

(1
50

, 1
00

)
0.

8
1.

2
0.

32
39

0.
10

27
1.

59
04

0.
12

57
0.

00
27

0.
09

04
0.

62
83

0.
02

72
0.

06
03

5
(2

00
, 1

00
)

0.
8

1.
2

0.
21

86
0.

10
05

1.
51

40
0.

01
98

0.
00

05
0.

01
40

0.
09

89
0.

00
48

0.
00

93
1

(8
0,

 5
0)

0.
9

1.
2

0.
63

68
0.

10
92

1.
82

20
0.

44
64

0.
00

92
0.

32
20

2.
23

22
0.

09
18

0.
21

47
2

(1
00

, 6
0)

0.
9

1.
2

0.
52

33
0.

10
66

1.
73

80
0.

32
95

0.
00

66
0.

23
80

1.
64

77
0.

06
56

0.
15

87
3

(1
20

, 7
0)

0.
9

1.
2

0.
37

17
0.

10
32

1.
62

60
0.

17
39

0.
00

32
0.

12
60

0.
86

97
0.

03
23

0.
08

40
4

(1
50

, 1
00

)
0.

9
1.

2
0.

27
62

0.
10

15
1.

55
60

0.
07

74
0.

00
15

0.
05

60
0.

38
69

0.
01

53
0.

03
73

5
(2

00
, 1

00
)

0.
9

1.
2

0.
20

93
0.

10
02

1.
50

70
0.

00
99

0.
00

02
0.

00
70

0.
04

94
0.

00
20

0.
00

47

1 3

    7   Page 16 of 19



Journal of Statistical Theory and Applications…

trates the Root Mean Square Errors (RMSEs) and Relative Absolute Biases (RABs) 
for the parameters α = 1.5, β = 0.1, and λ = 1.5, across various values of τ  and T0. 
Although results for other parameter values are available in separate figures, they are 
not included here for simplicity.

5  Conclusion

The estimation and analysis of failure time data were performed within the SSPALT 
framework, employing an adaptive Type-I progressive hybrid censoring method 
based on a maximum likelihood approach. It is assumed that the lifetimes of the 
test units follow a Logistic-Exponential distribution. The maximum likelihood esti-
mates (MLEs) of the model parameters were computed, and their performance was 
assessed using the root mean square error (RMSE) and relative absolute bias (RAB). 
The results demonstrate that the adaptive progressive hybrid censoring scheme yields 
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Fig. 4  The RMSEs and RABs plots for different parameters (α = 1.5, β = 0.1 and λ = 1.5) and 
some values of τ  and T0 as shown in each figure
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more efficient estimators for the parameters. Although the real dataset sample size 
used in this study was relatively small, extending the analysis to larger samples and 
examining the asymptotic behavior of the estimators would provide valuable addi-
tional insights. Based on the current findings, we have the intuition that the results 
would not change substantially, as the efficiency advantages of the adaptive pro-
gressive hybrid censoring method appear robust; however, this remains an interest-
ing challenge for future investigation. Overall, if time is not a critical factor for the 
experimenter, the adaptive progressive hybrid censoring method is recommended for 
achieving greater efficiency in parameter estimation.
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