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Abstract: In this paper, we give new necessary and sufficient conditions for the
asymptotic stability of a linear delay difference system: x_,, —ax, —Ax__, =0,
where A is a 2 x 2 constant matrix, k is a nonnegative integer and a is a real num-
ber. To prove the theorems, root analysis is used for characteristic equation of
system.
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1. Introduction
In this paper we study the asymptotic stability of the solutions of linear delay difference systems;

Xpq —aX, —Ax,_, =0 ()

where A is a 2 X 2 constant matrix, k is a nonnegative integer and a is a real number. Difference
equations and their stability are the appropriate mathematical representations for discrete pro-
cesses, which have special importance in areas such as population models. Difference equations are
mentioned below which usually happen as a result of linearization the population models. Recently,
stability of the difference equations as the system (1) has been investigated by many researchers.
For instance Levin and May (1976) obtained necessary and sufficient conditions for the asymptotic

stability of the delay difference equation.
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Figure 1. The stability regions
for the result of Kuruklis with
k=3andk = 4.

Xpq — X, +bx,_, =0, ()

where b is a real number and k is a nonnegative integer. As a result, Levin and May (1976) obtained
zero solution of (2) which is asymptotically stable iff

kn
2k+1°

Later, Clark (1976) studied the delay difference equation

0<b<2cos

X, —ax, +bx _, =0, ()

where q, b are arbitrary real numbers and k is a positive integer. Clark indicated if
lal +|b| <1,
then (3) is asymptotically stable, although his work brings significant innovations which only give

sufficient condition for the asymptotic stability of (3). After that, Kuruklis (1994) demonstrated that
the zero solution of (3) is asymptotically stable iff|a| < k+1, and

&
la|-1<b< <c12—2clc056'+1)E if k is odd,

|b—a| < 1and |b| < (az —20c050+1>3 if k is even,

. . sinkg 1. T .
where 0 is the solution of T (erD)s — T interval (O, =, ) (Figure 1).

Matsunaga and Hara (1999) considered difference system
Xne1 ~ Xp +Axn—k =0,
and they obtained necessary and sufficient conditions for the asymptotic stability of the zero solu-

tion of the system, where A is a 2 X 2 constant matrix and k is a nonnegative integer. Matsunaga
(2004) showed new stability conditions of generalized linear delay difference system

X, —0ax, +Bx, _, =0,

fi] o
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which was an extension of Matsunaga (1999). Kipnis and Malygina (2011) and Cermdk and Jansky
(2014) have also investigated a similar problem and the authors should clearly demonstrate the
novelty and originality of their results like ours

where Bis a2 X 2 constant matrix, k is a nonnegative integer and a is a real number. The purpose
of this paper is to obtain new results for the asymptotic stability of zero solution of system (1) when
A is a constant matrix. Thus, we need to show that zero solution of system (1) is asymptotically sta-
ble iff all the roots of its characteristic equation are inside the unit disk (Elaydi, 2005). Now we will
give some basic information that we use the lemmas.

2. Preliminary
We consider system (1). Characteristic equation of system (1):

F(A): = det(ﬂ"“I —ai - A) =0, ()

where I'is a2 x 2 identity matrix. If we write x,, = Py, for a regular matrix P, then we get following
system:

yn+l_ayn_P_1APyn_k=0; ne{O, 1, 2,}

Thus, A can be given one of the following two matrices in Jordan form (Elaydi, 2005):

(I) A=< %1 : ), b,, b, and d are real constants,
2

cosf -—sind
sing cosé

(Im A= ib( >, b, 6 are real constants and % < 10| < .
Now, (I) and (II) will be investigated, respectively (Figure ref2);
(I) We consider (4) where A is given by (I),
A0 a0 b, d
f=an(( Yy 0 )-(%5 o )=(5 s ))-0
= (41 —ad =b, ) (441~ ar = b,) = 0. ()

If the results of Kuruklis are applied to (5), then Theorem 1 is obtained.

THEOREM 1 Assume that a # 0. Then, the zero solution of system (1) is asymptotically stable if and
only ifla| < "*Tl, andfor j=1,2

—(02—20c050+1>%<bj<|a|—1 if k is odd,
)a+bj‘<1 and )bj|<(az—20c050+1)% if k is even,

where @ is the solution of‘sm—ke = 1 in the interval (0, S )
sin(k+1)6 lal k+1
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Figure 2. The stability regions
for the result of (I) with k = 3

and k = 4.

& 4 " b
a G
15
bo ‘a
45
-1
] 0 3t 0 s . 95 T 5 [ of i e
(IT) We consider (4) where A is given by (II),
Ao ax 0 ibcos6 —ibsing
Fa) = - o . =0,
@) det<< 0 A ) < 0 aif ) < ibsingd ibcosd >> 0
= (/l"“ —ai - ibe”’) </ik+1 —aif - ibe"") =0.
If we take
gkl _ ok apie
A, =4 ai —ibe” =0, )
then we get
F) = 8,004,(7) =0, ¥

where 1 is the complex conjugate of A. Note that A, 1)=0 implies A, <E) = 0. Also, when

-n<6< —g, substituting & = —8 in A,(A)=0and A, (E) = 0 implies % < 6 < 7. Thus, it is just
enough to consider the case A (1) = 0 under the condition % < 6 < mtoinvestigate the roots of (7).
We know that system (1) is asymptotically stable iff all the roots of (6) withZ < § < x are inside the
unit disk. Moreover, A,(4) has no real root when b#0.Fora#0 and% < 0 < 1, (6) can be written
equivalently:

,le+1 _ Hk _ iqeie — O, 8)

where y = gand qg= % Thus, all the roots of (6) are inside the unit disk iff all the roots of (8) are
a

inside the disk |u| < %. Now, some auxiliary lemmas can be given.

3. Some auxiliary lemmas and main theorems

LEMMA 1 (Matsunaga, 2004) Leta#0and g= T Then, the zero solution of system (1) is
asymptotically stable iff all the roots of (8) are inside tii’e disk|u| < %.
Now our aim is to calculate the locations according to movement of the roots via root analysis of the
system (1) as q varies. Note that, for ¢ = 0, the roots of (8) are 0 (multiplicity k) and 1(simple).
Furthermore, (8) has no real root when g # O. Firstly, the existence region for arguments of complex
roots of (8) will be found.

LEMMA 2 Suppose thatq > 0and? <6 < r.Let re’ with r > 0 be a complex root of (8). Then, the fol-
lowing are provided:

k4 F4 T,
for 5 <;-®<3;
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0+(2m—%>n 0+<2m+%)n
G <0< —— m=o,1,2,...,(|k-71||,
for§<§—a)<3?”;

e _9—(2m+%>n 9—<2m+%)7r )
Gy =g <0<0, G <0< ————", m=1,2, .., 4
where|| - || denotes greatest integer function.

Proof Letu= re' with r > 0. From (6), we have

kL gio(ke1) _ pkgiok _ ige” = 0. 9)
Thus, we get

pkHgi(o(kr1)=0) _ phi(ok=0) _jq — 0,

From the real part and the imaginary part of (9)

r*|cos (wk — ) —r cos (w(k+ 1) = 6)] =0, (10)
and
r*[rsin (o(k+1) - 8) —sin (wk - 6)] = q, (11)

are obtained. From (10), the following equality can be derived
cos (wk — 9)

"= s (ok+1)=0) (12)

From (10) and (12), we can write

o sinw ¢ (5-) (13)
=r =r .
cos (w(k+1) —0) cos (w(k+1) —0)

Consider ¢>0 and -2 < % —-w < 2. Using (12) and (13), we derive cos (w(k+1)—6) >0 and
cos (wk — 8) > 0. Thus, we can write

and
0+(2m-3 o+ (2m+1
%<a)<%, m=0,1,2’m,H§”.

From the above inequalities, the following result is obtained:

9+(2m—1>7r 9+<2m+1)n
G: 2 cw< 2 m=0,1,2 “"’—1”
m* k k + 1 ’ PR B RS ] 2 .
Hence, the proof is completed. For > < 2 —w < 37”, the proof is similar. O

LEMMA 3 Suppose that g <0 and 7 <0 < z. Let re with r > 0 be a complex root of (8). Then, the
following holds:
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T T 7,
for S<;-w<3

_= 9+(2m—3)n 9+(2m—1>7r

H'=0<w<—2=, H 2 cw< 2 m=1,2 ”5”

0 k+1" k k+1 ’ Pl

T T 3z,
for5< —CO<7,

0—<2m+§)7r 9—(2m+%>7r o
Hm:k+—1<a)<+, m=0, 1, 2,,”7”
Proof For g < 0, the proof is analogous to the above. o

Since Lemmas 2 and 3, the following notation can be used as whole existence region for argu-
ments of complex roots of (8).

ll¢=1)2|| lIk/2]| llk/2]| ll¢=1)2||
w=| |J e, fvl UG |vl UHnlvl U Hal
m=0 m=0 m=0 m=0

The following lemma calculates arguments of complex roots of (8) on the unit circle.

LEMMA 4 Suppose that 7 < 6 < z. Then, arguments of complex roots of (8) on the unit circle are as
follows

w=nnz—2§;+2’1’”, n=0,+1, =2, ..., +k (14)

Proof If we getr = 1in (10), then we obtain

cos (w(k+1) —0) — cos (wk — 0) = 2sin (%)sin(@ —0) =0.

(2k+1)w

Since sin <%’) # 0, we obtain sin < - 9) = 0; this implies (14). i

LEMMA 5 We suppose that > < 6 <. Forn=0,

9+(2m— %)ﬂ'

0<pyy< p , m=1,2,..,

k-1

il

where o = 1, is argument of complex roots of (8) on the unit circle.

Proof The proof is obvious. o

Now, the movement of the roots of (8) will be investigated as g varies on the complex plane.

LEMMA 6 Suppose that 7 < 0 < z. When q increases to 0, simple root u =1 of (8) is inside the unit
circle.

Proof Itis enough to show that %;l,ﬂ <0.
=0
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dr _ dr do _ dr(dg\”

dg” do dg  do\do/ °

Also, g = 0is equivalent to w = 0 and r = 1 as such. Let re® be a root of (8). For% < 6 < m, using (12)
and (13)

dr _ksino+sin (w(k+1) - 0) cos (ka» - 0)
do (cos (w(k+1) - 6))*

and

dg K sin’ @+ 2kcos (ko —6) sinwsin (w(k + 1) — 8) + cos’ (ko — 6)
—1 —r
do cos (ko - 0) (cos (o (k+1) - 6))*

’

are obtained. If we take

I(w) = ksinw + sin (w(k + 1) - 0) cos (ko — 0), (15)
J(@) = K sin’ @ + 2k cos (ko — 6) sinwsin (w(k + 1) - 0) + cos? (kw — 6), (16)
then

cos (ko — 0)I
ar_ sl di@) a”)
dg J(w)
foro =0andr =1, we get
dr
dqll,_%) =-sinf <0
The proof is completed. O

LEMMA 7 Suppose that Z < 6 < z. Absolute value of the complex roots of (8) increases while |q| in-

- 20—(4m+3
creases except for ( =5, (Zk ) ) and the root ji satisfying interval (co+ 2”*;’(—”’1)”) where »*

is a root of I(w) = O inside (0, #,).

Proof Let re be a root of (8) with w € W. Since ar > 0, I(w) is strictly increasing for w € W because
of (15) and also J(w) > 0 from (16). Firstly,q > O'is ?onsidered;

Case (a) —% < g -—w< g Foroe G, m=0,1,2, .. ’ ” it is enough to show thqt% > 0. Inequali-

tyI(m)=ksin <w) > 0is provided from I(w) > Oforw € G,m =0, 1, 2,

) ” Also

cos (ko — 8) > Oforw € (0, z). Thus, from the increasing property of I(w)and (17) forw € (0 rr) dq > 0.

Case ( < %—w< It will be similar to case (a), from the increasing property of I(w)
FEA 3\,
andI< b > =—ksm< T:Z) ) < Ois provided fromI(w) < 0,form € G,,m=0, 1, 2, ..., HEH
and cos ( ) < 0forw € (—x, 0); thus, from (17) for w € (-x, 0), d_(; > 0. Now consider g < 0;
r _ ,, _ sin20 _ 1\ .. 20
Case(c) -5 <i-w< E.I(O) = < 0forw € (0, z)and I(y) = (k+ 5) sin = > Oare ob-

-3, -2 )x
tained. Also cos (ke — 0) > OondI(w> = ksin <w> > 0 are provided from I(w) > 0 for

weH,, m=0,1,2,.. ” H These equalltles and the increasing property of I(w) show that I(w) > 0
forw € (0, »")and I(w) < Oforw € (a) , Hk ) This way the claim of this lemma is provided with (17).
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—(2m+3 )z —(2m+2 )z
Case (d) ’3' < ’5' -—w< 37” I @ = —ksin M <0 is provided from I(w) <O for
weH ,m=0,1,2,.., Hk"TlH Also I @ = —ksin <9_(2:r—:7)”) is provided from I(w) <0,
forweH, m=0,1,2, .., ”";—1H Thus, from (17), cos (ko — 6) < 0 and the increasing property of
I(w) for w € (-x, 0), & <0.The proof is completed. |

dg

Thus, we show that roots of (8) move continuously away from zero, while |q| increases except for
the root i from Lemmas 6 and 7.

LEMMA 8 Suppose that% <f<ma=landw=nn=0, £1, £2, ..., £k) are arguments of complex
roots of (8) on the unit circle while g < 0. Then,

1
a= 2k+1

is obtained, where k is a nonnegative integer.

Proof We should note that w takes minimum value at n = 0. Also squaring both of (10) and (11),
adding side by side to them, we get|q| = 2sin (%), and for n = 0, we have

1 1 O
( )‘—25“1(9) = -25sin E _M = —COoS M
o) = 2)~ 2 %k+1 |~ 2k+ 1
THEOREM 2 Assume that’;‘ <|0| <ma=1landw=nn=0, £1, 2, ..., k) are arguments of com-
plex roots of (8) on the unit circle while b < 0. Then system (1) is asymptotically stable iff
(k +1 )n —10]

—Cos AN <b<0

2k+1 ’

where k is a nonnegative integer.

Proof = Assume that system (1) is asymptotically stable with 2 < 6] < z asa = 1. Itis known that the
1

(k+ 3 )7!—0

minimum value of g is — cos o1

respect to 4; it is written

when 4 = 1from Lemma 8. Thus, we use the continuity g with

(k+1)n—|9|
— CO0S 2— <b<0
2k+1 ’

for every|4] < 1.

Now, q?suTe that above inequality is provided. It is known that the minimum value of q is
k+% 7—0
2k+1
can write everyroot of Ais inside unit disk as g is in the neighborhood of 0. So system (1) is asymptoti-

cally stable. O

—COos

when 4 = 1from Lemma 8. Also via Lemma 6 and continuity g with respect to 4, we

If the matrix A is chosen n-dimensionally, that is, A is a n X n constant complex matrix, then the
following theorem is obtained:

Page 8 of 13



Deger & Bolat, Cogent Mathematics (2017), 4: 1294445 0.1%;' Cogent ~m ath ematics
http://dx.doi.org/10.1080/23311835.2017.1294445

THEOREM 3 Assume that% < 10| < randa =1 Let qje”’f(j =12, .., n)be the eigenvalues of A. Then,
the system (1) is asymptotically stable iff

Bz — 1o
—Cos w <b<0 j=1,2,...,n

where q; 0;are real numbers and% < |HJ‘ < .
Proof Let bjemf' (j=1,2, ..., n)be the eigenvalues of A; the characteristic equation of the system
(1) is given by
n .
fa) = H(/lk“ _ Ak ibje'gf) —o0.
j=1

Thus, Theorem 3 can be seen as a result of Theorem 2. |

Now the values |q| will be found for a root of (8) on the circle 4 = |}T|' The following lemma pro-

vided these values of |q|in terms of |a| and the complex root arguments .

LEMMA 9 Let re” be a root of (8) on the circle u = i. Then,

|al

(a2 +1—2Ja| cos 0)1/2

= — _ 18
Q,(@=ql= o , v=1,2, 3,4 (18)
Proof Using (12), we can write

cos (kw — 0) 1

f=— = —,

cos ((k+1Lw-0) lal
then,
cot (ko —0) = e

cosw — |a|
is obtained. From (13), we get
ok sinw _ kel sinw
cos (o(k+1) —0) cos (ko - 6)
Square of both sides yields
7 sinfw 5 [1+cot? (ke -0)
= = SI _— .
r?() cos? (ko - 0) cot” (ko — 0)

2
Thus, (18) is obtained. Since a® — 2|a]cos + 1 > <|a|2 - 1) > 0, the square root in Equation (18) is
valid. O

Since (18), the value of |q| increases with respect to |w| and, then the minimum value of |q| is
equivalent to the minimum value of |w| which provides r = m. If it is used the notation

cos(ko—-0) 1

S =
@)= s (ks Do—0) _1d] 19
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Figure 3. The graphic of S(w)
withk=1and ¢ = Zforq > 0.

Shat

then the minimum value of S(w) becomes equivalent to the minimum value of |g|. Hence, by means
of Lemmas 2, 3 and 7, it is obvious that S(w) is strictly increasing with respect to |w|, and S(w) only
has a local minimum at @*. Now necessary and sufficient conditions for the roots of (8) to be inside

the disk | u| = |17| are provided. For @ > 0, a graphic of S(w) withk = 1and 8 = gis presented.

LEMMA 10 Assume that a # 0, ’3‘ <0 <z and q> 0. Then, all the roots of (8) are inside the disk

1.
lul = —iff

lal

Q, (o
O<lal <1 0nd0<q<|allw,

where Q (a)(v = 1) is given in (18).

Proof

Case (i) I%I >1,ie. 0 < |a| <1.From Figure 3, there is at least one root w, of S(w) in (Tj ,O>. There-

fore, from Lemmas 6-9, trace of branch |u| = 1 shows that this trace is inside the disk |u| = % while
Q,(a Q,(a

it is increasing from 0 to | IIE“)’ itis on the circle |u| = % when it is at | IIE“) and it is outside the disk
a Q a a

lu| = % while it is increasing from | 1|£+3 Hence, our claim is the following: all the roots of (8) are

a
- . 1. Q@
inside the disk |u| = — iff0 < g < .
lul la| q ]!

Case (i) 0< % <1, i.e.]al > 1. From Figure 3, S(w) > % for w € G,. This shows that there is a root

of (8) belonging to the branch|u| = 1as|u| > |1?|, -

Now for the following lemma for g < 0, a graphic of S(w) withk = 1and § = %ispresented.

LEMMA 11 Assume that a # 0, g < 0 < wandq < 0. Then, all the roots of Equation (8) are inside the
. 1.
disk|u| = =i

|l ia] ff
-Q,(a -Q,(a

0<lal < 1 Q,(a) Qs( )’
S(w+) |a|k+1 |a|k+1

or

-Q,(a
0<lal <1 and sz()
|a| +1

<0,
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Figure 4. The graphic of S(w)
withk=1and ¢ = Zforq <O0.

S(w)

where S(w) is given in (18), Q (a)(v = 2, 3, 4)is given in (18) and w* is a root of I(w) = O inside (0, #,).

Proof  Firstly, assume that —Q,(a) < —Q,(a) < —Q,(a). It is known that the value of w satisfying
r = S(w) = 1inside H; is n,. Now, the locations of the roots of (8) are investigated. In case of g = 0, the
roots of (8) are 0 and 1. A branch of || = 1is in the region H; inside while it is increasing to 0 from q.
(at a very small neighborhood of g = 0) There are three cases:

Case (i) I}TI >1,i.e.0 < |a|] < 1. From Figure 4, there is at least one root w, of S(w) in (’70, %) So,
from Lemmas 6-9, trocg of branch || = 1 shows that this trace is insige the disk |u| = % while g is
— a — a
decreasing from 0 to Zi ), it is on the circle |u| = % when it is at 2k(+l) and it is outside the disk
a -Q.(a a
lul = iwhile itis incrleésing from e ). Here our claim is: lal
|a| |a|k+1
- . .—Q,(a
All the roots of (8) are inside the disk |u| = 1 |f‘f¢ <g<0.
|C’| |a|k+1
Case (i) S (w*) < % <liel<|a| < SL* From Figure 4, there is at least one root w, and w,, of S(w),
w

respectively, at intervals of (0, w*) and (w*, #,). Then, from Lemmas 6-9, trace of branch || = 1 shows
—Q,(@), Qi)

——— to ——=, it is on the circle
|a|k+1 |a|k+1

that this trace is inside the disk |u| = %while qg is increasing from
_ 1 e __Qz,(a) _ _03(0) e . . _ ot s e .
|u| = ia] when it is atg g = = and it is outside the disk |u| = p while it is increasing from

—-Q,(a -Q,(a -Q,(a
Qi(l). Here our claim is: all the roots of (8) are inside the disk|u| = R Q'I(( ) < Qi( ).
|al lal a laf?

Case (iii) 0 < % <1, ie.|al > 1.From Figure 4, S(w) > % for w € H;. This shows that there is a root
of (8) belonging to the branch |u| = 1as|u| > — o

lal’
Next, necessary and sufficient conditions for (6) are given.

THEOREM 4 Assume that% <10] <= w (v=1, 2,3, 4) are roots of S(w) = % and w* is first coordi-

nate of local minimum S(w). Then, system (1) is asymptotically stable provided

0w, <0<w, <o <w <i<w
! 4 37 2k+1 z
where k is a nonnegative integer.

Proof Using Lemmas 10 and 11, it can be easily seen. O

Page 11 of 13



Deger & Bolat, Cogent Mathematics (2017), 4: 1294445 0.1%;' Cogent ~m ath ematics
http://dx.doi.org/10.1080/23311835.2017.1294445

THEOREM 5 Assumethata # 0,5 < |6| < z, and k is odd. System (1) is asymptotically stable if and only
if one of the following situations is provided:

(i) % >1and0 < b < Q,(a).
(i) |17| > 1and —Q,(a) < b < 0.

(iii) (") < |}T| <land-Q,(a) < b < -Q5(a).

Proof Since kis odd and a # 0, we know that a**!

consider the following cases:

> 0. Thus, the sign of g varies depending on b. We

Case 1: b>0.Then,g= ak_b+1 > 0 and hence, using Lemma 10, we can see that the zero solution of
system (1) is asymptotically stable iff

%n and 0 < b < Q,(a).

Case 2: b<0.Then,q= b < 0and hence, using Lemma 11, we can see that the zero solution of

ak+1

system (1) is asymptotically stable iff

% >land-Q,(@) <b<0or$(w*) < I?ll <1land-Q,(a) < b < -Q,(a). O
THEOREM 6 Assume that a # 0, 7 < || <z, and k is even. System (1) is asymptotically stable if and
only if one of the following situations is provided:

b 1

M 2> O'E > 1and |b| < Q,(a).

.. b 1
(ii) o< O’H > land|b| < Q,(a).

(iif) g <0,S(0") < % < landQ,(a) < |b| < Q,(a).
Proof Since kis even and a # 0, thus, the sign of g varies depending on both of a and b; we consider
the following cases.

Case 1: a>0andb>0.Then,q= ak% > 0 and hence, using Lemma 10, we can see that the zero
solution of system (1) is asymptotically stable iff

%>1 and 0 < b < Q,(a).
Case2: a>0andb<0.Then,q= ak% < 0 and hence, using Lemma 11, we can see that the zero
solution of system (1) is asymptotically stable iff

% >1 and —Q,(@) <b<0 orS(w*) < % <1 and -Q,(a) < b < —Q,(a).

Case 3: a<0andb>0.Then,q= uﬂl < 0 and hence, using Lemma 11, we can see that the zero

solution of system (1) is asymptotically stable iff

% >1 and 0 <b < Q,(a) or S(w") < % <1 and Q,(a) < b < Q,(a).

Case 4: a<0andb <0.Then,q= ak% > 0 and hence, using Lemma 10, we can see that the zero
solution of system (1) is asymptotically stable iff

%>1 and - Q,(a@)<b<0. O
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