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Abstract

This study investigates the application of adaptive Type-I progressive hybrid censor-
ing techniques for the estimation of failure times in step-stress partially accelerated
life tests. We employ a Logistic-Exponential distribution to model the lifetimes of
the test units and derive the maximum likelihood estimators for both the model pa-
rameters and the acceleration factor. Furthermore, we introduce an adaptive Type-I
hybrid progressive censoring scheme to enhance the robustness of our analysis. To
assess and compare the efficacy of the estimators under various hybrid censoring
scenarios, we conduct a comprehensive Monte Carlo simulation study. Performance
metrics, including mean squared error and bias, are utilized to facilitate a rigorous
comparison of the estimators’ effectiveness.

Keywords Adaptive Type-I progressive hybrid censoring - Life testing - Logistic-
exponential distribution - Type-I progressive hybrid censoring - Simulation study

Mathematics Subject Classification 60E05 - 62E15

1 Introduction

In the context of accelerated life testing, Type-I and Type-II censoring schemes rep-
resent two prevalent methodologies for managing censored data. The conventional
Type-I censoring scheme operates by terminating the experiment at a predetermined
time point, resulting in a fixed duration while the number of observed failures varies.
In contrast, the Type-II censoring scheme is characterized by its continuation until a
specified number of failures is observed, which yields a fixed count of failures while
the experimental duration becomes variable. A significant limitation inherent in these
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traditional censoring schemes is the inability of researchers to ascertain both the time
endpoint and the failure count in advance. To mitigate this limitation, hybrid cen-
soring schemes have been introduced, integrating aspects of both Type-I and Type-
II censoring. This hybrid approach enhances flexibility in experimental design and
facilitates more robust data analysis. For further insights, refer to the works of Bal-
akrishnan [1], Balakrishnan and Aggarwala [2], and Balakrishnan and Iliopoulos [3].

Consider a situation where n denotes the number of units under evaluation. We
assume that the lifetimes of these sampled units are independent and identically dis-
tributed (iid) random variables. Let x1., < T2, < -+ - < ., represent the ordered
lifetimes of these units. The life test is terminated when either a predetermined num-
ber m (where m < n) of the n units have failed, or when a specified time 7 is
reached. Consequently, the conclusion of the life test occurs at a random time denoted
by min (.., To). It is generally assumed that the failed units are not replaced during
the course of the experiment, thereby maintaining the integrity of the test conditions.

Under a progressive Type-1 hybrid censoring scheme, the experimenter estab-
lishes predefined parameters for both the testing duration and the allowable num-
ber of failures among the n units participating in the life testing experiment. The
experiment is concluded at time 7" = min (., To). Upon the occurrence of the
first failure, R; units are randomly selected from the remaining n — 1 units and sub-
sequently removed from the experiment. Following the failure of the second unit,
R units are randomly chosen from the remaining n — 2 — R; units for removal.
This sequential process persists until the termination condition 7" = min(x .., Tp)
is satisfied. At this juncture, the number of surviving units is represented as
Ri=n—j—Ri —Ry—-— Ry, where j denotes the total number of failures
recorded up to the time T' = min(&y,., Ip), and Ry, Ro, ..., R; are predetermined
integers signifying the units removed at each instance of failure.

Under progressive hybrid censoring schemes, the experimenter often lacks prior
knowledge or certainty regarding the precise termination time of the test. To address
this challenge, Liang and Yang [4] proposed an alternative approach known as the
adaptive Type-I progressive hybrid censoring scheme, which they utilized for esti-
mating parameters within the exponential distribution framework. This adaptive
scheme guarantees that the life testing experiment concludes at a predetermined fixed
time 7T and has been demonstrated to produce more efficient estimators compared to
the traditional Type-I hybrid censoring scheme.

Lin et al. [5] investigated maximum likelihood and Bayesian estimation methods
for the two-parameter Weibull distribution utilizing the adaptive Type-I progressive
hybrid censoring scheme. While there has been some research addressing step-stress
partially accelerated life tests (SS-PALT) within the context of this adaptive scheme,
a comprehensive study specifically focusing on this application remains limited. The
present study aims to estimate the failure times of test units in SS-PALT by employ-
ing the adaptive Type-I progressive hybrid censoring scheme. In this framework, we
assume that the failure times of the test units are governed by a Logistic-Exponential
distribution. Also, see Shakoor and Khan [6].

Using the Logistic-Exponential distribution under adaptive Type-I progressive
hybrid censoring in SS-PAL allows for flexible modeling of time-to-event data,
particularly in scenarios where data may be censored due to the nature of the test-
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ing process. The Logistic-Exponential distribution is advantageous for its capacity
to accommodate datasets exhibiting both extreme values and varying hazard rates,
making it particularly suitable for practical applications in reliability engineering
and survival analysis. By integrating adaptive Type-I progressive hybrid censoring,
researchers can dynamically adjust testing conditions based on interim results, opti-
mizing resource allocation while maintaining robust statistical power. Moreover, fur-
ther applications can be seen in the area of censored samples data from a half-normal
distribution which are detailed by Khawar Kiani et al. [7]. For nonresponses cases
one can see Basit and Bhatti [8] and Basit et al. [9].

This paper is organized as follows. Section 2 explores the properties of the Logistic-
Exponential distribution and analyzes adaptive Type-I hybrid censoring techniques
for estimating failure times in SS-PALT. Section 3 introduces the likelihood function
that pertinent to SS-PALT. Section 4 present an application using real-world data and
a simulation study, respectively. Finally, Section 5 offers concluding remarks and
discusses implications for future research.

2 Model and Methods

2.1 Model

A continuous random variable X is said to follow a Logistic-Exponential distribution,
abbreviated as X ~ LE(q, ), if its probability density function (PDF) is given as

aﬁ(eam _ 1)[3—16(130

f(.’L‘;Oé,B) = (1+(ea»L_1)ﬂ)2 ’

x>0, (1)

where a > 0 is the scale parameter and the shape parameter 3 > 0. The correspond-
ing distribution function of (1) is given by

(e —1)°
F(x; = > 0. 2
(l‘aa7ﬁ) ]_+(ea3071)57 T ()
The reliability function on the support of X is
F(x;a,p) L a0
; = x .
T; &, 1+(€O‘x—1)67

To make things easier and clearer, Table 1 provides a notation table.
The PDF under SS-PALT is given by

filz), if0o<z<T,
flz) = { fa(z), if >, 3)
0, otherwise.
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Table 1 Notation Table Symbol Description
n Number of units under evaluation
m Predetermined number of failures to be observed
T Stress change time
To Specified time for terminating the experiment
j Total number of failures recorded up to termination time

{R;}  Setof units removed from the experiment at each failure

R;f Number of surviving units after j failures

R** Final censored count of surviving units under the adaptive
Type-I progressive hybrid censoring scheme

Ny Number of failures observed under normal conditions

We can apply the variable-transformation technique to Eq. (1) along with the model
proposed by DeGroot and Goel [10]:

v [T it T <,
Tyt AN T -7), i T>T,

where T is the lifetime of an item under usual operating conditions, 7 is the stress
change time, and A > 1 is the acceleration factor. Therefore, Eq. (3) can be written
taking into consideration that f; () is as given in (1) and f2(z) is given by
aﬂ(ea(T-&-)\*l(w—T)) _ 1)5—1ea(7+kfl(w—r))

(14 (eatr A~ @=7) — 1)3)2

falx) = S

The scale parameter @ adjusts with the acceleration factor A. As A increases, the
effective scale of the distribution increases, leading to a higher rate of failure. The
shape parameter 3 may also be influenced by stress conditions but is generally treated
as constant in many models. However, it could be modeled to change, reflecting dif-
ferent failure mechanisms under varying stress. The link function is applied on the
time scale through the transformation that modifies the time variable 7. For T" < 7,
X remains 7, while for 7" > 7, the transformation adjusts the time to reflect stress
effects, explicitly extending the time to failure.

The chosen transformation reflects observed behaviors in materials under stress.
When an item is subjected to stress beyond a certain threshold 7, the lifetime is effec-
tively extended or adjusted according to the acceleration factor A.

Under the progressive Type-I hybrid censoring scheme, the life test is concluded at
a random time min(X,,.;n.n, 7o), Wwhere 0 < Ty < oo and 1 < m < n are predeter-
mined constants. The ordered failure times resulting from the experiment are denoted
as Ti:min < Toomin < 0 < Tjmep. Specifically, the experiment terminates at time
to = Tm.m:n if the mth progressively censored observed failure occurs before time
Ty (.., Tmem:n < Tp). Conversely, if the mth failure occurs after Tj, the experiment
concludes at time 7y, with the condition 2 j.p:, < Tp < Tj41:m:n, and all remaining
surviving units are censored at this time. Here, j represents the number of failures
that occur prior to min(x,.m:n, 10).

@ Springer



Journal of Statistical Theory and Applications... Page 5 of 19 7

Under the SS-PALT scheme, units are initially subjected to a normal stress level
Sp. At time 7, the stress is increased to .S;. Let m denote the predetermined number
of failures to be monitored under both stress levels. The termination time 7j and the
removal sequences (R1, Ra, ..., R;,..., R;) are established in advance. At the time
of the ith failure z;.p,.,, R; units are removed from the experiment. Additionally,
at the stress change time 7, R, units are withdrawn from the remaining survivors,
and this process continues accordingly. The observed data in the SS-PALT under the
Type-I progressive hybrid censoring scheme is given by:

Casel: .m0 < Tp

SO = (mlzmznv Rl): (x2:m:n7 R2)a seey (xnu:m:nv Rnu)7 (T; RT)?
Sl - (xnu+1:m:n7 Rnu+1)7 (xnu—&-Q:m:na Rnu+2)7 sy (mm—lzm:ny Rm—l)» (xm:m:nv R;)

Casell: z,,.;n.n, = 10

So = (-Tl:m:na R1)7 (mQ:m:ny RQ), ceey (afnu:m:ny Rnu), (T, R‘r)7
Sl - (xnu+1:m:na Rnu+1)a (l‘nu-l-Q:m:na Rnu+2)a B (-rm:m:n - T07 Rm = R;)

Case IIL: Z,,.0n.n > To

SO = (xl:m:na Rl)a (332:m:n7 RZ), ceey (xnu:m:n) Rnu)7 (7-7 RT)7
Sl = (mnu-ﬁ-l:m:na Rnu-&-l)a (xn,u+2:m:n7 Rnu+2)7 RS (xj:m:ny Rj>7 (TOa R;(>7

where n,, represents the number of failures observed under normal conditions. The
total number of failures j and the final censored count R in the SS-PALT scheme for
each case are defined as follows:

j>m, R;k:n—m_ZZle if T<xmim2’ﬂ<T07
j =m, R;( =n—-m — 2111 Rz if Tm:m:n = T07
j <m, R}k =N _] - J R1 if Tmimen > TO~

i=1

For the adaptive Type-I progressive hybrid censoring scheme, suppose n items
are subjected to testing, and let the ordered lifetimes of these units be represented
as Yi.n < Youp < oo < Ypop. If the mth failure occurs prior to the time 7} (i.e.,
Ym:m:n < T0), the test will not be halted; instead, it will continue to observe fail-
ures until 7y is reached, without any further removals. Once time T is attained, all
remaining units, denoted as R** =n—j — > ; R;, are removed from the experi-
ment, and the test concludes automatically. The observed data in the SS-PALT under
the adaptive Type-I progressive hybrid censoring scheme is given by:

Case I: Tmimein < TO

SO - (xl:m:na R1)7 (J:Q:m:n: RQ)a DRI (xnu:m:n; Rnu)7 (T7 RT)7
Sl = (mnu-l-l:m:na Rnu-l-l)a (xn,u+2:m:n» Rnu+2>7 L (xm—l:m:na Rm—1)7
(xm:m:nv Rm)7 (mm+1:m:n7 O) e (xj:m:nv 0)7 (TOa R;k*)
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Case II: x,,..n. = 10

So = (xl:m:ru R1)7 (x2:m:na R2)a ceey (xnu:m:na Rnu)a (7-7 RT)?
Sl = (xnu-i-l:m:na Rnu+1>7 (xnu+2:m:n7 Rnu+2)> ey (mm:m:n = T07 Rm = R;k*)

Case IIL: Z,,.0m.n > To

So = (xlzmzvm Rl); (x2:m:na R2)7 ey (xnu:m:na RTLu)a (7', RT)7
Sl = (xnu-i-l:m:ny Rnu—i-l)z (xnu+2:m:na Rnu+2)a sy (xj:m:nv Rj)a (T07 Rj*)a

where n,, denotes the number of failures observed under normal conditions. The total
number of failures j and the final censored count R}* in the SS-PALT scheme for
each case are expressed as follows:

Jj>m, R;k* :n_j_zzll R; if 7 <Zmma <To,
- Kok m .

Jj=m, R} :n—m—zizl R; if ZTyemen = To,
j<m, R;k* =n—j— Zgzl R; if Ty > To.

Under the adaptive progressive Type-I hybrid censoring scheme, the experimenter
has the flexibility to adjust the value of Tj to optimize the experimental duration and
enhance the likelihood of observing additional failures. This scheme ensures that the
life testing experiment concludes at a fixed time 7y, thereby improving the efficiency
of statistical inference. Moreover, it facilitates better control over the total number
of failures, allowing the observed failures to remain close to the target number m.
This control contributes to producing more accurate and reliable results. For further
details, see Lone et al. [11].

2.2 Maximum Likelihood Estimation

Using the adaptive progressive hybrid censoring scheme, the likelihood function
under the SS-PALT for the j ordered lifetime data set is given by:

L(aa B, >\) = 1_1 fi (xi:m:n) [Sl (Ii:m:n)]Ri [Sl (T)]Rj

i=1
X H fQ(xi:m:n) [52(l‘i:min)]Ri [SZ(TO)]R:* )
i=nq,+1

where R =n— >; Ri — j, with j = n,, + ng. Here, n,, represents the number of
failed units under normal use conditions, and n, denotes the number of failed units
under accelerated conditions. Additionally,
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1
1
11 (earA @) _1)8"

Sl (SC) =

Sa(x) =

Denote g1 (z;0) = e — 1 and go(2; 00, A) = €A @=) _ 1 the likelihood
function under SS-PALT is becoming as

Ny

S nu
L(a, 8,A) = (aB)™e=t [ o1(@is )’ (1 + (g1(2i0))7) "2 (1 + (g (75 0))%) 1
i=1
i g2(z;a,X)  m
x (af)mei=ruts [T (2@, 1)1 (1 + (ga(ais a, A))7) =Rt
=N, +1

x (14 (g2(To; a, N))P)~Fi.

In order to simplify the calculations significantly, we utilize the log-likelihood func-
tion, as follows:

Ny

In L(a, B, \) le Z g2(z;a, A) + (ny +m) In(a@) + (ny, + m) In(B)

=14 +1
B-1) <Eln<gl(xi;a))+ > ln(gz(mi;a,m)
i=1 i=n,+1

- Zu:(Ri +2) (1 + (ga(ws;0))”) = D (Ri+2)In(1 + (g2(wi; 0, A))?)

i=1 i=nq,+1

—Y Rin(+ (galma) = Y R In(l+ (ge(Toi @ 1)),

i=1 i=nq,+1

Now, differentiating with respect to «, 5 and A, and equating to zero, the likelihood
equations are respectively obtained as:

OlnL n,+m J Oga(xi; a0, A) o g1 (zi; @)
o = e T2 T aa PUVX G

immaal =1 g1(zi; @)

(1) 2]: 9ga(wi; o, \) 1 7i(R‘+2) Blg1(zi; @)~} (233 )

i=nutl da gz A) o ' L+ (g1(zs;))?
- ZJ: (B + 2) D2z N i —i AGON
i=n,+1 ' 1+ (g2(zis v, )\)) 1+g1(1;0)
- XJ: B B(ga(To; v, \)) P~ 1 292Toie2) Y
Pl ' L+ (g2(To; o, A))P '

where g1 (x; ) and go(x; o, A) are defined as before and
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g1 (@5 o) = e
692 (.13; @, /\) _ a(r—&-)fl(w—r)) -1
Da =e (T+A " (z—7).

J

Oln L _ T +m
BE Zln g1(zs; ) L 7LZ+1111(92(M7047)\))

R (g1(xi5))? In(ga (wi; )
Z(Rl +2) 1+ (91(zs; )P

i=1
J

(g2(wi;0, A))P In(ga (w550, A))
) e )P

"Z R @ B1n<gl< ) _ § gy (02(Ti0.0) m(oaTisa, )

=0,
1+ (92(To; a, N))# '

=Ny +1
and

OlnL _ z]: 0ga(xi; a, N) (1) ZJ: 1 0g2(z4; a, \)

oA e oA i 92 (T35, N) oA

J —
B(ga(wi; o, N)P =1 Dga(ai;a, N)
— R, +2
i=;+1( w2 L+ (g2(wi; 0, )P OA

- B(g2(To; a, N)P =1 dga(To; v, N)
© 1+ (92(Tos e, A))P oA

207

where

0ga(xi;a, N)

B\ = —a\%(z - T)ea(ﬂ'x (2=7)) (r+ 2w — 7).

Obtaining closed-form solutions for the nonlinear equations mentioned above is
nearly impossible. Consequently, we employ an iterative technique to find the max-
imum likelihood estimates (MLEs) of the parameters «, 5, and A. This approach
allows us to derive the asymptotic distribution of 6= (&, B, 5\)

The asymptotic variances of the maximum likelihood estimators are represented
by the elements of the inverse of the Fisher information matrix. The Fisher informa-
tion matrix for &, 3, \, denoted as J(&, B, 5\) = E(I; &, B, 5\), consists of elements
I;; for i, 7 = 1,2, 3. Under the adaptive progressive hybrid censoring scheme, these
elements are the negative of the second partial derivatives of the log-likelihood func-
tion, as shown below:

Ill __9lnL I12 __9lnlL 113 Oln L

a2 — 0aldp — O0ad)

I=—|I _ 9lnL I _ 9lnlL T _ dlnL
- 21 9B0a 22 882 23 9B
I _ OlnL T _ 0InL I _ OlnL

31 = 9Xoa 32— Gxop 33 N2
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Here, we focus on the diagonal elements, i.e., I11, 22 and, I3, as they are essential
for calculating the variances and determining the confidence intervals.

OlnL nu+m+ 2]: 02ga(zs; 0, N)

IH:W:_ o? da?

=Ny +1

zi; )i (w5 a) — (91(zi5))?
I)Z g1( g(él(xl )a))(zg (zi;a))

oy & (Potmen 1 (mgeny
da? g2(zi; 0, \) (92(901';04-,)\))2

i=n,+1

L& BB Do )2l (i) + Bl (w.0)P gl (@ )
Z<RZ +2) 1+ (g1(zs;0))?

(91(2:;0))P 1 gi (2::0) \
+2_(Ri+2) ( o) )

02 ga(z;0 —18%ga (x50,
S (14 2) PO Dloalrison N)TRESGET + Blgalas X)) e
‘ 1+ (ga(2i; o, N))P

T=Nq+1

J . —19g2(ziza0) \ 2
Blga(ws a, X))F—1 22phes
+7'7%:+1(R1+2) ( 1+(92(Ii;a,)\))ﬂ

& glmo)1+ g ) - (gl(ra)?
ZR 0+ gu(r))?

i e B8 = 1) (2(To: 0, )72 220N 4 (g (Ty: 1, )P T
M L+ (g2(To; 0, N))?
2
(To; e, A B—1992(Tosx,\)
+ Z R;* Blgx(Toi oo ) fa :
P 1+ (g2(To; a, A))

where ¢} (z; @) and Oga(x; o, \) /O« are defined as before and

gy (z:0) = 2%

0?ga (x5, N)
Oa?

— eo(mHA T @=1) (r+ A Mz — 7'))2

By substituting these functions into the equation above, one can obtain I, result-
ing in a lengthy but well-structured expression. Similarly, the same process can be
applied to 122 and I33. This is illustrated below:
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_9*InL ng+m o g1(zi; @)?[In(gy (24 @)))?
Iy = gz~ pr ;(RZ w2 L+ g1(zi; )P

L(2i;0)% (g1 (25;.0)) |
+ZR+2 (g 1+91($§04)B )

_ ZJ: (R; +2) g2(x5; 0, A)P [In(ga (243 o, N)))?
i=ng+1 Z 1+ g2(zi; )\)5
3" g, (i)t (ria))?
pt ' 14+ g1(1;0)P
j 2
go(xi; o, NP In(ga (243 @, )\)))
+ R;+2
nz:+1( < 1 +92(37i§047/\)ﬂ

i=

2
g1(m;0)" In(gy (7 ;a)))
-l- R
( L+ gi(r;a)f
EJ: R 92(To; o, )P [In(g2(To; o, N))]?
R L+ go(To; o, A)P
J

: 2

(T M)A 1 T A

+ Z R (92 0; &, )( n(ga(To; @, ))) 7
i=n,+1 1+g To;Ot,)\)

and

. v )
2InlL j 9200 (: A J el gz(zga,)\) g2 (i;on\)
=Ly~ Pelraad) g ) e oA
oA oX g2(@io, )\ g2(wi3 0, N)

T="q+1 1=nq+1

02 g (x50 — dg2(x;;a, 2
Blgawis a, NP1 LG 4 55 — 1) (g (s o, N))P2 (2Ll

- ; Z (B:+2) 1+ [g2(zs; o, N)]P

J ﬁ[gz(mi;a,)\)]ﬁflw ’
_;'_‘ Z (Ri +2) < 1+ [g2(zi; a, V)]

n2 o 5 ‘a 2
1 BT VI R 4 505 — Dlga(Tus V)0 (2 )
- Z ' 1+ [g2(To; o, A)]?

Blg2(To; a, NP1 2p(The) \ *

i
R ’ 22N
i .:Z ' ( 1+ [g2(To; o, M) ) ’

where

3go(zis , \)

N2 = 204)\73(;3 _ 7—)60‘(7+>\_1(E*T)) + 042)\74(‘% o 7_)2604(7'+)\_1(sz))'
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The exact mathematical expressions for J(«, 5, A\) = E(I,a, 8, \) are complex to
derive. Consequently, we can use the observed Fisher information matrix in place
of the theoretical Fisher information matrix. The variance-covariance matrix can be
approximated as V;; = I, 131. The asymptotic distribution of the maximum likelihood

estimator can be expressed as follows (see Miller [12]).

(6 —a), (B—=B), (A= \)| ~ N3(0,V). (5)

Given that V is a function of the parameters «, 3, and A\, we substitute the corre-
sponding maximum likelihood estimates (MLEs) to derive an estimate of V', which
we denote as V. Utilizing this estimate, we can construct approximate 100(1 — )%
confidence intervals for the parameters «, 5, and A as follows:

at+ 7, Vi, BiZ"//2V‘7227 S\:tZ'y/ZVV?)Sy

where Z,, is the upper 100-th percentile of the standard normal distribution.

3 Real Data Analysis

In this section, we analyze a real data set originally presented by Lieblein and Zelen
[13]. This data set, frequently cited in subsequent research, provides the number of
million revolutions before failure for 23 ball bearings. The data is as follows: 17.88,
28.92, 33.00, 41.52, 42.12, 45.60, 48.48, 51.84, 51.96, 54.12, 55.56, 67.80, 68.64,
68.64, 68.88, 84.12,93.12, 98.64, 105.12, 105.84, 127.92, 128.04, 173.40.

The dataset consists of n = 23 observations, with a mean of 72.22, a median of
67.80, and a standard deviation of 36.66. The minimum value in the dataset is 17.88,
while the maximum is 173.40. The first quartile (@)1) and third quartile (Q3) values

Fig. 1 The box-plot for 23 ball bearings o

50
1
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are 47.04 and 95.88, respectively, indicating a moderate spread around the central
value. The box-plot is given in Fig. 1:

The P-P plots for the Logistic, Exponential, Logistic-Exponential, and Normal dis-
tributions are given in Fig. 2. The P-P plot visually evaluates how closely the empiri-
cal data follows the theoretical distribution. If the points closely follow the reference
line, it suggests a good fit. It is evident that the Logistic-Exponential distribution fits
the given data well.

Figure 3 shows histograms with the fitted PDFs (left panel) and empirical and
theoretical CDFs (right panel) for the Logistic, Exponential, Logistic-Exponential,
and Normal distributions. All parameters used here are provided in Table 2.

The maximum likelihood estimates and standard errors for involved parameters of
the Logistic-Exponential, Exponential, Logistic, and Normal distributions are given
in Table 2. The result shown in this table indicates a variety of distributions that could
model different data types. The Logistic-Exponential distribution suggests increasing
event rates, while the normal distribution indicates significant variability. The pro-

P-P Plot for Logistic-Exponential P-P Plot for Exponential
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the parameters provided in Table 2
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Fig. 3 The histogram with the PDFs (left) and the empirical and theoretical CDFs (right), using the
parameters provided in Table 2

Table 2 Maximum likelihood

Distribution Parameter | SE Param- SE
estimates and standard errors eter 2
for parameters Logistic-exponential o = 0.0106 0.0011 J3 = 2.3630.4135
Exponential A =0.0138 0.0029 NA NA
Normal n=172.2243 7.6451 o = 36.66474059
Logistic Location=  7.4521 Scale= 3.5552
68.2713 20.4619

vided standard errors give insight into the reliability of these estimates, with smaller
values indicating more precise estimates.

To compare the two distribution models, we utilize criteria such as the Kol-
mogorov-Smirnov (KS) test, Akaike Information Criterion (AIC), Corrected Akaike
Information Criterion (CAIC), and Bayesian Information Criterion (BIC) for the data
set. A model is considered better if it yields lower values for KS, AIC, and CAIC.

AIC = —2In(L) + 2k.

2% (k + 1)
n—k—1
BIC = —2In(L) + kln(n).

CAIC = AIC +

In the Kolmogorov-Smirnov test, a small p-value (typically p < 0.05) indicates that
there is significant evidence against the null hypothesis, suggesting that the sample
does not come from the specified distribution. A large p-value indicates that the data is
consistent with the specified theoretical distribution. The results are given in Table 3.

The values in Table 3 suggest that the Logistic-Exponential distribution provides
a superior fit compared to all other models.
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Table 3 The values of —logL, AIC, CAIC, BIC, KS test and p-value

Distribution —logLL AIC CAIC BIC KS-Statistic ~ KS p-value
Logistic-Exponential ~ 113.244 ~ 230.489  231.089  232.760  0.10802 0.92499
Exponential 121.435 244870  245.060  246.005 0.30679 0.02029
Normal 115.489 234977 235577  237.248  0.18851 0.34319
Logistic 195.243 394.485 395.085 396.756  0.14474 0.66837

4 Simulation

In this section, Monte Carlo simulation techniques were employed to estimate the
unknown parameters of the distribution and the acceleration factor (AF). The maxi-
mum likelihood estimates (MLEs) for Type-I Progressive Hybrid Censoring Scheme
(PHCS) are compared based on Root Mean Square Errors (RMSEs) and Relative
Absolute Biases (RABs). The simulation was conducted with predetermined values
for n, m, T and Tj.

A Markov Chain Monte Carlo (MCMC) algorithm is employed to obtain samples
from the Logistic-Exponential distribution. Rather than sampling directly from this
distribution, we can utilize the Metropolis-Hastings algorithm, which serves as an
extension of the traditional rejection-acceptance sampling method. For more details
on MCMC and the Metropolis-Hastings algorithms, one may refer to the book by
Robert and Casella [14]. The proposed algorithm is outlined as follows:

Step 1. Choose the values of n and 6 = («, 8, A).
Step 2. Choose a starting point z(*) such that 1(z(®) > 0.
Step 3. Generate Y; from a proposal distribution ¢(y|x(*))), where ¢ is symmetric.
Step4. Set X (*+1) = ¥} with probability p(z(®), Y;) or otherwise set X *+1) = z(*)
with probability 1 — p(z®,Y;), where p(z, y) is defined as:
: Y(y)a(zly)
o) = min (1. GHEE )

Here, 1 (+) represents the target density.

Step 5. Evaluate the MLEs.
Step 6. Continue the process until the chain has stabilized and the samples repre-
sent the target distribution accurately.

From Tables 4 and 5, the results show that larger sample sizes (n = 150, 200) gener-
ally yield more precise estimates of the parameters o = 0.2, f = 0.1, and A = 1.5,
as indicated by lower RMSE and RAB values. This improvement in accuracy with
increasing n is consistent with statistical theory, as larger samples enhance estimation
reliability. These findings suggest that, under an adaptive Type-I progressively hybrid
censoring scheme, larger sample sizes and moderate censoring levels are preferable
for reliable parameter estimation.

Figure 4 presents the results from the MCMC algorithm applied to the SS-PALT
model under adaptive Type-I progressively hybrid censored data. The figure illus-
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Fig. 4 The RMSEs and RABs plots for different parameters (o« = 1.5, 5 = 0.1 and A = 1.5) and
some values of 7 and Ty as shown in each figure

trates the Root Mean Square Errors (RMSEs) and Relative Absolute Biases (RABs)
for the parameters o = 1.5, 8 = 0.1, and A = 1.5, across various values of 7 and Tj.
Although results for other parameter values are available in separate figures, they are
not included here for simplicity.

5 Conclusion

The estimation and analysis of failure time data were performed within the SSPALT
framework, employing an adaptive Type-I progressive hybrid censoring method
based on a maximum likelihood approach. It is assumed that the lifetimes of the
test units follow a Logistic-Exponential distribution. The maximum likelihood esti-
mates (MLEs) of the model parameters were computed, and their performance was
assessed using the root mean square error (RMSE) and relative absolute bias (RAB).
The results demonstrate that the adaptive progressive hybrid censoring scheme yields
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more efficient estimators for the parameters. Although the real dataset sample size
used in this study was relatively small, extending the analysis to larger samples and
examining the asymptotic behavior of the estimators would provide valuable addi-
tional insights. Based on the current findings, we have the intuition that the results
would not change substantially, as the efficiency advantages of the adaptive pro-
gressive hybrid censoring method appear robust; however, this remains an interest-
ing challenge for future investigation. Overall, if time is not a critical factor for the
experimenter, the adaptive progressive hybrid censoring method is recommended for
achieving greater efficiency in parameter estimation.
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