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Fractional Langevin equations with multi-point
and non-local integral boundary conditions
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Abstract: In this paper, we investigate a non-linear Langevin equation with peri-
odic, multi-point and non-local fractional integral boundary conditions. The con-
traction mapping theorem is employed to determine sufficient conditions for the
uniqueness of the solution. Also, different results in the existence of solution are
demonstrated by using Krasnoselskii and Leray-Schauder theorems. Finally, some
examples are provided as applications of the theorems in order to support the main
outcomes of this paper.
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1. Introduction

The area of fractional calculus has been expanded by many references supported by wide scientific
reviews. Accumulated works on fractional differential equations, titled with different kinds of both
initial and boundary value problems, reflect its importance in mathematical studies (see (Ahmad,
2010; Bai & Sun, 2012; Liang & Zhang, 2011; Zhang et al., 2013)). Obviously, there are several areas
where fractional calculus can be applied such as aerodynamics, biomathematics, control theory,
ecology, electrodynamics, etc. (see (Kilbas et al., 2006; Li et al., 2019; Podlubny, 1999; Tomovski
et al., 2010)).

The Langevin equation is a perfect way to describe mathematical physics, which can help
physicians effectively to describe processes like anomalous diffusion in a descent manner. In the
economy field, processes include price index fluctuations (West & Picozzi, 2002). In the theory of
critical dynamics, the general form of the Langevin equation for noise sources with correlations
plays an important role (Hohenberg & Halperin, 1977). Diverse general Langevin equations have
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been restricted to the kind of dynamical processes in media, given such Langevin equation in
general (Lutz, 2001; Wang & Tokuyama, 1999). It is noticeable that the nonlinear fractional
Langevin equations have been modernized by Mainardi and Pironi (Mainardi & Pironi, 1996).

According to the recent published papers, Ahmad et al. (Ahmad et al., 2019) provided sufficient
conditions for the existence of solutions for a nonlinear Langevin equation subject to conditions
involving a generalized integral operator. Salem et al. (Salem, Alzahrani, Alnegga et al., 2020) have
discussed both the existence and uniqueness of the solution to a coupled system involving multi-
fractional orders. Not long ago, various contributions related to the existence and uniqueness of
the solution to Langevin equations have been published (see (H. Baghani, 2018; O. Baghani, 2017,
Baghani & Nieto, 2019; Darzi et al,, 2020; Gao et al., 2016; Kiataramkul et al., 2016; Mahmudov,
2020; Vojta et al,, 2019) and the references given therein).

The studying of differential equations with integral boundary conditions designates an extremely
useful and interesting class of boundary value problems. Several problems in chemical engineering,
population dynamics, heat conduction, thermoelasticity, underground water flow, and plasma physics
are presented (see (Cetin & Topa, 2013)). Also, there are many published contributions concern with
fractional boundary value problems with integral boundary conditions (see (Salem et al., 2019; Zhou &
Qiao, 2018) and references given therein). Multi-point boundary value problems for differential
equations become apparent naturally in scientific applications. For illustration, given a dynamical
system with m degrees of freedom, there may be available exactly m cases spotted at m distinct
times. A mathematical depiction of such problems in an m-point boundary value problem. Multi-point
problems for differential equations are a special class of interface problems, and hence solvable with
variant techniques. The studying of fractional differential equations with multi-point boundary con-
ditions has been drawn the attention of many contributors (see (Derbazil et al., 2019; Lv, 2020; Salem
& Alghamdi, 2019; Salem, Alzahrani, Alghamdi et al., 2020) and references given therein).

Motivated with the significance of multi-point, integral boundary conditions, and fractional Langevin
equations in different branches of science and engineering, we discuss the existence and uniqueness
of the solution to the following value problem with the modern techniques of functional analysis used
in (Ahmad et al., 2019). Currently, we deal with the nonlinear fractional Langevin equation

DA(D7 + A)x(t) = f(t,x(t),  te[0,1] (1.1)

where °D* and D’ are the Liouville-Caputo’s fractional derivatives of orders 0 <a < 1,
1< p < 2,2 € Rand the function f : [0,1] x R — R is a continuously differentiable. This equation
is subjected to periodic, multi-point and non-local integral boundary terms.

x(0) =x(1), D*x(0) =0, .Ea'x(‘:')_”.[o ()

x(s)ds (1.2)
where y>0, u € R\{0}, O<n<f1 <l <~ <fm<lmeN, and a; € R\{0}
where i=1,2,--- ' m.

We are eager to make sure that both non-local multi-point and Riemann-Liouville fractional integral are
taken at a proper interval (0,7) C [0, 1] and is able to be expressed as the case of a linear combination of
values of an unknown function ¢; € (0,1) which is proportional to the third boundary condition of an
unknown function. We take here the function f in the general form which constitutes from the position x(t)
of the particle at time t. This function may contain external force field, position-dependent phenomen-
ological fluid friction coefficient, intensity of the stochastic force, or zero-mean Gaussian white noise term.

Our goal is to determine sufficient conditions for the existence and uniqueness of the solution of
Langevin equation in a non-linear case, including non-local integral boundary and non-local multi-
point. Here, we use some mathematical analysis technique by applying famous fixed-point theo-
rems: contraction mapping principle, Krasnoselskii, and Leray-Schauder.
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Our research paper is organized as follows. Section 2 includes the main lemmas and definitions
related to the expected answer of the linearly fractional Langevin equation including two fractional
orders. The third section demonstrates the existence and uniqueness of a non-linear Langevin
equation which have boundary value conditions mentioned above by applying Krasnoselskii’s
theorem, contraction mapping principle, and Leray-Schauder theorems.

2. Basic concepts and relevant lemmas

In this part, we start by giving the basic definitions of fractional calculus and the initially needed results. We
are grateful to have found important terminology in the references (Kilbas et al., 2006; Podlubny, 1999). Let
C"[a,b] and AC"[a, b] be the classes of all continuous and absolutely continuous functions up to n and
n — 1 order derivative, respectively.

Definition 2.1. If x(t) € C[a,b]. Then, the R-L fractional integral with order p > 0 exists almost
everywhere on [a,b] and can be represented in the form

1 [ 1
IPx(t) = WL(t —s)P*x(s)ds.

Definition 2.2. If x(t) € AC"[a,b] and n € N. The Liouville-Caputo fractional derivative of order n —
1 < p < n exists almost everywhere on [a,b] and can be represented in the form

1 t 1
°DPx(t) = O L(t — )" P 1x(V(s)ds.

Lemma 2.1. Letne Nandn—1 < a < n.If x € AC"[a,b] and “D*x € C|a, b}, then

DX (t) = X(t) + Co + C1(t —a) + - + Cha (t —a)"?

Lemma 2.2. Let a be a positive real. Then we have

r(m+1)

Iam:
t rm+a+1)

tme, m>—1,t € [0,b].

Theorem 2.1 (Krasnoselskii’s theorem (Krasnoselskii, 1955)). Let M be a bounded, closed, convex
and nonempty subset of a Banach space C. Let A and B be operators such that:

(i) Ax + By € M whenever x,y € M.

(i) A is compact and continuous.

(iii) B is a contraction mapping.

Then there exists z € M such that z = Az + Bz.

Theorem 2.2 (Leray-Schauder non-linear alternating (Granas & Dugundji, 2003)). Let C be a Banach
space, D be a closed, convex, and U be a nonempty open subset of D with 0 € U. If the operator
T:U — D is relatively compact. Then either:

(i) T has a fixed point x* € U or

(i) there exists x* € oU, and & € (0, 1) such that 6T(x) = x.

Lemma 2.3. Consider the linear fractional Langevin equation

D/(D* + A)x(t) = h(t),  te[0,1] (2.1)

where 0 <a < 1,1<p < 2, 1€ R, x € AC3[0,1] and the function h € C[0, 1]. Then the boundary
value problem (2.1) with the boundary conditions (1.2) has a unique solution
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a—1

_[ft=sm “(t-s) ")
X(t) = JO Wh(s)ds — /’{JO WX(S)dS + ,LlA(t).[o WX(S)dS
m Gi = S)”‘*ﬂ*1 m Ci & - 5)0*1
—A(t) i_zl a,-JO Wh(s)ds +2A(t) i:zl a,-JO Wx(s)ds
1 (1 _ S)(H»ﬁfl 1 (1 _ S)a71
+MDL_F@??TWSMS_w“ﬂ&_FGT_“Q“' 2.2)
where
A = 2S(a) — 2S(a + 1) + M(a + 1)S(0)£0,
A= 1+/15(a+1)

A 7
Mo:%uwa70+rm+1m

S(a+1)
A

ﬂ@zgwﬁ

B(t) = (Ut +T(a+ 1)) — AA 2L

Proof. By applying I? on both sides of (2.1) with using Lemma 2.1, we have

o o\p-l
Dwm:—um+LEﬁ%—

Again, operate I* on both sides of (2.3) to become

h(t)JrCthrClA (2.3)

t _ o1 t _ e\atp-1 a+1 a
(t—s) ® [(t S) t t

Jo Tarp "ty T e T (2.4)

x(t) = ”L T(a)

As a results of the condition D*x(0) = 0, we get ¢; = Acp. By using the last two conditions of
(1.2), the values of constants ¢y, and c¢; can be evaluated as

€1 Al [rm=s) " m (g s
|:/4J T x(s)ds ‘; a,J h(s)ds

Tla+1)=A|")o T() o T(e+p)
oG-
+ /lg a,JO ) x(s)ds
1 (1- s)a+/1‘—l 1 (1- s)aq

+ S((l + 1)J0 Wh(s)dS*is((l + 1)J0 WX(S)dS:| . (24)

and
G UL (g —s) ! "(n—s) ! L SG-s)t
Tlat2) AA [12‘1 a,JO 71“((1 ) h(s)ds — MJo 71"(;/) x(s)ds—2 5 a,JO 71,(0[) x(s)ds
1 (1 _ S)a+/1—l 1 (1 _ s)a—l
- AlJO T—s—ﬂ)h(s)ds + AAlJO Wx(s)ds.
(2.5)

By direct substitution (2.5) and (2.6) in (2.4), the expression (2.2) has been satisfied. Conversely,
(2.2) is a solution of (2.1) by direct substitution. X

Lemma 2.4. For all t € [0, 1], we have

1 a
A = max|A(t)| [Ala

=—|———+T(a+1)],
te[0.1] Al (1 + o) ( )
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e 1S(a+ 1)[M(a+ 1)
A

4] a
B = max|B(t)| = A
te[O}]‘ ®l (1 +a)”“‘ 1

S(a+1)
A

Proof. Put f(t) = t*(1 — t), which has been discussed in (Zhou & Qiao, 2018). Thus, we can deduce
the first one. The second is similar. X

3. Main results
Let C = C(]0,1],R) be a Banach space of all absolutely continuous functions with the following
norm defined by

lixIl = sup |x(t)].
te[0,1]

Now, consider the following operator T: C — C

o9 D sy
0 Wf(s, X(s))ds Z AJO Wx(s)ds + ﬂA(t).[O Til’)

(R M L
AU G’Jo o+ f) f(sv"(s))dSHA(t)Ela,JO Fg XS

109 oyatp-1 L
i B(t).[o%f(syx(swds - AB(t)jO %

(Tx)(t) = [ x(s)ds

x(s)ds. (3.1)
We would like to introduce some mathematical computations in order to have more a convenient
view.

_AlS(a+p)|+B+1
Ol *Wy (32)

_ AAIS(a)[ +B+1)  |ulAn”

Q [(a+1) Ly +1) (3:3)
Here, we divide the operator (Tx)(t) as follows:
(MA)(t) = (Tex) (1) + (T2x)(t) (3.4)
where
B t (t _ S)a+/i—l m A i ({I _ 5)a+ﬁ71
Tt = | Sl fsxends - 3 o] ESrfis xees
1 (1 _ S)(H»ﬂ*l
+ B(t)J0 Wf(s, x(s))ds, (3.5)
and
(Tox)(t) = fﬂjt wx(s)ds + yA(t)J'7 Mx(s)ds
o T(a) o I'()
oG-S fa-s
+1A(t) E a,JO Wx(s)ds — iB(t)JO Wx(s)ds. (3.6)

The first result of the existence of a solution is obtained in the following theorem via applying
Krasnoselskii’s theorem.

Theorem 3.1. Let f : [0,1] x R — R be a continuous function. Consider the assumption
(@1) If(t,x)] < p(t), V(t,x) €[0,1] x R with p e C([0,1],R,).

Then, (1.1)-(1.2) has a solution under the following condition:
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Q<1 3.7

where Q, is defined in (3.3).
Proof. Consider B, = {x e C:|| x || < r} with

relplll-Q) " Q<1 (3.8)
From (3.4), we obtain

(MA@ < [(Tax)(B)] + [(T2x) (). (3.9)
By taking the norm over all t € [0, 1], we have

[ Tx 0 <l Tax |+ 1] Tax | - (3.10)

Let x € B,. Then

oot =], S s xsnas —a $ af G s xsnas
w80 2 s xoas

< [ 42 snsias + el $ o] S i s s
w0l B2 saoas

< \p(mﬂ%@ﬁg \adj:%dswﬁ%ds

_ lp@®)[t**” + AlS(a + )| + B]
N Fa+p+1)

By taking the norm over all t € [0, 1], we obtain

(3.11)

| Tax = sup lo®)|[t” + AlS(a + B)| + B}‘ _ ol +B+AS(a+p)]
te[o,1]| Ma+p+1) Ta+tp+1)
Similarly, if y € B.. Then

s

t (g% 1
(t—s) |y(5)|ds+lu|\A(t)‘J0 T(y)

o T(a)

I(T2y)(B)] < IMJ ly(s)|ds

1 _ -1
y(sds + || Co 2

g (C, _ s)fl*1
0

o (s)lds

+ )] 5 o

t (t _ S)a71

r—1
< \/1|rJO ) ds+\/4|ArJ )

(n—s

! d
s
o T'()

mo (g8 Ta-s)""!
+liar g \a,|JO G —ds+ |/1|Brjo -
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_|ulArgr (At +AS(a)|Ar 4 |A|Br
S T(r+1) [(a+1) ’

this implies that

Arp! Alrt® + [AS(a)|Ar + |A|Br Arp? Alr + |AS(a)|Ar + |A|Br
| Ty (= sup | JATE_ JIrt + S(@)Ar -+ pIBr| _ ulAni__Alr + PS(@lAr + 12 (.12}
te[0,1]

1Tr+1) INa+1) CT(r+1) INa+1)
Inserting (3.11) and (3.12) into (3.10) gives
[Tix+Tyl <llpllQ+rQ < r.

Thus, the first item of Theorem 2.1 has been satisfied well. Suppose x,y € B, and t € [0, 1]. Then

ot~ Tl < i, 2 o) yisyas + boa ]| T )yt
v B o], S ) yionas 18] C 0 e
- y(s)ds
_ {F‘(‘;@”g) ks |1{?(Eﬁlﬁ1\)+ "”B} IX(t) — y(t)]. (3.13)
By taking the norm over all t € [0, 1], we get
I (T2x) = (Tay) 1= sup (T8~ (Tay)(®)] = @z | X~ (.14

te0,1]

Since f is given as a continuous function, this implies that the operator T; is continuous on 3.
Moreover, T1x is uniformly bounded by (3.11). Suppose that 0 < t; <t, < 1.Then

A
Al) ~A(ty)] < %[\tg—t‘{IJrlt‘z’“—t‘{“l} (3.15)
and

[AS(a + 1)

B(t2) - B(t1)| < | [t5 —tf] + 2 t5™! — (3.16)

A
which can be used to find that

f (g s>a+/i71

Jtz (t, — )1
o I(a+p)

() (t) ~ Tt < || S

f(s,x(s))ds 7J

G (g — 5y
o I(a+p)

f(s.x(s))ds

+IA(t2)

11— S)a+/)‘—l

owlf(&x(s))\ds

_A 3 ;
(tl)\iZZI la \J
<l

ty a+p-1 rt1 a+p-1 t1 a+p-1
(t-5) -9 (-9 \
: Ut R R e R A

N N (e M,
*A(t1)|i§ |U:\Jo “Ta+p)

F(s.x(5)Ids + B(t2) — Bt |

1 _ eyatp-1
ds+|B(t;) — B(tl)\L (1[“(;71#1‘)“}
4l

It5 — t5] + |26 t5" — f‘1’“\+m (185 — t] + e — 1]

45(a + 1)
||

el + atp
T Tla+p+1) i E

which does not count on x and goes to zero uniformly when t, — t;. This shows that T, is relatively
compact on 5;. Hence, by Arzelig-Ascoli theorem, T; is completely continuous on ;. All terms of theorem
2.1 have been satisfied well. Accordingly, theorem 2.1 guarantees that (1.1)-(1.2) has a solution on [0, 1].o

Theorem 3.2. Assume that f : [0,1] x R — R is a continuous function, and the following condition
holds
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(@2) If(t;x) = f(t,y)| < Lix—yl, V(t,x) € [0,1] x R.

Then, (1.1)-(1.2) has a unique solution if
J=LQ1+Q; <1

where Q, and Q, are given in (3.2) and (3.3) respectively.

Proof. Consider B, = {x e C:|| x || < r} with
r > (MQ.)/(1-1)

where
M = sup [f(t,0)].
te[0,1]

For each t € [0,1] and x € B,

If(t,x(0)] = [f(t,x(t)) - f(t,0) +f(t,0)]

< If(tx(t) = f(t. O)[ +[f(t,0)] < Lix(t)| + [f(t,0)]
which implies that

sup |f(t,x(t)] < Lr+M.
te(0,1]

Briefly, Our aim is to show that Vx € B, implies that T(B;) C B,. The norm of the operators T, and T,
are given as follows

(Lr +M)[t7 + AlS(a + )| +B]| _ (Lr+ M)[1+B+AlS(a+ )]

T1x ||= su —
I Tax = sup NCEYESY NCEESY
and
| Tox = lulArgr1A|r + [AS(a)|Ar + |4|Br

S NP C(a+1) :

By using (3.10), it yields
I Tx|| < Jr+MQ; < r.

It remains to show that T is a contraction mapping, we have already shown that T, satisfies the
contraction principle as it has been detailed in (3.14). It suffices to demonstrate that T; is
a contraction mapping. Let x,y € B, and t € [0, 1], we have

t (t _ S)(l+/3—l

o Tlath If(s,x(s)) = f(s,y(s))Ids

(T)() — (Tay)(D)] < j

m Gi(r. _ c\atp-1

e o || St fs.x(e) — fls.y(s)lds
-1 _ e\atp-1

+ 1800 S 2 fls.x(s) ~ fls.y(s)lds

t (t _ s)a+/ifl m ' &i (é’l _ s)a+ﬁ71 B
< 1] U e —yiolds + 1A B o | E i xis) —yo)as
14 cyatp-1
+L .[ (1F(:7)+ﬂ)|x(s) —y(s)|ds
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_ L[t 4B+ AlS(a+ )]

Fat D) [x(s) = y(s)| (3.17)

Taking the norm over all t € [0, 1]

L[t + B+ AlS(a + )]
Fla+p+1)

}Hx—yn. (3.18)

HTMfTﬂH=§£i( )ix) - yis|

L1 +B+A|S(a+p)]
- TFa+p+1)

By plugging (3.14) and (3.18) into (3.10) gives
(M) = (Ty) [ < JlIx=yll.

By employing the Banach fixed point theorem, we conclude that T has a unique fixed point in B,.
Thus, the boundary value problem (1.1)-(1.2) possess a unique solution on [0, 1]. [u)

Theorem 3.3. Assume that f : [0,1] x R — R is a continuous function. Moreover, assume the follow-
ing conditions hold:

(w3) There is a function g € C(]0, 1], R*), and non-decreasing one

¢ :RT — R such that

Ift, )l < g®e(l x ), V(t,x) €[0,1] x R.

(ws) There is a constant ® > 0 such that

)

1
T9T#©)Q: + Q0.

where Q, and Q, are shown in (3.2) and (3.3) respectively.

Then, there exists at least one solution in [0,1] for the boundary value problem (1.1)- (1.2).

Proof. Let T : C — C be an operator defined in (3.1). Indeed,

[l Tax |l
t 11+/3 1 e a+p-1 1 (1+/i 1
_ m i (C — S) —
= til(J)F; JO i a+ﬁ f(s,x(s))d ; L 7(0:-&-/}’) s))ds+B(t L f(s,x(s))ds
t (t _ a+ﬁ 1 (44’ )a+/3 1 (1 _ S)a+ﬁ 1
<t@1U kg fts u|¢+Azmﬂ“—7;;E—w (DMHBL e ) s
< g lledlx D +B+A[S(a+A)ll
- Ia+p+1)
(3.19)
Inserting (3.12) and (3.19) into (3.10) to estimate
lulArg”  [AlS(a+ ) +B+1] 1 gl el x1) , [AAS(@)]+B+1]r
Il < I'y+1) Fla+p+1) + INa+1) =llg
[l (Il x [NQ1 + Qar. (3.20)

In view of Theorem 3.1, the operator T; is equicontinuous. To show that T, is equicontinuous
operator. Let 0 < t; <t, < 1.Then,

tq _ o1
O

2 (t —s) !

" W [x(s)|ds

Knmaa—wnmans|zﬂ
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ty _ e\l
[T x| + At - Ac)

o I(a)
Mr@:ifimgwyuuﬁm”ﬁﬁlﬂiﬁmmm
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The right-hand side approaches zero uniformly once t, — t; which illustrates that the right-hand
side does not rely on x at all. By Arzeld-Ascoli theorem, the operator T, is completely continuous
and so does the operator T.

To complete the proof, we illustrate that the solution of the equation x = ¢Tx, Vo € [0,1] is
bounded. Indeed, we see that

XM=l eTx [ <[ g el x Q@ + Qa2 [ x|

Then

x| -
Talellx @+ @ X1 =

According to (w4), there is a positive real number © such that
| x || #0. Set
W= {xeC(0.1.R):| x| <0).

Then, the operator T : W — C([0, 1], R) is completely continuous. Since W has been chosen, impossibly,
we are able to have at least one element such x € W solving x = 6Tx for some o € [0, 1]. As a result,

by theorem2.2, we conclude that T has a fixed point x € W which gives a solution to (1.1)-(1.2).a

The fourth outcome of the current paper depends on Leray-Schauder degree theorem.

Theorem 3.4. Suppose f : [0,1] x R — R such that

If(t,x)| < alx|+b Vvte[0,1] Vxe([0,1],
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such that a and b are positive real numbers with

0 < a<1-Q;(

where Q, and Q, are defined in (3.2) and (3.3) respectively. Then, (1.1)-(1.2) has a solution.

Proof. Let T : C[0,1] — C[0, 1] be an operator as in (3.1). Define

T:B, — C[0,1]

such that

x#6Tx VxedB,, Véel0,1] (3.21)

where B, = {x € C[0,1] ;|| x || < r}.

By Arzeld-Ascoli theorem, the operator hs(x) = x — 6Tx is a complete continuous. In the case of
(3.21) is completely correct, then by Leray-Schauder degrees are well defined. Moreover, by
homotopy invariance of Leray-Schauder of topological degree, it leads to get

deg(h§7Bf70) = deg(I - (STa Bho) = deg(hlvgho) = deg(h07BhO) = deg(L Bho) = 1¢07 O0¢e B

where I is the unit one. By the nonzero property of Leray-Schauder degree, h1(x) = x — Tx = 0 has
at least one solution in B;. It remains to have the proof of (3.21). So, suppose by way of contra-
diction that x = 5Tx for some § € [0, 1]Vt € [0, 1], we get

[ x 1=l 6Tx [| < Qi(a |l x || +b) + Q2 [| x| .
which leads to

Q1b
IX1s 7=, 70y

with 0 < a<(1 — Q;)/Q1. Choose

Q:b

A T SR

which it asserts that (3.21) is held. The proof has been done.

4. Numerical example

Example 4.1. Let us study the uniqueness of the following boundary value problem:
DI (DF + ) x(8) = Az ey,

t
R (4.2)
X(0) = x(1), D}x(0) = 0, 1x(2) +1x(2) +2x(3) = %J G20y (5)ds.

H 4 1 1 1 3 1 1 2 3 1 1
ObV’OUSIY’ ﬂzja a=s3, A:ﬁ* n=%Y=2,H=%, 4’1:7’ €2:§7€3:1701:§7 02:77 03:3‘

By applying Theorem 3.2, we find Q1= 1199413464, Q,~ 0.142317173, L=4 and
J =~ 0.217280514, which means (4.1) has a uniqueness property for its solution.

N

Example 4.2. In this example, we will apply Theorem 3.1. So, let’s reconsider the example (4.1). By
checking its conditions, we obtain p(t) = —1—. Furthermore, it satisfies theorem 3.1 since Q; ~

g (t+4)2
0.142317173 Thus, (4.1) has a solution.
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Example 4.3. Discuss the existence of the example below:

(4.2)

e®2ixd) 5 4 1 ,_1 . _1.,_3  _1 _1 _2 _3 _1
leaﬂyy 2|f(t7x)‘ < W:ﬂ_jva_fﬂl_gvn_gvy_fuu_7751—7742_§7§3_Z7al_§7GZ
:§7G3Z§.

By using Theorem 3.3, we have g(t) ZSLlit" with [[gll=%, o x|) =2+ x|?
Q1 ~ 1.204720615, and Q, ~ 0.555750967. Using w, of Theorem 3.3 which indicates there are

two positive numbers 01 ~ 6.711295635, and ©, ~ 0.2980050513. Theorem 3.3 confirms the

existence of a solution for (4.2) in [0, 1].

Example 4.4. Here, we apply Theorem 3.4 to study the existence of a solution as follows.

cDg-'(CD% + %)X(t) — (le)z

x(0) = x(1), Dix(0) = 0, 1x(}) +1x?3) +2x(3) =

Clearly,

_1 _2
a; =5,d3 =3.

Ift,x)] < :x|+5p=3a=11=

x| +,0 < t<1

F st “.3)

%Jo g X(s)ds.

By using Theorem 3.4, we see that a = 0.25,Q; ~ 1.204720615 and Q, ~ 0.555750967. It shows
that a < 2% ~ 0.368756894. Thus, the Theorem 3.4 guarantees that the existence of a solution to

Q1
example (4.4) in [0,1].
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